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Giant strides in Laser Wake-Field Acceleration (LWFA) of electron beams
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An intense electromagnetic pulse can create a weak of plasma oscillations through the

action of the nonlinear ponderomotive force. Electrons trapped in the wake can be ac-
celerated to high energy. Existing glass lasers of power density lotsW/cm shone on plas-
mas of densities 10 8 cm can yield gigaelectronvolts of electron energy per centimeter
of acceleration distance. This acceleration mechanism is demonstrated through computer
simulation. Applications to accelerators and pulsers are examined.

Collective plasma accelerators have recently
received considerable theoretical and experi-
mental investigation. Earlier Fermi' and McMil-
lan' considered cosmic-ray particle accelera-
tion by moving magnetic fields' or electromag-
netic waves. ' In terms of the realizable labora-
tory technology for collective accelerators,
present-day electron beams' yield electric fields
of -10' V/cm and power densities of 10"W/cm'.
On the other hand, the glass laser technology is
capable of delivering a power density of 10"W/
cm', and, as we shall see, an electric field of
10' V/cm. We propose a mechanism for utiliz-
ing this high-power electromagnetic radiation
from lasers to accelerate electrons to high en-
ergies in a short distance. The details of this
mechanism are examined through the use of
computer simulation. Meanwhile, there have
been a few works for particle acceleration using
lasers. Chan considered electron acceleration
of the order of 40 MeV with comoving relativistic
electron beam and laser light. Palmer' discussed
an electron accelerator with lasers going through
a hebcal magnetic field. Willi. s' proposed a pos-
itive-ion accelerator with a relativistic electron
beam modulated by laser light.
A wave packet of electromagnetic radiation

(photons) injected in an underdense plasma ex-
cites an electrostatic wake behind the photons.
The traveling electromagnetic wave packet in a
plasma has a group velocity of v,E~ = c(1-&up'/
~')'t'& c, where &op is the plasma frequency and
~ the photon frequency. The make plasma wave
(plasmon) is excited by the ponderomotive force
created by the photons with the phase velocity of

Vp = 4&p /kp = vg = C(1 —(dp /(d )

where k~ is the wave number of the plasma wave. '
Such a wake is most effectively generated if the
length of the electromagnetic wave packet is half

the wavelength of the plasma waves in the make:

I., =x /2=ac/top.
An alternative way of exciting the plasmon is to
inject two laser beams with slightly different
frequencies (with frequency difference h~ - cop)
so that the beat distance of the packet becomes
2wc/~p. The mechanism for generating the wakes
can be simply seen by the following approximate
treatment. Consider the light wave propagating
in the x direction with the electric field in the
y direction. The light wave sets the electrons
into transverse oscillations. If the intensity is
not so large that the transverse motion does not
become relativistic, then the mean oscillatory
energy is (bW~) = m(v, ')/2 =e'(Z—„)/a2mcu' where
the angular brackets denote the time average.
In picking up the transverse energy from the
light wave, the electrons must also pick up the
light wave's momentum (hp„) = (bWz, )/c. During
the time the light pulse passes an electron, it is
displaced in x a distance &x = (bv„7), where 7 is
the length of the light pulse. Once the light pulse
has passed, the space charge produced by this
displacement pulls the electron back and a plasma
oscillation is set up. The wake plasmon, which
propagates with phase velocity close to c [Eq.
(1)], can trap electrons. The trapped electrons
which execute trapping oscillations can gain a
large amount of energy when they accelerate
forward, since they largely gain in mass and
only get out of phase with this wave after a long
time.
Let us consider the electron energy gain through

this mechanism. We go to the rest frame of the
photon-induced plasmon. Since the plasma wave
has the phase velocity vp [Eq. (1)], we have P
=vp/c and y = ~/u&p. Note that this frame is also
the rest frame for the photons in the plasma;
in this frame the photons have no momentum.
The Lorentz transformations of the momentum
four-vectors for the photons and the plasmons
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would be created by trapping in the vicinity of a gas jet at the
entrance of the first module’s plasma channel. After that ini-
tial trapping, the laser and plasma parameters must be cho-
sen so that there is no further trapping of plasma background
electrons in the rest of the first module’s channel or in any
subsequent module. 

After the laser pulse propagates through the plasma chan-
nel of a single module, it would have lost most of its energy. So
it will be necessary to inject a fresh 30-J drive pulse into each of
the 10-GeV accelerating modules. Transporting the laser pulse
to the channel with conventional optics would require a 10-m
distance between stages to avoid having excessive light inten-
sity damage the focusing optics. That 10-m spacing would
greatly lengthen the overall machine and thus reduce its aver-
age accelerating gradient—a key figure of merit. To avoid that,
the LPA community is exploring novel concepts that would
allow the spacing between stages to be less than a meter. 

Several groups around the world, including ours, plan
to explore those and other issues using petawatt laser
 systems with repetition rates as high as 10 Hz. Spurring that
effort is the commercial development—most notably in
France—of sophisticated petawatt-class systems.

To achieve the desired collider luminosity, a laser–
plasma collider would need a repetition rate of about 15 kHz.
That means an average laser power of half a megawatt per
module, which is still far beyond the performance of today’s
lasers. Current high-peak-power lasers can operate with an
average power of 100 W at most, with a wall-plug efficiency
of about 0.1%.

On a less grandiose scale than TeV colliders, LPAs offer
attractive prospects for driving light sources. Their potential
advantages over light sources based on conventional linacs
include compactness and cost, intrinsic synchronization be-
tween the e– beams and drive-laser pulses, and the femtosec-
ond duration of the e– beam pulses. But the relatively low av-
erage laser power of today’s high-peak-power lasers places
severe limitations on the average power of the electron beam
and therefore on the brightness of the radiation. 

From various quarters, there’s considerable emphasis on
creating more capable pulsed lasers. High-average-power
diode pump lasers and new amplifier materials based on ce-

ramics are being developed for military and civil applica-
tions. Laser systems operating in so-called burst mode (a few
seconds active, followed by minutes of cooling) have ap-
proached 100-kW average power, but not yet the operating
parameters needed for LPAs. Diode-based lasers are being
developed to reach greater than 50% wall-plug efficiency,
which would be essential for both light-source and collider
applications.

The ever-increasing performance of laser systems has
contributed much to the blossoming of laser-driven plasma
acceleration over the past decade. So has the increasing
power of computer simulation and, of course, the develop-
ment of ingenious concepts for mastering the physics of
laser–plasma interactions. We believe that short-term appli-
cations such as ultrafast hyperspectral radiation sources will
soon come to fruition. Reaching the high average-power lev-
els required for particle-physics colliders is a daunting but
not insurmountable task that requires a revolution in laser
technology.

We thank all past and present members of the LOASIS program at
LBNL, especially Csaba Toth, Carl Schroeder, and Cameron Geddes,
for their contributions to this article.
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Figure 6. A 2-TeV electron–positron collider based on laser-
driven plasma acceleration might be less than 1 km long. Its
electron arm could be a string of 100 acceleration modules,
each with its own laser. A 30-J laser pulse drives a plasma
wave in each module’s 1-m-long capillary channel of pre-
formed plasma. Bunched electrons from the previous module

gain 10 GeV by riding the wave through the channel. The
chain begins with a bunch of electrons trapped

from a gas jet just inside the first module’s
plasma channel. The collider’s

positron arm begins the same
way, but the 10-GeV elec-
trons emerging from its first
module bombard a metal
target to create positrons,
which are then focused and
injected into the arm’s string
of modules and accelerated
just like the electrons.
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would be created by trapping in the vicinity of a gas jet at the
entrance of the first module’s plasma channel. After that ini-
tial trapping, the laser and plasma parameters must be cho-
sen so that there is no further trapping of plasma background
electrons in the rest of the first module’s channel or in any
subsequent module. 

After the laser pulse propagates through the plasma chan-
nel of a single module, it would have lost most of its energy. So
it will be necessary to inject a fresh 30-J drive pulse into each of
the 10-GeV accelerating modules. Transporting the laser pulse
to the channel with conventional optics would require a 10-m
distance between stages to avoid having excessive light inten-
sity damage the focusing optics. That 10-m spacing would
greatly lengthen the overall machine and thus reduce its aver-
age accelerating gradient—a key figure of merit. To avoid that,
the LPA community is exploring novel concepts that would
allow the spacing between stages to be less than a meter. 

Several groups around the world, including ours, plan
to explore those and other issues using petawatt laser
 systems with repetition rates as high as 10 Hz. Spurring that
effort is the commercial development—most notably in
France—of sophisticated petawatt-class systems.

To achieve the desired collider luminosity, a laser–
plasma collider would need a repetition rate of about 15 kHz.
That means an average laser power of half a megawatt per
module, which is still far beyond the performance of today’s
lasers. Current high-peak-power lasers can operate with an
average power of 100 W at most, with a wall-plug efficiency
of about 0.1%.

On a less grandiose scale than TeV colliders, LPAs offer
attractive prospects for driving light sources. Their potential
advantages over light sources based on conventional linacs
include compactness and cost, intrinsic synchronization be-
tween the e– beams and drive-laser pulses, and the femtosec-
ond duration of the e– beam pulses. But the relatively low av-
erage laser power of today’s high-peak-power lasers places
severe limitations on the average power of the electron beam
and therefore on the brightness of the radiation. 

From various quarters, there’s considerable emphasis on
creating more capable pulsed lasers. High-average-power
diode pump lasers and new amplifier materials based on ce-

ramics are being developed for military and civil applica-
tions. Laser systems operating in so-called burst mode (a few
seconds active, followed by minutes of cooling) have ap-
proached 100-kW average power, but not yet the operating
parameters needed for LPAs. Diode-based lasers are being
developed to reach greater than 50% wall-plug efficiency,
which would be essential for both light-source and collider
applications.

The ever-increasing performance of laser systems has
contributed much to the blossoming of laser-driven plasma
acceleration over the past decade. So has the increasing
power of computer simulation and, of course, the develop-
ment of ingenious concepts for mastering the physics of
laser–plasma interactions. We believe that short-term appli-
cations such as ultrafast hyperspectral radiation sources will
soon come to fruition. Reaching the high average-power lev-
els required for particle-physics colliders is a daunting but
not insurmountable task that requires a revolution in laser
technology.

We thank all past and present members of the LOASIS program at
LBNL, especially Csaba Toth, Carl Schroeder, and Cameron Geddes,
for their contributions to this article.
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Figure 6. A 2-TeV electron–positron collider based on laser-
driven plasma acceleration might be less than 1 km long. Its
electron arm could be a string of 100 acceleration modules,
each with its own laser. A 30-J laser pulse drives a plasma
wave in each module’s 1-m-long capillary channel of pre-
formed plasma. Bunched electrons from the previous module

gain 10 GeV by riding the wave through the channel. The
chain begins with a bunch of electrons trapped

from a gas jet just inside the first module’s
plasma channel. The collider’s

positron arm begins the same
way, but the 10-GeV elec-
trons emerging from its first
module bombard a metal
target to create positrons,
which are then focused and
injected into the arm’s string
of modules and accelerated
just like the electrons.
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Proposed Solid-state plasma

Gaseous Plasma Nanostructured “plasma”

electron density, n0 < 1021 cm-3

(ionization required)

No Breakdown

Density - easier to control

Structure – quite difficult

n0 > 1021 cm-3

now nanofabrication allows
tunable properties 
nanostructured solids (few atom layers)

CB Fermi e- gas: plasmon, surface 
plasmon, SP-polariton etc.

free e- : nonlinear & relativistic 
collective oscillations
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Time & Spatial scales

Gaseous Plasma Solid-state Plasma

2

radial. Third, the high oscillation amplitude leads to
the collapse of tube wall electrons into its core. Finally,
quintessential solid-state properties such as quantization
and periodic lattice potential become less relevant [25].

FIG. 1. 3D PIC simulation with the density and field struc-
ture of beam-driven tube wakefields at around 20µm.

Excitation of solid-state wakefields necessitates bunch
compression of the order of !�1

pe = [4⇡n0e2m�1

e ]�1/2 =

177(n0[1022cm�3])�1/2 attoseconds and �pe = 2⇡c!�1

pe =

333(n0[1022cm�3])�1/2 nm [9]. Access to wavebreaking
fields further requires su�cient energy density which ne-
cessitates a minimum number of particles of energy ep in
a bunch of relativistic particles, Nb ' n0�3

pe or photons,
Nb mec2(2ep)�1. Lack of intense matched bunches has
thus stifled access to TVm�1 solid-state fields.

The continued thrust towards attosecond photon [2]
and particle [16] compression favors e↵ective excitation
of solid-state electron wakefields. A reliable precedent
has been set by sub picosecond, micron scale (i) chirped
pulse amplified [26] optical lasers and (ii) compressed
[16] or modulated [17] particle bunches matched to the
scales of gaseous plasmas with electron densities, n0 '

1016�18cm�3 (!�1

pe ' 10fs) that have made possible the
demonstration of many GVm�1 wakefields [17, 27, 28].

Tube-like but partially hollow gaseous plasma struc-
tures have also been studied. These channels have been
used to counter beam ion interaction e↵ects especially for
positron beams [30] as well as to guide a focussed high-
intensity optical laser to enable multi-GeV laser wake-
field electron acceleration [29]. However, the formation

of a hollow structure in gaseous plasmas is against its
natural tendency and has proven di�cult.
Nanofabrication thus o↵ers the crucial advantage of

the design of a near ideal hollow tube. Due to its tun-
able properties, the tube wakefields can access a nonlin-
ear regime. In this regime a significant fraction of the
oscillating wall electrons collapse into the core. These
“crunch-in” nonlinear surface wave wakefields [12] make
possible the excitation of fields of wavebreaking ampli-
tudes corresponding to nt. Neither the structural nor the
field characteristics of the crunch-in regime are known al-
though a few computational works have stumbled upon
a similar gaseous plasma surface mode [31].
Proof of principle of the tube wakefield mechanism to

realize an atomic wakefield accelerator is established us-
ing 3D Particle-In-Cell (PIC) simulations which demon-
strate that a part of the beam experiences many TVm�1

solid-state fields. An analytical model is used to charac-
terize the crunch-in regime supported by 2.5D PIC sim-
ulations over the beam and tube parameter space.
The crunch-in surface mode driven as tube wakefield is

evident from the wall electron density profile in 3D PIC
simulations in Fig.1(a,b). Around 10 TVm�1 longitu-
dinal fields and 2.5 TVm�1 focusing fields are observed
in Fig.1(d,e), respectively (Ewb[nt = 2 ⇥ 1022cm�3] =
13.6 TVm�1). Fig.1(c) shows the drive beam density as
it gets focussed to many times its initial density.
The 3D simulations in Fig.1 are carried out with open-

source EPOCH code [32] that accounts for the quantum
electrodynamics (QED) e↵ects. A 3.6µm ⇥ 1.52µm ⇥

1.52µm cartesian grid with 2nm cubic cells is setup. The
electrons in the tube with wall density, nt = 2⇥1022cm�3

are modeled using 4 particles per cell with fixed ions. The
tube has a radius, rt = 100nm and wall thickness, �w =
250nm. An electron beam of density, nb = 5⇥1021cm�3;
waist-size, �r = 250nm and bunch length, �z = 400nm is
initialized with 1 particle per cell. Absorbing boundary
conditions are used for both fields and particles.
These 3D simulations also demonstrate the accelera-

tion of a bunch in the tail of the beam. Energy gain of
1.1GeV in 95µm long tube is inferred from the longitudi-
nal momentum phase-spaces of the beam along Fig.2 in
(a) longitudinal, (b) transverse dimensions. This demon-
strates an average acceleration gradient of 11.6 TVm�1

The crunch-in tube wakefield demonstrated in Fig.1
being highly nonlinear cannot be perturbatively lin-
earized but being collisionless over the timescales relevant
to acceleration can be analyzed using kinetic theory.
A Gaussian beam is modeled to propagate along the z-

direction at c�b with an initial density profile, nb(r, z) =

nb0 exp
⇣
�

r2

2�2
r

⌘
exp

⇣
�

(z�zmax)
2

2�2
z

⌘
where nb0 =

Nb

(2⇡)3/2�2
r�z

and Nb =
R1
�1

R1
0

R
2⇡
0

nb(r, z) d✓ rdr dz par-

ticles. The beam is su�ciently relativistic, �b � 1 such
that its electric field is predominantly radial.
A necessary condition for the existence of tube wake-
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In this note an analytical model of the solid-state tube wakefield acceleration mechanism is pre-

sented. The tube wakefield mechanism modeled here uses the “crunch-in” regime of surface electron

oscillations in a solid-state tube. These driven surface electron oscillations sustain a high amplitude

surface wave. An important condition for the existence of the crunch-in mode is to mitigate a

complete “blow-out” of tube wall electrons.

Here we only model the use of a near solid-density relativistic charged particle beam as the driver

of the solid-state wakefield. But this analysis can be extended to an attosecond x-ray laser driven

tube wakefield using its ponderomotive force in place of the almost radial electric field of a highly

relativistic beam. The intensity of the driver is assumed to be su�ciently high to drive relativistic

collective momentum of interacting solid-state electrons in less than an oscillation period.

The tube parameters considered in the model are the tube wall electron density, nt, tube radius,

rt and tube wall thickness, �w (correspondingly, the tube outer wall radius, rt +�w). The beam

parameters considered here are the peak beam density, nb0, beam waist size, �r (radially symmetric

Gaussian) and beam bunch length, �z (Gaussian longitudinal profile).

The analytical model estimates the conditions and bounds on the parameter space for the existence

of crunch-in mode sustained by tube wall electron oscillations. Additionally, the analytical model

puts forth a collisionless kinetic equation for the driven oscillation of electrons which is used to

derive the peak on-axis electric field of the crunch-in regime and estimate its scaling law.

