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‣Hard scattering observables sensitive to soft-gluon effects

• originate from boundaries of phase space

• real-radiation strongly suppressed : unbalance virtual-radiation

• generate large logarithmic corrections  αn
s L2n

low transverse momentum

threshold

log
qT
Q

log

✓
1� Q2

ŝ

◆

‣Need to be resumed to some logarithmic accuracy to improve
  convergence of perturbative expansion
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ii→F (M2; αS (M2)) Cth
ii→F (αS (M2)) Δi,N (M2)

‣Threshold resummation (invariant mass M) cc → F
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• resummed partonic cross-section in Mellin space (N)

‣Sudakov form factor

soft-collinear emission

soft non-collinear radiation

• process independent (and free of logs)

soft limit of 
splitting function
cusp anomalous
dimension
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ŝ−
M

2
φ
+ iMφ

Γφ

g
φ
t
,

C!
= g

φ1

t
g
φ2

t
,

(16
)

wher
e φ den

ote
s the

Higg
s par

tic
les

of
the

s-c
han

nel
con

trib
uti

ons
. The

tril
ine

ar

cou
pli

ngs
λφ1

φ2
φ
and

the
nor

maliz
ed

Yuka
wa cou

pli
ngs

g
φ
t
can

be fou
nd

in
Ref.

[10
].

The
ind

ivid
ual

exp
res

sio
ns

in
the

hea
vy-

qua
rk

lim
it can

be sum
mari

zed
as:

7

φ1

φ2
φ, Z

g

g

t, b

φ1

φ2

g

g

t, b

Figu
re

2:
Gene

ric
dia

gra
ms des

cri
bin

g neu
tra

l Higg
s-b

oso
n pai

r pro
duc

tio
n in

glu
on–

glu
on

col
lisi

ons
(φ,φ i

= h,H
,A

).

wher
e θ is the

sca
tte

rin
g ang

le in
the

par
ton

ic c.m
. sys

tem
with

inv
ari

ant
mass

Q, and

λ(x,
y, z

) = (x
− y −

z)
2 − 4yz

.

(13
)

The
int

egr
ati

on
lim

its

t̂±
= −

1
2

[
Q
2 −m

2
1
−m

2
2
∓
√ λ(Q

2 , m
2
1
, m

2
2
)
]

(14
)

in
Eq.

(11
) cor

res
pond

to
cos

θ = ±1.
The

sca
le par

am
ete

r µ is the
ren

orm
aliz

ati
on

sca
le.

The
com

ple
te

dep
end

enc
e on

the
fer

mion
mass

es
is con

tai
ned

in the
fun

cti
ons

F!
, F!

, an
d

G!
. The

ful
l exp

res
sio

ns
of

the
for

m
fac

tor
s F!

, F!
, G!

, inc
lud

ing
the

exa
ct

dep
end

enc
e

on
the

fer
mion

mass
es,

can
be fou

nd
in

Ref.
[10

].

The
cou

pli
ngs

C!
and

C!

and
the

for
m

fac
tor

s F!
, F!

, G!

in
the

hea
vy-

qua
rk

lim
it

are
giv

en
by:

(i)
SM

:
C!

=
λHHH

M
2
Z

ŝ−
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ŝ−
M

2
φ
+ iMφ

Γφ

g
φ
t
,

C!
= g

φ1

t
g
φ2

t
,

(16
)

wher
e φ den

ote
s the

Higg
s par

tic
les

of
the

s-c
han

nel
con

trib
uti

ons
. The

tril
ine

ar

cou
pli

ngs
λφ1

φ2
φ
and

the
nor

maliz
ed

Yuka
wa cou

pli
ngs

g
φ
t
can

be fou
nd

in
Ref.

[10
].

The
ind

ivid
ual

exp
res

sio
ns

in
the

hea
vy-

qua
rk

lim
it can

be sum
mari

zed
as:

7

…

φ 1

φ 2φ, Z

g

g
t, b

φ 1

φ 2

g

g
t, b

Figure 2:
Generic diagrams describing neutral Higgs-boson

pair production
in

gluon–

gluon collisions (φ,φ i =
h,H,A).

where θ is the scattering angle in the partonic c.m. system
with invariant mass Q, and

λ(x, y, z) =
(x−

y −
z)

2 −
4yz.

