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Higgs in the SM: Unitarity constraint

A = 16π
∞∑
`=0

(2` + 1)P` (cosθ) a`

σ = 8π
s

∞∑
`=0

∞∑
` ′=0

(2` + 1)(2` ′ + 1)a`a` ′
∫ 1

−1
dcosθP` (cosθ)P` ′(cosθ)

= 16π
s

∞∑
`=0

(2` + 1)|a` |2

with the optical theorem
|a` |2 = Im(a` )⇒ [Re(a` )]2 + [Im(a` )]2 = Im(a` )

⇒ [Re(a` )]2 + [Im(a` )− 1
2 ]2 = 1

4
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Higgs in the SM: Unitarity constraint

a0 = 1
16πs

∫ 0

s
dt|A|

= − M2
H

16πv2

[
2 + M2

H
s −M2

H
− M2

H
s log

(
1 + s

M2
H

)]

a0
s�M2H−→ − M2H8πv2
⇓

MH <∼ 870 GeV
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Higgs in the SM: Unitarity constraint

B

BB

B

B = W, Z, H(
W+L W−L , 1√2ZLZL , 1√2HH , ZLH , W+L H , W+L ZL

)
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Higgs in the SM: Unitarity constraint

a0 ∝ M2Hv2




1
√

2
4

√
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4 0 0 0√
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4
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4 0 0 0√

2
4

1
4

3
4 0 0 0

0 0 0 1
2 0 0

0 0 0 0 1
2 0

0 0 0 0 0 1
2




⇓
MH <∼ 710 GeV
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Any need for BSM?

dark matter
neutrino masses
EWPT
matter-antimatter
asimmetry

hierarchy problem
strong CP problem
nQf = nLf = 3
hierarchy in fermion
masses

. . .
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The 331 Model: General Features
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Extended Gauge Group

SU(3)c × SU(3)L × U(1)X

SU(3) has two diagonal generators
⇓

Q = T3 + βQT8 + X I
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Field Content

Q1 =

 u

d
D


 , Q2 =


 c

s
S


 , Q1,2 ∈ (3, 3,XQ1,2 )

Q3 =

 b

t
T


 , Q3 ∈ (3, 3̄,XQ3 )

L =

 l

νlEl


 , l ∈ (1, 3̄,XL), l = e, µ, τ

χ =

 χA

χB
χ0


 ∈ (1, 3,Xχ ), ρ =


 ρ+

ρ0

ρ−B


 ∈ (1, 3,Xρ), η =


 η0

η−
η−A


 ∈ (1, 3,Xη)

QA = 1
2 +

√3
2 βQ , QB = −1

2 +
√3
2 βQ
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Anomaly Cancellation: the SU(3)L example

SU(3)L

SU(3)L

SU(3)L

Q1 = +3× 3c

Q2 = +3× 3c

Q3 = −3× 3c

L = −3× 3f

nQf = nLf = 3 κ
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From SU(3)L × U(1)X to U(1)em
SU(3)L × U(1)X

〈χ〉
⇓

SU(2)L × U(1)Y

〈η〉 , 〈ρ〉
⇓

U(1)em

W1, · · · ,W8 , BX

〈χ〉
⇓

W1,W2,W3,BY,Z′,Y±A,V±B

〈η〉 , 〈ρ〉
⇓

γ,Z,W±,Z′,Y±A,V±B
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The Scalar Potential
The (βQ-invariant) potential is

V = m1 ρ∗ρ + m2 η∗η + m3 χ∗χ
+ λ1(ρ∗ρ)2 + λ2(η∗η)2 + λ3(χ∗χ)2
+ λ12ρ∗ρ η∗η + λ13ρ∗ρ χ∗χ + λ23η∗η χ∗χ
+ ζ12ρ∗η η∗ρ + ζ13ρ∗χ χ∗ρ + ζ23η∗χ χ∗η
+√2fρηχ (ρ η χ + h.c.)