I. INTRODUCTION

This note presents an analytical model of the tube wakefield mode which underlies the solid-state tube wakefield
acceleration mechanism. This model is only applicable over the coherent timescales of collective oscillations of electrons
of solid-state density that are excited as wakefields in a tube driven by an intense ultrafast bunch. For solid-state
electron densities this time-scale corresponds to !�1

pe = [4⇡n0e2m�1
e ]�1/2 177(n0[1022cm�3])�1/2 attoseconds [1]. Over

longer time-scales which are out of the scope of this note [2], the collective electron oscillations driven as wakefields
may undergo various other stages such as phase-mixing, thermalization, coupling to ion modes etc. This longer time-
scale behavior over a few to many femtoseconds in solid-state has not yet been fully characterized but is critical to
understand the material state and dynamics of a solid-state tube that sustains wakefields.

!�1
pe = [4⇡n0e

2m�1
e ]�1/2 = 17.7(n0[10

18cm�3])�1/2 femtoseconds

�pe = 2⇡c!�1
pe = 33.3(n0[10

18cm�3])�1/2 µm

The tube wakefields modeled in this note deal with solid-state surface collective electron oscillations as opposed
to bulk solid electron oscillations. These wakefield importantly access a high amplitude regime of collective surface
electron oscillations. In these nonlinear oscillations the electron trajectory amplitude can be significantly large to
cause the electrons that originate at di↵erent equilibrium positions inside the tube walls to traverse inwards across
the inner wall surface of the tube and penetrate well into the vacuum-like core region of the tube. This behavior
can not be treated as perturbation of the tube wall electrons (not small-scale oscillations) and hence the equations of
electron dynamics cannot be perturbatively linearized. This large amplitude behavior of surface electron oscillations
is therefore highly nonlinear and requires analysis using collisionless kinetic theory. It is also important to note that
for nonlinear oscillations the property to isochronism does not apply. The period of oscillation is dependent on the
oscillation amplitude. Moreover, radial oscillations in a cylindrical geometry are inherently anharmonic [3].

With an increase in the intensity of the ultrafast bunch which results in the increase in the nonlinearity of the
collective electron oscillations, a significant density of the oscillating tube wall electrons crunches in from the walls
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The tube wakefields modeled in this note deal with solid-state surface collective electron oscillations as opposed
to bulk solid electron oscillations. These wakefield importantly access a high amplitude regime of collective surface
electron oscillations. In these nonlinear oscillations the electron trajectory amplitude can be significantly large to
cause the electrons that originate at di↵erent equilibrium positions inside the tube walls to traverse inwards across
the inner wall surface of the tube and penetrate well into the vacuum-like core region of the tube. This behavior
can not be treated as perturbation of the tube wall electrons (not small-scale oscillations) and hence the equations of
electron dynamics cannot be perturbatively linearized. This large amplitude behavior of surface electron oscillations
is therefore highly nonlinear and requires analysis using collisionless kinetic theory. It is also important to note that
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derive the peak on-axis electric field of the crunch-in regime and estimate its scaling law.

I. INTRODUCTION

This note presents an analytical model of the tube wakefield mode which underlies the solid-state tube wakefield
acceleration mechanism. This model is only applicable over the coherent timescales of collective oscillations of electrons
of solid-state density that are excited as wakefields in a tube driven by an intense ultrafast bunch. For solid-state
electron densities this time-scale corresponds to !�1
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longer time-scales which are out of the scope of this note [2], the collective electron oscillations driven as wakefields
may undergo various other stages such as phase-mixing, thermalization, coupling to ion modes etc. This longer time-
scale behavior over a few to many femtoseconds in solid-state has not yet been fully characterized but is critical to
understand the material state and dynamics of a solid-state tube that sustains wakefields.
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The tube wakefields modeled in this note deal with solid-state surface collective electron oscillations as opposed
to bulk solid electron oscillations. These wakefield importantly access a high amplitude regime of collective surface
electron oscillations. In these nonlinear oscillations the electron trajectory amplitude can be significantly large to
cause the electrons that originate at di↵erent equilibrium positions inside the tube walls to traverse inwards across
the inner wall surface of the tube and penetrate well into the vacuum-like core region of the tube. This behavior
can not be treated as perturbation of the tube wall electrons (not small-scale oscillations) and hence the equations of
electron dynamics cannot be perturbatively linearized. This large amplitude behavior of surface electron oscillations
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The tube wakefields modeled in this note deal with solid-state surface collective electron oscillations as opposed
to bulk solid electron oscillations. These wakefield importantly access a high amplitude regime of collective surface
electron oscillations. In these nonlinear oscillations the electron trajectory amplitude can be significantly large to
cause the electrons that originate at di↵erent equilibrium positions inside the tube walls to traverse inwards across
the inner wall surface of the tube and penetrate well into the vacuum-like core region of the tube. This behavior
can not be treated as perturbation of the tube wall electrons (not small-scale oscillations) and hence the equations of
electron dynamics cannot be perturbatively linearized. This large amplitude behavior of surface electron oscillations
is therefore highly nonlinear and requires analysis using collisionless kinetic theory. It is also important to note that
for nonlinear oscillations the property to isochronism does not apply. The period of oscillation is dependent on the
oscillation amplitude. Moreover, radial oscillations in a cylindrical geometry are inherently anharmonic [3].

With an increase in the intensity of the ultrafast bunch which results in the increase in the nonlinearity of the
collective electron oscillations, a significant density of the oscillating tube wall electrons crunches in from the walls
into the vacuum like core region. This results in the collective electron oscillations entering a “crunch-in” regime. This
regime of nonlinear surface oscillations exhibits electromagnetic and structural characteristics which are significantly
di↵erent from a linear surface electron oscillation regime (where electron oscillation trajectory amplitudes are small
scale and can be treated as perturbations to the wall electron density).

A nonlinear surface wave of near speed of light which is the acceleration structure in the tube wakefield mechanism
is thus excited in the wake of an ultrafast bunch propagating in the vacuum-like core region of the solid-state tube.
This nonlinear surface wave with phase velocity which is equivalent to the speed of the ultrafast bunch is sustained by
the collective electron oscillations in the crunch-in regime. These collective tube wall collective electron oscillations
are locally excited in the tube at each location through which the drive bunch propagates. The excitation of local
collective electron oscillations with a definite phase inter-relation between each of them sustains a nonlinear surface
wave that propagates behind the ultrafast bunch with a phase velocity nearly equal to that of the bunch.

In the analysis elucidated below we present a model of the tube wakefield mode driven by a relativistic charged
particle beam. In consideration of the symmetry of the interaction of a charged particle beam with a solid-state tube
with wall densities, nt ' 1022�24cm�3 the model is formulated in cylindrical coordinates. The charged particle beam
which propagates along the positive z-direction is taken to be su�ciently relativistic to the order that its electric
fields are primarily oriented in the radial direction. The tube wall electrons interacting with the strong radial electric
fields of a relativistic beam primarily oscillate in the radial direction. The intensity of the driver is assumed to be
su�ciently high to drive relativistic momentum of an interacting solid-state electron in less than an oscillation period.

In the model below, the radially oscillating electrons or the electron rings (under azimuthal symmetry) are assumed
to maintain the same ordering along the radial direction as at equilibrium. This condition implies that a tube wall
electron which originates at an equilibrium radii which is initially less than a neighboring electron always remains at a
lesser radii even during the nonlinear collective oscillation modeled here. This maintenance of equilibrium ordering of
electrons ensures that there is no trajectory-crossing or phase-mixing of oscillations and that the oscillation frequency
and period remain analytical for all electrons participating in the collective oscillations. This assumption is vital and
valid because the phase-mixing time has been shown to be at least several tens of oscillation periods in previous works
[2]. The model here follows the general assumptions that have been made in the foundational work on nonlinear
electron oscillations [3, 4].

The analysis presented below is divided into the following sections:
1. Existence conditions for SOTWA wakefields in tubes with finite wall thickness:

excitation of “crunch-in” regime and mitigation of “blow-out”

2. Kinetic model of “crunch-in” regime of collective surface electron oscillations in a solid-state tube

3. Estimation of peak acceleration gradient using the Panofsky-Wenzel theorem

The solid-state tube parameters are defined as follows:
(i) nt is the tube wall electron density (nt ⇠ 1022�24cm�3)

(ii) rt is the radius of the vacuum-like core of the tube as well as the surface of its inner wall
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Here we only model the use of a near solid-density relativistic charged particle beam as the driver

of the solid-state wakefield. But this analysis can be extended to an attosecond x-ray laser driven

tube wakefield using its ponderomotive force in place of the almost radial electric field of a highly

relativistic beam. The intensity of the driver is assumed to be su�ciently high to drive relativistic

collective momentum of interacting solid-state electrons in less than an oscillation period.

The tube parameters considered in the model are the tube wall electron density, nt, tube radius,

rt and tube wall thickness, �w (correspondingly, the tube outer wall radius, rt +�w). The beam

parameters considered here are the peak beam density, nb0, beam waist size, �r (radially symmetric

Gaussian) and beam bunch length, �z (Gaussian longitudinal profile).

The analytical model estimates the conditions and bounds on the parameter space for the existence

of crunch-in mode sustained by tube wall electron oscillations. Additionally, the analytical model

puts forth a collisionless kinetic equation for the driven oscillation of electrons which is used to

derive the peak on-axis electric field of the crunch-in regime and estimate its scaling law.

I. INTRODUCTION

This note presents an analytical model of the tube wakefield mode which underlies the solid-state tube wakefield
acceleration mechanism. This model is only applicable over the coherent timescales of collective oscillations of electrons
of solid-state density that are excited as wakefields in a tube driven by an intense ultrafast bunch. For solid-state
electron densities this time-scale corresponds to !�1

pe = [4⇡n0e2m�1
e ]�1/2 177(n0[1022cm�3])�1/2 attoseconds [1]. Over

longer time-scales which are out of the scope of this note [2], the collective electron oscillations driven as wakefields
may undergo various other stages such as phase-mixing, thermalization, coupling to ion modes etc. This longer time-
scale behavior over a few to many femtoseconds in solid-state has not yet been fully characterized but is critical to
understand the material state and dynamics of a solid-state tube that sustains wakefields.
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The tube wakefields modeled in this note deal with solid-state surface collective electron oscillations as opposed
to bulk solid electron oscillations. These wakefield importantly access a high amplitude regime of collective surface
electron oscillations. In these nonlinear oscillations the electron trajectory amplitude can be significantly large to
cause the electrons that originate at di↵erent equilibrium positions inside the tube walls to traverse inwards across
the inner wall surface of the tube and penetrate well into the vacuum-like core region of the tube. This behavior
can not be treated as perturbation of the tube wall electrons (not small-scale oscillations) and hence the equations of
electron dynamics cannot be perturbatively linearized. This large amplitude behavior of surface electron oscillations
is therefore highly nonlinear and requires analysis using collisionless kinetic theory. It is also important to note that
for nonlinear oscillations the property to isochronism does not apply. The period of oscillation is dependent on the
oscillation amplitude. Moreover, radial oscillations in a cylindrical geometry are inherently anharmonic [3].

With an increase in the intensity of the ultrafast bunch which results in the increase in the nonlinearity of the
collective electron oscillations, a significant density of the oscillating tube wall electrons crunches in from the walls
into the vacuum like core region. This results in the collective electron oscillations entering a “crunch-in” regime. This
regime of nonlinear surface oscillations exhibits electromagnetic and structural characteristics which are significantly
di↵erent from a linear surface electron oscillation regime (where electron oscillation trajectory amplitudes are small
scale and can be treated as perturbations to the wall electron density).

A nonlinear surface wave of near speed of light which is the acceleration structure in the tube wakefield mechanism
is thus excited in the wake of an ultrafast bunch propagating in the vacuum-like core region of the solid-state tube.
This nonlinear surface wave with phase velocity which is equivalent to the speed of the ultrafast bunch is sustained by
the collective electron oscillations in the crunch-in regime. These collective tube wall collective electron oscillations
are locally excited in the tube at each location through which the drive bunch propagates. The excitation of local
collective electron oscillations with a definite phase inter-relation between each of them sustains a nonlinear surface
wave that propagates behind the ultrafast bunch with a phase velocity nearly equal to that of the bunch.

In the analysis elucidated below we present a model of the tube wakefield mode driven by a relativistic charged
particle beam. In consideration of the symmetry of the interaction of a charged particle beam with a solid-state tube
with wall densities, nt ' 1022�24cm�3 the model is formulated in cylindrical coordinates. The charged particle beam
which propagates along the positive z-direction is taken to be su�ciently relativistic to the order that its electric
fields are primarily oriented in the radial direction. The tube wall electrons interacting with the strong radial electric
fields of a relativistic beam primarily oscillate in the radial direction. The intensity of the driver is assumed to be
su�ciently high to drive relativistic momentum of an interacting solid-state electron in less than an oscillation period.

In the model below, the radially oscillating electrons or the electron rings (under azimuthal symmetry) are assumed
to maintain the same ordering along the radial direction as at equilibrium. This condition implies that a tube wall
electron which originates at an equilibrium radii which is initially less than a neighboring electron always remains at a
lesser radii even during the nonlinear collective oscillation modeled here. This maintenance of equilibrium ordering of
electrons ensures that there is no trajectory-crossing or phase-mixing of oscillations and that the oscillation frequency
and period remain analytical for all electrons participating in the collective oscillations. This assumption is vital and
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I. INTRODUCTION

This note presents an analytical model of the tube wakefield mode which underlies the solid-state tube wakefield
acceleration mechanism. This model is only applicable over the coherent timescales of collective oscillations of electrons
of solid-state density that are excited as wakefields in a tube driven by an intense ultrafast bunch. For solid-state
electron densities this time-scale corresponds to !�1

pe = [4⇡n0e2m�1
e ]�1/2 177(n0[1022cm�3])�1/2 attoseconds [1]. Over

longer time-scales which are out of the scope of this note [2], the collective electron oscillations driven as wakefields
may undergo various other stages such as phase-mixing, thermalization, coupling to ion modes etc. This longer time-
scale behavior over a few to many femtoseconds in solid-state has not yet been fully characterized but is critical to
understand the material state and dynamics of a solid-state tube that sustains wakefields.
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The tube wakefields modeled in this note deal with solid-state surface collective electron oscillations as opposed
to bulk solid electron oscillations. These wakefield importantly access a high amplitude regime of collective surface
electron oscillations. In these nonlinear oscillations the electron trajectory amplitude can be significantly large to
cause the electrons that originate at di↵erent equilibrium positions inside the tube walls to traverse inwards across
the inner wall surface of the tube and penetrate well into the vacuum-like core region of the tube. This behavior
can not be treated as perturbation of the tube wall electrons (not small-scale oscillations) and hence the equations of
electron dynamics cannot be perturbatively linearized. This large amplitude behavior of surface electron oscillations
is therefore highly nonlinear and requires analysis using collisionless kinetic theory. It is also important to note that
for nonlinear oscillations the property to isochronism does not apply. The period of oscillation is dependent on the
oscillation amplitude. Moreover, radial oscillations in a cylindrical geometry are inherently anharmonic [3].

With an increase in the intensity of the ultrafast bunch which results in the increase in the nonlinearity of the
collective electron oscillations, a significant density of the oscillating tube wall electrons crunches in from the walls
into the vacuum like core region. This results in the collective electron oscillations entering a “crunch-in” regime. This
regime of nonlinear surface oscillations exhibits electromagnetic and structural characteristics which are significantly
di↵erent from a linear surface electron oscillation regime (where electron oscillation trajectory amplitudes are small
scale and can be treated as perturbations to the wall electron density).

A nonlinear surface wave of near speed of light which is the acceleration structure in the tube wakefield mechanism
is thus excited in the wake of an ultrafast bunch propagating in the vacuum-like core region of the solid-state tube.
This nonlinear surface wave with phase velocity which is equivalent to the speed of the ultrafast bunch is sustained by
the collective electron oscillations in the crunch-in regime. These collective tube wall collective electron oscillations
are locally excited in the tube at each location through which the drive bunch propagates. The excitation of local
collective electron oscillations with a definite phase inter-relation between each of them sustains a nonlinear surface
wave that propagates behind the ultrafast bunch with a phase velocity nearly equal to that of the bunch.

In the analysis elucidated below we present a model of the tube wakefield mode driven by a relativistic charged
particle beam. In consideration of the symmetry of the interaction of a charged particle beam with a solid-state tube
with wall densities, nt ' 1022�24cm�3 the model is formulated in cylindrical coordinates. The charged particle beam
which propagates along the positive z-direction is taken to be su�ciently relativistic to the order that its electric
fields are primarily oriented in the radial direction. The tube wall electrons interacting with the strong radial electric
fields of a relativistic beam primarily oscillate in the radial direction. The intensity of the driver is assumed to be
su�ciently high to drive relativistic momentum of an interacting solid-state electron in less than an oscillation period.

In the model below, the radially oscillating electrons or the electron rings (under azimuthal symmetry) are assumed
to maintain the same ordering along the radial direction as at equilibrium. This condition implies that a tube wall
electron which originates at an equilibrium radii which is initially less than a neighboring electron always remains at a
lesser radii even during the nonlinear collective oscillation modeled here. This maintenance of equilibrium ordering of
electrons ensures that there is no trajectory-crossing or phase-mixing of oscillations and that the oscillation frequency
and period remain analytical for all electrons participating in the collective oscillations. This assumption is vital and
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The tube wakefields modeled in this note deal with solid-state surface collective electron oscillations as opposed
to bulk solid electron oscillations. These wakefield importantly access a high amplitude regime of collective surface
electron oscillations. In these nonlinear oscillations the electron trajectory amplitude can be significantly large to
cause the electrons that originate at di↵erent equilibrium positions inside the tube walls to traverse inwards across
the inner wall surface of the tube and penetrate well into the vacuum-like core region of the tube. This behavior
can not be treated as perturbation of the tube wall electrons (not small-scale oscillations) and hence the equations of
electron dynamics cannot be perturbatively linearized. This large amplitude behavior of surface electron oscillations
is therefore highly nonlinear and requires analysis using collisionless kinetic theory. It is also important to note that
for nonlinear oscillations the property to isochronism does not apply. The period of oscillation is dependent on the
oscillation amplitude. Moreover, radial oscillations in a cylindrical geometry are inherently anharmonic [3].

