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1 Introduction
We further develop our studies of neutrino oscillations in a magnetic field in-
troduced in [1] and extend it to the case of three neutrino generations. Recently 
a new approach to description of neutrino spin and spin-flavor oscillations in 
the presence of an arbitrary constant magnetic field has been developed in  [2,3]. 
Within the new approach the exact quantum stationary states are used for 
classification of neutrino spin states, rather than the neutrino helicity states that 
have been used for this purpose within the customary approach in many pub-
lished papers (see [1] for the corresponding references). Recall that the helicity 
states are not stationary in the presence of a magnetic field. It has been shown
[1,4] in particular, that in the presence of the transversal magnetic field B⊥ for a
given choice of parameters (the energy and magnetic moments of neutrinos and
strength of the magnetic field) the amplitude of the flavour oscillations νLe ⇔ νLµ
at the vacuum frequency ωvac = ∆m2

4p is modulated by the magnetic field fre-
quency ωB = µB⊥:

P
(B⊥)

νLe→νLµ
(t) =

(
1− sin2(µB⊥t)

)
sin2 2θ sin2 ∆m2

4p
t =

(
1− P cust

νLe→νRe

)
P cust
νLe→νLµ , (1)

here µ is the effective magnetic moment of the electron neutrino and it is sup-
posed that the following relations between diagonal and transition magnetic
moments in the neutrino mass basis are valid: µ1 = µ2, µij = 0, i 6= j. The
customary expression

P cust
νLe→νLµ (t) = sin2 2θ sin2 ∆m2

4p
t (2)

for the neutrino flavour oscillation probability in vacuum in the presence of the
transversal field B⊥ is modified by the factor 1 − P cust

νLe→νRe
. Since the transition

magnetic moment in the flavour basis is absent in the case µ1 = µ2, the process
νLe → νRe is the only way for spin flip, and then 1 − P cust

νLe→νRe
should be inter-

preted as the probability of not changing the neutrino spin polarization. And
consequently, this multiplier subtracts the contribution of neutrinos νRe with the
opposite polarization providing the survival of the only contribution from the
direct neutrino flavour oscillations νLe ⇔ νLµ . In [1,4] within the two-flavour
and two-spin neutrino states approach it has been shown the interplay between
different types of oscillations that gives rise to interesting phenomena:
1) the amplitude modulation of the probability of flavour oscillations νLe → νLµ
in the transversal magnetic field with the magnetic frequency ωB = µB⊥ (in
the case µ1 = µ2) and more complicated dependence on the harmonic functions
with ωB for µ1 6= µ2;
2) the dependence of the spin oscillation probability PνLe→νRe on the mass square
difference ∆m2;
3) the appearance of the spin-flavour oscillations in the case µ1 = µ2 and
µ12 = 0, the transition goes through the two-step processes νLe → νLµ → νRµ
and νLe → νRe → νRµ .
As a result, we predict modifications of the neutrino oscillation patterns that
might provide new important phenomenological consequences in case of neu-
trinos propagation in extreme astrophysical environments where magnetic
fields are present. Similar results on the important influence of the transver-
sal magnetic field on amplitudes of various types of neutrino oscillations were
obtained earlier [5] on the basis of the exact solution of the effective equation for
neutrino evolution in the presence of a magnetic field, which accounts for four
neutrino species corresponding to two different flavor states with positive and
negative helicities.
In this paper we generalize our approach to studies of the interplay of neu-
trino flavour and spin oscillations in a constant transversal magnetic field [1] to
the case of three neutrino flavours. The obtained results are of interest in ap-
plications to neutrino oscillations under the influence of extreme astrophysical
environments, for example peculiar to magnetars and supernovas, as well as in
studying neutrino propagation in interstellar magnetic fields (see [5]).

2 Neutrino oscillations in a magnetic field
Following [1], we use the approach based on the Dirac equation to describe the
process of neutrino oscillations in a magnetic field. Below we concisely describe
the used approach.

The wave function νsi (s = ±1) of a massive neutrino that propagates along nz

direction in the presence of a constant and homogeneous arbitrary orientated
magnetic field can be found as the solution of the Dirac equation

(γµp
µ −mi − µiΣB)νsi (p) = 0, (3)

where µi are the neutrino magnetic moments, i = 1, 2, 3 and s = ±1 is a spin
number.
This equation can be rewritten in the equivalent Hamiltonian form

Ĥiν
s
i = Eνsi , (4)

where the Hamiltonian is given by

Ĥi = miγ0 + γ0γp + µiγ0ΣB. (5)

Given the ultrarelativistic approximation, for the neutrino energy spectrum we
obtain

Es
i ≈ p +

m2
i

2p
+ µisB⊥. (6)

