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We have performed (2+1)-flavor QCD lattice simulations using the Highly

Improved Staggered Quarks (HISQ) action on  and  lattices. In our

lattice simulations the strange quark mass is fixed to its physical quark mass  and

light quark mass is set to  which corresponds to  220 MeV at zero

temperature. We have studied the masses and magnetic polarizabilities of light and

strange pseudo-scalar mesons, chiral condensates, decay constants of neutral pion and

neutral kaon in the presence of background magnetic fields with  ranging up to

around 3.35 GeV  ( ) in the vacuum. We find that the masses of neutral

pseudo-scalar mesons monotonously decrease and then saturate at a nonzero value as

the magnetic field strength grows, while there exists a non-monotonous behavior of

charged pion and kaon masses as magnetic field grows. We observe a  scaling of the

up and down quark flavor components of neutral pion mass, neutral pion decay

constant as well as the quark chiral condensates in the magnetic field strength window

(0.05GeV , 3.35 GeV ). We show that the correction to the Gell-Mann-Oakes-Renner

relation involving neutral pion is less than 6\%, and the correction for the relation

involving neutral kaon is less than 30\% as  up to 3.35 GeV . The validity of 2-

flavor GMOR suggests that neutral pion is still the Goldstone boson, the mass reduction

of neutral pion explains the reduction of the critical temperature of chiral symmetry

breaking. And we further find that the reconciliation of magnetic catalysis and

reduction of pion mass intrinsically lies in the Ward identity. This talk is based on

Phys.Rev.D 104 (2021) 1, 014505.
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Motivation

4

FIG. 1: (Color online) Schematic view of the charge separa-
tion along the system orbital momentum. The orientation of
the charge separation fluctuates in accord with the sign of the
topological charge. The direction of the orbital momentum L,
and that of the magnetic field B, is indicated by an arrow.

system orbital angular momentum, with negative par-
ticles flowing oppositely to the positive particles. The
magnetic field and the angular momentum are normal to
the plane containing the trajectories of the two collid-
ing ions. This plane, called the reaction plane, can be
found experimentally in each collision by observation of
the azimuthal distribution of produced particles in that
event.

FIG. 2: (Color online) Schematic view of the transverse plane
indicating the orientation of the reaction plane and particle
azimuths relative to that plane. The colliding nuclei are trav-
eling into and out of the figure.

When two heavy ions collide with a finite impact pa-
rameter, the probability for particles to be emitted in
a given azimuthal direction is often described with a
Fourier decomposition [17]:

dN↵

d�
/ 1 + 2v1,↵ cos(��) + 2 v2,↵ cos(2��) + ... ,(1)

where �� = (�� RP ) is the particle azimuthal direction
relative to the reaction plane, as shown in Fig. 2. v1 and
v2 are coe�cients accounting for the so-called directed
and elliptic flow, respectively, and ↵ indicates the parti-
cle type. They depend on the impact parameter of the
colliding nuclei, the particle type (⇡, K, p, ...), transverse
momentum (pt), and pseudorapidity (⌘) of the produced
particles. For collisions of identical nuclei, symmetry re-
quires v1 to be an odd function of rapidity and v2 to be
an even function of rapidity. Measurements (for a re-
view and references, see [18]) have found that, at RHIC,
v1 is quite small at mid-rapidity; typically, |v1| < 0.005
for �1 < ⌘ < +1. In contrast, v2 is found to be siz-
able and positive. In Au+Au collisions at

p
sNN= 200

GeV, for unidentified charged hadrons, v2 reaches 0.25
for pt ⇠ 3 GeV/c, and 0.06 when integrated over all pt.
Phenomenologically, the charge separation due to a do-

main with a given sign of the topological charge can be
described by adding P-odd sine terms to the Fourier de-
composition Eq. 1 [19]:

dN↵

d�
/ 1 + 2v1,↵ cos(��) + 2 v2,↵ cos(2��) + ...