With an increase in the intensity of the ultrafast bunch which results in the increase in the nonlinearity of the
collective electron oscillations, a significant density of the oscillating tube wall electrons crunches in from the walls
into the vacuum like core region. This results in the collective electron oscillations entering a “crunch-in” regime. This
regime of nonlinear surface oscillations exhibits electromagnetic and structural characteristics which are significantly
di↵erent from a linear surface electron oscillation regime (where electron oscillation trajectory amplitudes are small
scale and can be treated as perturbations to the wall electron density).

A nonlinear surface wave of near speed of light which is the acceleration structure in the tube wakefield mechanism
is thus excited in the wake of an ultrafast bunch propagating in the vacuum-like core region of the solid-state tube.
This nonlinear surface wave with phase velocity which is equivalent to the speed of the ultrafast bunch is sustained by
the collective electron oscillations in the crunch-in regime. These collective tube wall collective electron oscillations
are locally excited in the tube at each location through which the drive bunch propagates. The excitation of local
collective electron oscillations with a definite phase inter-relation between each of them sustains a nonlinear surface
wave that propagates behind the ultrafast bunch with a phase velocity nearly equal to that of the bunch.

In the analysis elucidated below we present a model of the tube wakefield mode driven by a relativistic charged
particle beam. In consideration of the symmetry of the interaction of a charged particle beam with a solid-state tube
with wall densities, nt ' 1022�24cm�3 the model is formulated in cylindrical coordinates. The charged particle beam
which propagates along the positive z-direction is taken to be su�ciently relativistic to the order that its electric
fields are primarily oriented in the radial direction. The tube wall electrons interacting with the strong radial electric
fields of a relativistic beam primarily oscillate in the radial direction. The intensity of the driver is assumed to be
su�ciently high to drive relativistic momentum of an interacting solid-state electron in less than an oscillation period.

In the model below, the radially oscillating electrons or the electron rings (under azimuthal symmetry) are assumed
to maintain the same ordering along the radial direction as at equilibrium. This condition implies that a tube wall
electron which originates at an equilibrium radii which is initially less than a neighboring electron always remains at a
lesser radii even during the nonlinear collective oscillation modeled here. This maintenance of equilibrium ordering of
electrons ensures that there is no trajectory-crossing or phase-mixing of oscillations and that the oscillation frequency
and period remain analytical for all electrons participating in the collective oscillations. This assumption is vital and
valid because the phase-mixing time has been shown to be at least several tens of oscillation periods in previous works
[2]. The model here follows the general assumptions that have been made in the foundational work on nonlinear
electron oscillations [3, 4].

The analysis presented below is divided into the following sections:
1. Existence conditions for SOTWA wakefields in tubes with finite wall thickness:

excitation of “crunch-in” regime and mitigation of “blow-out”
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The tube wakefields modeled in this note deal with solid-state surface collective electron oscillations as opposed
to bulk solid electron oscillations. These wakefield importantly access a high amplitude regime of collective surface
electron oscillations. In these nonlinear oscillations the electron trajectory amplitude can be significantly large to
cause the electrons that originate at di↵erent equilibrium positions inside the tube walls to traverse inwards across
the inner wall surface of the tube and penetrate well into the vacuum-like core region of the tube. This behavior
can not be treated as perturbation of the tube wall electrons (not small-scale oscillations) and hence the equations of
electron dynamics cannot be perturbatively linearized. This large amplitude behavior of surface electron oscillations
is therefore highly nonlinear and requires analysis using collisionless kinetic theory. It is also important to note that
for nonlinear oscillations the property to isochronism does not apply. The period of oscillation is dependent on the
oscillation amplitude. Moreover, radial oscillations in a cylindrical geometry are inherently anharmonic [3].

With an increase in the intensity of the ultrafast bunch which results in the increase in the nonlinearity of the
collective electron oscillations, a significant density of the oscillating tube wall electrons crunches in from the walls
into the vacuum like core region. This results in the collective electron oscillations entering a “crunch-in” regime. This
regime of nonlinear surface oscillations exhibits electromagnetic and structural characteristics which are significantly
di↵erent from a linear surface electron oscillation regime (where electron oscillation trajectory amplitudes are small
scale and can be treated as perturbations to the wall electron density).

A nonlinear surface wave of near speed of light which is the acceleration structure in the tube wakefield mechanism
is thus excited in the wake of an ultrafast bunch propagating in the vacuum-like core region of the solid-state tube.
This nonlinear surface wave with phase velocity which is equivalent to the speed of the ultrafast bunch is sustained by
the collective electron oscillations in the crunch-in regime. These collective tube wall collective electron oscillations
are locally excited in the tube at each location through which the drive bunch propagates. The excitation of local
collective electron oscillations with a definite phase inter-relation between each of them sustains a nonlinear surface
wave that propagates behind the ultrafast bunch with a phase velocity nearly equal to that of the bunch.

In the analysis elucidated below we present a model of the tube wakefield mode driven by a relativistic charged
particle beam. In consideration of the symmetry of the interaction of a charged particle beam with a solid-state tube
with wall densities, nt ' 1022�24cm�3 the model is formulated in cylindrical coordinates. The charged particle beam
which propagates along the positive z-direction is taken to be su�ciently relativistic to the order that its electric
fields are primarily oriented in the radial direction. The tube wall electrons interacting with the strong radial electric
fields of a relativistic beam primarily oscillate in the radial direction. The intensity of the driver is assumed to be
su�ciently high to drive relativistic momentum of an interacting solid-state electron in less than an oscillation period.

In the model below, the radially oscillating electrons or the electron rings (under azimuthal symmetry) are assumed
to maintain the same ordering along the radial direction as at equilibrium. This condition implies that a tube wall
electron which originates at an equilibrium radii which is initially less than a neighboring electron always remains at a
lesser radii even during the nonlinear collective oscillation modeled here. This maintenance of equilibrium ordering of
electrons ensures that there is no trajectory-crossing or phase-mixing of oscillations and that the oscillation frequency
and period remain analytical for all electrons participating in the collective oscillations. This assumption is vital and
valid because the phase-mixing time has been shown to be at least several tens of oscillation periods in previous works
[2]. The model here follows the general assumptions that have been made in the foundational work on nonlinear
electron oscillations [3, 4].

The analysis presented below is divided into the following sections:

Energy density considerations:

10 Joule class optical lasers (a0 > 1)

~ nC charge in 30 μm beam

Energy density considerations:

mJ class keV x-ray lasers (a0 > 1)

~ 100pC charge in ~100 nm beam

need relativistic momentum of oscillation

need relativistic intensity drive bunch
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Abstract. This article demonstrates a new compression scheme that
has the potential to compress a high energy pulse as high as a few hun-
dred Joules in a pulse as short as one optical cycle at 0.8µm producing
a true ultra-relativistic λ3 pulse. This pulse would have a focused inten-
sity of 1024W/cm2 or a0 of 1000. On interaction with a solid target, this
pulse could form an efficient, 10%, relativistic mirror that could further
compress the pulse to the atto-zeptosecond regime, with an upshifted
wavelength of 1–10 keV. This technique could be a watershed enabling
the compression of petawatt pulses into the exawatt and zeptosecond
regime possible.

There is a tendency to think that ultrashort pulse is the apanage of small scale lasers.
In the pulse duration/peak power conjecture [1] the opposite was demonstrated.
Pulse duration and peak power are entwined so that to shorten a pulse, it is nec-
essary to increase its peak power. In this article we show an example that illustrates
this prediction, making possible the entry of laser into the zeptosecond and exawatt
domain.
Since the beginning of the 1980’s optical pulse compression [2] has become one

of the standard ways to produce femtosecond pulses in the few cycle regime. The
technique relies on a single mode fiber and is based on the interplay between the
spectrum broadening produced by self phase modulation and the group velocity dis-
persion (GVD) necessary to stretch the pulse. The combination of both effects con-
tributes to create a linearly frequency-chirped pulse that can be compressed using
dispersive elements like grating pairs, prism pairs or chirped mirrors. In his pioneer-
ing experiment Grisckkowsky et al. [2] used a single mode optical fiber and were able
to compress a picosecond pulse with nJ energy to the femtosecond level. This work
triggered an enormous interest that culminated with the generation of a pulse as
short as 6 fs corresponding to 3 optical cycles at 620 nm by C.V Shank’s group [3], see
Fig. 1. In their first experiment the pulse was only 20 nJ, clamped at this level by the
optical damage due to the small core size. To proceed to higher energy, O. Svelto and
his group [4] introduced a compression technique based on a fused silica hollow-core
capillary, filled with noble gases, and showed that they could efficiently compress their
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Fig. 5a. Interaction of few cycle pulse in the relativistic γ regime. It shows the shaped
mirror created by the enormous light pressure. In this time scale only the electrons have the
time to move. The ions are to slow to follow.

Fig. 5b. The reflection of an ultra relativistic pulse by a high Z target will broadcast the
beam in specific way. The pulse is compressed by a factor proportional to a0. The pulses
will be easily isolated.

concept called the “relativistic flying mirror” has been demonstrated [13] using a thin
sheet of accelerated electrons. Reflection from this relativistic mirror leads to highly
efficient pulse compression.

Physics of vacuum nonlinearity and pulse compression in vacuum

As the pulse is compressed into extremely short duration, a modest efficiency could
produce sizable nonlinearities in vacuum, even though the value of n2 is 18 orders of
magnitude smaller than a typical optical transparent medium, like glass. The criti-
cal power is inversely proportional to the square of the frequency and the vacuum
critical power is 1024W at 1.0µm [14]. It should be 6 orders of magnitude less for
a one attosecond pulse, or 1018W for 1 keV X-rays. Under this condition the vac-
uum critical power could be attained with a single joule of energy. For a 10PW laser
with 250 J input energy this corresponds to only a 0.4% efficiency. It is quite fasci-
nating to imagine that filaments in vacuum analogous to those produced in air [15]
could be generated. Their sizes would be limited by “vacuum breakdown”, or pair
creation, as the intensity approaches 1029W/cm2 corresponding to a filament of
10−5 cm diameter.
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Fig. 6. Shows the pulse duration as function of a0, the normalized vector potential. The
expression of the pulse duration is derived to be 600 as/a0. For a0 of the order of 1000, pulse
duration of 600 zs could be achieved.

Conclusion

Modern high peak power lasers producing PW and 10PW pulses with top hat distri-
bution, combined with a Thin Film Compressor promise the capablility to produce
100PW with a single femtosecond duration in the form of ultralativistic λ3 pulses.
It is predicted that their interaction with solids will generate attosecond, or even
zeptosecond, multi exawatt pulses, and thus opening the door to nonlinear optics of
vacuum.
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FACET-II Beam will Access New Regimes

Low-emittance (state of the art photoinjector) and ultra-short (improved 
compression) beam will generate: 

• >300 kA peak current (~0.4 µm long) 

• ~100 nm focus by plasma ion column 

• ~1012 V/cm radial electric field (Es=1.3x1016 V/cm) 

• ~1024 cm-3 beam density
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(momentum acquired by the charges in the background
field E), we find Δϵ ∼ ðeEΔtcÞ2=ðℏωγÞ2. Notably, the
resulting field-induced mass scale M ∼ eEΔt=c ∼m χ1=3

is independent of m (note that χ ∼m−3). This suggests a
new regime of light-matter interaction, where the character-
istic scales of the theory are determined by the background
field (M ≫ m). The scaling m2

γð χÞ ∼ αM2 ∼ α χ2=3m2 in
the regime χ ≫ 1 implies mγ ≳m if α χ2=3 ≳ 1 and thus a
breakdown of perturbation theory at the conjectured scale
[25–27]. The same scaling is also found for the electron or
positron effective mass by analyzing the mass operator (see
Supplemental Material [30]).
A similar breakdown of perturbation theory is predicted

for supercritical magnetic fields [B ≫ Bcr ¼ m2c3=ðeℏÞ≈
4.41 × 109 T]. Whereas the mass correction for electrons in
the lowest Landau level scales logarithmically [45], pho-
tons acquire an effective mass via the polarization operator,
which exhibits a power-law scaling [46,47] (for a discus-
sion of possible astrophysical observables see, e.g.,
Ref. [48]). For supercritical magnetic fields, effective
dimensional reduction facilitates nonperturbative calcula-
tions [49–52]. Note that the case considered here is
complementary and qualitatively different, as it corre-
sponds on the contrary to ultrarelativistic electrons or
positrons occupying very high Landau levels. As a result,
they can emit photons and produce pairs and thus provide
two accessible observables which are affected by radiative
corrections.
The key challenge for reaching the fully nonperturbative

regime α χ2=3 ≳ 1 in beam-beam collisions is the mitigation
of radiative losses through beamstrahlung: the emission of
radiation as the colliding particles are bent in the fields of
the opposing bunch. This process is characterized by four
beam parameters: the transverse σr and the longitudinal σz
dimensions of the bunches (σr ¼ σx ¼ σy for radially
symmetric beams), the number of particles per bunch N
(i.e., the total charge), and the beam Lorentz factor γ.
Lorentz invariance requires that only the ratio σ$z ¼ σz=γ is
relevant, implying three independent degrees of freedom.
The total radiation probabilityW (per beam particle) and

the disruption parameter D, which characterizes the trans-
verse motion of the beam particles, scale as

W ∼ αχ2=3av
σ$z
ƛc

; D∼
Nαƛcσ$z

σ2r
; χav ≈

5

12

Nαƛ2c
σrσ$z

; ð1Þ

where χav denotes the average value of the beamstrahlung
parameter χ (in the accelerator science literature the
symbol ϒ ¼ χav is commonly used). The given estimate
for χav holds for a radially symmetric Gaussian charge
density profile [9]. In order to achieve a controlled
interaction D ≪ 1 is desirable, which implies that the
classical trajectories of the colliding particles are only
slightly distorted.

The requirements given above (α χ2=3 ≳ 1, D≲ 0.01,
and W ≲ 1) constrain the three beam parameters: N ≳
1=α4 ∼ 109 (i.e., ≳ 0.1 nC per bunch), σr ∼ 10

ffiffiffiffiffiffiffi
Nα

p
ƛc ∼

10 nm, and σ$z ≲ ƛc. For a beam energy of ≈ 100 GeV
(γ ≈ 2 × 105) this implies σz ≲ 100 nm. In general,
decreasing σz is beneficial for all three parameters ( χ,
D,W), whereas increasing the charge must be accompanied
by a transverse compression to keep the disruption param-
eter small. According to these considerations, the natural
set of parameters for a ∼100 GeV nonperturbative QED
(NPQED) collider, which is capable of reaching α χ2=3 ≳ 1
with low disruption, is given in Table I.
The NPQED collider discussed here maximizes the

beam fields by employing highly compressed and round
bunches. This approach differs significantly from existing
linear collider designs like ILC [54] or CLIC [55], which
use flat (σx=σy > 10) beam configurations to minimize
self-generated fields for a given luminosity requirement.
The idea for this NPQED collider originated from SLAC’s
FACET-II [53], designed to generate beams with up to
300 kA peak current (σz ∼ 0.5 μm) at 10 GeV energy.
Merging the high energy, high transverse quality beams of
linear collider designs with the high peak compression of
FACET-II encapsulates the key design challenges (Table I).

TABLE I. Comparison between the parameters of the non-
perturbative QED (NPQED) collider discussed here and other
existing linear accelerator or collider designs. Collision param-
eters for FACET-II [53] are not applicable, as it has only one
beam. Here χav and χmax for ILC [54] and CLIC [55] are
calculated without taking into account the expected change in the
beam size during collision, which is characteristic for high
disruption parameters.

