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“The law that entropy always increases holds, | think, the
supreme position among the laws of Nature. If someone
points out to you that your pet theory of the universe is in
disagreement with Maxwell’s equations - then so much the
worse for Maxwell’s equations. If it is found to be
contradicted by observation - well, these experimentalists
do bungle things sometimes. But if your theory is found to
be against the Second Law of Thermodynamics | can give
you no hope; there is nothing for it to collapse in deepest
humiliation.”

Arthur Eddington, New Pathways in Science
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Question:
What is local equilibrium?



Answer :
A flow-frame with thermodynamics



Relativistic dissipative fluids

o Thermodynamics is about stability.

o Local rest frame: time and space separation.
Fow-frames: Eckart, Landau-Lifshitz, thermo.

Problems

@ Thermoframe (8" = [fu*) is used together with other ones e.g.
Eckart.

@ Consistency with temperature of moving bodies. The enigma of
covariant thermodynamics.

® What is ideal fluid? A spacelike freedom.
@ Persistent instabilities. (presentation of Michal Heller).



Fluid basics

™ =eu"u” + q"u” 4+ u"q” + P*,

o arbitrary four-velocity
[V VR .
N* = nu" + j¥, o energy-momentum density
THh — (ei gju) N = (”I) o particle number density
q J o momentum density and
P,uz/u“ =0, q,uu/ll =0, jy,uu =0. energy flux

diag(1l,—1,-1,—1), A* = M — yky".

Energy-momentum conservation:

0, T = u"(é+ ed,u” + 0,9" + u,q" — P’“’&,uu)jL
el + NG, + q"d,u” + g O,u" + A9, P = 0.
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Energy-momentum conservation:

0, T = u"(é+ ed,u” + 0,q9" + u,q" — P 0,u,)+

ed + A" g, + g0, u” + q"0,u" + AMO,PH = 0.
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Equilibrium and non-equilibrium
Thermodynamics: time-space separation and stability
0,S" =s+so,u'+0,J" >0
u-EOS and entropy flux:

ds = fde — adn, ﬁ:% @:% J* = Bgt(1?)
B(e+ p) = s+ un. Euler relation
u-energy is not conserved:
é+ed,u” +0,9" + u,q" — P"0,u, =0
It is a constraint:
pé+sout +0,(8q9")=...=
(s — Be)ou” + ¢"0up — fu,q" — BP0 ut =

B(P™ + BpA"™)0,uy, + ((%ﬂ +Bi,) 2 0



Complete Eckart theory
Solving the inequality:
BP™ + BpA™)0,u, + ¢"(0,8 + Bu,) > 0

P 4 BPAP = apenr AT 4 1 Dyt A
g = MAM(0,B + Buy)

é+edu” +0,9" +u,q" — P"0,u, =0
ed" + A" q, + q'o,u” + ¢"0,u" + A* O, P = 0F.
Closed system, violent instability of the static equilibrium:
u* =0, gt =0, e = const., P = —3pA"* = const. .
o Eliminating acceleration term? Does not help.

o Israel-Stewart: suppression with price. g* dependent EQOS
o Landau-Lifshitz frame g* = 0#7 Stability!



More covariant thermodynamics

Eckart four-entropy:
St =s(e)u" + Bq" = s(e)u" + Des(e)q"

Temperature is a four-vector. Energy-momentum density vector
should be a state variable, s(E*):

ds = Y,dE", Y, = Bu, + w,),
St —Y, T"" = pY" four-Euler relation

ds = B(de + w,dq" + (ew, — q,,)du*)
s=B(p+e+w,q"), J* = B(g" + w, P" + wtp)