+ 2a1,↵ sin(��) + 2 a2,↵ sin(2��) + ... , (2)

where the a parameters describe the P-violating e↵ect.
Equation 2 describes the azimuthal distribution of par-
ticles of a given transverse momentum and rapidity and,
like the flow coe�cients, a coe�cients depend on trans-
verse momentum and rapidity of the particles. In addi-
tion, they depend also on the rapidity (position) of the
domain. One expects that only particles close in rapidity
to the domain position are a↵ected. According to the
theory, the signs of a coe�cients vary following the fluc-
tuations in the domain’s topological charge. If the par-
ticle distributions are averaged over many events, then
these coe�cients will vanish because the distributions
are averaged over several domains with di↵erent signs
of the topological charge. However, the e↵ect of these
domains on charged particle correlations will not van-
ish in this average, as discussed below. In this analysis
we consider only the first harmonic coe�cient a1, which
is expected to account for most of the e↵ect although
higher harmonics determine the exact shape of the dis-
tribution. For brevity we will omit the harmonic number,
and write a↵ = a1,↵. The index ↵ takes only two values,
+ and �, for positively and negatively charged particles
respectively.
The e↵ects of local parity violation cannot be signifi-

cantly observed in a single event because of the statistical
fluctuations in the large number of particles, which are
not a↵ected by the P-violating fields. The average of a↵
over many events, ha↵i, must be zero. The observation
of the e↵ect is possible only via correlations, e.g. mea-
suring ha↵a�i with the average taken over all events in
a given event sample. The correlator ha↵a�i is, however,
a P-even quantity, and an experimental measurement of
this quantity may contain contributions from e↵ects un-
related to parity violation. The correlator ha↵a�i can be

STAR Collaboration (B.I. Abelev (Illinois U., Chicago) et 
al.). Phys.Rev. C81 (2010) 054908

eB ⇠ O(10)m2
⇡

<latexit sha1_base64="pXPrghVOS5xlYZxiqrnOqTHymDg="></latexit>

RHIC:

LHC:

eB ⇠ O(1)m2
⇡

<latexit sha1_base64="ei9L4Lex5Dl2dJFAIn/P48JnMBM="></latexit>

A. Bzdak, etc., Phys. Rev. Lett. 110, 192301 (2013).
J. Bloczynski, etc., Phys. Lett. B 718, 1529-1535 (2013).

V. Skokov, etc., Int.J.Mod.Phys.A 24 (2009) 5925-5932

Heavy-Ion collisions

Figure 10. The deconfinement transition temperature against the background magnetic field. The results
of our full lattice QCD simulations (white background) are complemented by the prediction (gray background)
based on the results corresponding to the B ! 1 limit and on the extrapolation of the light quark susceptibility
peak to high magnetic fields (see the text).

the case, note that by varying the anisotropy parameter , one can continuously deform the anisotropic
theory to usual pure gauge theory, as was demonstrated in Fig. 6. Furthermore, the isotropic pure
gauge theory can be thought of as QCD with infinitely heavy quarks and thus can be continuously
transformed into full QCD by increasing the inverse quark masses from zero to their physical values.
Thus, the transition we identified at B ! 1 is indeed the same deconfinement transition that occurs
at low magnetic fields.

Let us highlight that according to this discussion, having a decreasing deconfinement transition
temperature is actually natural to QCD. Furthermore, since the B ! 1 limit is independent of the
quark masses5, a similar reduction of Tc by the magnetic field should also take place in QCD with
heavier-than-physical quarks. However, in the latter case this reduction most probably follows an
initial increase in the transition temperature, cf. Refs. [5, 35]. Indeed, recent lattice results employing
overlap fermions and pion masses of about 500 MeV indicate inverse catalysis to occur around the
transition temperature at the magnetic field eB ⇡ 1.3 GeV2 [8].

Finally, we note that magnetic fields well above the strength (5.1) are predicted to be generated
during the electroweak phase transition in the early universe [36]. If these fields remain strong enough
until the QCD epoch, the emerging first-order phase transition might have several exciting consequences.
Via supercooling, bubbles of the confined phase can be formed as the temperature drops below Tc,
leading to large inhomogeneities, important for nucleosynthesis [37]. Collisions between the bubbles
can also lead to the emission of gravitational waves and, thus, leave an imprint on the primordial
gravitational spectrum [38]. An absence of such signals, in turn, would imply an upper limit for the
strength of the primordial magnetic fields.