Parameter [Unit]
NPQED
Collider FACET-II ILC CLIC

Beam energy [GeV] 125 10 250 1500
Bunch charge [nC] 0.14–1.4 1.2 3.2 0.6
Peak current [kA] 1700 300 1.3 12.1
Energy spread
(rms)

[%] 0.1 0.85 0.12 0.34

Bunch length
(rms)

[μm] 0.01–0.1 0.48 300 44

Bunch size
(rms)

[μm] 0.01 3 0.47 0.045
0.01 2 0.006 0.001

Pulse rate × [Hz]× 100× 30× 5× 50×
Bunches=pulse Nbunch 1 1 1312 312
Beamstrahlung χav 969 0.06 5
Parameter χmax 1721 0.15 12
Disruption Dx;y 0.001–0.1 0.3 0.15
Parameters 0.001–0.1 24.4 6.8
Peak electric
field

[TV=m] 4500 3.2 0.2 2.7

Beam power [MW] 0.002–0.02 10−4 5 14
Luminosity [cm−2 s−1] 6 × 1030

−4 × 1032
1034 1034
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fully nonperturbative QED regime with a 100 GeV-class
particle collider (Fig. 1). We argue that these beams could
be produced with accessible technology. Full 3D particle-
in-cell (PIC) simulations confirm the possibility of limiting
beam energy losses to ≲5%, implying that the majority of
particles reach the strong field region.
To estimate the importance of nonperturbative effects,

we take phenomenologically into account that quantum
fluctuations dynamically increase the effective electron or
positron mass and thus the effective QED critical field. As a
result, one expects that radiation and pair production are
attenuated with respect to the perturbative predictions. Our
simulations show that corrections on the order of 20%–30%
are to be expected (see below). Correspondingly, non-
perturbative effects should be observable with a 100 GeV-
class particle collider.
The breakdown of perturbation theory in the regime

α χ2=3 ≳ 1 has an intuitive explanation. In vacuum, the
characteristic scales of QED are determined by the electron
or positron mass m. In the presence of a background field,
however, the fundamental properties of electrons, posi-
trons, and photons are modified by quantum fluctuations
(Fig. 2). Figuratively speaking, the quantum vacuum is
not empty but filled with virtual electron-positron pairs.
A strong electromagnetic field polarizes or ionizes the
vacuum, which therefore behaves like an electron-positron
pair plasma [29]. As a result, the “plasma frequency of the
vacuum” changes the photon dispersion relation, implying
that a photon acquires an effective mass mγð χÞ, see
Supplemental Material [30]. The appearance of a photon
mass induces qualitatively new phenomena like vacuum
birefringence and dichroism [41–44]. Perturbation theory is
expected to break down in the regime mγð χÞ ≳m, where
modifications due to quantum fluctuations become of the
same order as the leading-order tree-level result (Fig. 2).
In order to provide an intuitive understanding for the

scaling of mγð χÞ, a photon with energy ℏωγ ≫ mc2 is

considered, which propagates through a perpendicular electric
field with magnitude E in the laboratory frame. The quantum
parameter χ associated with this photon is χ ∼ γE=Ecr, where
γ ¼ ℏωγ=ðmc2Þ can be interpreted as a generalized Lorentz
gamma factor. As the polarization of the quantum vacuum
requires at least two interactions (Fig. 2), it is expected that
m2

γð χÞ ∼ αM2 (the plasma frequency of a medium exhibits
the same scaling in α). Here, M ∼ eEΔt=c denotes the
characteristic mass scale induced by the background field
and Δt represents the characteristic lifetime of a virtual pair.
The scaling of Δt is determined by the Heisenberg

uncertainty principle ΔtΔϵ ∼ ℏ, where Δϵ ¼ ϵ− þ ϵþ − ϵγ
quantifies energy nonconservation at the pair production
vertex. Here, ϵ− ≈ ϵþ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðpcÞ2 þm2c4 þ ðeEΔtcÞ2

p
≈

pcþ ðeEΔtcÞ2=ð2pcÞ are the electron or positron energies
and ϵγ ¼ pγc is the energy of the gamma photon (the
electron and positron have the same initial momentum p ¼
pγ=2 at threshold). Assuming, χ ≫ 1 and thus eEΔt ≫ mc

FIG. 1. (a) Illustration of a beam-beam collider for probing the fully nonperturbative QED regime. (b) 3D OSIRIS-QED simulation of
the collision of two spherical 10 nm electron beams with 125 GeV energy (blue). The fully nonperturbative QED regime α χ2=3 ≥ 1 is
experienced by 38% of the colliding particles (red). The interaction produces two dense gamma-ray beams with 0.2 photons with
Eγ ≥ 2mc2 per primary electron (yellow).

FIG. 2. Dressed loop expansion of the polarization operator P
(top row) and mass operator M (bottom row). Wiggly lines
denote photons and double lines dressed electron or positron
propagators [1]. According to the Ritus-Narozhny conjecture, the
diagrams shown represent the dominant contribution at n loop
and α χ2=3 is the true expansion parameter of strong-field QED in
the regime χ ≫ 1 [25–27].

PHYSICAL REVIEW LETTERS 122, 190404 (2019)
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relativistic solid density electron “plasma”

relativistic particle beamattosecond x-ray pulse

are placed into a square array with intertube distances equal
to 10 Å. At such a separation, the tube-tube interactions are
very small so that the tubes can be treated as independent
entities. For example, when we increase the intertube dis-
tance of the !3,3" tube from 10 to 20 Å, the calculated
change of the work function is less than 0.003 eV. The
length of the unit cell along the tube axis is determined by
minimizing the total energy of the system. The k-point sam-
pling was set to be 1!1!80 for both SWCNTs and
MWCNTs. All atoms were fully relaxed until the maximum
magnitude of the force was less than 0.02 eV /Å. The work
functions were determined from the difference between the
Fermi level and the vacuum level. The Fermi energy is de-
termined using the standard Gaussian smearing method with
the width of the smearing in 0.1 eV. The vacuum level is
defined as the average potential in the vacuum region where
it approaches a constant. The Fermi level and the vacuum
level must, of course, be determined from the same calcula-
tion for a meaningful result. In the case of semiconducting
nanotubes, the Fermi level is chosen at the midgap.10

III. RESULTS AND DISCUSSION

We first considered the effect of the diameter and chirality
on the work function of isolated SWCNTs with infinite
lengths. We took into account the work functions of zigzag
and armchair tubes, as well as the work function of a few
chiral tubes such as !3,1", !4,2", !5,3", !6,2", !6,3", and !7,3"
tubes. The work functions of isolated, infinite-length
SWCNTs with diameters ranging from 2.8 to 67.3 Å are
shown in Fig. 1. The work functions of armchair tubes fall
within a narrow distribution, which is very close to the work
function of graphene !#4.48 eV" and is independent of the
diameter of the tube. We note that the work function of

graphene is found to be 4.48 eV in our calculations, which is
about 0.2 eV smaller than that obtained by Shan and Cho,10

although the same formulation is used. This was due to the
different lattice structures used in the calculations. In our
calculations, the bond length was 1.41 Å, which was deter-
mined by minimizing the total energy of the graphene sheet,
while the bond length in the study of Shan and Cho was
1.44 Å. They found that the work functions of armchair
tubes decrease with a decrease diameter in small tubes,
which is not the case in our results. This is due to the differ-
ent atomic structures used in the calculations. Particularly, in
our calculations, the length of the unit cell along the tube
axis was obtained by minimizing the total energy of the sys-
tem. In comparison, this length is fixed at the length given in
the rolled-up graphene sheet with the bond length fixed at
1.44 Å in their study. To confirm that such differences origi-
nated from the atomic structure rather than from other de-
tails, we recalculated the work functions of the !3,3", !4,4",
!5,5", and !10,10" armchair tubes using their atomic struc-
ture, and the results are shown in the inset of Fig. 1. The
work functions of zigzag tubes with diameters greater than
10 Å are also close to those of graphene. However, the work
functions of zigzag and chiral tubes with diameters smaller
than 10 Å increase dramatically as the diameter decreases.
The significant changes in the work functions of small tubes
can be attributed to the curvature effect. It is interesting to
note that the curvature effect on the work function of chiral
tubes is smaller than that on zigzag tubes.

Figure 2 compares the band structure of various armchair
and zigzag tubes calculated by LDA !solid line" with that
obtained from the zone folding !dashed line" calculation of
graphene by LDA dispersion. In the zone-folding approach,
it is well known and well understood that the Fermi wave
vector !pinned at the crossing point of two bands" for all
armchair tubes is located exactly at kF=2" /3T, where T is
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FIG. 1. Work functions of SWCNTs of different diameters
!squares, armchair tubes; diamonds, chiral tubes; triangles, zigzag
tubes". Lines serve as visual guides. The dashed line indicates the
work function of graphene. The inset shows the work function of
armchair !3,3", !4,4", !5,5", and !10,10" nanotubes calculated using
the structure of Shan and Cho. The dashed line of the inset indicates
the work function of graphene calculated using the structure of
Shan and Cho.
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are placed into a square array with intertube distances equal
to 10 Å. At such a separation, the tube-tube interactions are
very small so that the tubes can be treated as independent
entities. For example, when we increase the intertube dis-
tance of the !3,3" tube from 10 to 20 Å, the calculated
change of the work function is less than 0.003 eV. The
length of the unit cell along the tube axis is determined by
minimizing the total energy of the system. The k-point sam-
pling was set to be 1!1!80 for both SWCNTs and
MWCNTs. All atoms were fully relaxed until the maximum
magnitude of the force was less than 0.02 eV /Å. The work
functions were determined from the difference between the
Fermi level and the vacuum level. The Fermi energy is de-
termined using the standard Gaussian smearing method with
the width of the smearing in 0.1 eV. The vacuum level is
defined as the average potential in the vacuum region where
it approaches a constant. The Fermi level and the vacuum
level must, of course, be determined from the same calcula-
tion for a meaningful result. In the case of semiconducting
nanotubes, the Fermi level is chosen at the midgap.10

III. RESULTS AND DISCUSSION

We first considered the effect of the diameter and chirality
on the work function of isolated SWCNTs with infinite
lengths. We took into account the work functions of zigzag
and armchair tubes, as well as the work function of a few
chiral tubes such as !3,1", !4,2", !5,3", !6,2", !6,3", and !7,3"
tubes. The work functions of isolated, infinite-length
SWCNTs with diameters ranging from 2.8 to 67.3 Å are
shown in Fig. 1. The work functions of armchair tubes fall
within a narrow distribution, which is very close to the work
function of graphene !#4.48 eV" and is independent of the
diameter of the tube. We note that the work function of

graphene is found to be 4.48 eV in our calculations, which is
about 0.2 eV smaller than that obtained by Shan and Cho,10

although the same formulation is used. This was due to the
different lattice structures used in the calculations. In our
calculations, the bond length was 1.41 Å, which was deter-
mined by minimizing the total energy of the graphene sheet,
while the bond length in the study of Shan and Cho was
1.44 Å. They found that the work functions of armchair
tubes decrease with a decrease diameter in small tubes,
which is not the case in our results. This is due to the differ-
ent atomic structures used in the calculations. Particularly, in
our calculations, the length of the unit cell along the tube
axis was obtained by minimizing the total energy of the sys-
tem. In comparison, this length is fixed at the length given in
the rolled-up graphene sheet with the bond length fixed at
1.44 Å in their study. To confirm that such differences origi-
nated from the atomic structure rather than from other de-
tails, we recalculated the work functions of the !3,3", !4,4",
!5,5", and !10,10" armchair tubes using their atomic struc-
ture, and the results are shown in the inset of Fig. 1. The
work functions of zigzag tubes with diameters greater than
10 Å are also close to those of graphene. However, the work
functions of zigzag and chiral tubes with diameters smaller
than 10 Å increase dramatically as the diameter decreases.
The significant changes in the work functions of small tubes
can be attributed to the curvature effect. It is interesting to
note that the curvature effect on the work function of chiral
tubes is smaller than that on zigzag tubes.

Figure 2 compares the band structure of various armchair
and zigzag tubes calculated by LDA !solid line" with that
obtained from the zone folding !dashed line" calculation of
graphene by LDA dispersion. In the zone-folding approach,
it is well known and well understood that the Fermi wave
vector !pinned at the crossing point of two bands" for all
armchair tubes is located exactly at kF=2" /3T, where T is
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The tube wakefields modeled in this note deal with solid-state surface collective electron oscillations as opposed
to bulk solid electron oscillations. These wakefield importantly access a high amplitude regime of collective surface
electron oscillations. In these nonlinear oscillations the electron trajectory amplitude can be significantly large to
cause the electrons that originate at di↵erent equilibrium positions inside the tube walls to traverse inwards across
the inner wall surface of the tube and penetrate well into the vacuum-like core region of the tube. This behavior
can not be treated as perturbation of the tube wall electrons (not small-scale oscillations) and hence the equations of
electron dynamics cannot be perturbatively linearized. This large amplitude behavior of surface electron oscillations
is therefore highly nonlinear and requires analysis using collisionless kinetic theory. It is also important to note that
for nonlinear oscillations the property to isochronism does not apply. The period of oscillation is dependent on the
oscillation amplitude. Moreover, radial oscillations in a cylindrical geometry are inherently anharmonic [3].

With an increase in the intensity of the ultrafast bunch which results in the increase in the nonlinearity of the
collective electron oscillations, a significant density of the oscillating tube wall electrons crunches in from the walls
into the vacuum like core region. This results in the collective electron oscillations entering a “crunch-in” regime. This
regime of nonlinear surface oscillations exhibits electromagnetic and structural characteristics which are significantly
di↵erent from a linear surface electron oscillation regime (where electron oscillation trajectory amplitudes are small
scale and can be treated as perturbations to the wall electron density).

A nonlinear surface wave of near speed of light which is the acceleration structure in the tube wakefield mechanism
is thus excited in the wake of an ultrafast bunch propagating in the vacuum-like core region of the solid-state tube.
This nonlinear surface wave with phase velocity which is equivalent to the speed of the ultrafast bunch is sustained by
the collective electron oscillations in the crunch-in regime. These collective tube wall collective electron oscillations
are locally excited in the tube at each location through which the drive bunch propagates. The excitation of local
collective electron oscillations with a definite phase inter-relation between each of them sustains a nonlinear surface
wave that propagates behind the ultrafast bunch with a phase velocity nearly equal to that of the bunch.

In the analysis elucidated below we present a model of the tube wakefield mode driven by a relativistic charged
particle beam. In consideration of the symmetry of the interaction of a charged particle beam with a solid-state tube
with wall densities, nt ' 1022�24cm�3 the model is formulated in cylindrical coordinates. The charged particle beam
which propagates along the positive z-direction is taken to be su�ciently relativistic to the order that its electric
fields are primarily oriented in the radial direction. The tube wall electrons interacting with the strong radial electric
fields of a relativistic beam primarily oscillate in the radial direction. The intensity of the driver is assumed to be
su�ciently high to drive relativistic momentum of an interacting solid-state electron in less than an oscillation period.

In the model below, the radially oscillating electrons or the electron rings (under azimuthal symmetry) are assumed
to maintain the same ordering along the radial direction as at equilibrium. This condition implies that a tube wall
electron which originates at an equilibrium radii which is initially less than a neighboring electron always remains at a
lesser radii even during the nonlinear collective oscillation modeled here. This maintenance of equilibrium ordering of
electrons ensures that there is no trajectory-crossing or phase-mixing of oscillations and that the oscillation frequency
and period remain analytical for all electrons participating in the collective oscillations. This assumption is vital and
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With an increase in the intensity of the ultrafast bunch which results in the increase in the nonlinearity of the
collective electron oscillations, a significant density of the oscillating tube wall electrons crunches in from the walls
into the vacuum like core region. This results in the collective electron oscillations entering a “crunch-in” regime. This
regime of nonlinear surface oscillations exhibits electromagnetic and structural characteristics which are significantly
di↵erent from a linear surface electron oscillation regime (where electron oscillation trajectory amplitudes are small
scale and can be treated as perturbations to the wall electron density).

A nonlinear surface wave of near speed of light which is the acceleration structure in the tube wakefield mechanism
is thus excited in the wake of an ultrafast bunch propagating in the vacuum-like core region of the solid-state tube.
This nonlinear surface wave with phase velocity which is equivalent to the speed of the ultrafast bunch is sustained by
the collective electron oscillations in the crunch-in regime. These collective tube wall collective electron oscillations
are locally excited in the tube at each location through which the drive bunch propagates. The excitation of local
collective electron oscillations with a definite phase inter-relation between each of them sustains a nonlinear surface
wave that propagates behind the ultrafast bunch with a phase velocity nearly equal to that of the bunch.

In the analysis elucidated below we present a model of the tube wakefield mode driven by a relativistic charged
particle beam. In consideration of the symmetry of the interaction of a charged particle beam with a solid-state tube
with wall densities, nt ' 1022�24cm�3 the model is formulated in cylindrical coordinates. The charged particle beam
which propagates along the positive z-direction is taken to be su�ciently relativistic to the order that its electric
fields are primarily oriented in the radial direction. The tube wall electrons interacting with the strong radial electric
fields of a relativistic beam primarily oscillate in the radial direction. The intensity of the driver is assumed to be
su�ciently high to drive relativistic momentum of an interacting solid-state electron in less than an oscillation period.
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cause the electrons that originate at di↵erent equilibrium positions inside the tube walls to traverse inwards across
the inner wall surface of the tube and penetrate well into the vacuum-like core region of the tube. This behavior
can not be treated as perturbation of the tube wall electrons (not small-scale oscillations) and hence the equations of
electron dynamics cannot be perturbatively linearized. This large amplitude behavior of surface electron oscillations
is therefore highly nonlinear and requires analysis using collisionless kinetic theory. It is also important to note that
for nonlinear oscillations the property to isochronism does not apply. The period of oscillation is dependent on the
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With an increase in the intensity of the ultrafast bunch which results in the increase in the nonlinearity of the
collective electron oscillations, a significant density of the oscillating tube wall electrons crunches in from the walls
into the vacuum like core region. This results in the collective electron oscillations entering a “crunch-in” regime. This
regime of nonlinear surface oscillations exhibits electromagnetic and structural characteristics which are significantly
di↵erent from a linear surface electron oscillation regime (where electron oscillation trajectory amplitudes are small
scale and can be treated as perturbations to the wall electron density).

A nonlinear surface wave of near speed of light which is the acceleration structure in the tube wakefield mechanism
is thus excited in the wake of an ultrafast bunch propagating in the vacuum-like core region of the solid-state tube.
This nonlinear surface wave with phase velocity which is equivalent to the speed of the ultrafast bunch is sustained by
the collective electron oscillations in the crunch-in regime. These collective tube wall collective electron oscillations
are locally excited in the tube at each location through which the drive bunch propagates. The excitation of local
collective electron oscillations with a definite phase inter-relation between each of them sustains a nonlinear surface
wave that propagates behind the ultrafast bunch with a phase velocity nearly equal to that of the bunch.

In the analysis elucidated below we present a model of the tube wakefield mode driven by a relativistic charged
particle beam. In consideration of the symmetry of the interaction of a charged particle beam with a solid-state tube
with wall densities, nt ' 1022�24cm�3 the model is formulated in cylindrical coordinates. The charged particle beam
which propagates along the positive z-direction is taken to be su�ciently relativistic to the order that its electric
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to bulk solid electron oscillations. These wakefield importantly access a high amplitude regime of collective surface
electron oscillations. In these nonlinear oscillations the electron trajectory amplitude can be significantly large to
cause the electrons that originate at di↵erent equilibrium positions inside the tube walls to traverse inwards across
the inner wall surface of the tube and penetrate well into the vacuum-like core region of the tube. This behavior
can not be treated as perturbation of the tube wall electrons (not small-scale oscillations) and hence the equations of
electron dynamics cannot be perturbatively linearized. This large amplitude behavior of surface electron oscillations
is therefore highly nonlinear and requires analysis using collisionless kinetic theory. It is also important to note that
for nonlinear oscillations the property to isochronism does not apply. The period of oscillation is dependent on the
oscillation amplitude. Moreover, radial oscillations in a cylindrical geometry are inherently anharmonic [3].

