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Plan  
 
1. Development of Wigner – Weyl calculus in lattice 
models of quantum field theory.
- Approximate version
- Exact version
2. Applications to non – dissipative transport
- quantum Hall effect
- chiral separation effect
3. Diagram technique
- high order loop corrections to quantum Hall effect



Wigner – Weyl calculus in continuum theory

model with fermions

typical action

Green function



Wigner – Weyl calculus in continuum theory

average of an operator

it may be written as 

Weyl symbol of operator 



Wigner – Weyl calculus in continuum theory

Moyal product 

Weyl symbol of the product of two operators  

proof: 



Wigner – Weyl calculus in continuum theory

model with fermions

typical action

Green function

Groenewold equation



Lattice models

fermions live on 
the lattice sites

typical action
(Wilson fermions)



fermions live  on 
the lattice sites

Momentum space

For rectangular lattice 
Momentum space has 
the topology of torus



For rectangular lattice 
Momentum space has the 
topology of torus

Action in momentum space

For the case of Wilson 
fermions



Lattice models 

Example of Wilson 
fermions

In the presence of 
gauge field



Lattice models 

In the presence of 
gauge field

Action

Partition function



Approximate Wigner –
Weyl calculus for the lattice 
models

Weyl symbol of operator 
(momentum space)

Average of
operator

Density matrix 



Approximate Wigner – Weyl 
calculus for the lattice 
models

Weyl symbol of operator 
(momentum space)

Weyl symbol of the product 
of two operators

This identity is
approximate. It is valid for 
the near diagonal operators 



This identity is
approximate. 
It is valid for the near diagonal operators 

partition function

Action 
Lattice model for the description of electrons in 
crystals:  

The typical Lattice Dirac operator  Q is almost 
diagonal if the external magnetic field strength is 
much smaller than 10 000 Tesla while wavelength of
external electromagnetic field is much larger than
1 nanometer  



This identity is
approximate. 
It is valid for the near diagonal operators 

partition function

Action 
Lattice model for the for the regularization of 
continuum quantum field theory:  

The typical Lattice Dirac operator  Q is almost 
diagonal when we approach continuum limit of the 
lattice model.



We can use the approximate Wigner – Weyl calculus 
dealing with any lattice regularized continuum
quantum field theory and dealing with the lattice 
models of solid state physics if the external 
magnetic field strength is much smaller than 
10 000 Tesla while wavelength of external
electromagnetic field is much larger than
1 nanometer  



partition function

Action

Green
function 

Groenewold
equation

Moyal product

Electric current



Applications to Quantum Hall Effect 

Electric current orthogonal to electric field
in the presence of magnetic field

graphene



Applications to Quantum Hall Effect 

Electric current orthogonal to electric field
in the presence of magnetic field

electric
current
j

electric field E



Applications to Quantum Hall Effect 

Average electric current
3 + 1 D: 

2+1 D:



Precise Wigner –
Weyl calculus 
for the lattice models

Rectangular lattices



Precise Wigner –
Weyl calculus 
for the lattice models

Rectangular lattices

Momentum space 
with topology of 
sphere



Weyl symbol of operator Q
satisfies axioms (we should define also Tr):



is the doubled lattice
(we extend the original lattice 
adding centers of all links, 
plaquettes, cubes, etc)



Weyl symbol of operator Q

Trace of Weyl symbol:

is the doubled lattice



Weyl symbol
of operator Q



Applications to Quantum Hall Effect 

Electric current orthogonal to electric field
in the presence of magnetic field

graphene



Applications to Quantum Hall Effect 
3 + 1 D: 

2+1 D:



More details in the today talk by I.Fialkovsky



Chiral Separation Effect
for non – homogeneous systems

M.Suleymanov, M.Zubkov
arXiv:2007.07178



Axial current along magnetic field

in the presence of chemical potential

A. Metlitski and Ariel R. Zhitnitsky,Phys. Rev. D 72 (2005), 045011



Chiral separation effect may be observed 
experimentally in the heavy ion 

collisions 



Magnetic field in the heavy ion 
collisions



axial current along the direction of  Magnetic
field is expected ==> asymmetry

of the left-handed and the right-handed
particles after the decay of the fireball



Axial current along magnetic field in 

the non – homogeneous system

The system with Fermi surface of arbitrary complicated form



Lattice Dirac operator Q is 4 x 4 matrix 

expressed through the Gamma matrices

The system with Fermi surface of arbitrary complicated form



Lattice Dirac operator Q is 4 x 4 matrix 

expressed through the Gamma matrices

The system with Fermi surface of arbitrary complicated form

Surface surrounds the singularities

of  



Lattice Dirac operator Q is 4 x 4 matrix 

expressed through the Gamma matrices

The system with Fermi surface of arbitrary complicated form

Irrespective of the form of the Fermi surface the value of 

is equal to the number of chiral 

4 – component Dirac fermions  



More details are in the
today talk by M.Suleymanov



Interaction corrections to
Quantum Hall Effect 

Electric current orthogonal to electric field
in the presence of magnetic field

graphene



The absence of interaction corrections 
to  Quantum Hall Effect 

Electric current orthogonal to electric field
in the presence of magnetic field



The absence of interaction corrections to  
Quantum Hall Effect 

Electric current orthogonal to electric field
in the presence of magnetic field

as an example:

without interactions:



Gedankenexperiment:
we consider the system on the torus

and divide it into the two pieces



we consider the system on the torus
and divide it into the two pieces

is zero in the part II, E(I) = - E(II)

We prove that the total current remains 
zero with the interaction corrections

no interaction corrections



is zero in the part II, E(I) = - E(II)

an example: 1-loop  
=0



an example: 1-loop diagram

=    2                                    

=0



In the presence of interactions the sum of the currents 
in the two pieces is zero  the electric conductivity 

receives no corrections in the part I



Another example of diagram technique 



More details are in the
today talk by C.Zhang



Conclusions

• Exact Wigner Weyl calculus for lattice models is 
constructed that allows to represent all physical 
quantities on the language of Wigner transformation 
of propagators. 

• Approximate Wigner – Weyl calculus for the lattice 
models (which is the simplification of the exact 
one) allows to deal with lattice regularized 
continuum quantum field theory precisely, and with 
the models of electrons in crystals approximately –
when external magnetic field is smaller than 10 000 
Tesla. (In practice maximal value of magnetic field 
in laboratories is < 100 Tesla.) 



Conclusions

• Application of Wigner – Weyl technique to 
quantum Hall effect is described. Hall
conductivity is represented as topological 
invariant in phase space. This construction allows 
to deal with the non – homogeneous systems. 

• The chiral separation effect in non –
homogeneous systems with arbitrary Fermi 
surface is considered. The CSE conductivity is
represented as the topological invariant. It is 
proportional to the number of chiral Dirac 
fermions of low energy effective theory. 



Conclusions

• The diagram technique in terms of Wigner 
transformed propagators is constructed. It allows
to deal with arbitrary non – homogeneous
systems. Example of the application of this 
technique is the proof of the non –
renormalization by interactions of quantum Hall 
conductivity. 

• More details are in the forthcoming talks by 

Ignat Fialkovsky

Michael Suleymanov

Chunxu Zhang