Acknowledgments
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As long as the quark masses are finite – note that the m ! 1 and B ! 1 limits cannot be interchanged.
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T-eB plane

Gergely Endrodi(Regensburg U.) JHEP 07 (2015) 173 arxiv: 1504.08280 

eB

<latexit sha1_base64="urF23qHsdnRRu0wt1EOM0KeYYnw="></latexit>

order1st

order1st

ms
m

u,d = m
l

crossover

<latexit sha1_base64="ofurCKnUZQSoOOiyrOhNQ2iWqzU="></latexit>

Z(2) plane
A possible Z(2) critical end 
point in T-eB plane ? 
How to detect eB in HIC 
experiments ?
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First LQCD study on GMOR relation at eB≠0 and T=0

 GMOR relation holds in the presence of strong magnetic field
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   Neutral pion remains as a 
Goldstone boson with eB up to 
~3.5 GeV2

H.T. Ding, STL, A. Tomiya, X.-D. Wang, Y. Zhang,  PRD 126 (2021) 082001

Nf=2+1 QCD, , 
   lattices with  and HISQ action

Mπ(eB = 0) ≈ 220 MeV
323 × 96 a−1 ≈ 1.7 GeV
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Masses of  and  and pressureπ0,± K0,±

T=0

H.-T. Ding, STL, A. Tomiya, X.-D. Wang, Y. Zhang,  PRD 126 (2021) 082001
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H.-T. Ding, STL, P. Hegde O. Kaczmarek et al.[HotQCD], Phys. Rev. Lett. 123 062002 
H.-T. Ding,  STL, et al. Nuclear Physics A 1005 (2021):121940 

Pion is the lightest Goldstone boson 
    Tpc decrease as decrease Mπ

Nf=2+1 QCD, , 
   lattices with  and HISQ action

Mπ(eB = 0) ≈ 220 MeV
323 × 96 a−1 ≈ 1.7 GeV
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T=0

Masses of  and  and pressureπ0,± K0,±

Energy density in Hadron resonance gas model

H.T. Ding, STL, A. Tomiya, X.-D. Wang, Y. Zhang,  PRD 126 (2021) 082001 H.T. Ding, STL, Q. Shi, A. Tomiya, X.-D. Wang, Y. Zhang, arXiv: 2011.04870
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Chiral Condensates
Σl(B, λUV

cut ) =
2ml

M2
π f 2

π
(⟨ψ̄ ψ⟩l(B) − ⟨ψ̄ ψ⟩UV

l (B = 0, λUV
cut )) + 1
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It is the qB that affects the behavior of quantities
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complete Dirac eigenvalue spectrum
H.-T. Ding, S.-T. Li, Swagato Mukherjee, A. Tomiya, X.-D. Wang, and Y. Zhang 
Phys. Rev. Lett. 126, 082001(2021)
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qB scaling

The origin of all is the correlator,  itself holds for qB scaling.Gπ0
u (τ, quBu)/Gπ0

d (τ, qdBd)
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Isospin symmetry breaking at eB≠0 
manifested in chiral condensates
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Isospin symmetry breaking at eB≠0 with 
physical pion mass

Heng-Tong Ding, STL,  Jun-Hong Liu, Xiao-Dan Wang, work in progress

free case

Isospin symmetric case

Nf=2+1 QCD, , ,  lattices with HISQ actionMπ(eB = 0) ≈ 135 MeV Tpc(eB = 0) ≈ 157 MeV 323 × 8

At eB=0:

2χQS
11 − χBS

11 = χS
2

2χBQ
11 − χBS

11 = χB
2 ,

χu
2 /χd

2 = 1,

Quantities to study isospin symmetry at eB≠0 

free case

Isospin symmetric case
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6 H.-T. Ding, S.-T. Li, Q. Shi, X.-D. Wang: Fluctuations and correlations of B, Q & S in a background magnetic field
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Fig. 2. Temperature dependence of quadratic fluctuations of B,Q, S at various values of Nb. The corresponding values of eB
can be found in Table 2. From left to right: �B

2 /T
2, �Q

2 /T
2, �S

2/T
2. Bands denote the spline fits to data.

