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1 Introduction
Future large liquid-scintillator detectors, such as JUNO, Hyper-Kamiokande and DUNE,
open a new era in studies of supernovae and presupernovae neutrinos [1, 2]. Astrophysi-
cal neutrinos would give important information for the explosion mechanism of collapse-
driven supernovae. This paper is dedicated to the neutrino evolution in astrophysical en-
vironment. The neutrino collective oscillations is an important phenomenon that should be
taken into account while considering neutrinos propagation in astrophysical media (see a
review in [3]). The authors of [4, 5] for the first time studied collective neutrino oscillation
accounting for transitions between states with different helicity engendered by interaction
of the neutrino magnetic moment with a magnetic field. One of the recent studies of effects
of neutrino magnetic moments in collective oscillations is presented in [6]. Note that, as
it was shown for the first time in [7], the neutrino spin oscillations can be engendered not
only by the neutrino interaction with a magnetic field but also by neutrino interactions with
matter in the case when there is a transversal matter current or matter polarization. The
existence of these effects and their importance for astrophysical applications have been con-
firmed in [8]. A detailed study of neutrino spin and spin-flavour oscillations in transversal
matter currents with standard and non-standard interactions has been presented in [9].
In [10] the effect of spin oscillations engendered by transversally moving matter was includ-
ed in collective neutrino oscillation. In [11, 12] collective neutrino oscillations were studied
in the case of neutrino nonstandard interactions. Here below, we summarize all effects that
can lead to neutrino spin oscillations. The results presented in this paper are as follows: a)
the general neutrino evolution Hamiltonian accounting for neutrino flavour, spin and col-
lective oscillations and the interplay of these effects; b) the case of arbitrary moving matter
is considered within the collective neutrino oscillations.

2 Neutrino evolution in astrophysical environment

2.1 Master equations

Consider two flavor neutrinos with two possible helicities νf = (ν−e , ν−x , ν+e , ν
+
x ), where νx

stands for νμ or ντ . Then the neutrino system is described by density matrix (we follow the
formalism developed in [4, 5])

ρ =

(
ρν X

X† ρν̄

)
, (1)

where ρ and ρν̄ are the usual 2 × 2 flavour density matrices. In case of Dirac neutrinos the
matrices describe active and sterile neutrino, respectively. In case of Majorana neutrinos ρν̄
describes antineutrino. External magnetic field and transversally moving matter leads to
coupling between ρ and ρν̄ (see [9] and references therein) and, therefore, we should also
consider non-diagonal matrices X

X =

(
ρνeν̄e ρνeν̄x
ρνxν̄e ρνxν̄x

)
. (2)

The evolution of ρ is governed by Liouville-von Neumann equation of motion

i
dρ

dt
= [H, ρ], (3)

where H is a Hamiltonian that describes external environment. It consists of four parts

H = Hvac +Hmat +Hv +HB +Hνν, (4)

where Hvac is a vacuum, Hamiltonian, Hmat is a matter potential for electron and neutron
moving in arbitrary direction , HB is the Hamiltonians that account for magnetic field. The
neutrino-neutrino interaction potential, Hνν, is

Hνν =
√
2GFnν

∫
dE

[
G†(ρ(E)− ρ(E)c∗)G +

1

2
G†Tr [(ρ(E)− ρ(E)c∗)G]

]
, (5)

with GF being the Fermi coupling constant and nν being neutrino density profile. The den-
sity matrix ρc is define in the same way as in [6]

ρc =

(
ρν̄ X∗
XT ρν

)
. (6)

Dimensionless matrix G is

G =

⎛
⎜⎜⎝
+1 0 0 0
0 +1 0 0
0 0 −1 0
0 0 0 −1

⎞
⎟⎟⎠ . (7)

The explicit forms of Hamiltonians Hvac, Hmat and HB depend on the neutrino nature. In
the following sections we consider Dirac and Majorana neutrino.

2.2 The case of Dirac neutrinos

The Hamiltonian that accounts for neutrino magnetic moment interaction with parallel and
perpendicular components of the magnetic field B = B|| + B⊥ has the following form

HD
B =

⎛
⎜⎜⎜⎜⎜⎜⎝

(
μ
γ

)
ee
B||

(
μ
γ

)
ex

B|| −μeeB⊥eiφ −μexB⊥eiφ(
μ
γ

)
ex

B||
(
μ
γ

)
xx

B|| −μexB⊥eiφ −μxxB⊥eiφ

−μeeB⊥e−iφ −μexB⊥e−iφ −
(
μ
γ

)
ee
B|| −

(
μ
γ

)
ex

B||
−μexB⊥e−iφ −μxxB⊥e−iφ −

(
μ
γ

)
ex

B|| −
(
μ
γ

)
xx

B||

⎞
⎟⎟⎟⎟⎟⎟⎠

, (8)

where φ is the angle between v⊥ and B⊥. Magnetic moments in flavour basis μαβ are ex-
pressed through magnetic moments μij in mass states