With an increase in the intensity of the ultrafast bunch which results in the increase in the nonlinearity of the
collective electron oscillations, a significant density of the oscillating tube wall electrons crunches in from the walls
into the vacuum like core region. This results in the collective electron oscillations entering a “crunch-in” regime. This
regime of nonlinear surface oscillations exhibits electromagnetic and structural characteristics which are significantly
di↵erent from a linear surface electron oscillation regime (where electron oscillation trajectory amplitudes are small
scale and can be treated as perturbations to the wall electron density).

A nonlinear surface wave of near speed of light which is the acceleration structure in the tube wakefield mechanism
is thus excited in the wake of an ultrafast bunch propagating in the vacuum-like core region of the solid-state tube.
This nonlinear surface wave with phase velocity which is equivalent to the speed of the ultrafast bunch is sustained by
the collective electron oscillations in the crunch-in regime. These collective tube wall collective electron oscillations
are locally excited in the tube at each location through which the drive bunch propagates. The excitation of local
collective electron oscillations with a definite phase inter-relation between each of them sustains a nonlinear surface
wave that propagates behind the ultrafast bunch with a phase velocity nearly equal to that of the bunch.

In the analysis elucidated below we present a model of the tube wakefield mode driven by a relativistic charged
particle beam. In consideration of the symmetry of the interaction of a charged particle beam with a solid-state tube
with wall densities, nt ' 1022�24cm�3 the model is formulated in cylindrical coordinates. The charged particle beam
which propagates along the positive z-direction is taken to be su�ciently relativistic to the order that its electric
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The tube wakefields modeled in this note deal with solid-state surface collective electron oscillations as opposed
to bulk solid electron oscillations. These wakefield importantly access a high amplitude regime of collective surface
electron oscillations. In these nonlinear oscillations the electron trajectory amplitude can be significantly large to
cause the electrons that originate at di↵erent equilibrium positions inside the tube walls to traverse inwards across
the inner wall surface of the tube and penetrate well into the vacuum-like core region of the tube. This behavior
can not be treated as perturbation of the tube wall electrons (not small-scale oscillations) and hence the equations of
electron dynamics cannot be perturbatively linearized. This large amplitude behavior of surface electron oscillations
is therefore highly nonlinear and requires analysis using collisionless kinetic theory. It is also important to note that
for nonlinear oscillations the property to isochronism does not apply. The period of oscillation is dependent on the
oscillation amplitude. Moreover, radial oscillations in a cylindrical geometry are inherently anharmonic [3].

With an increase in the intensity of the ultrafast bunch which results in the increase in the nonlinearity of the
collective electron oscillations, a significant density of the oscillating tube wall electrons crunches in from the walls
into the vacuum like core region. This results in the collective electron oscillations entering a “crunch-in” regime. This
regime of nonlinear surface oscillations exhibits electromagnetic and structural characteristics which are significantly
di↵erent from a linear surface electron oscillation regime (where electron oscillation trajectory amplitudes are small
scale and can be treated as perturbations to the wall electron density).

A nonlinear surface wave of near speed of light which is the acceleration structure in the tube wakefield mechanism
is thus excited in the wake of an ultrafast bunch propagating in the vacuum-like core region of the solid-state tube.
This nonlinear surface wave with phase velocity which is equivalent to the speed of the ultrafast bunch is sustained by
the collective electron oscillations in the crunch-in regime. These collective tube wall collective electron oscillations
are locally excited in the tube at each location through which the drive bunch propagates. The excitation of local
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The tube wakefields modeled in this note deal with solid-state surface collective electron oscillations as opposed
to bulk solid electron oscillations. These wakefield importantly access a high amplitude regime of collective surface
electron oscillations. In these nonlinear oscillations the electron trajectory amplitude can be significantly large to
cause the electrons that originate at di↵erent equilibrium positions inside the tube walls to traverse inwards across
the inner wall surface of the tube and penetrate well into the vacuum-like core region of the tube. This behavior
can not be treated as perturbation of the tube wall electrons (not small-scale oscillations) and hence the equations of
electron dynamics cannot be perturbatively linearized. This large amplitude behavior of surface electron oscillations
is therefore highly nonlinear and requires analysis using collisionless kinetic theory. It is also important to note that
for nonlinear oscillations the property to isochronism does not apply. The period of oscillation is dependent on the
oscillation amplitude. Moreover, radial oscillations in a cylindrical geometry are inherently anharmonic [3].

With an increase in the intensity of the ultrafast bunch which results in the increase in the nonlinearity of the
collective electron oscillations, a significant density of the oscillating tube wall electrons crunches in from the walls
into the vacuum like core region. This results in the collective electron oscillations entering a “crunch-in” regime. This
regime of nonlinear surface oscillations exhibits electromagnetic and structural characteristics which are significantly
di↵erent from a linear surface electron oscillation regime (where electron oscillation trajectory amplitudes are small
scale and can be treated as perturbations to the wall electron density).

A nonlinear surface wave of near speed of light which is the acceleration structure in the tube wakefield mechanism
is thus excited in the wake of an ultrafast bunch propagating in the vacuum-like core region of the solid-state tube.
This nonlinear surface wave with phase velocity which is equivalent to the speed of the ultrafast bunch is sustained by
the collective electron oscillations in the crunch-in regime. These collective tube wall collective electron oscillations
are locally excited in the tube at each location through which the drive bunch propagates. The excitation of local
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The tube wakefields modeled in this note deal with solid-state surface collective electron oscillations as opposed
to bulk solid electron oscillations. These wakefield importantly access a high amplitude regime of collective surface
electron oscillations. In these nonlinear oscillations the electron trajectory amplitude can be significantly large to
cause the electrons that originate at di↵erent equilibrium positions inside the tube walls to traverse inwards across
the inner wall surface of the tube and penetrate well into the vacuum-like core region of the tube. This behavior
can not be treated as perturbation of the tube wall electrons (not small-scale oscillations) and hence the equations of
electron dynamics cannot be perturbatively linearized. This large amplitude behavior of surface electron oscillations
is therefore highly nonlinear and requires analysis using collisionless kinetic theory. It is also important to note that
for nonlinear oscillations the property to isochronism does not apply. The period of oscillation is dependent on the
oscillation amplitude. Moreover, radial oscillations in a cylindrical geometry are inherently anharmonic [3].

With an increase in the intensity of the ultrafast bunch which results in the increase in the nonlinearity of the
collective electron oscillations, a significant density of the oscillating tube wall electrons crunches in from the walls
into the vacuum like core region. This results in the collective electron oscillations entering a “crunch-in” regime. This
regime of nonlinear surface oscillations exhibits electromagnetic and structural characteristics which are significantly
di↵erent from a linear surface electron oscillation regime (where electron oscillation trajectory amplitudes are small
scale and can be treated as perturbations to the wall electron density).
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focused onto the capillary entrance to a spot size of
r0 ¼ 84 μm. Here r0 is defined as the radius at which
the intensity drops to 1=e2 of the peak value. Probe laser
pulses with wavelength 800 nm and energy at nJ level were
focused to a focal spot size r0 ≈ 73 μm at the same location
and arrived at the peak of the heater current pulse. The
capillary discharge was operated with hydrogen using the
current pulse shown in Fig. 1(a), which had an amplitude of
450 A and rise time of 400 ns. The capillary had a diameter
of 800 μm and a length of 20 cm. Compared to Ref. [13],
the capillary diameter was increased to mitigate damage
from increased laser power, and the length increased to
accelerate electrons to higher energy.

MARPLE simulations were performed using the exper-
imentally measured current as input. The simulated temper-
ature and on-axis plasma density are shown in Fig. 1(a).
The temperature rises with the current through Ohmic
heating. The density rises through ionization and drops
through channel formation. After the peak of current the
temperature drops due to reduced Ohmic heating and
cooling at the capillary wall. The heater laser pulse arrived
300 ns after the peak of the discharge current, at which
point the temperature rises from 4.1 to 4.7 eV, resulting in a
reduction in on-axis density, indicating channel steepening
and matched spot size reduction.
The matched spot size was measured by tracking centroid,

spot size, and divergence oscillations of the probe pulse
[26,27], and the density retrieved from measurements of
the probe pulse group velocity in the plasma channel [28].
The relationship between the matched spot size and on-axis
plasma density is shown in Fig. 1(b). The matched spot size
without the heater (black line) was always significantly
larger than the driver laser focal size of 60 μm, which results
in poor guiding. For heater pulse arrival at the peak of current

(red squares) as in Ref. [20], the matched spot size is reduced
for a given density, consistent with IB heating. By timing the
heater pulse to arrive td ¼ 300 ns after the peak of the
discharge current (blue circles), which reduces the plasma
temperature and therefore increases the heating rate, the
matched spot size reduction is even larger. For example at
n0 ¼ 3.4 × 1017 cm−3, the matched spot size was reduced
from 101 μm to 69 μm. For td ¼ 420 ns (green triangles), a
matched spot size of 61 μm was generated with a density
of 2.7 × 1017 cm−3.
Note that for the high laser powers used for LPAs, laser

guiding is achieved by a combination of channel guiding
and self-guiding. Simulation of driver pulses with peak
power 850 TW and r0 ¼ 60 μm propagating through the
laser-heated channel of matched spot size 69 μm were
performed using the code INF&RNO. The laser intensity
increased above the initially focused value due to the effects
of self-focusing and self-steepening of the laser pulse.
Efficient laser guiding was achieved, meaning that the laser
intensity remained higher than the vacuum focal value until
the last few cm of the capillary, at which point about half of
the laser energy was depleted. This can be compared to a
simulation for the same density without the heater, where a
factor of 3.5 reduction in intensity was observed at only
≈ 6 cm into the capillary. Thus, for these parameters, self-
guiding was not strong enough to compensate for the
mismatched plasma channel. This poor guiding resulted in
the loss of injected electrons as they entered a defocusing
region of the wakefield (through the nonlinear decrease in
plasma wavelength with decreasing intensity [1]), demon-
strating the need for laser heating.
In the electron beam generation experiment, driver laser

pulses at a wavelength of λ ¼ 815 nm with spectral width
40 nm that were generated by the 1 Hz repetition rate

FIG. 2. Schematic layout of the BELLA LPA, including the heater laser system for enhancing the capillary discharge waveguide.
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Guiding of relativistically intense laser pulses with peak power of 0.85 PW over 15 diffraction lengths
was demonstrated by increasing the focusing strength of a capillary discharge waveguide using laser
inverse bremsstrahlung heating. This allowed for the production of electron beams with quasimonoe-
nergetic peaks up to 7.8 GeV, double the energy that was previously demonstrated. Charge was 5 pC at
7.8 GeV and up to 62 pC in 6 GeV peaks, and typical beam divergence was 0.2 mrad.

DOI: 10.1103/PhysRevLett.122.084801

Laser plasma accelerators (LPAs) [1,2] have large
acceleration gradients of tens to hundreds of GV/m, which
is several orders of magnitude larger than conventional
radio frequency technology. This could allow for compact
accelerators in a variety of applications, including free-
electron lasers [3–5], Thomson sources [6,7], and electron-
positron colliders with TeV energy [8,9]. For future
efficient colliders using PW-class laser systems, single-
stage energy gains of about 10 GeV are required [9].
Electron beams with energy up to a few GeV have been
observed using nonpreformed plasmas and petawatt laser
systems [10–12]. Preformed plasma waveguides can be
used to mitigate laser diffraction of focused laser pulses,
which increases the acceleration length and the energy
gain for a given laser power. Using a capillary discharge
waveguide to confine laser pulses over a distance of 9 cm,
electron beams with energy up to 4.2 GeV were produced
using a lower peak laser power of 300 TW [13].
The energy gain of a single-stage LPA [1] scales

inversely with plasma density, n0, since the accelerating
gradient scales as Ez ∝ n1=20 , and the length is limited to the
laser-depletion length, which scales as Ld ∝ n−3=20 . This
scaling shows that in order to increase the energy gain to
≈ 10 GeV, the plasma density must be lowered relative to
past experiments [10–13]. However, in order to accelerate
over the full laser-depletion length and achieve maximum
energy gain, diffraction of the focused laser pulses and the
associated reduction in laser intensity must be mitigated.
This laser pulse guiding can be achieved with a preformed
plasma channel, in which the electron density is lower on
axis, creating a refractive index profile that is peaked on

axis [14], as is the case with graded-index optical fibers.
For a parabolic channel with density rise (channel depth)Δn
at a radius rch given by nðrÞ ¼ n0 þ ðΔn=r2chÞr2, a low
intensity transversely Gaussian laser pulse can propagate
with constant spot size when the input laser mode size
equals the matched spot size of the channel (r0 ¼ rm), where
rm ¼ ½πreðΔn=r2chÞ&−1=4 and re is the classical electron
radius. The capillary discharge waveguide [15] has been
shown to be an effective method both of producing plasma
channels and increasing energy gain in laser plasma accel-
erators through increased acceleration length [13,16,17]. The
discharge current ionizes and heats the plasma via Ohmic
heating. Since the plasma cools at the capillary wall, a
temperature maximum and density minimum is formed on
the capillary axis [18]. In order to increase energy gain
toward 10 GeV [19], the laser power must be increased to
the petawatt level, the plasma density reduced to
≈ 2 × 1017 cm−3, and the guiding achieved over twice the
number of diffraction ranges (≈ 15 ZR) relative to previous
experiments [13]. However, at this plasma density, and for
the capillary diameter required to avoid laser damage, the
capillary discharge waveguide produces a channel that is not
deep enough to sufficiently confine the laser pulse.
In this Letter we show that the channel depth of a

capillary discharge waveguide can be increased using laser
pulses of nanosecond length to locally heat the plasma
along the capillary axis [20], and that this structure can
extend the LPA length to 20 cm (15 diffraction lengths) at
low (≈ 3.0 × 1017 cm−3) density. This enabled the gener-
ation of electron beams with quasimonoenergetic peaks in
energy up to 7.8 GeV using a peak laser power of 850 TW.
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Plasma wakefield accelerators have been used to accelerate electron and positron particle

beams with gradients that are orders of magnitude larger than those achieved in conventional

accelerators. In addition to being accelerated by the plasma wakefield, the beam particles also

experience strong transverse forces that may disrupt the beam quality. Hollow plasma

channels have been proposed as a technique for generating accelerating fields without

transverse forces. Here we demonstrate a method for creating an extended hollow plasma

channel and measure the wakefields created by an ultrarelativistic positron beam as it

propagates through the channel. The plasma channel is created by directing a high-intensity

laser pulse with a spatially modulated profile into lithium vapour, which results in an annular

region of ionization. A peak decelerating field of 230 MeVm! 1 is inferred from changes in the

beam energy spectrum, in good agreement with theory and particle-in-cell simulations.
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The raster scan is performed by first aligning the laser to the
beam trajectory in a bypass line parallel to the lithium oven.
There are two metallic optical transition radiation foils in the
bypass line that are situated upstream and downstream of the
lithium oven and separated by 1.84 m (see Supplementary Fig. 1
for details). Optical transition radiation light is produced by the
positron beam passing through the foil and attenuated laser light
is reflected from the foil, allowing the beam and laser position to
be imaged simultaneously, as shown in Fig. 3a. The laser
trajectory is set by the position of the kinoform, which is mounted

on a stage that can be actuated horizontally and vertically, and by
a gold folding mirror with tip-tilt action for a total of four degrees
of freedom that are exploited to simultaneously align the beam
and laser at the upstream and downstream foil locations. The
angular alignment accuracy of the laser is limited by the pointing
jitter of the laser, which was measured to be 25.4 mrad in x and
12.8 mrad in y r.m.s. With the laser aligned to the beam, the
lithium oven is translated into place and the laser intensity is
increased to ionize the vapour. We use the kinoform stage to
raster the laser in the transverse plane while keeping the pointing
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Figure 1 | Experimental layout. The laser passes through the kinoform and is coupled to the beam axis by a gold mirror with a small central hole.
Inset (a) shows the laser profile upstream of the lithium oven. A scintillating YAG screen 1.95 m downstream of plasma is used to measure the positron
beam profile. Inset (b) shows the positron beam spatial profile as imaged on the YAG screen with the laser off and no plasma present. Inset (c) shows the
beam profile with the laser on when the positron beam propagates through the plasma channel. The two profiles are similar, indicating that there are no net
focusing forces because of the plasma channel. A scintillating Lanex screen downstream of the dipole measures the beam energy spectrum.
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Figure 2 | Simulation of the longitudinal field. The Ez field due to an ultrarelativistic positron beam driving a wake in a hollow channel plasma, as simulated
by QuickPIC34,35. The beam propagates to the left and the 1s contour of the beam is shown by the white dashed line. The black dotted lines at ±240 and
±290mm are the inner and outer radii of the plasma channel, respectively. Lineouts of the simulated and calculated on-axis Ez field at r¼0 mm and
the radial variation in Ez at the peak decelerating field at z¼ 11mm are shown with solid and dashed black lines, respectively. The simulated and calculated
fields show excellent agreement up to z¼ 80mm, where the charge separation of the plasma electrons on the surface of the channel becomes significant.

