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The flavour puzzle

- gauge and Higgs boson masses 

- all gauge interactions of 3 families
of quark and lepton masses
(15 x 3 Weyl spinors)

- 3 gauge couplings
- 2 masses (GF, mH)

fermion masses and mixing angles require (up to) 22 additional parameters
[fermion bilinears]

- 6+6 masses
- 3+3 mixing angles
- 1+3 phases

ℒ" = − %
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loosely constrained 
by gauge symmetry

𝑚01 = 𝒴01 𝓋
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Flavour Symmetries
“standard” Flavour Symmetries

Ψ			
4
→ 			𝜚 𝑔 	Ψ𝑔	𝜖	𝐺:;

𝜚 𝑔 <𝒴	𝜚 𝑔 = 𝒴 Ψ			
=>
			 𝑋=>Ψ	∗

can be combined with CP

flavour symmetries of this type are necessarily broken
𝑢
𝑑

𝑐
𝑠

𝑡
𝑏

𝑢G		𝑐G	 𝑡G 	

𝑑G		𝑠G	𝑏G	

e.g.
largest
flavour symmetry
of the quark
sector

𝑈(3)J broken down
to U(1)B x U(1)Y

[up to anomalies]

example: Isospin SU(2) in strong interactions        𝑚K =	𝑚L

no constraint on
quark masses/mixing angles

Ψ =
𝑒
𝜇
𝜏



Symmetry Breaking
reviews:
Ishimori, Kobayashi, Ohki, Shimizu, 
Okada, Tanimoto , 1003.3552; 
King, Luhn, 1301.1340; 
King, Merle, Morisi, Shimizu, 
Tanimoto, 1402.4271; 
King, 1701.04413 
Hagedorn, 1705.00684;
F.F., Romanino 1912.06028
.
.
.

lowest order 
Lagrangian
parameters

higher 
dimensional 
operators 

vacuum alignment
in SB sector

SUSY breaking effects 
RGE corrections 
(𝚲UV,mSUSY ,tan𝝱)

symmetry breaking sector:
set of dimensionless, gauge invariant
scalar fields, charged under Gfl

𝑚01 𝜏 = 𝑚01
R +	𝑚01

%S 𝜏S +	𝑚01
%ST 𝜏̅ST	+	𝑚01

3SV 𝜏S𝜏V+…

𝜏S

<- many free parameters

[𝜏S stands for 𝜏S /ΛF where the scale ΛF has been set to 1]

huge number of models: Gfl continuous/discrete, global/local,…..
no baseline model in bottom-up approach
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usual path:

choose𝐺: assign 𝑓 to 𝐺: multiplets look for some SB sector
and adjust 𝜏S
the crucial sector
relegated to the last step

can we reverse the logic? look for physically and/or mathematically
motivated SB sector

𝜏 ∈ ℳ = moduli space 
parametrizes possible vacua

ℒZ[ 𝒴 𝛾𝜏 ,𝜑′ = ℒZ[ 𝒴 𝜏 ,𝜑

𝜏 ∈ ℳ = {lines of the plane 
passing through the origin}

𝜏

𝛾𝜏

ℳ

`
𝜏 → 𝛾𝜏

𝜑′=𝜉 𝛾 	𝜑	

is a gauge symmetry

flavour symmetry 𝐺:
action on matter fields

derived from ℳ now 



a less trivial example

tori 
parametrized by  ℳ = 𝜏=

𝜔3
𝜔%

		𝐼𝑚 𝜏 > 0	

lattice left 
invariant by 
modular 
transformations:

τ → γτ ≡
aτ + b
cτ + d

∈ 𝑆𝐿(2, 𝑍)

𝜏 ∈ ℳ = {classes of conformally equivalent metrics on the torus}

𝐺: = 𝑆𝐿(2, 𝑍)

ℳ = 𝜏=
𝜔3
𝜔%

		𝐼𝑚 𝜏 > 0	

𝜑′=𝜉 𝛾 	𝜑
𝜉 𝛾 = 𝑐	𝜏 + 𝑑 kl	𝜌n(𝛾)



choose the space ℳand guess the flavor symmetry 𝐺:

interesting candidates for ℳ: Hermitian Symmetric Spaces [HSS] 

