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One week later...
» Symbol of the 2-loop 5-particle amplitude in N=4 super Yang-Mills

[Abreu, Dixon, Herrmann, Page, Zeng ‘18] [Chicherin, Gehrmann, Henn, Wasser, Zhang, S.Z. '18]

» Missing non-planar integral family for massless 2-loop 5-particle
amplitudes [Chicherin, Gehrmann, Henn, Wasser, Zhang, S.Z. ’18]

This talk: 2-loop 5-gluon all-plus amplitude in Yang-Mills

[Badger, Chicherin, Gehrmann, Heinrich, Henn, Peraro, Wasser, Zhang, S.Z. '19]
[Dunbar, Godwin, Perkins, Strong ‘19]
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For many QCD processes,
Next-to-Leading Order is insufficient

E.g. strong coupling from 3-jet/2-jet ratio: [CMS Collaboration "13]

e e 8

as(Mz) = 0.1148 +0.0014 + 0.0018'+ 0.0050"

(exp.) (PDF) 1 (theory) I
/\ N g e e

Large theoretical uncertainty!

= Next-to-Next-to-Leading Order theory predictions needed!



Multi-jet processes are important
for LHC phenomenology

State of the art: NNLO observables for 2—2 processes

Higher multiplicity is needed! process known desired
N2LO
pp — 2jets Qceb
NLOgcp+NLOgw
<& o« .
¢ Precision measurementofag, F==z-====-=======3 ===
PP 2 3iets NLOgep _ _ _ _ _ _ N"LOqcn !

s tests of Higgs couplings,

Table 1.2: Precision wish list: jet final states.
o

%* new phy5|cs searches... from "Les Houches 2017. Standard

Model Working Group Report"



Five-particle cross sections at NNLO

. Double real Real—virtual_ IDoubIe virtuall

Amplitudes known HIC SUNT LEONES
Non-trivial phase-space



Dramatic recent progress

All QCD amplitudes known analytically in the planar limit

[Gehrmann, Henn, Lo Presti ‘15][Dunbar, Perkins ‘16][Badger, Brgnnum-Hansen, Hartanto, Peraro ‘18]
[Abreu, Dormans, Febres Cordero, Ita, Page ‘18][Abreu, Dormans, Febres Cordero, Ita, Page, Sotnikov ‘19]

NNLO QCD corrections to 3-photon production in the planar limit

[Chawdhry, Czakon, Mitov, Poncelet ‘19]

Symbols of N=4 super Yang-Mills and N=8 supergravity amplitudes

[Abreu, Dixon, Herrmann, Page, Zeng ‘18 19] [Chicherin, Gehrmann, Henn, Wasser, Zhang, S.Z.’18 "19]

Full-color five-gluon all-plus amplitude in Yang-Mills theory

[Badger, Chlchgrln, Gehrmann, HellanCh, Henn, Peraro, Wasser, Zhang, S.Z.’19] N thiS talk
[Dunbar, Godwin, Perkins, Strong ‘19]



A remarkably compact expression
for the hard function

Permutations ds —
lor SU(N — S ' = g" in di '
of external legs Color SU(N,)  § = with dg = g~ gluon spin dimension
T *’ / 2
(24)[14][23] (24)[12][23]
}[(gi?lble — Z Tr(12)[Tr(345) — Tr(543)] Z {6 K2 (12)(23)(45)? + (12)(34)(45)?
trace SS/Z 3
[15]2 4 b 2 St e s i 55 1
+ K + L — 4 = —4 ”
\_ \ESaIac) Bl 2.2 3 4 3 5 373 2l
7
Finite part of the one-mass box
3 45 2
— 1 _S12 : _ 523 2 (512 T
= Li, (1 545) + Li, ( 545) + log (523) + .

2 1



We are ready to tackle all two-loop five-parton
amplitudes in QCD

The all-plus helicity configuration is simple...
but

» We computed all the required Feynman integrals

» Our toolkit can be straightforwardly applied to all the other
five-parton amplitudes

STAY TUNED!



