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Why torsion?

Covariant vorticity in Riemann-Cartan spacetime

εµνρσUν∇̃ρUσ = εµνρσUν∂ρUσ +
1

2
εµνρσUνTλρσUλ , (1)

where Tλρσ is torsion.

Anomaly with external torsion field (Nieh-Yan anomaly (Nieh, Yan. 1982))

∇µĴµR/L = ±mP̂ ± CF

4
Fµν F̃µν

± CT ε
µνρσ

(
R̃µνρσ +

1

2
T λµνTλρσ

)
,

(2)

where P is the axial condensate, R̃ρσµν is curvature.

In this talk, we introduce torsion as an external field. Thus, ∇µ is torsion free.
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Conservation laws

Energy-momentum tensor Θ̂µν and spin tensor Ŝ µ,ρσ:

∇µΘ̂µν = KµνλΘ̂λµ − 1
2
Ŝµ,ρσR̃ρσµν + Fνλ

(
ĴRλ + ĴLλ

)
,

∇µŜ µ,ρσ = Θ̂σρ − Θ̂ρσ − 2Ŝ µ,λ[σK
ρ]
µλ , (3)

where Kλµν ≡ 1
2

(
T λµν + T λ

µ ν + T λ
ν µ

)
is the Contorsion tensor,

and X [µYν] ≡ 1
2

(XµYν − XνYµ).

Maxwell equations:

∇µFµν = JνR + JνL , ∇µF̃µν = 0 . (4)
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Spin statistical mechanics
Entropy

S ≡ −Tr (ρ̂ ln ρ̂) , (5)

where ρ̂ is density operator of the system.

Maximizing the total entropy S, we can obtain the local equilibrium density
operator(LEDO) ρ̂LE .

The exact form of LEDO:

ρ̂LE ≡
1

ZLE
exp

[
−
∫

dΞµ Î
µ

]
,

Îµ ≡ Θ̂µνβν + Ŝ µ,λνΩλν − µ̄R ĴµR − µ̄LĴ
µ
L ,

(6)

where ZLE ≡ Tr
[
e−

∫
dΞµ Î

µ
]

is the partition function and Ξµ is a spacelike Cauchy

hypersurface.

Physical constraints for the Lagrange multiplier βµ, Ωµν and µ̄R/L:

Ξµ
(

ΘµνLE ,S
µρσ
LE , J

µ(LE)
R/L

)
= Ξµ

(
Θµν ,S µρσ , Jµ

R/L

)
, (7)

where OLE ≡ Tr
[
ρ̂LE Ô

]
and O ≡ Tr

[
ρ̂Ô
]

.

(Becattini, Buzzegoli, Grossi. 2019)
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Spin statistical mechanics

We suppose local equilibrium entropy is
an integral of an entropy current sµ:

SLE = −Tr [ρ̂LE ln ρ̂LE ] =

∫
dΞµs

µ(x) . (8)

Divergence of entropy current

∇µsµ = ∆Θµνsy ∇µβν + ∆Θµνas

(
∇µβν − Kµλνβ

λ − 2Ωµν
)

+ ∆S µ,λν

(
∇µΩλν − 2KρµλΩρν −

1

2
R̃λνµαβ

α

)
−∆JµR (Fµνβ

ν +∇µµ̄R)−∆JµL (Fµνβ
ν +∇µµ̄L)

−m∆P (µ̄R − µ̄L)

(9)

where ∆O ≡ O − OLE , Θµν
sy/as

is the symmetric/antisymmetric part of the
stress-energy tensor.
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Spin Hydrodynamics
∇µsµ > 0:

∆Jµ
R/L

= −σR/L
(
Fµνβ

ν +∇⊥µ µ̄R/L
)
, (10)

∆Θµν = η
(
∇µ⊥U

ν +∇ν⊥U
µ
)
−
(

2

3
η − ζ

)
∆µν∇λUλ

−χ (∆µαUν + ∆ναUµ)Gα + κ∆µα∆νβHαβ

−λ (∆µαUν −∆ναUµ)Kα , (11)

where Uµ = Tβµ, ∆µν = gµν − UµUν , ∇⊥µ ≡ ∆µν∇ν , and

Gα = ∇αT − TUλ∇λUα ,

Hαβ = −4TΩαβ +
(
∂αUβ − ∂βUα

)
− 2KαλβU

λ ,

Kα = ∇αT + TUλ∇λUα + 2TKαλβU
λUβ

+ 4T 2ΩαβU
β .

