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�The law that entropy always increases holds, I think, the

supreme position among the laws of Nature. If someone

points out to you that your pet theory of the universe is in

disagreement with Maxwell's equations - then so much the

worse for Maxwell's equations. If it is found to be

contradicted by observation - well, these experimentalists

do bungle things sometimes. But if your theory is found to

be against the Second Law of Thermodynamics I can give

you no hope; there is nothing for it to collapse in deepest

humiliation.�

Arthur Eddington, New Pathways in Science
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Question:

What is local equilibrium?
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Answer:

A �ow-frame with thermodynamics
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Relativistic dissipative �uids

Thermodynamics is about stability.

Local rest frame: time and space separation.
Fow-frames: Eckart, Landau-Lifshitz, thermo.

Problems
1 Thermoframe (βµ = βuµ) is used together with other ones e.g.

Eckart.
2 Consistency with temperature of moving bodies. The enigma of

covariant thermodynamics.
3 What is ideal �uid? A spacelike freedom.
4 Persistent instabilities. (presentation of Michal Heller).
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Fluid basics

T µν = euµuν + qµuν + uµqν + Pµν ,

Nµ = nuµ + jµ,

T µν =

(
e qj

qi P ij

)
, Na =

(
n
j i

)
Pµνuµ = 0ν , qµuµ = 0, jµuµ = 0.
diag(1,−1,−1,−1), ∆µν = δµν − uµuν .

arbitrary four-velocity

energy-momentum density

particle number density

momentum density and
energy �ux

Energy-momentum conservation:

∂νT
µν = uµ(ė + e∂νu

ν + ∂νq
ν + uν q̇

ν − Pµν∂νuµ)+

eu̇µ + ∆µν q̇ν + qµ∂νu
ν + qν∂νu

µ + ∆µν∂νP
µν = 0.
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Equilibrium and non-equilibrium

Thermodynamics: time-space separation and stability

∂µS
µ = ṡ + s∂µu

µ + ∂µJ
µ ≥ 0

u-EOS and entropy �ux:

ds = βde − αdn, β =
1

T
, α =

µ

T
Jµ = βqµ(!?)

β(e + p) = s + µn. Euler relation

u-energy is not conserved:

ė + e∂νu
ν + ∂νq

ν + uν q̇
ν − Pµν∂νuµ = 0

It is a constraint:

βė + s∂µu
µ + ∂µ (βqµ) = ... =

(s − βe)∂νu
ν + qµ∂µβ − βuν q̇

ν − βPµν∂νu
µ =

β(Pµν + βp∆µν)∂νuµ + qµ (∂µβ + βu̇µ) ≥ 0
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Complete Eckart theory

Solving the inequality:

β(Pµν + βp∆µν)∂νuµ + qµ(∂µβ + βu̇µ) ≥ 0

Pµν + βp∆µν = ηshear∆
ν
γ∂

<γuµ> + ηbulk∂γu
γ∆µν

qµ = λ∆µν(∂νβ + βu̇ν)

ė + e∂νu
ν + ∂νq

ν + uν q̇
ν − Pµν∂νuµ = 0

eu̇µ + ∆µν q̇ν + qµ∂νu
ν + qν∂νu

µ + ∆µν∂νP
µν = 0µ.

Closed system, violent instability of the static equilibrium:
uµ = 0, qµ = 0, e = const., Pµν = −βp∆µν = const. .

Eliminating acceleration term? Does not help.

Israel-Stewart: suppression with price. qµ dependent EOS

Landau-Lifshitz frame qµ = 0µ ? Stability!
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More covariant thermodynamics

Eckart four-entropy:

Sµ = s(e)uµ + βqµ = s(e)uµ + ∂es(e)qµ

Temperature is a four-vector. Energy-momentum density vector
should be a state variable, s(Eµ) :

ds = YµdE
µ, Yµ = β(uµ + wµ),

Sµ − YνT
νµ = pY µ four-Euler relation

ds = β(de + wµdq
µ + (ewµ − qµ)duµ)

s = β(p + e + wµq
µ), Jµ = β(qµ + wνP

µν + wµp)

Thermoframe (EOS): wµ = 0µ
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Thermodynamics in thermoframe: wµ = 0

Simpli�ed thermodynamic relations:

ds = βde+βuµdq
µ

s = β(p + e), Jµ = βqµ

Energy balance:

ė + e∂νu
ν + ∂νq

ν + uν q̇
ν − Pµν∂νuµ = 0

It is a constraint:

β(ė + uν q̇
ν) + s∂µu

µ + ∂µ (βqµ) = ... =

(s − βe)∂νu
ν + qµ∂µβ − βPµν∂νu

µ =

β(Pµν + βp∆µν)∂νuµ + qµ∂µβ ≥ 0

11 / 20



Thermodynamics in thermoframe: wµ = 0

Simpli�ed thermodynamic relations:

ds = βde+βuµdq
µ

s = β(p + e), Jµ = βqµ

Energy balance:
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Thermodynamics in kinetic frame: wµ = qµ/h

Momentum balance with particle number conservation requires further

modi�cations.

Velocity may be a state variable, too, s(Eµ, uµ) :

ds = YµdE
µ + pwµdu

µ, Yµ = β(uµ + wµ)

ds = β(de + wµdq
µ + (hwµ − qµ)duµ)

Kinetic frame: wµ = qµ/h

ds = βde + β
qµ
h
dqµ

Energy and momentum balances are both constraints for the entropy
production:

β(Pµν + βp∆µν)∂νuµ + qµ
(
∂µβ +

β

h
(hu̇µ + q̇µ + qµ∂νu

ν)

)
≥ 0

It is stable. 13 / 20



Summary

The equilibrium of dissipative relativistic hydrodynamics
is linearly stable if the constitutive relations are de�ned
in kinetic frame.
Then they can be transformed to other frames.

It is consistent with relativistic temperature.
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What is ideal?
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Fields and equations
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Paradox solved? Second order
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Paradox solved? Divergence type

(Müller)-Israel-Stewart theory: The linearized version is conditionally hyperbolic in
Eckart frame.

Classical structure, normal convariant entropy inequality:

∂µN
µ = 0; ∂µT

µν = 0ν;

∂µS
µ + α∂µN

µ + βν∂µT
µν ≥ 0.

Divergence, type theories : hyperbolic by construction (Geroch).

∂µN
µ = 0; ∂µT

µν = 0ν; ∂µA
abc = I bc

∂µS
µ + χ∂µN

µ + χν∂µT
µν + χbc∂µA

abc = 0,

∂µS
µ = −χbc I

bc ≥ 0.
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