[mi] = M2

[fρηχ ] = M1

[λj] = [ζk] = M0
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Massive Scalar States
χ =


 χA

χB

χ0


 , ρ =


 ρ+

ρ0

ρ−B


 , η =


 η0

η−
η−A




#3 neutral scalar, #1 neutral pseudoscalar (GZ ,GZ ′),#1 singly-charged (GW ),
#1 A-charged (GY A), #1 B-charged (GV B )

diagonalisation
⇓

mhi = fhi (~λ, ~ζ, fρηχ , vj)
ma = fa(~λ, ~ζ, fρηχ , vj)

mh±Q = fh±Q(~λ, ~ζ, fρηχ , vj)

”inverse” diagonalization
⇓

λ = Fλ(mhi ,ma,mh±Q , vj, αk)
fρηχ = Ffρηχ (mhi ,ma,mh±Q , vj, αk)
ζ = Fζ (mhi ,ma,mh±Q , vj, αk)
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Trading the Parameter: Explicit Example

λ1 = −m2
a1 tan2 β

2v2 + m2
h1

C2
2C2

3 sec2 β
2v2

+ m2
h2

sec2 β(S1S2C3 − C1S3)2
2v2

+ m2
h3

sec2 β(C1S2C3 + S1S3)2
2v2 + O

(
m
vχ
)

λ2 = −m2
a1 cot2 β

2v2 + m2
h1

C2
2S2

3 csc2 β
2v2

+ m2
h2

csc2 β (S2
1S2

2S2
3 + 2S1C1S2C3S3 + C2

1C2
3
)

2v2

+ m2
h3

csc2 β (C1S2
(
C1S2S2

3 − 2S1C3S3
)+ S2

1C2
3
)

2v2 + O
(

m
vχ
)

λ12 = m2
a1

v2 + m2
h1

C2
2S3C3 cscβ secβ

v2

+ m2
h2

cscβ secβ
4v2

(
4C1S1S2(C2

3 − S2
3)

−C3S3
(

2S2
1(C2

2 − S2
2) + 6C1S1 + 1

))

−m2
h3

cscβ secβ
4v2

(
4C1S1S2(C2

3 − S2
3)

+C3S3
(

2C2
1(C2

2 − S2
2)− 3(C2

1 − S2
1) + 1

))+ O
(

m
vχ
)

ζ12 = 2
v2

(
m2

h±1 −m2
a1

)
+ O

(
m
vχ
)

λ3 = λ13 = λ23 = ζ13 = ζ23 = O
(

m
vχ
)

perturbativity of the couplings requires certain degeneracy
among masses
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Unitarity of the 331 Model
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Unitarity of the 331 Models

B

BB

B

B = Z,W±,Z′,Y±A,V±B, hi, a1, h±, h±A, h±B

Q = 0, 1, 2, QA, QB, QA + 1, QB + 1, QA − 1, QB − 1,
QA + QB, QA −QB, 2QA, 2QB
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Unitarity of the 331 Models

perturbative unitarity
⇓

|a| ≤ 1
2

a are the eigenvalues of S matrix of all 2→ 2 bosonic
amplitudes (in the s →∞ limit)
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Unitarity of the 331 Models

a = { λi
8π ,

λij
16π ,

λij ± ζij
16π , λij + 2ζij

16π , λi + λj ±
√(λi − λj )2 + ζ2

ij

16π ,
P3

1 (λm, λmn, ζmn)
32π , P3

2 (λm, λmn, ζmn)
32π

}

3∑
i ,j,k=1

[
x3

27 −
4
9λix2 + (2

(
4λiλj − ζ2

ij
)

x − 8
3
(ζijζikζjk − 3λiζ2

jk

+4λiλjλk
)) (εijk

)2
] ,

3∑
i ,j,k=1

[
x3

27 −
16
9 λix2 + (2(64λiλj − (3λij + ζij )2)x

−8
3
(ζikζjk (9λij + ζij ) + 27λijλik (λjk + ζjk )