HSS are Kähler

non-compact HSS as moduli space in sugra and compactified strings 

related to automorphic forms, building blocks of Yukawa couplings

ℳ = 𝐺/𝐾

connected Lie group

compact subgroup
Lie algebra

𝒢 = 𝒱	⨁𝒜 [𝒱,𝒱]⊂ 𝒱 [𝒱,𝒜]⊂ 𝒜 [𝒜,𝒜]⊂ 𝒱

automorphism 𝒱 +𝒜 ↔ 𝒱− 𝒜

- [Ding, F., Liu,  2010.07952]

[classification: 
Calabi, Visentini 1960, Wolf 1964]

flavour symmetry: a discrete subgroup Γ of 𝐺



example 𝐺 = 𝑆𝑝 2𝑔,ℝ 						𝐾 = 𝑈(𝑔)

complex dimension 𝑔(𝑔 + 1)/2

𝛾 = 𝐴 𝐵
𝐶 𝐷 𝛾�𝐽𝛾 = 𝐽 𝐽 =

0 𝕝4
−𝕝4 0

action of G on 𝜏	
𝜏 → 𝛾𝜏 = (𝐴𝜏 + 𝐵)(𝐶𝜏 + 𝐷)�%

Siegel upper half plane

ℳ= 𝜏 ∈ 𝐺𝐿(𝑔, ℂ)|𝜏� = 𝜏, 𝐼𝑚 𝜏 > 0

ℳ = 𝐺/𝐾 noncompact

candidate flavour group

Γ = 𝑆𝑝 2𝑔, ℤ Siegel modular group



action on matter fields 

finite copy of Γ: Γ/𝐺�
where 𝐺� ⊂ Γ normal subgroup of finite index

automorphy factor 𝑗(𝛾, 𝜏) 𝑗 𝛾%𝛾3, 𝜏 = 𝑗 𝛾%, 𝛾3 𝜏 	𝑗 𝛾3, 𝜏
cocycle condition

𝜑(Z) → 𝑗(𝛾, 𝜏)	k� 𝜌Z 𝛾 	𝜑(Z)

weight unitary representation of Γ/𝐺�

𝛾 ∈ Γ

unitary representation 𝜌Z 𝛾 of (a finite copy of) Γ

nonlinear realization of Γ



back to example     𝐺 = 𝑆𝑝 2𝑔,ℝ 						𝐾 = 𝑈(𝑔)

automorphy factor

𝑗 𝛾, 𝜏 = det	(𝐶𝜏 + 𝐷) 𝛾 = 𝐴 𝐵
𝐶 𝐷

𝐺�(𝑛) = 𝛾 ∈ Γ|	𝛾 = 𝕝34	𝑚𝑜𝑑	𝑛 principal congruence subgroup

Γ	/𝐺�(𝑛) = Γ4,L finite Siegel modular group

Γ = 𝑆𝑝 2𝑔, ℤ Siegel modular group

genus level

finite copies of 𝑆𝑝 2𝑔, ℤ

𝜑(Z) → det	(𝐶𝜏 + 𝐷)	k� 𝜌Z 𝛾 	𝜑(Z)



Yukawa interactions in N=1 global SUSY

N=1 SUSY invariant theories
[extension to N=1 SUGRA straightforward]

𝑆 = �𝑑�𝑥𝑑3𝜃	𝑤 𝜏,𝜑 + ℎ. 𝑐 +� 𝑑�𝑥𝑑3𝜃𝑑3𝜃	T𝐾(𝜏, 𝜑, 𝜏̅, 𝜑�)
�

�

�

�

Kahler potential =
kinetic terms 

superpotential =
Yukawa interactions 

𝐾 = −ℎ log𝑍 𝜏, 𝜏̅ +�𝑍 𝜏,𝜏̅ k� 	 𝜑(Z)
3

�

Z

𝑍 𝜏, 𝜏̅ = 𝑗< 𝛾, 𝜏R 𝑗 𝛾, 𝜏R �% ℳ ∋ 𝜏 = 𝛾 � 𝜏R 			𝛾 ∈ 𝐺

𝐾 � 𝜏R = 𝜏R

a minimal Kahler potential

for general
𝐺, 𝐾, Γ

𝐾 = −ℎ log det	(−𝑖𝜏 + 𝑖𝜏<) 	+� det	(−𝑖𝜏 + 𝑖𝜏<) k� 	 𝜑(Z)
3

�

Z

ℎ > 0

in our previous example:



field-dependent
Yukawa couplings

modular forms
of Γ/𝐺� and weight kY

invariance of 𝑤 Φ guaranteed by an holomorphic 	𝑌Z …	Z¢ 𝜏 such that 

𝑘- 𝑛 + 𝑘Z  +⋯+ 𝑘Z¢ = 0

𝜌×𝜌Z ×	…	×𝜌Z¢ ⊃ 1

1.