Fig. 3. Same as Fig. 2 but for �BQ
11 /T 2, ��BS

11 /T
2 and �QS

11 /T 2 from left to right.

be consistent with a decreasing transition temperature in
larger eB as determined from light quark chiral conden-
sates and the strange quark number susceptibility [19].

On the other hand, it can also be observed from Fig. 2
that the peak height becomes higher in a stronger mag-
netic field. This suggests that the baryon, electric charge
and strangeness carrying degree of freedom changes more
rapidly across the transition in the stronger magnetic field.
The higher peak and faster increasing around the transi-
tion temperature observed in the quadratic fluctuations
of B, Q and S is consistent with the finding that the
strength of transition becomes larger in a stronger mag-
netic field [20,81]. This may signal the approach to a pos-
sible critical end point in the phase diagram in the T -eB
plane as suggested from Ref. [81].

We also show the quadratic correlation among B, Q
and S in Fig. 3. �BQ

11 , which denotes the correlation be-
tween baryon number and electric charge, is dominated
by the contribution from protons at low temperature and
goes to zero in the high-temperature limit with vanishing
quark masses. It thus naturally develops a peak struc-
ture already at zero magnetic field [82], which can also
be observed in our current study. At nonzero magnetic
fields, the peak structure in �BQ

11 becomes more striking
and the peak location also shifts to lower temperatures in
the stronger magnetic field. ��BS

11 and �QS
11 , as shown in

the middle and right panel of Fig. 3, respectively, possess
similar features as seen in �B,Q,S

2 .

4.2 Isospin symmetry breaking e↵ects at nonzero

magnetic fields

In our lattice simulation, the up and down quark masses
are degenerate at eB = 0. Since up and down quarks have
di↵erent electric charge, the isospin symmetry is obviously
broken once the magnetic field is turned on. As seen from
the top panel of Fig. 4 the ratio of up to down quark
number susceptibility, �u

2/�
d
2, is unity at all temperatures

at eB = 0, and becomes larger than 1 at eB 6= 0. As
in the ideal gas limit with

p
eB/T ! 1 �u

2/�
d
2 equals

to 2, it is expected that �u
2/�

d
2 increases from 1 towards

2 as eB grows. Results shown in the top panel of Fig. 4
are consistent with this expectation. It is also interesting
to see that �u

2/�
d
2 increases faster at lower temperatures.

This suggests that the isospin symmetry is broken more
seriously at lower temperatures at a fixed value of eB.

We further investigate the isospin symmetry break-
ing e↵ects at the level of B, Q and S. At eB = 0 due
to the isospin symmetry of up and down quarks, the six
quadratic fluctuations and correlations of B,Q and S are
not independent and constrained by the following two re-
lations as �us

11 = �ds
11

2�QS
11 � �BS

11 = �S
2 , (27)

2�BQ
11 � �BS

11 = �B
2 . (28)

As a consequence of Eq. 22, Eq. 27 also holds true in the
ideal gas limit with eB 6= 0. (2�QS

11 ��BS
11 )/�

S
2 thus equals

to unity at all temperatures with eB = 0 and at high

Conversed charge number fluctuation and their 
correlations at T≠0, eB≠0

The quantities to detect eB in HIC 
experiments 
eB   , Tpc     , stronger phase 
transition & closer to Z(2) critical 
point in T-eB plane 

H.T. Ding, STL, X.-D. Wang, Y. Zhang, Qi Shi, Eur.Phys.J.A 57 (2021) 6, 202,  

Mπ(eB = 0) ≈ 135 MeV Mπ(eB = 0) ≈ 135 MeV

Mπ(eB = 0) ≈ 220 MeV

At :  ~1.3eB ≃ 10M2
π

At :  ~2 !eB ≃ 10M2
π



12
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be consistent with a decreasing transition temperature in
larger eB as determined from light quark chiral conden-
sates and the strange quark number susceptibility [19].

