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Why torsion?

Covariant vorticity in Riemann-Cartan spacetime

7 U,V Uy = €77 U, 0, Uy + %ewa Uy Thpe U™, (1)
where Ty, is torsion.
Anomaly with external torsion field (Nieh-Yan anomaly (nieh, Yan. 1082))
N A~ Cp_ =
VMJ,’é/L =+tm¥P + TFWF’“'

o ©)
+ CTGMVPU <R/_LVPO’ + 27-;“/7’)\po'> )

where 7 is the axial condensate, RPUHU is curvature.

In this talk, we introduce torsion as an external field. Thus, V is torsion free.



Conservation laws

Energy-momentum tensor 6" and spin tensor PHape;
Vb = K18y, — LA poRoenr 4 P (IR 4 0L)
Y, Fee = &0 — Ger _ 2 7uNoKP, 3)

where K’\/w = % (T/\;w + 7;4/\:/ + TV)‘M) is the Contorsion tensor,

and xlkyrl = 1 (xryv — xvyH),
Maxwell equations:

VuFM =Jg+Jy,  VuF" =0. (4)



Spin statistical mechanics
Entropy

S=-Tr(plnp),
where p is density operator of the system.

Maximizing the total entropy S, we can obtain the local equilibrium density
operator(LEDO) pk.

The exact form of LEDO:

PLE = —exp /d l“]
ZiE { B (6)
I =06rp, + IAQy, — agdl — aJl

where Z; g = Tr [e_ fd—ui“] is the partition function and =, is a spacelike Cauchy
hypersurface.

Physical constraints for the Lagrange multiplier 5*, Q*” and jig,;:

=, (ot 742° D) ==, (0.7, 13,). o

where Oy = Tr [ﬁLE()] and O = Tr [,36] .
(Becattini, Buzzegoli, Grossi. 2019)



Spin statistical mechanics

We suppose local equilibrium entropy is
an integral of an entropy current s*:

Sie = ~Tr pieinpe] = [ 4=, (x). (8)

Divergence of entropy current
Vush = AOLYV By + DO (Vb — Kunu — 29

v 1~
+ Ay%)\ (quAu - ZKPH)\QpU - ER)\U[J.&BQ) (9)
— AJE (FunB + Vufig) — A (FuuB” + Vufiy)
- mAZ (g — fiL)

where AO = O — Oy, @gy”/as is the symmetric/antisymmetric part of the
stress-energy tensor.



Spin Hydrodynamics

Vst > 0:

Adg) = —0r/L (Fuuﬁy + Vf[ﬁR/L) )

2
A = n(VHU"+VHU*) - (577 - c) AP\ U
—X(AFOUY + AVEUH) Gy + KAFC AP H, g
“A(AFCUY — AYCUM) Ky,
where Ut = TBH, AW = g — UHUY, Vi = AFYV,, and
Ga =VaT — TUMN Uy,
Hop = —4TQup + (0aUs — 95Ua) — 2Karg U,
Ka = VaT + TUMV\Ua 4 2TKyzg UM UP
+4T2Q,5UP .
The coefficients OR/Ly M ¢, x, k and X\ are positive.

(Hattori, Hongo, Huang, Matsuo, Taya. 2019.)

The above results are anomaly independent.

(11)

(12)



Global equilibrium conditions

Vst =0:
VuBr +VuBu = b(xX)guv,
V0B — KuaB =22, = 0,
1~ a
VI»LQAV + 2Kp‘u[)\Qy]p - iR)\Vy,aﬁ = 0’
TVufig/L = —Eu, m(figr — L) = O,

where b(x) can be finite if the system is conformal invariant(©*,, = 0).

The above global equilibrium conditions are also anomaly independent.

(13)
(14)
(15)
(16)
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Spin thermodynamics

We suppose the logarithm of partition function is an integral

of a thermal potential current ¢*:

InZge = /dE#qS”(X).

Currents, stress-energy tensor and spin tensor
are related to ¢* as follows (Becattini. 2012.):
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Derive spin thermodynamical relations

Global equilibrium spin current:
st =gt + OM B, + I Qy, — irSh — . (19)

Define
> Energy density and pressure: (¢, p) = TU, (©HY By, ¢*);

» Entropy density, spin density and particle number densities:
(s,P%, ng,n.) = Uy (s*, 7H°P7, U5, J1).

We derive the following thermodynamical relations:

e+ p= T(S*:yuljﬂuu‘i’ﬁRnR‘i’ﬁLnL)v (20)
dp = & +Tp) dT — T (S dQp, + nrdfig + nidfic), (21)
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Work out the exact form of ¢*

Divergence of entropy current at global equilibrium:

0=V,s"
— o C-EMB Crelvre ﬁ 1 A - — (22)
= Vu¢! — |CFEV B, + Cre wvpo + ET o Tapo ) | (AR — L) -
For massless fermions, (fig — fir) # 0. Thus, ¢* must be anomaly dependent.
The general form of thermal potential current:
¢ = pB + DpB" + Vpwh + e POT, 0 (23)

where ¥g, ¥, and 91 are coefficients.
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Chiral torsional effect

Solutions of ¥g, ¥, and ¥7:

CGT

Vg = —— (Rk =), (24)
CeT? _ T2 _ _

Yo = - F3 (M%—uf)JrE(uR—m), (25)

I = Cr(ir—iL)- (26)

Current derived from ¢*:

T2
JeeyryL = Pr/LU F Crug B (CFN%e/L - E) wh £ Cre P T pe . (27)

where the last three terms corresponding to chiral magnetic effect, chiral vortical
effect and chiral torsional effect(Khaidukov, Zubkov. 2018; Imaki, Yamamoto. 2019.) respectively.
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Summary and outlook T

» We introduce spin statistical mechanics with external torsion field
by using local equilibrium density operator.

» We derive spin hydrodynamics, spin thermodynamics and chiral
torsional effect.

» In the future: non-equilibrium density operator with torsion.

Thank you!
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