The workflow* of scattering amplitudes

IBP :
{ Integrand H reduction} Amplltude]

Master
integrals

* simplified



The two-loop five-gluon all-plus integrand

[Badger, Mogull, Ochirov,

O’Connel “15]

Q
N\
\5/
N
Do | =
>
N\
é
+
>
N\
N——
+
N —
>
N\

Tt ) 3 ()
A<51>;¢9+m><r> <J>4>>

)
)
(<) (iaé@%%é@ )

Numerators with up to degree five/six in the loop momentum




Integration-by-parts relations

[ Integrand H IBP reduction

Master
integrals

Amplitude ]

Integration-by-parts identities [chetyrkin, Tkachov '81]

Any Feynman integral I can be “IBP-reduced” to a finite number
of master integrals

I(s, &) = Z c;(s,€) gi(s,€)

- S = (512» S$23, 534, 545, 551)

D=4-2¢

12



Dramatic progress in IBP reduction from
finite field techniques

Numerical evaluation over finite fields + rational reconstruction

[Schabinger, von Manteuffel 15][Peraro 16, '19]
[Maierhofer, Usovitch 18] [Smirnov, Chukharev '19]

using FiniteFlow [peraro ‘19]

» Faster Integration-by-Parts (IBP) reduction

» Better scaling for multi-scale problems

Further optimisation: reconstruct only the final physical answer

— Tiziano's talk

13



The workflow of scattering amplitudes

[ Integrand ]—>[ IBP reduction

Master
integrals

Amplitude ]

Integration-by-Parts identities

I(s,€) é/ z ci(s, €) gi(s, €)

i T S = (512;523»534; S45,551)

D=4-2¢

Master integrals



The integral families for massless
five-particle scattering at two loops

[Gehrmann, Henn, Lo Presti ’15, 18]
[Papadopoulos, Tommasini, Wever 15]

[Bohm, Georgoudis, Larsen, Schénemann, Zhang '18]
[Abreu, Page, Zeng 18’]
[Chicherin, Gehrmann, Henn, Lo Presti, Mitev, Wasser ’18]

[Abreu, Dixon, Herrmann, Page, Zeng '18]
[Chicherin, Gehrmann, Henn, Wasser, Zhang, S.Z. '18]
[Badger, Chicherin, Gehrmann, Heinrich, Henn, Peraro,

Wasser, Zhang, S.Z. ‘19]
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All master integrals for massless 2-loop 5-particle
scattering amplitudes are known

Computed using the method of the differential

equations in the canonical form [Henn “13]

[dﬁ(s, e) = edA(s) - G(s, €)

» Refined procedure to find canonical bases

» Boundary constants determined analytically
from physical constraints _

All integrals known analytically in the physical scattering
region for all permutations of the external legs



Pentagon functions

Proposed in [Chicherin, Henn, Mitev’17 ], confirmed in [Abreu, Dixon, Herrmann,
Page, Zeng '18] [Chicherin, Gehrmann, Henn, Wasser, Zhang, S.Z. ‘18]

S

Iterated integrals along contour y (’LJ

(Wi, Wi s, = fdlog Wi (s) ... dlogW; (s) %0
/ Y

boundary point

{W;(s)} = 31—letter alphabet n = transcendental weight

17



The letters encode all possible physical and spurious
singularities of amplitudes

Letter s notation momentum notation cylic
Wi S12 2p1 - P2 + (4)
W 534 + Sa5 2ps - (ps + ps) + (4)
Wi S12 — S45 2ps3 - (pa + ps) + (4)
Wi S45 — S12 — S23 2p1 - 3 + (4)
Wy $34 + Sa5 — S12 — 523 2ps - (p1 + pa) + (4)

. -512523—~5'23-5.'34+S34345—512515—545515_\/K tr[(l_75)p4p5plp2]
VV‘ZG 512523 —523534+534545—S512515—S45515+VA tf[(lJrWs)%lpspllbz] T (4>
Wsy \/K tr [7519 1% Qp 3? 4]
Adapted from [Gehrmann, Henn, Lo Presti ‘18] A=det(2 p; 'pj)l-,j=1,___,4 .



