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OUTLINE

Motivation.

Relativistic Magneto-hydrodynamics (MHD).

MHD from the Kinetic theory.

Results & discussion.
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WHY DO WE CARE ABOUT MAGNETIC FIELD?

Contemporary high-energy heavy ion collisions : precision measurements

Values are obtained from elliptic and higher order flow coefficients. 
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May not be as precise as claimed

A Community White Paper on the Future of Relativistic Heavy-Ion Physics in the US
 https://www.bnl.gov/npp/docs/Bass_RHI_WP_final.pdf



WHY DO WE CARE ABOUT MAGNETIC FIELD?

Flow development is an early time dynamical phenomena

Electro-Magnetic fields are strongest during  the early stage of heavy ion collisions
4

X G Huang et al, Rep. Prog. Phys. 79, 076302
M Luzum et al, Phys. Rev. C. 78, 034915 (2008)



WE PROBABLY NEED TO CARE ABOUT MAGNETIC FIELD

Numerical simulations hints that probably we need to care about EM fields

Some other early simple model based studies also pointed out the same 
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K Tuchin J.Phys. G. 39,025010 (2012)  ; R. Mohapatra et al  Mod. Phys. Lett. A 26, 2477-2486 (2011)

Charged pion v2

Paramagnetic QGP 
parameterise magnetic field 

Ideal-MHD ECHO-QGP



WE PROBABLY NEED TO CARE ABOUT MAGNETIC FIELD

• Study of Chiral Magnetic Effects

• Charged dependent directed flow

• Polarisation of vector mesons 

• Possibility of anisotropic transport coefficients
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INTRO TO MAGNETO-HYDRO

Self consistently solving the Maxwell’s equation & Conservation laws

∇μFμν = jμ ∇μℱμν = 0

ℱμν = 1
2 εμναβFαβ

fluid consists of charged particles moving under external 
electric/magnetic field experience force which changes fluid velocity
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fluid constituents are electrically charged hence its motion 
generates  electromagnetic  field which changes the external field 



BASICS OF MAGNETO-HYDRO
Self consistently solving the Maxwell’s equation & Conservation laws

What about dissipative stresses in EM fields?

∂;μTνμ
fluid = Fμλjλ ∂;μNμ

fluid = 0

8

∂;μTνμ
field = − Fμλjλ

Fμν = Eμuν − Eνuμ + ϵμναβuαBβ

Tμν
field = − FμλFν

λ +
1
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gμνFαβFαβ

∂μTμν
fluid = FνλJλ = BνλJλFor Ideal-MHD:

uν∂μTμν
fluid = uνBνλJλ = 0 Δα

ν∂μTμν
fluid = Δα

νBνλJλ = Bνλdλ

The magnetic field influence the dynamics of the fluid  
only by coupling to the dissipative part of the current.

Fluid energy is conserved in magnetic field,  
magnetic field does no work.



MAGNETO-HYDRO FROM KINETIC THEORY: THE BOLTZMANN 
EQUATION

df
d𝒯 = dt

d𝒯
∂f
∂t + dx

d𝒯
∂f
∂x + dPα

d𝒯
∂f

∂Pα = 𝒞[ f ]
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f (Xμ, Pμ) → single particle distribution 𝒞[ f ] → collision term
f (Xμ, Pμ) = f0 + δf

f0 →  equilibrium distribution function δf →  off-equilibrium correction

Without an external force the Boltzmann equation along with f0 = 1/[exp(βpμuμ − βμ) + r]

DT = Dμ = 0

∇αT = TDuα

βuα = Ωαβxβ + Ωα



THE BOLTZMANN EQUATION WITH EM FIELDS IN RTA

∂f
∂xμ + ℱα ∂f

∂Pα = − u ⋅ p
τc

δf
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Presence of magnetic fields allows the existence of non-dissipative transport coefficients. 

ℱν := qFνβpβ → Four force δf = f − f0

Presence of EM force introduces two new dimensionless parameter along with the Knudsen number.  

J Anderson  Physica 74, 466-488 (1974), 

χ ∼ qBτc/T ξ ∼ qEτc/T



THE DISSIPATIVE STRESSES FROM THE KINETIC THEORY

δf = δf(1) + δf(2) + …
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πμν
(n) = Δμν

αβ ∫ dppαpβ (δf̃ (n) + δ˜̄f (n)) → Shear tensor

Order by order expansion in dimensionless small numbers

Π(n) = −
Δμν

3 ∫ dppμpν (δf (n) + δf̄ (n)) → Bulk pressure

Vμ
(n) = Δμ

α ∫ dppα (δf (n) − δf̄ (n)) → Diffusion current

f = ∑∞
n=0 (−1)n( τc

u . p )
n

(pμ∂μ + qFμνpν
∂

∂pμ )
n

f0 .



THE DISSIPATIVE STRESSES IN RESISTIVE-MHD
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First-order Second-order

Bulk:

Diffusion:

Shear: πμν
(1) = 2τcβπσμν

πμν

τc
= − ·πμν + 2βπσμν + 2π⟨μ

γ ων⟩γ + shear-shear 
+ shear-bulk  + shear- diffusion + ...