2.

𝑤 𝜏,𝜑 = �𝑌Z …	Z¢ 𝜏 𝜑
Z  …

�

L
𝜑 Z¢

𝑌Z …	Z¢ 𝛾𝜏 = 𝑗(𝛾, 𝜏)k§ L 𝜌(𝛾)	𝑌Z …	Z¢ 𝜏

form a linear space ℳk(Γ/𝐺�))
of finite dimension

𝛾 ∈ Γ

special case of automorphic forms for 𝐺, 𝐾, Γ

• Ψ 𝛾𝑔 = Ψ 𝑔
• Ψ 𝑔𝑘 = 𝑗(𝑘, 𝜏R)�%Ψ 𝑔
• Ψ 𝑔 eigenfunction of G-Casimir operators
• suitable growth conditions

𝑌 𝜏 = 𝑗 𝑔, 𝜏R Ψ 𝑔



CP invariance in 𝑆𝑝 2𝑔, ℤ [Ding, F., Liu 2102.06716]

𝑌 𝛾𝜏 = det	(𝐶𝜏 + 𝐷)	k§𝜌-(𝛾)	𝑌 𝜏

𝜑(Z) → det	(𝐶𝜏 + 𝐷)	k� 𝜌Z 𝛾 	𝜑(Z)

𝛾 ∈ Γ = 𝑆𝑝 2𝑔, ℤ

CP belongs to Out Γ

𝒞𝒫	𝛾	𝒞𝒫�% = 𝑢(𝛾)

𝜏 → 𝜏=> = −𝜏∗ up to In Γ

𝜑 Z =>	
𝑋Z	𝜑� Z (𝑥>)

𝑌ª 𝜏
=>	
𝑌ª −𝜏∗ = 𝜆¬ª 𝑋-	𝑌¬∗(𝜏)

𝑋Z 𝜌Z∗ 𝛾 𝑋Z�% = χ(𝛾)4	k�	𝜌-(𝑢(𝛾))	

[matter fields]

[modular forms]

[moduli]

CP violation as a property of the vacuum
[Novichkov, Penedo, Petcov and Titov
1905.11970]

[Baur, Kade, Nilles, Ramos–Sanchez, 
Vaudrevange 2012.09586]

Baur, Nilles, Trautner and 
Vaudrevange, 1901.03251,
H. Ohki, S. Uemura and R. 
Watanabe, 2003.04174]

[Nilles, Ramos-Sanchez and 
Vaudrevange 2001.01736]



a model of lepton masses at genus 𝑔 = 2

5 real parameters + 1 complex 𝜏 12 observables 5 predictions

ℳ = 𝜏 =
𝜏% 𝜏J
𝜏J 𝜏3 ® 		det	(𝐼𝑚 𝜏 ) > 0, 𝑡𝑟 𝐼𝑚 𝜏 > 0

𝜏 = 𝜏% 𝜏%/2
𝜏%/2 𝜏%

𝜏	optimized at

𝐸±G 𝐸JG 𝐿 𝐻³ 𝐻�
𝑘n −3 −1 −1 0 0

𝑆�×𝑍3 2 1 3′ 1 1
ℳ	restricted to 𝜏% = 𝜏3
						Γ3,3 → 𝑆�×𝑍3 CP



best fit point of 𝜏
close to 

�̂� =
𝑖
3�
2 1
1 2

enhanced symmetry point:
CP & S3 x Z2

𝜏% = 𝜏3 = 2𝜏J =
−0.0283 + 𝑖	1.1761

CP violation 
masses/mixing pattern

2/ 3� = 1.1547

↔ small departure from �̂�

Nilles, Ramos-Sanchez, Trautner and Vaudrevange, 
2105.08078

Orbifolds from Sp(4,Z) and 
their modular symmetries



Conclusions

Open questions:
- model building
- vacuum selection
- nonminimal Kahler potential