Letters encode all possible physical and spurious
singularities of amplitudes

Soft & collinear limits

Letter s notation momentum nodation cylic
0 NS
VVl S12 ‘ 2p1 " P2 \I + (4)
Ws S34 + S45 : 2ps - (p3+ps) 1 + (4)
|
Wi S12 — S45 : 2p3 - (pa+ps) + (4)
|
Wie S45 — S12 — S23 | 2p1 - ps I + (4)
|
Way 834 + S45 — S12 — S23 \2p3 - f_p]_—i-_pi),’ + (4)
512523_323534+334345—512515_545515_\/3 tr[(l_75)p4p5plp2]
VVQG 512523 —823534+534545—512515—545515+VA tr[(l+v5)]é4p5p1]ﬁ2] + (4>
W VA Y5, PoPab

Adapted from [Gehrmann, Henn, Lo Presti ‘18] A=det(2 bi 'pf)i,j=1,...,4 19



Letters encode all possible physical and spurious
singularities of amplitudes

Soft & collinear limits

Letter s notation momentum nodation cylic
W, $19 {, 2p1 - p2 \‘I + (4)
W S34 + 845 ' 2pa-(pstps) 1|+ (4)
Wi $12 — Sa5 : 2ps - (pa + ps) : + (4)
Wie S45 — S12 — S23 | 2p1 - ps : + (4)
W §34 + S45 — S12 — 523 l,\Q_Z)a_‘ LPJ."’.PA)<’ _+ (4)
Wa | ctmemstes e s | b gp e fOMBIEX

$12823—523534+9534545 — 512515 — 845515 +VA V(L) P PP Pl pFéses

Wi VA tr[%%%pspzl]

Adapted from [Gehrmann, Henn, Lo Presti ‘18] A=det(2 bi 'pf)i,j=1,...,4 2



Letters encode all possible physical and spurious
singularities of amplitudes

Soft & collinear limits

Letter s notation momentum nodation cylic
Wi S12 [, 2p1 - p2 \‘I + (4)
W S34 + S45 : 2ps - (ps +ps) 1 + (4)
Wi $12 — Sa5 : 2ps - (pa + ps) : + (4)
Wie S45 — S12 — S23 | 2p1 - ps : + (4)
Way §34 + S45 — S12 — 523 l,\Q_Z)a_‘ LPJ."’.PA)<’ _+ (4)
Woe $12893— 823534+ 534545 — 512815 —845815— VA |tf[(l—%)]ﬁlﬁsplpzl|\(~om!?)lex

szsz—smssatsarsisoszss—sssistVA | LulLhs)p PP P pFéses

Wi VAT« 5P, posp)

S -

~ Gram determinant
Adapted from [Gehrmann, Henn, Lo Presti ‘18] A=det(2 bi 'pf)i,j=1,...,4 ”n



Pentagon functions in terms of familiar functions
(to mathematicians and particle theorists)

At NNLO, up to four iterations (weight) needed:

jdlog Wajdlog Wy, jdlogWCfdlog Wy = [W,, Wy, W, Wd]s0

» Up to weight 2: logarithms and dilogarithms

» In general: Goncharov polylogarithms

Well studied

) , — numerical and analytical control
Numerical routines



Amplitude assembly — Ideal world

~ )
(7 (BD
- Ampli
{ Integrand : Lreduction / mp |tudeJ
!
Master '
integrals [ Simplifications ]

