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Introduction



Entropy production in HIC

[ B. Müller and A. Schäfer (2011) ]

✔ In the hydrodynamical model that is widely used for the phenomenological analysis, 
the shear viscosity of the fluid is so small that the entropy produced in the     
hydrodynamic evolution is not large.

✔Most of the entropy is expected to be created before the formation of the fluid.

Au+Au (RHIC)
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𝑑𝑆/𝑑𝑦ȁ𝑦~0 ∼ 0 ∼ 4500 ∼ 5100 ∼ 5600

𝜏hydro 𝜏hadro

pre-hydro                        viscous fluid                                  hadron



Glasma in initial stage of HIC 2
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a highly occupied system consisting of gluons (Glasma). 

(𝜏 = 0 + fm/c)

✔ Glasma is initially an approximately boost invariant color electric 
and color magnetic field parallel to the collision axis. 
A. Kovner, L. D. McLerran and H. Weigert, 1995

✔ Fluctuations of this boost invariant field grow exponentially 
due to instabilities of the Yang-Mills theory.

pressure isotropization T. Epelbaum, and F. Gelis, 2013

𝜏hydro 𝜏hadro

pre-hydro                        viscous fluid                                  hadron



Semiclassical description of glasma 3
14

✔ In order to investigate the real-time dynamics of the glasma, semiclassical methods  
are widely used. 
P. Romatschke, and R. Venugopalan, 2006; Berges et al., 2008, 2009, 2012, 2014; K. Fukushima and F. Gelis, 

2012; T. Epelbaum, and F. Gelis, 2013; H. Tsukiji et al. 2016,2018

✔ Semiclassical description can be applied to real-time evolution of highly occupied and 
weakly coupled systems.

a highly occupied system consisting of gluons (Glasma). 

𝜏hydro 𝜏hadro

pre-hydro                        viscous fluid                                  hadron



Husimi-Wehrl entropy①
• In this talk, we evaluate the evolution of the Wigner function of the highly occupied 

and weakly coupled Yang-Mills fields within the semiclassical approximation, and 
analyze its thermalization in terms of the entropy that is defined by using a Husimi
function.

Wigner function Husimi
function

Gaussian 
smearing

x,p x,p

𝑓W 𝑥, 𝑝 ≡ ∫ 𝑑𝑦 𝑥 +
𝑦

2
ො𝜌 𝑥 −

𝑦

2
𝑒−𝑖𝑝𝑦

𝑓H 𝑥, 𝑝, 𝜎

≡ ∫ 𝑑Γ′𝑓W(𝑥′, 𝑝′) 𝑒
−𝜎2 𝑥−𝑥′

2
− 𝑝−𝑝′ 2/𝜎

𝑆HW ≡ −∫ 𝑑Γ𝑓H(𝑥, 𝑝, 𝜎) ln 𝑓H(𝑥, 𝑝, 𝜎)
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Husim-Wehrl (HW) entropy



The properties of the HW entropy in- and out-of-equilibrium have been studied 
analytically in some simple models

• Harmonic oscillator (𝐻 =
1

2
𝑝2 +

1

2
𝜔2𝑥2)  *𝜎 = 𝜔

• inverted harmonic oscillator (𝐻 =
1

2
𝑝2 −

1

2
𝜔2𝑥2)

✔ larger than the von-Neumann entropy (𝑆vN)
for the Gibbs distribution

✔ agrees with 𝑆vN in the classical limit(ℏ → 0). 

𝑆HW 𝑆vN

✔ Growth rate of the HW entropy asymptotically converges to the Kolmogorov-Sinai 
(KS) entropy, a sum of positive Lyapunov exponents, which implies that the 
production of the HW entropy is related to the chaoticity and instabilities in Its 
classical counterpart.

𝑑𝑆HW

𝑑𝑡
→ 𝜆 (𝑡 → ∞) (𝜆 : positive Lyapunov exponent)

Both results suggest that the Husimi-Wehrl entropy can be a suitable guide to 
investigate thermalization at least in classical or semiclassical systems.