NATURE COMMUNICATIONS | DOI: 10.1038/ncomms11785 ARTICLE

NATURE COMMUNICATIONS | 7:11785 | DOI: 10.1038/ncomms11785 | www.nature.com/naturecommunications 3

un-ionized gas within the channel

16

e+-beam -driven

NO focusing forces

currents in the wall

EM acc. fields leak 
into the channel

rch = 16 c/ωpe

nb = 1.3 n0
σz = 1.5 c/ωpe
σr  = 0.3 c/ωpe

γb = 1000

10-2 EWB

n0 = 8 x 1016 cm-3

obs. field = 220MV/m

WB field ~ 20 GV/m

CYL
geometry

PURELY EM mode 

A. A. Sahai, Univ. of Colorado Denver, CERN-ARIES ACN Workshop, March 10, 2020 



nano-tubes – hollow crystal channels

© 1991 Nature  Publishing Group

LETTERS TO NATURE 

Helical microtubules of 
graphitic carbon 
Sumio lijima 

NEC Corporation, Fundamental Research Laboratories, 
34 Miyukigaoka, Tsukuba, lbaraki 305, Japan 

THE synthesis of molecular carbon structures in the form of C60 
and other fullerenes1 has stimulated intense interest in the struc-
tures accessible to graphitic carbon sheets. Here I report the 
preparation of a new type of finite carbon structure consisting of 
needle-like tubes. Produced using an arc-discharge evaporation 
method similar to that used for fullerene synthesis, the needles 
grow at the negative end of the electrode used for the arc discharge. 
Electron microscopy reveals that each needle comprises coaxial 
tubes of graphitic sheets, ranging in number from 2 up to about 
50. On each tube the carbon-atom hexagons are arranged in a 
helical fashion about the needle axis. The helical pitch varies from 
needle to needle and from tube to tube within a single needle. It 
appears that this helical structure may aid the growth process. 
The formation of these needles, ranging from a few to a few tens 
of nanometres in diameter, suggests that engineering of carbon 
structures should be possible on scales considerably greater than 
those relevant to the fullerenes. 

Solids of elemental carbon in the sp2 bonding state can form 
a variety of graphitic structures. Graphite filaments can be 
produced, for instance, when amorphous carbon filaments 
formed by thermal decomposition of hydrocarbon species are 
subsequently graphitized by heat treatment2

•
3

. Graphite 
filaments can also grow directly from the vapour-phase deposi-
tion of carbon4

•
5

, which also produces soot and other novel 
structures such as the C 60 molecule6

-
8

. 

Graphitic carbon needles, ranging from 4 to 30 nm in diameter 
and up to 1 µm in length, were grown on the negative end of 
the carbon electrode used in the d.c. arc-discharge evaporation 
of carbon in an argon-filled vessel (100 torr). The gas pressure 
was much lower than that reported for the production of thicker 

FIG. 1 Electron micrographs of microtubules of graphitic carbon. Parallel 
dark lines correspond to the (002) lattice images of graphite. A cross-section 
of each tubule :s illustrated. a, Tube consisting of five graphitic sheets, 
diameter 6.7 nm. b, Two-sheet tube, diameter 5.5 nm. c, Seven-sheet tube, 
diameter 6.5 nm, which has the smallest hollow diameter (2.2 nm). 

56 

Electron beam 

V -C 

FIG. 2 Clinographic view of a possible structural model for a graphitic tubule. 
Each cylinder represents a coaxial closed layer of carbon hexagons. The 
meaning of the labels V and H is explained in the text. 

graphite filaments 5
• The apparatus is very similar to that used 

for mass production of C 60 (ref. 9). The needles seem to grow 
plentifully on only certain regions of the electrode. The electrode 
on which carbon was deposited also contained polyhedral parti-
cles with spherical shell structures, which were 5-20 nm in 
diameter. The needle structures were examined by transmission 
electron microscopy (electron energies of 200 keV). 

High-resolution electron micrographs of typical needles show 
{002} lattice images of the graphite structure along the needle 
axes (Fig. 1). The appearance of the same number of lattice 
fringes from both sides of a needle suggests that it has a seamless 
and tubular structure. The thinnest needle, consisting of only 
two carbon-hexagon sheets (Fig. 1 b ), has an outer and inner 
tube, separated by a distance of 0.34 nm, which are 5.5 nm and 
4.8 nm in diameter. The separation matches that in bulk graphite. 
Wall thicknesses of the tubules range from 2 to 50 sheets, but 
thicker tubules tend to be polygonized. This low dimensionality 
and cylindrical structure are extremely uncommon features in 
inorganic crystals, although cylindrical crystals such as 
serpentine 10 do exist naturally. 

The smallest tube observed was 2.2 nm in diameter and was 
the innermost tube in one of the needles (Fig. 1 c ). The diameter 
corresponds roughly to a ring of 30 carbon hexagons; this small 
diameter imposes strain on the planar bonds of the hexagons 
and this causes two neighbouring hexagons on the ring to meet 
at an angle of -6°. For the C 60 molecule, the bending angle is 
42°, which is much larger than for these tubes. The C-C bond 
energy calculated for the C 60 molecule is smaller than that of 
graphite 11, suggesting that bending the hexagons in C 60 lowers 
the bond energy. A similar effect of the bending on bonding 
energies might apply here. One of the key questions about the 
tubular structure is how the ABAB hexagonal stacking sequence 
found in graphite is relaxed, as it is impossible to retain this 
ideal graphite structure for coaxial tubes. There should be a 
shortage of 8-9 hexagons in going from one circumference of 
a tube to that inside it. Disordered graphitic stacking is known 
as turbostratic stacking, but no detailed accounts of stacking 
patterns in such structures have been reported. The argument 
here is also applicable to the spherical graphitic particles men-
tioned earlier6

• 

All the electron diffraction patterns (Fig. 3) taken from 
individual carbon needles are indexed by the {hOI} and {hkO} 
spots for hexagonal symmetry. The patterns always show strong 
(001) spots when the needle axes are perpendicular to the [001) 
axis, supporting the idea of a coaxial arrangement of graphitic 
tubes. As shown in Fig. 2, two side portions of each tube (indi-
cated by shading and labelled 'V') will be oriented so that the 
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• The apparatus is very similar to that used 

for mass production of C 60 (ref. 9). The needles seem to grow 
plentifully on only certain regions of the electrode. The electrode 
on which carbon was deposited also contained polyhedral parti-
cles with spherical shell structures, which were 5-20 nm in 
diameter. The needle structures were examined by transmission 
electron microscopy (electron energies of 200 keV). 

High-resolution electron micrographs of typical needles show 
{002} lattice images of the graphite structure along the needle 
axes (Fig. 1). The appearance of the same number of lattice 
fringes from both sides of a needle suggests that it has a seamless 
and tubular structure. The thinnest needle, consisting of only 
two carbon-hexagon sheets (Fig. 1 b ), has an outer and inner 
tube, separated by a distance of 0.34 nm, which are 5.5 nm and 
4.8 nm in diameter. The separation matches that in bulk graphite. 
Wall thicknesses of the tubules range from 2 to 50 sheets, but 
thicker tubules tend to be polygonized. This low dimensionality 
and cylindrical structure are extremely uncommon features in 
inorganic crystals, although cylindrical crystals such as 
serpentine 10 do exist naturally. 

The smallest tube observed was 2.2 nm in diameter and was 
the innermost tube in one of the needles (Fig. 1 c ). The diameter 
corresponds roughly to a ring of 30 carbon hexagons; this small 
diameter imposes strain on the planar bonds of the hexagons 
and this causes two neighbouring hexagons on the ring to meet 
at an angle of -6°. For the C 60 molecule, the bending angle is 
42°, which is much larger than for these tubes. The C-C bond 
energy calculated for the C 60 molecule is smaller than that of 
graphite 11, suggesting that bending the hexagons in C 60 lowers 
the bond energy. A similar effect of the bending on bonding 
energies might apply here. One of the key questions about the 
tubular structure is how the ABAB hexagonal stacking sequence 
found in graphite is relaxed, as it is impossible to retain this 
ideal graphite structure for coaxial tubes. There should be a 
shortage of 8-9 hexagons in going from one circumference of 
a tube to that inside it. Disordered graphitic stacking is known 
as turbostratic stacking, but no detailed accounts of stacking 
patterns in such structures have been reported. The argument 
here is also applicable to the spherical graphitic particles men-
tioned earlier6

• 

All the electron diffraction patterns (Fig. 3) taken from 
individual carbon needles are indexed by the {hOI} and {hkO} 
spots for hexagonal symmetry. The patterns always show strong 
(001) spots when the needle axes are perpendicular to the [001) 
axis, supporting the idea of a coaxial arrangement of graphitic 
tubes. As shown in Fig. 2, two side portions of each tube (indi-
cated by shading and labelled 'V') will be oriented so that the 
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formed by thermal decomposition of hydrocarbon species are 
subsequently graphitized by heat treatment2

•
3

. Graphite 
filaments can also grow directly from the vapour-phase deposi-
tion of carbon4

•
5

, which also produces soot and other novel 
structures such as the C 60 molecule6

-
8

. 
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and up to 1 µm in length, were grown on the negative end of 
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of carbon in an argon-filled vessel (100 torr). The gas pressure 
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FIG. 1 Electron micrographs of microtubules of graphitic carbon. Parallel 
dark lines correspond to the (002) lattice images of graphite. A cross-section 
of each tubule :s illustrated. a, Tube consisting of five graphitic sheets, 
diameter 6.7 nm. b, Two-sheet tube, diameter 5.5 nm. c, Seven-sheet tube, 
diameter 6.5 nm, which has the smallest hollow diameter (2.2 nm). 
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(5) positron defocusing by ions
(6) repetition rate15 etc.

Therefore, an alternative approach is essential.
Structured plasma accelerators are a longstanding alternative to bulk plasma

density waves. Structured plasmas were first proposed for a fiber (later labelled
hollow-channel) plasma accelerator16 in order to continuously focus a di↵racting
laser pulse to maintain its high-intensity17. Particle acceleration in a structured
hollow plasmas was further explored using linear cylindrical surface wave modes18.
Linear surface waves driven as wakefields of photon or particle bunches propagating
in hollow region of the fiber structure were established to sustain purely electro-
magnetic on-axis accelerating fields19. These modes are essentially leakage fields
from the currents in wall plasma analogous to the fields inside metallic waveguides.
Being leakage fields they are orders of magnitude lower than bulk plasma wave-
breaking field limit (Ewb = mec!pee�1, where !pe =

p
4⇡n0e2m

�1
e ) of the wall

plasma. Experiments using intense positron beams have confirmed excitation of
a maximum gradient of ⇠ 200MVm�1 (⇠ 10�2⇥Ewb, where Ewb= 27GVm�1) for
wall n0⇠ 1017cm�3 20.

Surface wave modes in solid-state plasmas at the interface of crystals with vac-
uum or metals are also well modeled.

In this letter, we introduce and model nonlinear surface charge density waves in
structured plasmas driven which is a predominantly electrostatic mode sustained
by electron oscillations across the interface of a structure..

in the “Crunch-in” regime of hollow-channel plasma wakefields. In this regime,
surface electron density compression is driven into the hollow region which enables
access to electrostatic acceleration and focusing fields. This model compared to the
well-established wall surface-current based electromagnetic regime of linear excita-
tion. These fields are shown to approach the cold-plasma wave-breaking limit of
the channel-wall electron density? 21.

�mfp ' µ m
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We present an experimental investigation on the scaling of resistance in individual single-walled carbon
nanotube devices with channel lengths that vary 4 orders of magnitude on the same sample. The electron
mean free path is obtained from the linear scaling of resistance with length at various temperatures. The
low temperature mean free path is determined by impurity scattering, while at high temperature, the mean
free path decreases with increasing temperature, indicating that it is limited by electron-phonon scattering.
An unusually long mean free path at room temperature has been experimentally confirmed. Exponentially
increasing resistance with length at extremely long length scales suggests anomalous localization effects.

DOI: 10.1103/PhysRevLett.98.186808 PACS numbers: 73.63.!b, 73.22.!f, 73.23.!b

Single-walled carbon nanotubes (SWNTs) are 1D con-
ductors that exhibit a rich variety of low dimensional
charge transport phenomena [1], including ballistic con-
duction [2–6], localization [7], and 1D variable range
hopping [8]. The electron mean free path, Lm, is one of
the important length scales that characterize the different
1D transport regimes. One method of determining Lm in
SWNTs is to measure ballistic conduction for a given
device channel length. However, this method yields a lower
bound of Lm, and works only at low temperature [2–5] or
at higher temperature for small length scales (<60 nm) [6].
Another approach to obtain Lm at room temperature is to
employ scanning probe microscopy to measure the linear
scaling of the channel resistance [9] or use noninvasive
multiterminal measurements [10]. Because of the experi-
mental limitations of these approaches, the characteriza-
tion of Lm for the same SWNTs over a range of tem-
peratures is yet to be realized.

Recent advances in the growth of extremely long
SWNTs (>1 mm) [11] now allow for an intensive study
on their intrinsic properties. In this Letter, we present
experimental measurements on the scaling behavior of
resistance in individual, millimeter long SWNTs for the
temperature range of 1.6–300 K. From the linear scaling of
resistance, the temperature dependent electron mean free
path is calculated for each temperature. Beyond the linear
scaling regime, we observe that the resistance increases
exponentially with length, indicating localization behavior.

Macroscopically long and straight individual SWNTs
were grown on a degenerately doped Si=SiO2 substrate
(tox " 500 nm) using the chemical vapor deposition
method described in Ref. [11]. This was followed by the
fabrication of multiple Pd electrodes with various separa-
tions (200 nm! 400 !m) (Fig. 1(a)). Pd electrodes were
chosen to create highly transparent SWNT-electrode con-
tacts [4]. The diameters of the SWNTs were measured by
atomic force microscope (AFM). We chose SWNTs with

diameter d less than 2.5 nm to exclude any possibility of
including multiwalled nanotubes (MWNT) in this study. In
addition, we confirmed that the high bias saturation current
is <30 !A for all SWNTs studied [12], assuring that the
samples consisted of single tubes rather than small bundles
or MWNTs. The substrate was used as a gate electrode to
tune the chemical potential of the sample by the applica-
tion of a gate voltage Vg. A small dc source-drain bias
voltage (<10 mV), VSD, was applied between pairs of
consecutive electrodes, and the two-terminal linear re-
sponse conductance was determined from the measured
source-drain current ISD.
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FIG. 1 (color online). (a) Optical image showing typical
SWNT devices with multiple Pd electrodes. (Inset) Scanning
electron microscope image of an isolated SWNT contacted with
these electrodes. Room temperature ISD#Vg$ of selected channel
lengths for (b) metallic SWNT (M1) and (c) semiconducting
SWNT (SC3) with VSD " 6:4 and 2.7 mV, respectively.
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A brief review of atomic layer deposition:
from fundamentals to applications
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Atomic layer deposition (ALD) is a vapor phase technique capable of producing thin films of a variety of
materials. Based on sequential, self-limiting reactions, ALD offers exceptional conformality on high-
aspect ratio structures, thickness control at the Angstrom level, and tunable film composition. With
these advantages, ALD has emerged as a powerful tool for many industrial and research applications. In
this review, we provide a brief introduction to ALD and highlight select applications, including
Cu(In,Ga)Se2 solar cell devices, high-k transistors, and solid oxide fuel cells. These examples are chosen
to illustrate the variety of technologies that are impacted by ALD, the range of materials that ALD can
deposit – from metal oxides such as Zn1"xSnxOy, ZrO2, Y2O3, to noble metals such as Pt – and the way in
which the unique features of ALD can enable new levels of performance and deeper fundamental
understanding to be achieved.

Introduction
Atomic layer deposition (ALD) is a technique capable of depositing

a variety of thin film materials from the vapor phase. ALD has

shown great promise in emerging semiconductor and energy

conversion technologies. This review is intended to introduce

the reader to the basics of ALD and highlight current applications

pertaining to microelectronics and energy that were selected

because of their importance in either industry or research. For a

more comprehensive summary of ALD and its many applications,

the reader is referred to existing reviews on the topic [1–10].

As device requirements push toward smaller and more spatially

demanding structures, ALD has demonstrated potential advan-

tages over alternative deposition methods, such as chemical vapor

deposition (CVD) and various physical vapor deposition (PVD)

techniques, due to its conformality and control over materials

thickness and composition. These desirable characteristics origi-

nate from the cyclic, self-saturating nature of ALD processes.

ALD was popularly introduced as atomic layer epitaxy (ALE) by

Suntola and Antson in 1977, depositing ZnS for flat panel displays

[11]. As further ALE processes were developed to incorporate

metals and metal oxides, many materials were deposited non-

epitaxially and the more general name of ALD was adopted to

reflect this [1]. It should be noted, too, that many ALD procedures

were developed from a variety of CVD processes. In contrast to

their CVD analogs, the ALD procedures feature alternating expo-

sure of chemical precursors to react to form the desired material,

often at significantly lower temperatures [12].

A general ALD process is illustrated in Fig. 1. It consists of

sequential alternating pulses of gaseous chemical precursors that

react with the substrate. These individual gas-surface reactions are

called ‘half-reactions’ and appropriately make up only part of the

materials synthesis. During each half-reaction, the precursor is

pulsed into a chamber under vacuum (<1 Torr) for a designated

amount of time to allow the precursor to fully react with the

substrate surface through a self-limiting process that leaves no

more than one monolayer at the surface. Subsequently, the cham-

ber is purged with an inert carrier gas (typically N2 or Ar) to remove

any unreacted precursor or reaction by-products. This is then

followed by the counter-reactant precursor pulse and purge, creat-

ing up to one layer of the desired material. This process is then

cycled until the appropriate film thickness is achieved. Typically,
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the light absorbing layer using ALD both in the form of thin films

[65] and in the form of nanoparticles with quantum confinement

properties [66,67]. Finally, as we will discuss in further detail in this

section, it can be used in thin film solar cells to engineer the

electrical junction properties of the solar cell diode.

The ability to precisely control the composition of a compound

of three or more elements by ALD is very useful in optoelectronic

materials such as photovoltaics as it enables a means to control-

lably vary properties as band gap, density, conductivity, energy

band levels, and morphology. An example of this is the ALD-

grown Zn1!xSnxOy compound, where the conduction band level

and valence band level were found by Kapilashrami et al. [68] to

change as the composition is varied from ZnO to SnOy, shown in

Fig. 5.

One application where the ability to finely tune the composition

and in turn the position of the conduction and valence bands is

required is in Cu(In,Ga)Se2 (CIGS) thin film solar cells. Since CIGS is

p-type as deposited, n-type layers of different semiconductors are

introduced in CIGS solar cells to form the electrical pn-junction, as

shown in Fig. 6a [69]. The n-type layer deposited directly on top of

the CIGS is defined as the buffer layer. Since it forms the pn-

junction, the electrical properties of this buffer layer are critical.