Amplitude = ¢ @ rational functions @ pentagon functions



Infrared singularities factorize

- 7.4
A/Zu‘l\

Captures all IR singularities (poles in &)
Matrix in color space

Finite

We can define an IR safe hard function H = limO AT
E—

» Truly new piece of information

» Much simpler than the amplitude



Directly target the hard function

IBP . Hard
[ Integrand J—[ o Amplitude J_I_{function}

{ Master

integrals




Directly target the hard function

| IBP . | Hard
| X |
[ Qe JT[ reduction ol Sl ]ﬁ{funcﬁon

|

{ Numerical

Master
integrals Reconstruction

26



Taming the rational functions

> Rational reconstruction over finite fields

» Leading singularity analysis of the integrand

> Analysis of lower loop/planar amplitudes

Planar two-loop five-gluon all-plus amplitude [Gehrmann, Henn, Lo Presti ‘15]



Directly target the hard function

| IBP . | Hard
| X |
[ Qe JT[ reduction ol Sl ]ﬁ{funcﬁon

|

{ Numerical

Master

integrals Rational
functions

28



A remarkably compact expression for the
non-planar two-loop hard function

o . o[4[23]  _ (2412][23] ])
it ;Tr(lz)[m%) Tr(s“”;{“z (12)(23)(45)? " (12)(34)(45)?
/z 4 e fins 1 1 1 1
[15]2 5 5 5 5 o4 R :
+ K . 2 L ol S
\ (25)(321d2) 3 2 4 Z.2 B 3 5 s 4”)

» All weight 1, 3 and 4 iterated integrals cancel out
» Valid in all physical regions (s;; — s;; +i0)

Correct factorization in the collinear limits v/



Hints of conformal symmetry in the leading
transcendental weight part

3 2 4 2572 3 4 35 3 3

[15]2 4 15 3 15 4 15 5 12 4 12 5 12
T 23y 3aNa2) 4 : e e

Manifestly conformally invariant rational factors
5

[45]° z 0° o
k.. =0 koo = —  [Witten ‘03]
“¢ (12)(23)(31) A% 9AZ

i=1

Related to conformal invariance of one-loop amplitude

00) [45]2 [23]2 [52]2
4] <(12)<23)(31) T (45)(51)(14) * (41)(13)(34)

) [Henn, Power, S.Z. ‘19]

But this is another story!



Summary

» Very first analytic, complete 2-loop 5-particle amplitude
v'Non-planar
v’ Function level
Intriguing conformal symmetry properties

» All two-loop master integrals for generic five-particle QCD
amplitudes known analytically in the physical region

v’ Full analytical and numerical control over the integrals

31






Physical s1, channel

Positive s-channel energies, negative t-channel energies,
realmomentaA <0

2D Slice: (512, 523; 534; 545; 551) — (3; _1 + X, 1) 1) _1 + Y)
y

1.0

Az\

-0.5+

W225'23:0

-1.0

33



Numerical evaluation in the physical region

Y100 = ] Re(g.lOO). e
05 0.10 0.15 0.20 0.25
-74}
’ . 0 0 _76-
s Written in terms of pentagon functions 78}
_80_
¢ Result in terms of Goncharov polylogs 2

t t
) =(3,-1+ 1,1,—-1 — ) Im
y (&) ( 2 11 2 11 . (9100)
< Numerical evaluations (GiNaC) ~  _— o
05 ] 183.0 |
Checks using SecDec v/ el
05 1 182.4 |

0.00 0.05 0.10 0.15 0.20 0.25
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Color decomposition

The amplitudes are vectors in color space SU(N,)

12 — - 2
1 “ o 11 Color relations
AD = Z Ng\Aj_iﬁAg )T,
=1
12

A=13

r\/—ZZ\'_§

s = N N\
AP = Z (NZAZO + 432 T, + Z N&AT T,

\—’ -—

A=1 A=13 NEW
Basis of single and double traces:

T, = Tr(12345) — Tr(15432)
T3 = Tr(12)[Tr(345) — Tr(543)]

Generators of SU(N )

and permutations thereof



The planar two-loop hard function

HPY = . t (4512) I + k2|5 s +tr'2*(1245)
, (12)(23)(34)(45)(51) " 5 gpast IS et SuSaadt e s
/