Kunihiro et al., 2009 

Husimi-Wehrl entropy② 5
14



Method



（Ⅰ） Initial condition : mean field + minimal quantum fluctuations (ℏ0, ℏ1)

𝑓W 𝑥, 𝑝; 𝑡ini = ∫ 𝑑𝑦 𝑥 +
𝑦

2
ො𝜌ini 𝑥 −

𝑦

2
𝑒−𝑖𝑝𝑦, ො𝜌ini = ۧ𝛼 𝛼ۦ

（Ⅱ） Evolution equation : classical limit of von-Neuman equation (ℏ0)

𝑓W 𝑥, 𝑝; 𝑡 =
𝜕𝐻

𝜕𝑥
⋅
𝜕𝑓W
𝜕𝑝

−
𝜕𝐻

𝜕𝑝
⋅
𝜕𝑓W
𝜕𝑥

+ 𝒪(ℏ2)

（Ⅲ） Numerical technic : Test-particle (TP) method

𝑓W
TP 𝑥, 𝑝; 𝑡 =

2𝜋

𝑁TP


𝑖

𝛿(𝑥 − 𝑥𝑖(𝑡))𝛿(𝑝 − 𝑝𝑖(𝑡))

（Ⅰ）

（Ⅱ）

Semiclassical description

𝑥𝑖 at 𝑡 = 𝑡ini is given randomly according to 𝑓W 𝑥, 𝑝; 𝑡ini

Evolution of 𝑥𝑖 is given by using classical equation of motion
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We decide the smearing parameter, using a discussion of a harmonic oscillator 

(𝐻 =
1

2
𝑝2 +

1

2
𝜔2𝑥2) as a guide.

Smearing parameter in Husimi function 

Taking advantage of the fact that free field theory can be regarded as a set of 
harmonic oscillators, smearing parameters of the Husimi function for a field theory are 
chosen to satisfy the following conditions,
1. HW entropy for the Gibbs distribution agrees with 𝑆vN in the classical limit (ℏ → 0)      

and the non-interacting limit (g → 0). 

2. HW entropy takes the minimum value 1 for the perturbative vacuum state
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When 𝜎 = 𝜔, there are two  advantages.

1. HW entropy for the Gibbs distribution agrees with 𝑆vN in the classical limit(ℏ → 0). 
Kunihiro et al., 2009 

2. HW entropy takes the minimum value 1 for the coherent state,

ො𝑎 ۧ𝛼 = 𝛼 ۧ𝛼 , ො𝑎=
1

2𝜔
ො𝑥 + i

𝜔

2
ො𝑝, including the ground state ȁ ۧ0 .             Lieb, 1978



Estimation of HW entropy by TP method 7
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We evaluate the HW entropy by TP method in three ways.

1. Using single Test-particle Wigner function 𝑓H
TP (Lower bound)

𝑆HW
sTP = −∫ 𝑑Γ𝑓H

TP ln 𝑓H
TP~𝑆HW − ∫ 𝑑Γ

Δ2 Γ

𝑓H Γ
+ 𝑂(Δ3)

2. Using single parallel Test-particle Wigner function 𝑓H
TP, 𝑓H

TP′ (Upper bound)

𝑆HW
pTP

= −∫ 𝑑Γ𝑓H
TP′ ln 𝑓H

TP

~𝑆HW + ∫ 𝑑Γ
Δ2 Γ

𝑓H Γ
+ 𝑂(Δ3)

3. Average of 𝑆HW
sTP and 𝑆HW

pTP

𝑆HW
sTP+pTP

=
𝑆HW
sTP + 𝑆HW

pTP

2
~𝑆HW + 𝑂(Δ3)

Numerical confirmation of above relations in scalar filed

∗ 𝑓H
TP = 𝑓H + Δ



we cannot perform the multiple integration over large degrees of freedom to calculate 
the HW entropy of a field theory SHW

To circumvent the practical problem, we assume the product ansatz for the Wigner 
function

𝑓W {𝑄𝑘 , 𝑃𝑘} =ෑ

𝑘

𝑓W 𝑄𝑘 , 𝑃𝑘

Product ansatz allows us to treat SHW as the sum of the HW entropy that each mode has,

SHW =

𝑘

SHW
𝑘

✔ In a few dimensional quantum mechanics, the HW entropy estimated under the 
product ansatz is found to overestimate by up to 20%.      Tsukiji et al., 2016

✔ The product ansatz is expected to becomes more accurate in the vicinity of the 
thermal equilibrium of a weakly interacting field where expectation values of 
observables are approximately obtained by using the Gibbs distribution 

for a free field. ො𝜌eq ∝ 𝑒−𝛽𝐻 ∼ 𝑒−𝛽 𝐻0 = 𝑒−𝛽∑𝐻0
𝑘
= ς𝑘 𝑒

−𝛽 𝐻0
𝑘

Product ansatz 8
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Numerical Results



Set up①
• 𝜏 − 𝜂 coordinate: 𝜏 = 𝑡2 + 𝑧2, 𝑥, 𝑦, 𝜂 =

1

2
ln

𝑡+𝑧

𝑡−𝑧
, 𝑔𝜇𝜈 = diag 1,−1,−1,−𝜏2

• Hamiltonian ： 𝐻 = ∑ 0,0,0 ≤𝑥<(𝐿𝑇−1,𝐿𝑇−1,𝐿𝜂−1)
1

2
𝐸𝑥
2 +

1

2
𝐵𝑥
2

• Initial conditions : 
1. Mean field part is given so as to mimic the glasma initial condition