+δπBΔμν
ηβqBbγηgβρπγρ − τcqBτπVB

·u⟨μbν⟩σVσ

Π
τc

= − ·Π − δΠΠΠθ + λΠππμνσμν − τΠVV ⋅ ·u − λΠVV ⋅ ∇α − lΠV∂ ⋅ V − βΠθ

−qBλΠVBbμβVβVμ + τcτΠVB
·uαqBbαβVβ − qδΠVB ∇μ(τcBbμβVβ) − q2τc χΠEEEμEμ

Vμ

τc
= − ·V⟨μ⟩ − Vνωνμ + λVVVνσμ

ν − δVVVμθ + λVΠΠ∇μα − λVππμν ∇να − τVππμ
ν

·uν

−qBδVBbμγVγ + χVEqEμ + qΔμ
α χVED (τcEα) − qτcρVEEμθ − qτVVBΔμ

γD (τcBbγνVν)
+ shear-diffusion + diffusion+bulk + ...Vμ

(1) = τcβV (∇μα + βqEμ)

Π(1) = − τcβΠθ

A.K. Panda et al 
Phys.Rev.D 104 (2021) 5, 054004, 

JHEP 03 (2021) 216.



THE TRANSPORT COEFFICIENTS IN THE MASSLESS LIMIT
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: Bulk : : Diffusion : : Shear :

A.K. Panda et al  Phys.Rev.D 104 (2021) 5, 054004, 

Massless Boltzmann gas

G. Denicol et al  Phys.Rev.D 99 (2019) 056017, CE :



THE PROPAGATION OF PERTURBATIONS IN MHD
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R Biswas et al 
JHEP 10 (2020) 171

Propagation of the perturbation through charged fluid 
Three basic linear MHD waves

“An Alfven wave is a low frequency wave of ions and magnetic fields in plasma, 

the ion mass provide the inertia and the magnetic field line tension provide the restoring force”

vA =
B
μρ

“In the absence of magnetic field the fast magnetosonic wave reduces to normal speed of sound

the slow magnetosonic and the Alfven waves become zero. ”



THE STABILITY AND CAUSALITY
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R Biswas et al  JHEP 10 (2020) 171

ℑ(ω)
stable

unstable
ℜ(ω)

Apply perturbation and consider Fourier modes ∼ ei(ωt−kx)

vg =
∂ℜ(ω)

∂k
limk→∞vg < 1 ⟹ causal

Under small perturbation and in linear regime  IS like 2nd order MHD theory found to be Causal and Stable

Linearize the MHD equations

Find the dispersion relations  ω = ω(k)



ANISOTROPIC TRANSPORT COEFFICIENTS IN EM FIELDS
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Hernandez  et al JHEP 1705 (2017) 001
Gabriel Denicol et al.  Phys.Rev.D 98 (2018) 076009
Kiril Tuchin J. Phys. G: Nucl. Part. Phys. 39 025010 
Arpan das et al Phys.Rev.D 102 (2020) 1, 014030
Ashutosh dash et al Phys.Rev.D 102 (2020) 1, 016016 
Payal Mohanty et al. Eur.Phys.J.A 55 (2019) 35
Manu Kurian et al.  Phys.Rev.D 101 (2020) 9, 094024
A.K. Panda et al  Phys.Rev.D 104 (2021) 5, 054004, 

Rμν(φ) =
1

∑
m=−1

P(m)
μκ (exp[φH])κv =

1

∑
m=−1

exp[imφ]P(m)
μν

P(0)
μν = hμhν ≡ P∥

μν, P(1)
μν + P(−1)

μν = δμν − hμhν ≡ P⊥
μν

S. Hess  Tensor for physics, 

ji = σijEj

electric current density ∝ electric field

For isotropic case σij ∼ δij

m ·v = e(E + v × B) − mτ−1v

Considering steady state and solving for velocity 

EoM

σij = σ∥hihj + σ⊥ (δij − hihj) + σ×εijkhk

σ∥ = σ0 ≡ ne2τ/m, σ⊥ = σ0 (1 + φ2)−1, σ× = σ0φ (1 + φ2)−1

φ = eBτ/m



CONCLUSION AND DISCUSSION
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• Important to use RMHD in heavy-ion collisions.

• Need to take into account anisotropic nature of transport coefficient while 

   extracting them.

• Resistive RMHD code for heavy-ion collisions.



BACKUP SLIDES



BACKUP SLIDES 
RELATIVISTIC “J” INTEGRALS



MAGNETIC FOUR VECTOR
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• Electric and magnetic field are elements of 
• We need to define a rest frame where electric and 

magnetic 
  fields are measured 

• In the rest frame  same is true for 
magnetic field

• The four velocity in the rest frame is 

Fμν

E0 = 0; ⃗E = Ei

u0 = 1; ⃗u = ⃗0

B 

One can define in the rest frame the following four vectors  

Eα
w = Fαβuβ Bβ

w =
1
2

ϵαβγδFγδuα

They are tensor equations and hence holds in all reference frames  
Fαβ = uαEβ − Eαuβ + ϵαβ

γδ uγBδ