/ [Gehrmann, Henn, Lo Presti ‘15]

Finite part of the one-mass box

3 4
5

2

1123;45 - = Lz ( 545) + Li; ( S45) + log (SZ) + %

2 1

dg — 2

with d; = g*, gluon spin dimension

y 1+
try (kl) = tr [% pipjpkpz]

K =

36



Rational factors from
the planar two-loop hard function

7—[(20) ! i: tr_ (451;) + K2 S(S S H—/S’;1+lfri(124
(12)<23><34>(45)<51> Kl\ ‘i ’//234 ;51 12 23 12°3 \\212_545/

—_— o -

They generate a 76-dimensional space
upon permutations of the external legs
[45])°
(12)(23)(31)

= 6-dimensional subspace

* Manifestly conformally invariant
+» Related to the one-loop amplitude

(1,0) [45]* [23] [52]° [Henn, Power, S.Z. “19]
AT XK <<12>(23><31)+(45)(51)(14)+<41)<13><34> S PO




Analytic calculation of the master integrals
via differential equations

IBPs
% = linear combination of I = }.;¢;(s,€)g;(s, €)
= [dﬁ(s, g) = dA(s,¢) - g(s, e)]
“Messy” solution: algebraic

functions  w-fold iterated integral

EON /

|4
g(s, ) = — m(s) h“”(s)

4 J|
p=0




Differential equations in the canonical form

Change of master integral basis s.t.

[dg(s, e) = e dA(s) - g(s, e)] [Henn '13]

dA(s) = z c; d log W;(s)

i / ™~ Letters, algebraic functions
Constant matrices

w-fold iterated integral

|

3 1 <
g(s, &) = Pexp (ejdA) g(sg, &) = i z e”hW)(s)

y w=0

Solution has uniform transcendentality



Four-dimensional leading singularities

d4'€ «© «© «© «© 1 0 — U C+ py
— 0 1 2 3 ' D1
f PLP,P3P, j_md‘e j_oodf f_wd{’ j_ood‘? PLP, PP, > b

/ p1 P4

dfzf de3 . _ 1

L anf an f
@ri)* Jp,=o P,=0 P

2 3

[ (4D integrand) — | (4D integrand) = leading singularity]
R1.3 T4

[Arkani-Hamed, Cachazo, Cheung, Kaplan ‘09]



Integrands with unit leading singularity
can be cast into dlog form

d*? st B
2 (£ —p1)? (£ —p1 —p2)*(£ +py)?
2 (¢ —p1)? (¢ — p; — p2)* (£ + py)?
dlog ———— = Ad 1 Ndl Ndl
N T R N e X (DT

where £* is the solution of the maximal cut
Ca 2= (£ — P1)2 = (- ps _Pz)z =+ P4)2 =0

Integrands with dlog integrand evaluate to Q-linear
combinations of iterated integrals of uniform weight

[Arkani-Hamed, Bourjaily, Cachazo, Trnka '10]



Algorithmic construction of canonical bases

Algorithm to find all 4D dlog integrands [Wasser ‘16]

= Naively upgrade to D dimensions and extract a canonical basis

J@J 1T x

Subtlety: 4D analysis blind to integrands that vanish in 4D

— D-dimensional leading singularity analysis based on

Baikov representation of the integrands
[Chicherin, Gehrmann, Henn, Wasser, Zhang, S.Z. ‘18]
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The boundary constants are constrained by
physical requirements

Canonical basis g (s, €) is UV finite

= g (s, €) are finite at small e < 0

Spurious singularitiesat W; = 0

dg(s,e) =¢d [z ¢c; d log Wi(s)‘ - g(s,¢€)

Asymptotic solutionnear y = W;=2p; -p, =0
dA(s) = ¢dlog(y) + O(y) = gG(s, &) ~exp(e ¢ logy) ]
Finiteness of g(s,&) aty = 0 = constraints onf

Transport constraints to base point s