The standard material for this buffer layer is CdS, but because CdS is

toxic and also parasitically absorbs blue light, much research effort

has been expendedon finding a good alternative. It is believed that a

small positive conduction band offset (CBO) toward the CIGS is

required for an optimal buffer layer [70]. Finding such a CBO is a task

that is inherently well suited for an ALD process in which the

material composition can be controlled. Moreover, other ALD

benefits are also important for CIGS solar cells. The CIGS surface

is typically very uneven, with surface roughness values in the range

of 10–100 nm, and crevices can form betweengrains as shown in the

TEM micrograph taken by Lindahl et al. [71] in Fig. 6b. It is therefore

desirable touse a conformalbuffer layer suchas theonesobtainedby

ALD to fully cover the rough CIGS surface. This is especially impor-

tant during large scale fabrication since the buffer layer must be

Materials Today " Volume 17, Number 5 " June 2014 RESEARCH

[(Figure_4)TD$FIG]

FIGURE 4

Different multiple gate design structures where ALD gate oxides have been used. (a) A TEM cross-section of Intel’s [33] FinFET transistor at the 22 nm node
with the gate-oxide and gate wrapped around the fin. (b) Liu et al. omega gate structure wrapping around a Ge channel [50]. (c) A pi-gate surrounding a
poly-Si nanowire in a thin film transistor by Chen et al. [60]. (d) A carbon nanotube FET with a gate all around structure by Franklin et al. [59]. Reprinted
from (a) Copyright (2012) IEEE. Reprinted, with permission, from Ref. [33], (b) Copyright (2013) IEEE. Reprinted, with permission, from Ref. [50], (c) Copyright
(2013) IEEE. Reprinted, with permission, from Ref. [60], (d) Reprinted with permission from Ref. [59], Copyright (2013) American Chemical Society.
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estimated from the current I with the number of electrons
collected ncat over a period of time ! being

ncat =
I!

e
, !2"

where e is the value of fundamental charge, 1.602
"10−19 C. The growth rate ḣ!!" is obtained by assuming a
conservation of electrons in the system leading to

ḣ!!" =
mAlJ

3e#Al
, !3"

where J is the current density, I /Aa. For the samples created
in this report, the total number of electrons transferred was
on the order of 1020 for complete anodization of the alumi-
num, which is consistent with the amount of electrons avail-
able in the original film. Growth rates of 1.3–5 $m/h are
calculated with current density values from Fig. 2 in the
region where uniform samples were fabricated.

The final result of the process described above was a
metallic aluminum film !thickness range of 1–8 $m", which
served as the electrode for the QCM with an anodized porous
overlayer !thickness range of 1–12 $m" which consisted of
a quasiperiodic array of approximately cylindrical pores
which were perpendicular to the plane of the film. Figure 4 is
a scanning electron microscopy !SEM" image of the top sur-
face of the anodized layer which shows the cell structure and
the openings of the cylindrical pores, while Fig. 5 is an im-
age of a cross section of the anodized layer which was made
visible by cracking a QCM in half and shows well aligned
nonintersecting pores. The pore density depended primarily
on the anodization potential and ranged from approximately
350 pores/$m2 at U=20 V to less than 100 pores/$m2 at
U=50 V. The pore diameter was dependent on both tem-
perature and the anodization potential, with larger potentials
leading to larger pore diameters until the voltage reached
approximately 50 V. For larger anodization potentials, the
growth mode switched from a single pore per cell to several
smaller pores per hexagonal cell, as shown in Fig. 6.

Although all the samples presented here were anodized
using oxalic acid, attempts were also made to anodize using
another common electrolyte, sulfuric acid.7,9–11 However, for
the same range of anodization voltages as used with oxalic
acid, the current density was much larger in sulfuric acid.
With the potentials set at values high enough to create a
porous substrate, the high J values caused rapid anodization
of the film and fully anodized a film in a very short time.
Therefore, the use of sulfuric acid was abandoned because it
became impossible to do the desired three step process for
our Al films with 13 $m thickness.

III. ISOTHERMS

The fabricated samples were mounted inside a copper
cell equipped with electrical feedthroughs and a fill line that
was attached to a vacuum pump and gas handling system.
Nitrogen isotherms were performed with the cell in a pres-
sure regulated bath of liquid nitrogen. Propane and water
isotherms were done with the cell in a temperature controlled
water bath. Forward and reverse isotherms were collected by

FIG. 4. SEM image of the top surface of a porous alumina fabricated on a
QCM. The anodization temperature was 5 °C and the voltage was 54 V.
The diameter of the pores is in good agreement with the values given in
Table I.

FIG. 5. SEM image of a cross section of porous alumina film grown on a
QCM. The QCM was cracked in half to obtain this image, which shows
parallel nonintersecting cylindrical pores oriented perpendicular to the
substrate.

FIG. 6. SEM image of porous alumina anodized at 66 V. At this voltage, a
significant number of cells contain multiple small diameter pores rather than
a single large diameter pore. The nonuniform pore size distribution compli-
cates the analysis for this type of material.
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§ Tunable density, structure, composition

§ Collisions can be controlled

§ guided and focused - x-ray laser and particle beam
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Excitation of a nonlinear plasma ion wake by intense energy sources
with applications to the crunch-in regime
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We show the excitation of a nonlinear ion-wake mode by plasma electron modes in the bubble regime
driven by intense energy sources, using analytical theory and simulations. The ion wake is shown to be a
driven nonlinear ion-acoustic wave in the form of a long-lived cylindrical ion soliton which limits the
repetition rate of a plasma-based particle accelerator in the bubble regime. We present the application of this
evacuated and radially outwards propagating ion-wake channel with an electron skin-depth scale radius for
the “crunch-in” regime of hollow-channel plasma. It is shown that the time-asymmetric focusing force
phases in the bubble couple to ion motion significantly differently than in the linear electron mode. The
electron compression in the back of the bubble sucks in the ions whereas the space charge within the bubble
cavity expels them, driving a cylindrical ion-soliton structure at the bubble radius. Once formed, the soliton
is sustained and driven radially outwards by the thermal pressure of the wake energy in electrons. Particle-
in-cell simulations are used to study the ion-wake soliton structure, its driven propagation and its use for
positron acceleration in the crunch-in regime.

DOI: 10.1103/PhysRevAccelBeams.20.081004

I. INTRODUCTION

Plasma ions are generally assumed to be stationary in the
theory of ultrarelativistic plasma electron waves [1]. Such
waves are regularly excited by high-intensity energy
sources such as an ultrashort laser or particle beams [2]
and have proven to be promising for accelerating and
transporting beams with 109 Vm−1 field strengths. The
nonlinear regime of cavitated electron “bubble” modes
[3–5] of these waves which rely on the immobility of ions
for exciting charge-separation fields, have been proposed to
form the basis of plasma colliders [6].
Important exceptions to the fundamental assumption of

stationary ions occur as the intensities of the energy sources
become high enough (for instance in the final stage of
envisioned plasma-based collider designs) to lead to
significant ion trajectories within a period of the electron
wave [7]. Ion motion also invariably becomes important
over several periods of the electron wake train further
behind the driver because as we will show the energy left
over in the electron oscillation modes couples to the ion
modes. This long-term evolution of wakefields in plasma
[8] constrains the repetition rate of colliders or light sources

that use plasma-based acceleration, and is the primary
motivation for this work.
This work is fundamental and important from two

different perspectives: (i) it is the first analytical consid-
eration of an ion-wake driven by the bubble regime of
electron plasma waves. Our work proves the excitation and
persistence of a radially propagating cylindrical ion soliton-
like mode. It is shown to be directly excited by the bubble
fields, unlike the ion motion driven behind a linear electron
wake. Its radial motion is sustained by the thermalizing
wake energy in electrons. (ii) We show that an ion-wake
channel, which can be meter scale for the beam-driven
plasma electron waves, can be used for a novel hollow-
channel mode in the “crunch-in” regime [9,10]. The
evacuation of electrons and ions behind the soliton results
in a channel-like ion-wake structure which persists over
many hundreds of plasma electron periods and is here
shown to be suitable for exciting nonlinear hollow-channel
electron modes driven by relativistic positron and electron
beams, first investigated by the author.
Ion wake is analyzed theoretically and using computa-

tional modeling, to show that it is the time asymmetry of the
phases of the focusing fields of the bubble which leads to
the excitation of a nonlinear ion-acoustic mode in the form
of a cylindrical ion soliton. Its characteristics are similar to
the solutions of the cylindrical Korteweg–de Vries equation
(cKdV) [11–14]. The bubble electron mode may be driven
by any type of an ultrashort high energy-density energy
source such as an intense laser [15] or a particle beam [16].
This work gains a distinct importance because the bubble
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regime is the underlying acceleration mode for future
plasma-based colliders, but there is currently no under-
standing of the long-term behavior of the plasma [8,17]
which determines its state for the succeeding bunches,
defining an upper limit on the repetition rate.
The critical result of this work is the fact that the ion

wake is a cylindrical solitonlike mode which is self-
reinforcing collective motion of ions, resulting in consid-
erable lengthening of its lifetime in comparison to an
entirely randomized ion motion. The long-lived ion-mode
leftover in the plasma is tracked over many hundreds of
electron periods in simulations. This establishes its per-
sistence for hundreds of picosecond time scale for an
operating plasma density of 1017 cm−3.
The excitation of crunch-in using the nonlinear ion-wake

mode for plasma-based acceleration in a hollow channel
using positron beam is demonstrated. The crunch-in regime
in an ideal hollow channel using positron beams was first

introduced in [9,10] and Chapter 8 of [18]. In this regime,
the excitation of strong focusing fields was shown in
complete contrast to the conventionally established con-
clusion that relativistic particles excite zero focusing fields
in a hollow channel [19]. The ion-wake channel-wall
electrons collapse towards the energy-propagation axis
resulting in a nonlinear on-axis electron density compres-
sion. The optimal compression is shown to be only possible
if the driving beam properties are matched to the channel
radius [9], a strong characteristic dependence on the
excitation which is a signature of nonlinearity. The choice
of an appropriate channel radius is enabled by waiting for
the expansion of the ion-wake channel to take the ion-wake
radius to the chosen value.
For outlining the detailed physics in the sections below,

representative particle-in-cell (PIC) simulation snapshots in
Figs. 1 and 2 illustrate the excitation phase and the
propagation phase of the ion soliton, respectively. The
detailed initial conditions and setup of the simulations are
in Secs. III B and IV B. Figure 1 shows the excitation phase
at an early time when the bubble wake train is still
executing orderly oscillations and its fields have begun
to excite inertial ion motion resulting in a solitonlike ion-
wake structure (δni=n0 ≃ 0.2) as seen in Figs. 1(b)
and 1(c). At later times shown in Fig. 2 the radial

FIG. 1. Laser driven nonlinear ion wake at early time
(t ¼ 46ω−1

pe ¼ 0.17f−1pi , where fpi is the plasma ion frequency)
in mi ¼ mp ¼ 1836me plasma. (a) Electron bubble mode in
Cartesian coordinates (fixed box) with ω0

ωpe
¼ 10 driven by a

matched laser pulse (vector potential a0 ¼ 4 and frequency ω0)
with RB ≃ 4 c

ωpe
. (b) Nonlinear ion wake in the form of a

cylindrical ion-soliton of radius ≃4 c
ωpe

excited behind the bubble

electron wake in a proton plasma. (c) Transverse ion-density
profile at z ¼ 15c=ωpe. Notice that the ion density perturbation in
this excitation phase is still building up and is a fraction of the
background ion density, δni

n0
< 1.

FIG. 2. Electron beam-driven nonlinear ion wake at late
time (t ¼ 460ω−1

pe ¼ 1.7f−1pi ) in mi ¼ mp ¼ 1836me plasma.
(a) Beam-driven ion-wake electron density in cylindrical coor-
dinates (fixed box). The beam parameters are nb ¼ 5n0,
σr ¼ 0.5c=ωpe, σz ¼ 1.5c=ωpe, γb ¼ 38; 000, these beam-plasma
parameters are quite similar to [5]. (b) Corresponding ion density
in cylindrical coordinates (fixed box). Note the N-soliton for-
mation in the ion density, 50c=ωpe ≤ z ≤ 100c=ωpe. The later
times in the time evolution of the ion wake are also inferred from
density snapshots farther behind the beam. (c) Radial electron and
ion density profile at z ¼ 150c=ωpe. A full movie of radial
electron and ion density dynamics is presented in Supplemental
Material [20].
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coupled to the kinetic energy of the accelerated beam.
In this scenario the bubble collapses and the magnitude
of the ion-wake is smaller. The decoherence of the
ordered electron quiver to random thermal energy,
Ewk ! kBTwk due to the phase-mixing [13] of individual
electron trajectories caused by the non-linearities and
inhomogeneities is further stimulated by the ion motion.
The details of the thermalization of the wake electrons
under ion motion is beyond the scope of this paper. It

is over these timescales upon thermalization that the
steepened ion-density expands outwards radially as
a non-linear ion-acoustic wave driven by the electron
thermal pressure. The energy transfer process observed
here is a coupling from the non-linear plasma electron-
mode to a non-linear ion-acoustic mode [24]. We also
observe energy coupling to the bow-shock which is
formed behind the bubble, Fig.5.
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coupled to the kinetic energy of the accelerated beam.
In this scenario the bubble collapses and the magnitude
of the ion-wake is smaller. The decoherence of the
ordered electron quiver to random thermal energy,
Ewk ! kBTwk due to the phase-mixing [13] of individual
electron trajectories caused by the non-linearities and
inhomogeneities is further stimulated by the ion motion.
The details of the thermalization of the wake electrons
under ion motion is beyond the scope of this paper. It

is over these timescales upon thermalization that the
steepened ion-density expands outwards radially as
a non-linear ion-acoustic wave driven by the electron
thermal pressure. The energy transfer process observed
here is a coupling from the non-linear plasma electron-
mode to a non-linear ion-acoustic mode [24]. We also
observe energy coupling to the bow-shock which is
formed behind the bubble, Fig.5.
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Chapter 8

beam-driven crunch-in surface mode
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compare it directly to the solution above. However comparing the 3 curves we see
that change in the beam radius has a more significant e�ect than the beam-density
as expected from the solution above.

Figure 8.3: Scaling of the positron-beam driven longitudinal wakefield
magnitude vs hollow-plasma channel radius for di�erent beam proper-
ties. We verify the scaling law for the collapse time of the electron rings versus the
positron-beam properties, tcoll “ ?

fi rch

Êpe

b
nbp
n0

rpb

. Using this scaling law we determine

the optimal hollow-channel radius for di�erent positron beam properties.

8.4 Positron acceleration in the Ion-wake channel

Positron acceleration using the ion-wake channel is explored in the non-linear suck-
in regime of positron-beam radii rpb ° c{Êpe and peak density npb ° n0. In this
regime rpb " req

i
, so the on-axis ion density has a limited defocussing force. The

equation of motion of the plasma electron rings at r from the axis, under the positron
beam suck-in force is d2

d ›2 r9 ´ 1
r
nbpp›qr2

bp
p›q where › “ c—pbt ´ z is the space just
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Though wakefield acceleration in crystal channels has been previously proposed, x-ray wakefield
acceleration has only recently become a realistic possibility since the invention of the single-cycled optical
laser compression technique. We investigate the acceleration due to a wakefield induced by a coherent,
ultrashort x-ray pulse guided by a nanoscale channel inside a solid material. By two-dimensional particle-
in-cell computer simulations, we show that an acceleration gradient of TeV=cm is attainable. This is about
3 orders of magnitude stronger than that of the conventional plasma-based wakefield accelerations, which
implies the possibility of an extremely compact scheme to attain ultrahigh energies. In addition to particle
acceleration, this scheme can also induce the emission of high energy photons at ∼Oð10–100Þ MeV. Our
simulations confirm such high energy photon emissions, which is in contrast with that induced by the
optical laser driven wakefield scheme. In addition to this, the significantly improved emittance of the
energetic electrons has been discussed.

