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Chiral soliton lattice phase in QCD
• Dense QCD matter in strong magnetic field studied in [1, 2] using chiral

perturbation theory with two light flavors

• Chiral anomaly captured by Wess-Zumino-Witten term [3, 4]
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• Σ: matrix Goldstone field. If Σ = exp
(
iπ0σ3

fπ

)
and constant magnetic

field B = (0, 0, B) assumed:

LWZW =
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4π2fπ
µB ∂zπ

0

where µ is the baryon chemical potential. For

µB ≥ 16πmπf
2
π

a z-dependent periodic configuration of neutral pions energetically
preferable = Chiral Soliton Lattice phase [2]

• Phase diagram in the µ-B plane found in [2] (left plot)

• Dependence of the gradient of the pion field on the position divided by
the lattice spacing L (right plot, blue and black curves: highest and
lowest value of the product µ ·B, respectively)
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Similar phase accessible to lattice simulations?
• QCD with finite baryon chemical potential suffers from “sign problem”
⇒ standard lattice Monte-Carlo techniques do not work

• QCD-like theories with quarks in real or pseudoreal representation of the
gauge group: free of sign problem, their behavior in strong magnetic field
studied [5]

• Two light flavors: effective field theory based on SU(4)/SO(4) and
SU(4)/Sp(4) coset spaces in real and pseudoreal case, respectively

• Strong magnetic field: in both cases effectively coset space
SU(2)× SU(2)× U(1)Q/SU(2)× U(1)Q

• Σ: SU(2) matrix field including electrically neutral Goldstone bosons:
π0 and a diquark-antidiquark pair: d, d̄

• Effective field theory: (1) with [6]

LWZW =− C
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where Aµ is the electromagnetic field and ABµ = (µ,0) is the auxiliary
field including the baryon chemical potential. The constant C is deter-
mined by the dimension d of the color gauge group representation that
the quarks transform in

C =
d

4π2

• Constant magnetic field B assumed, dimensionless variables introduced
(the above mentioned class of theories can be then described by a single
phase diagram):

x =
µ

mπ
, B̄ =

CB

f2π

• CSL-like condensate of neutral pions can appear for magnetic fields sat-
isfying B̄ ≥ 1

• for low B̄ and x ≥ 1, Bose-Einstein condensation of diquarks preferable
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• Set of counterexamples to conjecture of [7] claiming that in vector-like
gauge theories, absence of the sign problem implies absence of inhomo-
geneous phases in the phase diagram

• Confirmation of a CSL-like phase, e.g., for the 2-color QCD on lattice?

Relevance for the neutron stars?
• Neutral pion condensate carries non-zero baryon number density:

nB(z) =
B

4π2
∂zπ

0(z)

• Already for chemical potentials accessible by chiral perturbation theory,
baryon density relevant for neutron stars reached [2] (left plot)

• Dependence of the pressure p on the energy density ε calculated for
different values of the magnetic field (right plot)

0

2

4

6

8

10

12

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

n
B
/n

B
,s

at

B [GeV2]

µ=400 MeV

µ=800 MeV

102 103

100

101

102

Log  (Ɛ [MeV.fm  ])
10

-3

Lo
g

  
(p

 [
M

e
V.

fm
  

])
1

0
-3

B=0.1 GeV2

B=0.4 GeV2

B~10  G???19

• Can magnetic fields ∼ 1019 G appear in cores of the neutron stars?

• Could the CSL phase (and/or the corresponding phase transition) play
any role for the gravitational-wave observations?

Tell me your opinion!
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