𝐴𝜇
𝑎(𝑥) = ∑𝜆∫ 𝑑

2𝑘⊥𝑑𝜈 𝜖𝜇,𝑘
𝜆 ො𝑎𝑎𝜆

k⊥,𝜈
+ h. c. 𝜖𝜇,𝑘 ： polarization vector                                                                                                          

(gauge condition: )

2. Fluctuation part is given so as to reproduce vacuum fluctuations

ො𝑎𝑎𝜆𝑘⊥,𝜈 = 0, ො𝑎𝑎𝜆
k⊥,𝜈

ො𝑎𝑎′𝜆′
k⊥′,𝜈′

= 0,

( ො𝑎𝑎𝜆
𝑘⊥,𝜈

)† ො𝑎𝑎′𝜆′𝑘⊥′,𝜈′ =
1

2
𝛿𝑎,𝑎′𝛿𝜆,𝜆′ 𝛿(k⊥,𝜈),(k⊥′,𝜈′)

Berges, et al., 2014

Boost invariance, anisotropy(𝐸𝜂 , 𝐵𝜂 ≫ 𝐸⊥, 𝐵⊥ → 𝑃𝜂 = −𝑃⊥ = −휀)

(Kovchegov, 2001)
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Set up② 10
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• Parameters : g = 0.1 and 0.2, 𝑄𝑆 =
1

𝑎𝑇
, 𝑄𝑠𝜏ini = 0.1, Δ/𝑔2 = 1000

𝑉𝜂 = 1.05, 𝐿𝑇= 32, 𝐿𝜂= 420, 𝑁TP= 96



Numerical result①：pressure

Frist, we see evolution of pressure anisotropy in our models.

Three different stage
① Qs𝜏 < 2 − 3 : 𝑃⊥and𝑃𝜂 become much closer. Coupling independent

② 2 − 3 < Qs𝜏 < 20 − 30 : The evolution of the anisotropy depends strongly on 
a coupling constant and initial condition 

③ 20 − 30 < Qs𝜏 : 𝑃𝜂 /𝑃⊥ ≪ 1, indication of free streaming expansion on the  

longitudinal direction

✔①,② qualitatively agree with the result obtained by using the initial
condition based on McLerran-Venugopalan model.

✔ Isotropization is so small that systems can not be interpreted as viscous hydro.

T. Epelbaum and F. Gelis, 2013)
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Numerical result ②：Husimi-Wehrl entropy

✔ There are two stage, faster 𝑆HW production stage in early time and 
slower 𝑆HW stage in late time. 

✔ The time range of the faster 𝑆HW production stage agrees with the 
time region when the evolution of the pressure anisotropy depends strongly 
on a coupling constant and initial condition 

✔ The slower 𝑆HW production stage is consistent with the free  
streaming expansion on the longitudinal direction
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∗ Δ𝑆𝐻W = 𝑆 − (D. O. F)



Numerical result ③：Husimi-Wehrl entropy 
and particle distribution 

Finally, we show the HW entropy and the particle number that different longitudinal 
momentum modes have
✔ Low longitudinal momentum modes dominate the faster production of 𝑆HW.
✔ In the slower 𝑆HW production stage, 𝑆HW in low longitudinal modes decrease and

𝑆HW in higher longitudinal modes increase.
✔ These behaviors shown above figures imply that the increase in the HW entropy is 

associated with the creation of particles. In particular, the faster production of 𝑆HW
seems to occur when the boost-invariant classical field of the initial conditions 
decoheres and particles with low longitudinal momentum are created.
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∗ 𝜈 is a lattice momentum in 𝜂 direction



Summary
1. We have improved the definition of the Husimi-Wehrl entropy for a field theory and 

established a simple method for its calculation.
2. We have evaluated the evolution of the Wigner function of the highly occupied and 

weakly coupled Yang-Mills fields from initial conditions mimicking the glasma, within 
the semiclassical approximation, and have analyzed its thermalization in terms of the 
HW entropy.

3. We have found  that there are two stages in the evolution of the HW entropy, the 
faster 𝑆HW production stage in early time and slower 𝑆HW stage in late time. 

4. We have found  that the increase in the HW entropy is associated with the creation of 
particles. In particular, the faster production of 𝑆HW seems to occur when the boost-
invariant classical field of the initial conditions decoheres and particles with low 
longitudinal momentum are created.

Future direction
• use the initial condition based on McLerran-Venugopalan model
• consider fluctuations accounting for the background effect
• use the compact formalism for lattice gauge theory
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