+4λi
(
64λjλk − 3(3λjk + ζjk )2))) (εijk

)2
] ,

with λji = λij , ζji = ζij .
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Unitarity of the 331 Models
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The Scalar Potential: Boundedness from Below
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BFB in the 331 Models

boundedness from below of the scalar potential
l

analysis of the highest powers of the fields

not-so-easy in multi-Higgs models, results for n-doublets
Hadeler(1983); Klimenko(1984); Ivanov, Köpke, Mühlleitner(2018); Maniatis,

von Manteuffel, Nachtmann, Nagel(2006);
Degee, Ivanov, Kesu(2012); Kannike(2012); Maniatis, Nachtmann(2015);

Kannike(2016); Faro, Ivanov (2019);
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BFB in the 331 Models

Φi = √riei γi


 sin ai cos bi

ei βi sin ai sin bi
ei αi cos ai




V (4) = VR + ζ ′12τ12 + ζ ′13τ13 + ζ ′23τ23 = VR + VA,
VR = λ1(ρ∗ρ)2 + λ2(η∗η)2 + λ3(χ∗χ)2

+ λ′12ρ∗ρ η∗η + λ′13ρ∗ρ χ∗χ + λ′23η∗η χ∗χ

τij = (Φ†i Φi

) (Φ†j Φj

)− (Φ†i Φj

) (Φ†j Φi

)
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BFB in the 331 Models
BFB ≡ co-positivity of Qij

V(4) = Aijrirj

co-positivity constraints of a (generic) rank-3 matrix A are
Aii ≥ 0, with i = 1, 2, 3,
Åij ≡

√
AiiAjj + Aij ≥ 0, with i, j = 1, 2, 3,√A11A22A33 + A12

√A33 + A13
√A22 + A23

√A11
+
√

2Å12Å13Å23 ≥ 0
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BFB in the 331 Models
Relevant part of the 331 potential

V (4) = VR + VA

VR = λ1(ρ∗ρ)2 + λ2(η∗η)2 + λ3(χ∗χ)2
+ λ′12ρ∗ρ η∗η + λ′13ρ∗ρ χ∗χ + λ′23η∗η χ∗χ

VA = ζ ′12τ12 + ζ ′13τ13 + ζ ′23τ23

VR ok for extracting BFB conditions
VA needs to be treated properly

⇓
angular minimization of VA
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BFB in the 331 Models
Simplest case: ζ ′12 = ζ ′13 = ζ ′23 = 0

VR = Qij ri rj .

Next-to-Simplest: at least one ζ ′ is zero
VR + min(VA)Tk = Q̃ij

k ri rj , k = 1, . . . , 4

min(VA)T1 = ζ ′12 r1r2 + ζ ′23 r2r3,
min(VA)T2 = ζ ′13 r1r3 + ζ ′23 r2r3,
min(VA)T3 = ζ ′12 r1r2 + ζ ′13 r1r3,
min(VA)T4 = ζ ′12 r1r2 + ζ ′13 r1r3 + ζ ′23 r2r3.
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Next-to-Simplest: at least one ζ ′ is zero
VR + min(VA)Tk = Q̃ij

k ri rj , k = 1, . . . , 4

min(VA)T1 = ζ ′12 r1r2 + ζ ′23 r2r3,
min(VA)T2 = ζ ′13 r1r3 + ζ ′23 r2r3,
min(VA)T3 = ζ ′12 r1r2 + ζ ′13 r1r3,
min(VA)T4 = ζ ′12 r1r2 + ζ ′13 r1r3 + ζ ′23 r2r3.
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BFB in the 331 Models

Next-to-Next-to-Simplest Case: all ζ ′ 6= 0

VR + min(VA)NT = Q̂ij ri rj

AND
VR + min(VA)Tk = Q̃ij

k ri rj , k = 1, . . . , 4
where

min(VA)NT = ζ ′12ζ ′13ζ ′23
4

(
r1
ζ ′23

+ r2
ζ ′13

+ r3
ζ ′12

)2
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Conclusions
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SM issues: dark matter, neutrino masses ... → BSM
331 model(s) explain the observed number of fermion
families (nQf = nLf = 3κ)
331 model is phenomenologically appealing as embrace
different scenarios
analysis of the scalar potential is βQ-independent
(theoretical constraints: unitarity, perturbativity, BFB
NEW!!!)
possible application for phenomenological studies
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BACKUP
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Minimization Conditions