(12)

The coefficients σR/L, η, ζ, χ, κ and λ are positive.

(Hattori, Hongo, Huang, Matsuo, Taya. 2019.)

The above results are anomaly independent.
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Global equilibrium conditions

∇µsµ = 0:

∇µβν +∇νβµ = b(x)gµν , (13)

∇[µβν] − Kµλνβ
λ − 2Ωµν = 0 , (14)

∇µΩλν + 2Kρ
µ[λ

Ων]ρ −
1

2
R̃λνµαβ

α = 0 , (15)

T∇µµ̄R/L = −Eµ , m (µ̄R − µ̄L) = 0 , (16)

where b(x) can be finite if the system is conformal invariant(Θµµ = 0).

The above global equilibrium conditions are also anomaly independent.
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Spin thermodynamics

We suppose the logarithm of partition function is an integral
of a thermal potential current φµ:

lnZGE =

∫
dΞµφ

µ(x) . (17)

Currents, stress-energy tensor and spin tensor
are related to φµ as follows (Becattini. 2012.):

Jµ
R/L

=

(
δφµ

δµ̄R/L

)
βµ,µ̄L/R ,Ω

µν

,

Θµν = −
(
δφµ

δβν

)
µ̄R ,µ̄L,Ω

µν

,

S µ,ρσ = −
(
δφµ

δΩρσ

)
βµ,µ̄R ,µ̄L

. (18)
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Derive spin thermodynamical relations

Global equilibrium spin current:

sµ = φµ + Θµνβν + S µ,λνΩλν − µ̄RJµR − µ̄LJ
µ
L . (19)

Define
I Energy density and pressure: (ε, p) ≡ TUµ (Θµνβν , φµ);

I Entropy density, spin density and particle number densities:
(s,S ρσ , nR , nL) ≡ Uµ

(
sµ,S µ,ρσ , JµR , J

µ
L

)
.

We derive the following thermodynamical relations:

ε+ p = T (s −S µνΩµν + µ̄RnR + µ̄LnL) , (20)

dp =
(ε+ p)

T
dT − T (S µνdΩµν + nRdµ̄R + nLdµ̄L) , (21)
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Work out the exact form of φµ

Divergence of entropy current at global equilibrium:

0 = ∇µsµ

= ∇µφµ −
[
CFE

µBµ + CT ε
µνρσ

(
R̃µνρσ +

1

2
T λµνTλρσ

)]
(µ̄R − µ̄L) .

(22)

For massless fermions, (µ̄R − µ̄L) 6= 0. Thus, φµ must be anomaly dependent.

The general form of thermal potential current:

φµ = pβµ + ϑBB
µ + ϑωω

µ + ϑT ε
µνρσTνρσ . (23)

where ϑB , ϑω and ϑT are coefficients.
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Chiral torsional effect

Solutions of ϑB , ϑω and ϑT :

ϑB = −
CFT

2

(
µ̄2
R − µ̄

2
L

)
, (24)

ϑω = −
CFT

2

3

(
µ̄3
R − µ̄

3
L

)
+
T 2

12
(µ̄R − µ̄L), (25)

ϑT = CT (µ̄R − µ̄L) . (26)

Current derived from φµ:

Jµ
(GE)R/L

= nR/LU
µ ∓ CFµR/LB

µ ∓
(
CFµ

2
R/L −

T 2

12

)
ωµ ± CT ε

µνρσTνρσ . (27)

where the last three terms corresponding to chiral magnetic effect, chiral vortical
effect and chiral torsional effect(Khaidukov, Zubkov. 2018; Imaki, Yamamoto. 2019.) respectively.
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Summary and outlook

I We introduce spin statistical mechanics with external torsion field
by using local equilibrium density operator.

I We derive spin hydrodynamics, spin thermodynamics and chiral
torsional effect.

I In the future: non-equilibrium density operator with torsion.

Thank you!
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