Thermoframe (EOS): w, =0,



Thermodynamics in thermoframe: w, =0

Simplified thermodynamic relations:

ds = fde+pu,dq"
s=Bp+e), I =g

Energy balance:
é+edu’ +0,9° +u,q" — P*"0,u, =0
It is a constraint:

p(é+ u,q”)+sou +0,(8q") = ... =
(s — pe)o,u” + ¢"0,6 — BP* O, u" =

B(P* + BpA*)d,u, + ¢"0,8 = 0
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Thermodynamics in thermoframe: w, =0

Simplified thermodynamic relations:

ds = Bde+pu,dq"
s=pp+e), J'=pq"
Energy balance:
é+edu’ +0,9° +u,q" — P"0,u, =0
It is a constraint:

pé+ u,q”) +sou +0,(Bg") = ... =
(s — Be)o,u” + q"o,B8 — BP0, ut =

(B(P™ & BpA™)d,u, + 40,8 > 0]

It is not enough ...



Thermodynamics in kinetic frame: w, = ¢*/h

Momentum balance with particle number conservation requires further
modifications.

Velocity may be a state variable, too, s(E*, u*):
ds = Y,dE" + pw,du*, Y, = B(u, + w,)
ds = f3(de 4+ w,dq" + (hw, — q,)du")
Kinetic frame: w, = q,,/h
ds = fde + Bq—:dq"

Energy and momentum balances are both constraints for the entropy
production:

B(P* + BpA*)O,u, + g* (auﬁ + %(huu + g + q“ayu”)) >0

It is stable.
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Summary

o The equilibrium of dissipative relativistic hydrodynamics
is linearly stable if the constitutive relations are defined
in kinetic frame.

Then they can be transformed to other frames.

o It is consistent with relativistic temperature.
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Thank you for the attention!
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What is ideal ?

Landau-Lifshitz: Eckart:
N=ii+ [ N N'=m*

anbag % W A b_ b b b b b
I=¢iti+ PP=eil i~ p A" +I1" T"=eu’ 1" +q u"+q" v’ - pA“+II°

Transformation: |
Ag U +W
U =—

What is ideal?

Ni=nu* N

> NI=Hhi+ j°
T "b—en Py pd"b : y ! A
AADBA A A
T(Ib_ )”b”rr_'_qb”a_'_qa ”l) pdab"'Hdb
Aa Aﬂ/\b
A P TN b_ W
n=—, a=n—sNe=—-p. g —/1\4 Hﬂ
2
¢ (3 (« h
A7a  mab
Ideal fluid is a class of N

Dissipation leads to homogenization? Equilibrium is a submanifold?

N 17 /20



Fields and equations

Fields:
Nrﬂ 4
T[)[f 10
(3
NV ]
117
«a
J 3
q(! 3
ab
11 6
312

21 e N ah
q u,=ju,=0, M u,=M%u,=0

Equations:
0,N"=0, 1
ab T(rfr :On ‘ 4

N® - particle number vector
I — energy-momentum density
u® - velocity field

j* - particle flux/current

q® —energy flux and
momentum density

I1% - viscous pressure

n, e, u — basic fields

Flow-frames, non-equilibrium thermodynamics, second law
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Paradox solved ? Second order

0,8=5+s0,u"+0,J" >0
Eckart (1940), theory and flow-frame:

a

SUT® N%=s(e, n)z/”+?—

(Mdaller)-Israel-Stewart (1969-72) theory in Eckart flow-frame:

SH(THb,IVH): S(C, T’])__H-__qbq . <}

+lf(qn+agnqa+aln,abqb]

isotropic, Grad compatible
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Paradox solved? Divergence type

(Miiller)-Israel-Stewart theory: The linearized version is conditionally hyperbolic in
Eckart frame.

Classical structure, normal convariant entropy inequality:

Nt =0; 9, T =0
8,5" + ad,N" + 3,0, T" > 0.

Divergence, type theories: hyperbolic by construction (Geroch)

ONt =0, 9, T" =0,  J,AP =/
0, S + XOuN + X0, TH + X b0, A% = 0,
0,S" = —Xp!® > 0.