DOI: 10.1103/PhysRevAccelBeams.19.101004

I. INTRODUCTION

Electrons can be accelerated to high energies in the
wakefield formed when a short pulse laser or beam passes
through a plasma [1,2]. Experiments have shown that the
GeV energy gain can be obtained over centimeter-scale
distances within a gaseous plasma by riding on the wake-
field excited by optical lasers [3–7]. Laser wakefield theory
[1,8,9] shows that for a given laser, the energy gain and
accelerating length are both inversely proportional to the
plasma density. This means that the lower the gas density,
the longer the acceleration distance required to reach
greater energies, an undesirable condition for achieving
the goal of ultrahigh energies. Motivated by such consid-
erations, utilization of metallic crystals was proposed in the
1980s [10–16], where TeV=cm acceleration gradient was
anticipated. This includes the cases of wakefield acceler-
ation in metallic crystal channels. Another advantage of
solid-state guided acceleration is that such a system
can naturally provide the mechanism radiation damping.
Here the accelerated particle beam emittance, i.e., the
transverse momentum, can be dramatically damped

through channeling radiation to the ground state of the
channels [17]. Under such a scenario, one may even
envision head-on collisions of ultrahigh energy particles
inside these microscopic channels at their ground states,
where the classical concept of luminosity is in the so-called
quantum luminosity regime, which promises a much higher
collision rate [18]. On the other hand, a disadvantage of
metallic channels is its high collision frequency with the
metallic electrons [19]. This may be alleviated by adopting
nanoholes [14,20–22].
One of the most important motivating factors of the

present paper, in addition to the above, however, is the
recent advent of the breakthrough in the laser compression
technique that could open a door for an evolution of
any possibility of a coherent intense x-ray laser pulse in
attosecond regimes. The recently proposed scheme of
ultrashort, coherent x-ray pulse generation derived from
the new optical laser compression [23] into a single-cycled
optical pulse, in combination with the relativistic surface
compression [24] of such an optical laser into an x-ray laser
pulse, provides an attractive possibility to realize such an
ultrahigh acceleration gradient, for a compact solid-state
accelerator scheme to accelerate particles to ultrahigh
energies. The thin film compression [23] can be a simple
elegant method of an ultrafast intense optical laser into a
single-cycled optical laser pulse with high efficiency (such
as ∼90%). In turn, such a single-cycled optical laser pulse
may be relativistically compressed by the well-known
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electrons in the conduction band or in the shallowly
(<1 keV) bound electrons] respond to the x-ray fields
directly. The high intensity of the x-ray pulse results in the
instantaneous ionization of some of the bound electrons per
atomic site, thereby contributing to free electrons. Even
some remaining bound electrons may be treated a solid
plasma as shown in Ref. [31], where additional optical
phonon modes and Buchsbaum resonances are allowed.
Two-dimensional (2D) PIC simulations have been per-

formed by using the EPOCH code written in SI units [32].
The simulation box is 60 nmðxÞ × 100 nmðyÞ, which
corresponds to a moving window with 3000 × 500 cells
and ten particles per cell. For the base case, the laser and
plasma parameters are listed in Table I. The laser pulse of
wavelength λL ¼ 1 nm (corresponding 1 keV x-ray laser),
the peak normalized amplitude used is a0 ¼ 4, which
means the pulse peak intensity is 2.2 × 1025 W=cm2.
The tube wall density is given in terms of the critical
density by ntube ¼ 4.55 × 10−3nc. That is, for modeling
the nanotube, a solid tube with wall density of ntube ¼
5 × 1024=cm3 is used. The tube location is 2λL < x <
8000λL and −50λL < y < 50λL. At t ¼ 0, the laser pulse
enters the simulation box from the left boundary.
Figures 2 and 3 show the comparison between the

nanotube case and uniform density case driven by the
x-ray pulse, in which a small spot size of σL ¼ 5 nm over a
short length of σx ¼ 3 nm is chosen according to the
approach proposed in Ref. [23]. For the uniform density
case, see Figs. 2(b), 2(d), 2(f), 2(h) and 3, the Rayleigh
length is short due to the small spot size, so the laser pulse
quickly diverges as it propagates. Due to the defocusing
laser field, the laser field decreases rapidly with the
propagation distance, and thus the strong longitudinal
wakefield only keeps a very short time and then goes
weaker and gradually disappears. In this case, the driving
pulse dissipated after propagating a distance of 2000λL and
the wakefield is not stable during the whole process.
However, in the nanotube case, as we see in Figs. 2(a),
2(c), 2(e), 2(g) and 3, the x-ray pulse maintains a small spot
size that can be well controlled and guided by the
surrounding nanotube walls. The induced wakefield stays
stable and the short laser pulse continues propagating even
after a distance of 4500λL, which is more than twice that of
the uniform density case. By comparison, we see the
nanotube wakefield is akin to nonlinear wakefield in the
bubble regime, while the uniform plasma wakefield seems
to be a rather quasilinear wakefield. Both the longitudinal

wakefield contributing to the accelerating force and trans-
verse wakefield contributing to the focusing force on
electrons are more stable and appropriate in the nanotube
case. This stability over a long distance is important for the
acceleration to obtain a high energy beam. Thus we see
superior wakefield quality in a nanotube in comparison
with the case in its comparable uniform medium.
To make a comparison, the simulations driven with an

optical 1 eV laser pulse under analogous conditions are
carried out. In this case when the same a0 ¼ 4 is used for
the laser wavelength of λL ¼ 1 μm, it corresponds to a laser
peak intensity of 2.2 × 1019 W=cm2. It is expected that the
wake structures are almost identical after all physical
parameters are normalized by the laser wavelength and
the simulation results confirm this. Considering the real
physical parameters, it can be found the wakefield is higher
than 2 TV=cm when driven by the x-ray pulse, which is
3 orders higher than that of the optical laser case. This
means the energy gain gradient is 2 TeV=cm instead of
2 GeV=cm and opens the possibility to realize a very
compact accelerator capable of reaching ultrahigh energies.
In addition, the wakefield for the uniform plasma case can
be estimated from E0 ¼ a1∼20 meωpc=e, which is about
2.2a1∼20 TV=cm using the parameters in the above simu-
lations, where ωp is the plasma frequency. This expected
value agrees well with the observed one in Fig. 2, which
means in the narrow limit of the tube, the wakefield scaling
resembles that in the uniform plasma formulation.
Similar momenta (energy gains) are expected if the same

ratio is kept between the laser and plasma wavelengths over
one dephasing length, irrespective of the laser wavelength
and background density. However, for the electron beam
accelerated in the x-ray driven wakefield, one important
signature is that the emittance can be improved significantly
due to the much smaller size in the transverse dimension. As
well known, beam emittance—related to both the transverse
dimension and the electron momentum—is an important
parameter withmany applications requiring it to remain low.
Similar energy gain is confirmed in Fig. 4, which shows the
wakefield and the relativistic factor of the accelerated
electrons driven by an x-ray pulse and an optical laser,
respectively. The laser and plasma parameters are listed in
Table II for the electron acceleration case. Here a higher
a0 ¼ 10 is used to ensure the occurrence of self-injection.
Figure 5 demonstrates the confinement of the top 30% of the
highest energy electrons locally within the nanometer-scale
tube for the x-ray driven case. We see the accelerated

TABLE I. Summary of the laser and plasma parameters for our base case.

Laser
wavelength λL

Peak
amplitude a0

Width
radius σL

Length
radius σx

Plasma
density ntube

Tube
radius σtube

1 nm 4 5 nm 3 nm 5 × 1024 W=cm3 2.5 nm=0 nm
1 μm 4 5 μm 3 μm 5 × 1018 W=cm3 2.5 μm=0 μm
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FIG. 2. The base case wakefield excitation with x-ray laser in a tube, in comparison with a wakefield in a uniform system.
Distributions of (a) and (b) the laser field EzðV=mÞ, (c) and (d) electron density neðm−3Þ, (e) and (f) longitudinal wakefield ExðV=mÞ
including the Ex lineout at y ¼ 0 axis (the position of dot line), and (g) and (h) transverse wakefield EyðV=mÞ including the Ey lineout at
x ¼ 8.24 × 10−7 m axis (the position of dot line) in terms of (a), (c), (e), and (g) tube and (b), (d), (f), and (h) uniform density cases
driven by the x-ray pulse.

FIG. 3. Evolution of the maximum longitudinal wakefield ExðV=mÞ and the laser field EzðV=mÞ as the function of propagation
distance xðmÞ for both nanotube (red dotted line) and uniform plasma (black dotted line) cases with the same conditions as Fig. 2.
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the wall density in our nanotube case in principle agrees with
the theory expected as Ex ∝ n1=2 in the uniform density case
and thewakefield scalingwith the laser intensity is close to the
1D nonlinear theory.
For the parameters in the above discussion, there are

several technological challenges to be considered in the
experiments, such as the x-ray intensity and wakefield
strength, the focus of such x-ray beam onto a nanometer
size tube, and the compression of the present state-of-the-
art coherent x-ray pulse down to a few nanometers. In

reality, in the short term the parameters can be extended to
the acceptable region since the results scale with the laser
wavelength.
On the other hand, as we know, wakefields may be

created not only by lasers, but also by a beam of electrons
or ions because the plasma responses to these drivers are
essentially the same [2,48]. Beam driven acceleration in
ultradense plasma, including a hollow plasma channel with
density of 1025–1028=m3 has been explored [10,11] and a
high acceleration gradient of TeV=m has been obtained
[22]. Moreover, a hollow channel, as a more efficient
structure in controlling beam parameters in the dense
plasma interaction, has been confirmed. In this beam driven
case, beam density is especially critical to increasing the
acceleration gradient, just as with the laser intensity. When
the beam density is high enough to be compared with that
of the dense plasma, such as 1030=m3, and the beam size is
small enough to be at nanometer scale (however, these are
tall orders in the current beam technology), similar results
with that driven by the x ray are expected. In the short term,
particle beams instead of x-ray lasers can be used as the
driver in a nanotube. For current particle beams, as they
pass through a nanomaterial, a periodic pattern such as
wakefield is expected to be generated. Such patterns can
serve as optical elements for the beam, and, correspond-
ingly, linear phenomena such as diffraction, beam bending
or focusing are expected to be exhibited.

IV. CONCLUSION

In conclusion, owing to the latest invention of the thin
film compression technique, one single-cycled optical laser
pulse can in principle be converted into a coherent ultra-
short x-ray pulse via relativistic compression. A new and
promising scheme employing such an x-ray driven wake-
field in a nanotube has been demonstrated by a computer
simulation for a compact accelerator to attain an ultrahigh
acceleration gradient for charged particle acceleration. In
this case, an acceleration gradient of TeV=cm is generated
and high energy electrons with much lower emittance are
obtained in such a wakefield. In a very narrow limit of the
tube, the energy scalings resemble those in the uniform
medium formulation. In addition to the aspect of accel-
eration, under the x-ray driven nanotube wakefield scheme,
hard photons with energies at ∼Oð100 MeVÞ are emitted.
Those may be invoked as a tool to serve as a novel light
source in very high energies in a compact fashion and to
explore more unknown physics, although there are several
technological challenges in the future in the realization of
the experimental operation and parameters suggested in our
work. These include such an x-ray laser pulse generation
and the manipulation of such small size laser and target. In
this regard the recent thrust in ultraintense laser develop-
ments leads us to a high hope that such projects can
accelerate the progress in this new exciting field with an
added impetus.

FIG. 7. Wakefield scalings in the x-ray regime with (a) tube
radius, (b) tube wall density when the tube radius is fixed
σtube=σL ¼ 1, and (c) laser intensity when the tube radius is
fixed σtube=σL ¼ 0.5.
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A. Radially flat-top beam profile to model Gaussian beam with �r � rt

The net change in the electron rings (with an infinitesimal slice thickness, dz) using eq.31 is,
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The net charge crunched into the core region of the tube within an area enclosed by rmin is thus,
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The radial electric field resulting from this collective crunch-in of all the rings between rm and rt can thus be
calculated using the Gauss’s law.
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Although, an expression for rmin can be analytically obtained here we take rmin = rt/↵. Using this the radial
electric field is thus,

Et�r(⇠r�min) = �↵ nt 2⇡rt

✓
enb0 2⇡�2

r

nt⇡(rt +�w)2 � nb0 2⇡�2
r

◆
(42)

This expression, eq.42 for the crunch-in phase radial electric field (in the defocusing phase for electrons) can be
simplified to obtain an engineering formula using enb0 2⇡�2
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and conversion to SI units as below,
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This radial electric field, Et�r can be evaluated for a representative set of tube and beam parameters. We consider
↵ = 1, tube parameters: nt = 2 ⇥ 1022cm�3 (wavebreaking field, Ewb = mec!pe is 13.6 TV/m), rt = 100nm,
rt + �w = 350nm and beam parameters: nb0 = 5 ⇥ 1021cm�3, �r = 250nm, �z = 400nm. The net charge for the
beam under consideration here is Qb = enb0 (2⇡)3/2�2

r�z = 315 pC. For this set of parameters the peak defocusing
(for electrons) radial electric field is Et�r = ↵ 6.2 TV/m.

For the derivation of the peak longitudinal electric field (acceleration field for electrons) at the location, ⇠r�min of
the crunch-in surface wave, the Panofsky-Wenzel theorem can be applied. Since, the Panofsky-Wenzel theorem is here
applied in a local region of the crunch-in surface wave around ⇠r�min to obtain the peak electric fields the derivatives
can be simplified to the amplitudes over the spatial scales.

Et�r

�⇠
=

Et�z

�r
(44)

The radial electric field changes from the tube walls to the axis of the tube with it being maximum at rmin and
being zero on-axis. The field drops o↵ as 1/r between rmin and rt. So, the variation of Et�r from zero to its peak
value along the radial direction is over rmin.

The value of Et�z varies over 
p
�e 2⇡c/!pe(nt) where for a nonlinear steepened surface wave,  is the fraction

of the wave where the electrons crunch-in into the core region of the tube. The relativistic momentum factor,
p
�e
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The value of Et�z varies over 
p
�e 2⇡c/!pe(nt) where for a nonlinear steepened surface wave,  is the fraction

of the wave where the electrons crunch-in into the core region of the tube. The relativistic momentum factor,
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Tube wakefield

peak acc. field 

12

A. Radially flat-top beam profile to model Gaussian beam with �r � rt
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The net charge crunched into the core region of the tube within an area enclosed by rmin is thus,
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The radial electric field resulting from this collective crunch-in of all the rings between rm and rt can thus be
calculated using the Gauss’s law.
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Although, an expression for rmin can be analytically obtained here we take rmin = rt/↵. Using this the radial
electric field is thus,
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This expression, eq.42 for the crunch-in phase radial electric field (in the defocusing phase for electrons) can be
simplified to obtain an engineering formula using enb0 2⇡�2
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This radial electric field, Et�r can be evaluated for a representative set of tube and beam parameters. We consider
↵ = 1, tube parameters: nt = 2 ⇥ 1022cm�3 (wavebreaking field, Ewb = mec!pe is 13.6 TV/m), rt = 100nm,
rt + �w = 350nm and beam parameters: nb0 = 5 ⇥ 1021cm�3, �r = 250nm, �z = 400nm. The net charge for the
beam under consideration here is Qb = enb0 (2⇡)3/2�2

r�z = 315 pC. For this set of parameters the peak defocusing
(for electrons) radial electric field is Et�r = ↵ 6.2 TV/m.

For the derivation of the peak longitudinal electric field (acceleration field for electrons) at the location, ⇠r�min of
the crunch-in surface wave, the Panofsky-Wenzel theorem can be applied. Since, the Panofsky-Wenzel theorem is here
applied in a local region of the crunch-in surface wave around ⇠r�min to obtain the peak electric fields the derivatives
can be simplified to the amplitudes over the spatial scales.

Et�r

�⇠
=

Et�z

�r
(44)

The radial electric field changes from the tube walls to the axis of the tube with it being maximum at rmin and
being zero on-axis. The field drops o↵ as 1/r between rmin and rt. So, the variation of Et�r from zero to its peak
value along the radial direction is over rmin.

The value of Et�z varies over 
p
�e 2⇡c/!pe(nt) where for a nonlinear steepened surface wave,  is the fraction

of the wave where the electrons crunch-in into the core region of the tube. The relativistic momentum factor,
p
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which reduces the oscillation frequency as !pe(nt)/
p
�e can be evaluated under the assumption that the tube electrons

primarily gain radial momentum, pr.
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The radial momentum, pr of an initially stationary electron located on the tube wall, r = rt can be evaluated using
the impulse equation.
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�z

c
�pr
mec

=
4⇡e2nt

mec2
nb0

nt

rt�z

4⇡

=
!2

pe(nt)

c2
nb0

nt

rt�z

4⇡

crunch-in regime:
�pr
mec

� 1

�e =

s

1 +

✓
pr
mec

◆2

=

s

1 +

✓
!2
pe(nt)

c2
nb0

nt

rt�z

4⇡

◆2

'
!2

pe

c2
nb0

nt

rt�z

4⇡

p
�e =

!pe(nt)

c

r
nb0

nt

rt�z

4⇡

(46)

Upon the substitution of the expression for �e in eq.46, the peak acceleration wakefield, Et�z is thus evaluated as:
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Upon the substitution of the radial field obtained in eq.41 into the Panofsky-Wenzel theorem in eq.47 an expression
for the peak longitudinal gradient is obtained with Ewb = mec!pee�1 and re(cgs) =
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The expression in eq.48 for the crunch-in phase acceleration electric field is simplified by conversion to the SI units,
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The longitudinal electric field, Et�z can be evaluated for the above representative set of tube and beam parameters,
 = 1, tube parameters: nt = 2 ⇥ 1022cm�3 (wavebreaking field, Ewb = mec!pe is 13.6 TV/m), rt = 100nm,
rt +�w = 350nm and net beam charge Qb = 315 pC, �r = 250nm, �z = 400nm. For this set of parameters the peak
acceleration gradient (for electrons) is Et�z = �1 3.5 TV/m.

B. Gaussian beam-waist is comparable or smaller that the tube radius, �r
<⇠ rt

While beams with wait-size less than �r < rt may not be readily accessible, the tube radius can be increased in
such a manner that �r ⇠ rt. From the appendix it is noteworthy that the force of the beam for both these cases has
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Upon the substitution of the expression for �e in eq.46, the peak acceleration wakefield, Et�z is thus evaluated as:
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Upon the substitution of the radial field obtained in eq.41 into the Panofsky-Wenzel theorem in eq.47 an expression
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The expression in eq.48 for the crunch-in phase acceleration electric field is simplified by conversion to the SI units,
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The longitudinal electric field, Et�z can be evaluated for the above representative set of tube and beam parameters,
 = 1, tube parameters: nt = 2 ⇥ 1022cm�3 (wavebreaking field, Ewb = mec!pe is 13.6 TV/m), rt = 100nm,
rt +�w = 350nm and net beam charge Qb = 315 pC, �r = 250nm, �z = 400nm. For this set of parameters the peak
acceleration gradient (for electrons) is Et�z = �1 3.5 TV/m.

B. Gaussian beam-waist is comparable or smaller that the tube radius, �r
<⇠ rt

While beams with wait-size less than �r < rt may not be readily accessible, the tube radius can be increased in
such a manner that �r ⇠ rt. From the appendix it is noteworthy that the force of the beam for both these cases has
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3D Particle-In-Cell modeling
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3D PIC simulation
on-axis beam density profile

initialized Gaussian

2D slice density profile
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Conclusion & Future Work

Nanometric Wakefield Acceleration
§ Ready to be prototyped:

1 GeV in ~100 μm 

§ Several related details being characterized:
attosecond ionization, ion motion, etc.

§ Extend the module to higher energies

Towards

TeV on a Chip  !

§ Self-focusing & nano-modulation 
of ultra-relativistic beam

§ controlled O(100MeV) photon production

Gamma-ray 

FEL on a Chip  !!
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