On the other hand, it can also be observed from Fig. 2
that the peak height becomes higher in a stronger mag-
netic field. This suggests that the baryon, electric charge
and strangeness carrying degree of freedom changes more
rapidly across the transition in the stronger magnetic field.
The higher peak and faster increasing around the transi-
tion temperature observed in the quadratic fluctuations
of B, Q and S is consistent with the finding that the
strength of transition becomes larger in a stronger mag-
netic field [20,81]. This may signal the approach to a pos-
sible critical end point in the phase diagram in the T -eB
plane as suggested from Ref. [81].

We also show the quadratic correlation among B, Q
and S in Fig. 3. �BQ

11 , which denotes the correlation be-
tween baryon number and electric charge, is dominated
by the contribution from protons at low temperature and
goes to zero in the high-temperature limit with vanishing
quark masses. It thus naturally develops a peak struc-
ture already at zero magnetic field [82], which can also
be observed in our current study. At nonzero magnetic
fields, the peak structure in �BQ

11 becomes more striking
and the peak location also shifts to lower temperatures in
the stronger magnetic field. ��BS

11 and �QS
11 , as shown in

the middle and right panel of Fig. 3, respectively, possess
similar features as seen in �B,Q,S

2 .

4.2 Isospin symmetry breaking e↵ects at nonzero

magnetic fields

In our lattice simulation, the up and down quark masses
are degenerate at eB = 0. Since up and down quarks have
di↵erent electric charge, the isospin symmetry is obviously
broken once the magnetic field is turned on. As seen from
the top panel of Fig. 4 the ratio of up to down quark
number susceptibility, �u

2/�
d
2, is unity at all temperatures

at eB = 0, and becomes larger than 1 at eB 6= 0. As
in the ideal gas limit with

p
eB/T ! 1 �u

2/�
d
2 equals

to 2, it is expected that �u
2/�

d
2 increases from 1 towards

2 as eB grows. Results shown in the top panel of Fig. 4
are consistent with this expectation. It is also interesting
to see that �u

2/�
d
2 increases faster at lower temperatures.

This suggests that the isospin symmetry is broken more
seriously at lower temperatures at a fixed value of eB.

We further investigate the isospin symmetry break-
ing e↵ects at the level of B, Q and S. At eB = 0 due
to the isospin symmetry of up and down quarks, the six
quadratic fluctuations and correlations of B,Q and S are
not independent and constrained by the following two re-
lations as �us

11 = �ds
11

2�QS
11 � �BS

11 = �S
2 , (27)

2�BQ
11 � �BS

11 = �B
2 . (28)

As a consequence of Eq. 22, Eq. 27 also holds true in the
ideal gas limit with eB 6= 0. (2�QS

11 ��BS
11 )/�

S
2 thus equals

to unity at all temperatures with eB = 0 and at high

Conversed charge number fluctuation and their 
correlations at T≠0, eB≠0

/23

A rough estimate of  a CEP in T-eB plane

14

!B
n ! ("2"q)n/2 h(2"#"n/2)/$% f (n/2)

f (z)
Friman et al., Eur. Phys. J. C 71(2011)1694

0

0.5

1

1.5

2

2.5

0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6

20 24 32 40 48

�̂B
2,max

Nb

eB [GeV2]

!B
2,max = b (eBc " eB)(1"#)/$% + d

eBc # 7 GeV2
Preliminary

Junhong Liu, work in progress
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Model (1-α)/βδ

Z(2) 0.5693

O(4) 0.6643
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At eB=0:

At eB=0: 

The possible eBc is around 7 GeV2

Nf=2+1 QCD, , with  and HISQ action, fixed  approach ( / )Mπ(eB = 0) ≈ 220 MeV a−1 ≈ 1.7 GeV a T = a−1 Nτ
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Summary

GMOR relations valid with small corrections at zero T 

Mπ0 decreases with increasing eB at T=0 

The 2nd order fluctuations and correlations of B, Q & S are 
strongly affected by eB 

(1) Could be useful to detect the existence of a magnetic field in HIC 
(2) Analogy to study the QCD critical point in the T-µB plane
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Thank you for your attention!