(13)
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]

(14)

in Eq. (11) correspond to cos θ = ±1. The scale parameter µ is the renormalization scale.

The complete dependence on the fermion masses is contained in the functions F!, F
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‣Up to 2-loops, the soft-gluon effective coupling is still given by the 
  cusp anomalous dimension

• Higher orders of cusp known

‣But, cusp=soft coupling beyond 2-loops?
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t mass
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z) = (x − y −
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and the norm
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a cou
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can
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ŝ−
M

2
φ

+
iM

φ
Γ φ

g
φ

t
,

C !
=

g
φ 1

t
g

φ 2
t

,

(1
6)

wh
er
e
φ

de
no

te
s
th

e
Hig

gs
pa

rt
icl

es
of

th
e
s-
ch

an
ne

l c
on

tr
ib
ut

io
ns

.
Th

e
tr
ili
ne

ar

co
up

lin
gs

λ φ 1
φ 2

φ
an

d
th

e no
rm

al
ize

d
Yu

ka
wa

co
up

lin
gs

g
φ

t
ca

n
be

fo
un

d
in

Ref.
[1
0]
.

Th
e
in
di
vi
du

al
ex

pr
es
sio

ns
in

th
e
he

av
y-
qu

ar
k
lim

it
ca

n
be

su
m
m
ar
ize

d
as
:

7

φ 1

φ 2

φ,
Z

g

g t,
b

φ 1

φ 2

g

g t,
b

Fi
gu

re
2:

G
en

er
ic

di
ag
ra
m
s
de
sc
rib

in
g
ne

ut
ra
l H

ig
gs
-b
os
on

pa
ir

pr
od
uc

tio
n

in
glu

on
–

glu
on

co
lli
sio

ns
(φ

,φ
i
=

h,
H
,A

).

wh
er
e
θ
is

th
e
sc
at
te
rin

g
an

gl
e
in

th
e
pa

rt
on

ic
c.m

. s
ys
te
m

wi
th

in
va

ria
nt

m
as
s Q

, a
nd

λ(
x,

y,
z)

=
(x
−

y
−

z)
2 −

4y
z.

(1
3)

Th
e
in
te
gr
at
io
n
lim

its

t̂±
=
−

1
2

[ Q
2 −

m
2

1
−

m
2

2
∓

√ λ(
Q

2 , m
2

1
, m

2
2
)
]

(1
4)

in
Eq

. (
11

) c
or
re
sp

on
d
to

co
s θ

=
±1

. T
he

sc
al
e pa

ra
m
et
er

µ
is

th
e re

no
rm

al
iza

tio
n
sc
al
e.

Th
e c

om
pl
et
e d

ep
en

de
nc

e o
n
th

e f
er
m
io
n
m
as
se
s i

s c
on

ta
in
ed

in
th

e f
un

ct
io
ns

F!
, F

!
, a

nd

G !
. T

he
fu
ll
ex

pr
es
sio

ns
of

th
e
fo
rm

fa
ct
or
s F

!
, F

!
, G

!
, i
nc

lu
di
ng

th
e
ex

ac
t d

ep
en

de
nc

e

on
th

e
fer

m
io
n
m
as
se
s,

ca
n
be

fo
un

d
in

Ref.
[1
0]
.

Th
e
co

up
lin

gs
C!

an
d
C !

an
d

th
e
fo
rm

fa
ct
or
s
F!

, F
!
, G

!
in

th
e
he

av
y-
qu

ar
k
lim

it

ar
e
gi
ve

n
by

:

(i)
SM

:

C!

=
λH

H
H

M
2

Z

ŝ−
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• All order definition for soft effective coupling
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ŝ
−

M
2 H

+
iM

H
Γ

H,
C

!
=

1,

F
!

→
2

3,
F

!
→

−2
3,

G
!