Γ flavour (gauge) symmetry is a discrete group of G

flavour puzzle as a vacuum problem

Yukawa couplings 𝒴 𝜏 		are automorphic forms 

HSS=G/H as symmetry breaking space ℳ

Flavour symmetry is a 
(discrete) gauge symmetry

redundancy of description in
moduli space

Flavour symmetry and representations from Moduli Space

[Chen, Ramon-Sanchez, Ratz 1909.06910]





back-up slides



N=1 sugra invariant theories



choose the space ℳand guess the flavor symmetry 𝐺:

interesting candidates for ℳ: Hermitian Symmetric Spaces [HSS] 

HSS are Kähler

non-compact HSS as moduli space in sugra and compactified strings 

related to automorphic forms, building blocks of Yukawa couplings

ℳ = 𝐺/𝐾

connected Lie group

compact subgroup
Lie algebra

𝒢 = 𝒱	⨁𝒜 [𝒱,𝒱]⊂ 𝒱 [𝒱,𝒜]⊂ 𝒜 [𝒜,𝒜]⊂ 𝒱

automorphism 𝒱 +𝒜 ↔ 𝒱− 𝒜

compact

noncompact

euclidean

𝐵(𝒜,𝒜) < 0

𝐵(𝒜,𝒜) > 0

𝐵(𝒜,𝒜) = 0

𝐵(𝒱, 𝒱) < 0

𝐵 𝑋, Y Killing form

ℳ
Riemannian metric
integrable complex 
structure

- [Ding, F., Liu,  2010.07952]

[classification: Calabi, Visentini 1960, Wolf 1964]



a model of lepton masses at genus 𝑔 = 2

𝐸±G 𝐸JG 𝐿 𝐻³ 𝐻�
𝑘n −3 −1 −1 0 0

𝑆�×𝑍3 2 1 3′ 1 1

5 real parameters

12 observables 

5 predictions

ℳ = 𝜏 =
𝜏% 𝜏J
𝜏J 𝜏3 ® 		det	(𝐼𝑚 𝜏 ) > 0, 𝑡𝑟 𝐼𝑚 𝜏 > 0

𝐺 = 𝑆𝑝 4,ℝ 		𝐾 = 𝑈(2) ℳ	restricted to 𝜏% = 𝜏3 						Γ3,3 → 𝑆�×𝑍3 CP 

𝜏 = 𝜏% 𝜏%/2
𝜏%/2 𝜏%

𝜏	optimized at



an example at genus 𝑔 = 2

ℳ = 𝜏 =
𝜏% 𝜏J
𝜏J 𝜏3 ® 		det	(𝐼𝑚 𝜏 ) > 0, 𝑡𝑟 𝐼𝑚 𝜏 > 0

fundamental domain ℳ/Γ: physically inequivalent vacua

𝑅𝑒(𝜏)

𝐼𝑚
(𝜏
)

[cfr. g=1]





ℳ =ℳG	×	ℳLG	×	ℳ½

classification of irreducible HHS

ℳ0¾¾ = 𝐺/𝐾
simply connected Lie group

maximal compact subgroup

[Calabi, Visentini 1960, Wolf 1964]

for noncompact

compact case reproduced through 𝒱,𝒜 → 𝒱, 𝒾	𝒜



the finite Siegel modular groups Γ3,L are too big: Γ3,3 = 720, Γ3,J = 51840, …

choose an invariant subspace of 𝐺/𝐾 = 𝑆𝑝 4, ℝ /𝑈(2)

𝐺/𝐾 → Ω = 𝜏 ∈ 𝐺/𝐾|	𝐻𝜏 = 𝜏 𝐻 ⊂ Γ

here the flavour group can be restrict to the normalizer 𝑁(𝐻)

Γ → 𝑁(𝐻)= 𝛾 ∈ Γ|𝛾�%𝐻𝛾 = 𝐻

working here	Γ3,3
is projected into the smaller group 𝑆�×𝑍3

Ω= 𝜏 =
𝜏% 𝜏J
𝜏J 𝜏% ® 𝜏 ∈ 𝐺/𝐾 𝐻=𝑍3×𝑍3

for instance 𝜏% = 𝜏3