ρ0 = 1√
2

vρ + 1√
2

(Reρ0 + i Imρ0)

η0 = 1√
2

vη + 1√
2

(Reη0 + i Imη0)

χ0 = 1√
2

vχ + 1√
2

(Reχ0 + i Imχ0)

Minimization conditions (∂V∂Φ |Φ=0 = 0) are

m1vρ + λ1v3ρ + λ12
2 vρv2η − fρηχvηvχ + λ13

2 vρv2χ = 0

m2vη + λ2v3η + λ12
2 v2ρvη − fρηχvρvχ + λ23

2 vηv2χ = 0

m3vχ + λ3v3χ + λ13
2 v2ρvχ − fρηχvρvη + λ23

2 v2ηvχ = 0
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Scalars
CP-even neutral scalars mix

hi = RS
ij Hj

~H = (Reρ0, Reη0, Reχ0), ~h = (h1, h2, h3)
fρηχ = κvχ
β = tan−1 vη/vρ, v =√v2η + v2ρ .

M2
h =


 κ tanβv2χ + 2λ1v2 cos2 β λ12v2 cosβ sinβ − κv2χ vχv (λ13 cosβ − κ sinβ)

∼ κ cotβv2χ + 2λ2v2 sin2 β vχv (λ23 sinβ − κ cosβ)
∼ ∼ 2λ3v2χ + κv2 cosβ sinβ
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Pseudocalar

CP-odd neutral scalars mix
ai = RP

ij Aj

~A = (Imρ0, Imη0, Imχ0), ~a = (aGZ , aGZ ′ , a1).

M2
a =


 κv2χ tanβ κv2χ κvχv sinβ

∼ κv2χ cotβ κvχv cosβ
∼ ∼ κv2 cosβ sinβ




⇓
m2

a1 = κ(v2χ cscβ secβ + v2 cosβ sinβ)
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Singly-Charged State
Singly-charged states mix

h−i = RC
ij H−j

~H− = ((ρ+)∗, η−), ~h− = (h−GW
, h−1 )

M2
h± =

( κ tanβv2χ + 1
2ζ12v2 sin2 β κv2χ + 1

2ζ12v2 cosβ sinβ
∼ κ cotβv2χ + 1

2ζ12v2 cos2 β
)

⇓

m2
h±1 = 1

2ζ12v2 + κv2χ cscβ secβ
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A-Charged State
A-charged states mix

hA
i = RA

ij HA
j

~HA = ((η−A)∗, χA), ~hA = (hA
GV A

, hA
1 )

M2
h±A =

( 1
2v2χ (ζ23 + 2κ cotβ) 1

2vχv (2κ cosβ + ζ23 sinβ)
∼ 1

2v2 sinβ(2κ cosβ + ζ23 sinβ)
)

⇓

m2
h±A

1
= 1

4
(ζ23 + 2κ cotβ) (2v2χ + v2 − v2 cos 2β)
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B-Charged State
B-charged states mix

hB
i = RB

ij HB
j

~HB = ((ρ−B)∗, χB), ~hB = (hB
GV B

, hB
1 )

M2
h±B =

( 1
2v2χ (ζ13 + 2κ tanβ) 1

2vχv (2κ sinβ + ζ13 cosβ)
∼ 1

2v2 cosβ(2κ sinβ + ζ13 cosβ)
)

⇓

m2
h±B

1
= 1

4
(ζ13 + 2κ tanβ) (2v2χ + v2 − v2 cos 2β)
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Angular Minimization

∂a2VA
r2

= sin 2a2 r1 ζ ′12

+ (sin 2a3 cos 2a2 sin b3

+ sin 2a2(cos2 a3 − sin2 a3 sin2 b3)) r3 ζ ′23,
∂a3VA

r3
= sin 2a3 r1 ζ ′13

+ (sin 2a2 cos 2a3 sin b3

+ sin 2a3(cos2 a2 − sin2 a2 sin2 b3)) r2 ζ ′23,
∂b3VA
r2r3

= 1
2 cos b3(sin 2a2 sin 2a3 − 4 sin2 a2 sin2 a3 sin b3) ζ ′23.
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