μee = μ11 cos
2 θ + μ22 sin

2 θ + μ12 sin 2θ,

μex = μ12 cos 2θ +
1

2
(μ22 − μ11) sin 2θ,

μxx = μ11 sin
2 θ + μ22 cos

2 θ − μ12 sin 2θ,

(9)

for neutrino interaction with B⊥ and
(
μ

γ

)
ee

=
μ11
γ11

cos2 θ +
μ22
γ22

sin2 θ +
μ12
γ12

sin 2θ,(
μ

γ

)
ex

=
μ12
γ12

cos 2θ +
1

2

(
μ22
γ22

− μ11
γ11

)
sin 2θ,(

μ

γ

)
xx

=
μ11
γ11

sin2 θ +
μ22
γ22

cos2 θ − μ12
γ12

sin 2θ,

(10)

for neutrino interaction with B||. Here we have introduced the following notifications

γ−1α =
mα

Eα
, γ−1αβ =

1

2

(
γ−1α + γ−1β

)
, γ̃−1αβ =

1

2

(
γ−1α − γ−1β

)
. (11)

The Hamiltonian that accounts for electron and neutron matter is

HD
mat =

GF

2
√
2

⎛
⎜⎜⎜⎜⎜⎜⎝

2(2ne − nn)
(
1− v||

)
0 (2ne − nn)v⊥

(
η
γ

)
ee

(2ne − nn)v⊥
(
η
γ

)
ex

0 −2nn
(
1− v||

)
−nnv⊥

(
η
γ

)
ex

−nnv⊥
(
η
γ

)
xx

(2ne − nn)v⊥
(
η
γ

)
ee

−nnv⊥
(
η
γ

)
ex

0 0

(2ne − nn)v⊥
(
η
γ

)
ex

−nnv⊥
(
η
γ

)
xx

0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

,

(12)
where nn and ne are the neutron and electron density profiles, v = v|| + v⊥ is the neutron
velocity and

(
η

γ

)
ee

=
cos2 θ

γ11
+
sin2 θ

γ22
,

(
η

γ

)
xx

=
sin2 θ

γ11
+
cos2 θ

γ22
,

(
η

γ

)
ex

=
sin 2θ

γ̃21
. (13)

2.3 The case of Majorana neutrinos

The derivation of the neutrino evolution Hamiltonian accounting for the effects of a mag-
netic field and interactions with arbitrary moving matter in the case of Majorana neutrinos
can be made in a similar way as it was done for Dirac neutrinos in [9]. For the Majorana
neutrinos the diagonal magnetic moments are zero in both flavour and mass basis (see, for
instance, [14]). Therefore, it is convenient to introduce the magnetic moment matrix

μαβ =

(
0 iμ
−iμ 0

)
. (14)

Then the Hamiltonian for Majorana neutrino in the magnetic field is expressed as

HM
B = iμ cos 2θ

⎛
⎜⎜⎜⎜⎝

0 1
γ12

B|| 0 −B⊥eiφ
− 1
γ12

B|| 0 B⊥eiφ 0

0 −B⊥e−iφ 0 − 1
γ12

B||
B⊥e−iφ 0 1

γ12
B|| 0

⎞
⎟⎟⎟⎟⎠ . (15)

The Majorana neutrino Hamiltonian accounting for arbitrary moving matter is expressed
by almost the same formula as for the Dirac neutrino HM

mat = 2HD
mat.

3 Interplay
It is easy to see, that in the case of Dirac neutrinos the transversally moving matter plays the
same role as perpendicular magnetic filed. Therefore, the neutrino interaction with transver-
sally moving matter can be expressed as an effective shift of neutrino magnetic moment. In
the case of Majorana neutrinos the effect of transversally moving matter can be taking into

account by shifting of non-diagonal magnetic moments and by introducing effective diag-
onal magnetic moments. The parallel moving matter can be expressed as an effective mass
at rest. Therefore, it useful to introduce the effective Hamiltonian accounting for external
environment that Hamiltonian can be used for the analytical analyse of collective neutrino
oscillations. The full and comprehensive analyse one can find in [15].

4 Numerical solutions for collective oscillations
We present our numerical calculations for some specific cases in order to highlight the ef-
fects of moving matter. The parallel moving matter can shift the MSW-resonance that can
significantly change the neutrino oscillation probability [12, 16]. Using the supernova mod-
el introduced in [12] we plot the oscillations probability for v|| = 0 and v|| = 0.9 (see fig.1).
Numerical solution for the collective neutrino oscillations accounting for transversal matter
current is presented in fig. 2.
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Figure 1: The survival probability of electron neutrino in the absence moving matter (a) and for the case
v|| = 0.9.
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Figure 2: Initial (dashed, r = 50 km) and final (solid, r = 200 km) supernova neutrino spectra for different
neutrino species as a function of the neutrino energy for the normal (left) and inverted (right) mass ordering.
The average energies of νe, ν̄e and νx are taken as 10 MeV, 15 MeV, and 24 MeV, respectively. Note that the bulb
model for supernova neutrino emission and single-angle approximation have been used for the numerical
calculation, and A, B, C, D in the left panel are cross points for illustration. The transverse matter effects are
taken from Ref. [9] in the case of Majorana neutrinos.
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