→
0,

(1
5)

w
it
h

th
e

tr
ili

ne
ar

co
up

lin
g

λ
H

H
H

=
3M

2 H
/M

2 Z
.

(i
i)

M
SS

M
:

T
he

co
up

lin
gs

fo
r

th
e

pr
oc

es
se

s
gg

→
φ

1φ
2

ar
e

ge
ne

ri
ca

lly
de

fin
ed

as
(φ

,φ
i
=

h,
H

,A
)

Cφ !
=

λ
φ
1
φ
2
φ

M
2 Z

ŝ
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‣at lowest order both couplings agree to all orders in ϵ
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where
θ is the scat
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ng angle

in the parto
nic c.m
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em

with
inva

rian
t mass

Q, and

λ(x, y,
z) = (x − y −

z)
2 − 4yz

.
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µ is the renorm
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n scal
e.

The com
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dependence on the ferm
ion

masse
s is con
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ed in the functio
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, F!

, and
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. The full exp
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ions of the form

fact
ors
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, F!

, G!
, including the exa
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on the ferm
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masse
s, can
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.
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are
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defined
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φ
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= g
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the Higgs
parti
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of the s-ch

annel con
trib

ution
s. The trili

near

cou
plings λφ1φ2φ

and the norm
aliz

ed Yukaw
a cou

plings g
φ
t
can

be found in Ref. [10]
.

The individ
ual exp
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ions in the heav

y-qu
ark

limit can
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�̃�T,i (αS; ϵ = β (αS)) = �̃�0,i (αS; ϵ = β (αS)) = Ai (αS)

‣Why interested in D-dimensional expression?

conformal point ϵ = β(αs)

d ln αs(μ2)
d ln μ2

= − ϵ + β(αs(μ2))

• Obtained from Sudakov (threshold resummation) using soft-coupling

=
d

d ln μ2
F

𝒫ϵ {∫
αs(μ2

F)

0

dα
α

�̃� i (α; ϵ)
−ϵ + β(α) }

‣ ‘D-dimensional’ β = 0

in QCD β = − (β0αs + β1α2
s + . . . )

𝒜(3)
i = A(3)

i − (β0π)2 �̃�(1;2)
i + (β0π) �̃�(2;1)

i

‣Expanding conformal equation to third order one directly obtains

3-loop soft effective coupling (4-D) is simply given by the cusp anomalous
+  terms to (D-dimensional) second order (different for each definition) ϵn
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𝒜(3)
T,i = A(3)

i + Ci (β0π)2 π2

12
+ Ci (β0π) CA ( 101

27
−

11π2

144
−

7ζ3

2 ) + nF ( π2

72
−

14
27 )

𝒜(3)
0,i = A(3)

i + Ci (β0π)2 π2

12
+ Ci (β0π) CA ( 101

27
−

55π2

144
−

7ζ3

2 ) + nF ( 5π2

72
−

14
27 )

‣Agrees with previous result and 3rd order coefficient for  resummation qT
Banfi, El-Menoufi, Monni (2018) Becher, Neubert (2011)

‣Provides the full Sudakov factor for threshold resummation at 3rd order 
‣Both soft-collinear and soft non-collinear contributions (DY-like)

Δ = Ci
π2

3
(πβ0)2

‣  resummationqT

‣Threshold resummation (new!)
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𝒜0,i (αS) = Ci
αS

π [1 + 0.54973αS − 1.7157α2
S − (5.980 δiq + 6.236 δig) α3

S + 𝒪 (α4
S)]

‣4th order soft effective coupling (threshold related)

‣Full Soft radiation from two hard partons in color singlet

‣Processes involving several hard partons more complicated (MC)

• need to take into account soft wide-angle emission and collinear radiation

‣But soft coupling  not affected𝒜i

• intensity of soft-collinear radiation from parton i

• exactly known to 4th order (for threshold related)

‣Comparing to Sudakov form factor at 4th order (threshold resummation)
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Conclusions

 Definition(s) of Soft-gluon effective coupling at higher orders

 Explicit results for NNLO 

 N3LO soft-coupling for threshold related observables

 Conformal relation (all orders)

�̃�T,i (αS; ϵ = β (αS)) = �̃�0,i (αS; ϵ = β (αS)) = Ai (αS)
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