Since the oscillations frequencies are determined by the expression Es
i −Es′

k , we
conclude that the probabilities of neutrino oscillations in a magnetic field are
certain combinations of the oscillations on the vacuum frequencies ∆m2

ik and
magnetic field frequencies µiB⊥.
To classify neutrino stationary states in a magnetic field we use the generalized
spin operator. The spin operator that commutes with the Hamiltonian (5) can
be chosen in the form

Ŝi =
mi√

m2
iB

2 + p2B2
⊥

[
ΣB − i

mi
γ0γ5[Σ× p]B

]
. (7)

For the neutrino stationary states the following relations are valide:

Ŝi |νsi 〉 = s |νsi 〉 , s = ±1, (8)

and
〈νsi |νs

′
k 〉 = δikδss′. (9)

Now in order to solve the problem of the neutrino flavour, spin and spin-flavour
oscillations in the magnetic field we expand the neutrino chiral states over the
neutrino stationary states

νLi (t) = c+
i ν

+
i (t) + c−i ν

−
i (t), (10)

νRi (t) = d+
i ν

+
i (t) + d−i ν

−
i (t), (11)

where c±i and d±i do not depend on time. For the coefficients c+(−)
i and d

+(−)
i it is

just straightforward

|c±i |2 = 〈νL|P̂±i |νL〉 (12)

|d±i |2 = 〈νR|P̂±i |νR〉 (13)

where

P̂±i =
1± Ŝi

2
(14)

are the projection operators.
In the ultrarelativistic case as the first-order approximation we choose

νL =
1√
2


0
−1
0
1

 , νR =
1√
2


1
0
1
0

 (15)

and then calculate the coefficients of interest:

|c±i |2 = 〈νL|P̂±i |νL〉 ≈
1

2
, (16)

|d±i |2 = 〈νR|P̂±i |νR〉 ≈
1

2
. (17)

It is easy then to derive the final expressions for the probabilities of neutrino 
flavour and spin oscillations in a magnetic field:
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where i = e, µ, τ are the neutrino flavours and U is the PMNS matrix.

3 Cosmic neutrino oscillations
Consider ultrahigh-energy cosmic neutrinos propagation through the 
interstellar space. The two-flavour case was considered in [5]. It was 
measured by the Interstellar Boundary Explorer that the strength of the in-
terstellar magnetic field is approximately 2.9 µG. For simplicity we assume that 
µ1 = µ2 = µ3. We consider two possible neutrino energies: 1 ZeV and 10 ZeV.
Fig. 1 shows the probabilities of νe → νe , νe → νµ and νe → ντ oscillations
as a function of distance in parsec for the case of neutrino energy equal to 10
ZeV. The probabilities now exhibit a complicated interplay of oscillations on the 
following three characteristic scales:

1. The vacuum oscillations length L12 = 4πp/∆m2
12

2. The vacuum oscillations length L13 = 4πp/∆m2
13

3. The oscillation length associated with a magnetic field LB = 2π/µB

For the values of neutrino energy and magnetic field the oscillation
lengths are LB ≈ 0.4 pc, L13 ≈ 3 pc and L12 ≈ 100 pc. Depending on the value of
neutrino energy, five qualitatively different regimes of oscillations are
possible: 1) L12 � L13 � LB, 2) L12 � LB � L13, 3) LB � L12 � L13, 4)
L12 � L13 ∼ LB and 5) L12 ∼ LB � L13. Fig. 1 shows the third case. Fig. 2 presents 
same, but for the case p =1 ZeV (i.e. L12 ∼ LB � L13).
In our calculations we supposed that the neutrino masses are normally ordered 
(i.e. m3 > m2 > m1) and the CP violating phase δ is zero. Note, however, that  the 
oscillations probabilities (18) contain the terms that account for nonzero values 
of δ and the inverted mass hierarchy.  These terms are proportional to the small 
mixing angle sin2 θ13 and the corresponding effects are to subtle to be actually 
measured.
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Fig. 3 shows the probability of oscillations into a righthanded neutrino state
νR = νRe + νRµ + νRτ as a function of distance in parsec. Unlike the probabilities of
flavour transitions, the probability of spin oscillations is described by a simple
expression

PνLe→νR = sin2 µBx, (19)

where x is a distance.
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Since cosmic neutrinos travel large distances, we can expect that due to the 
wavepacket separation effects the actual observable are the probabilities 
averaged over the distance. The effects of a magnetic field induce additional 
modes in the oscillations probabilities and clearly modify the averaged 
probabilities. Thus, for the case of large enough neutrino magnetic moments 
we predict a significant modification of the neutrino fluxes at the terrestrial 
detectors.
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4 Conclusion
We extend our previous results on the neutrino flavour and spin oscil-lations in 
a magnetic field for the case of the two-falvours [1] to the case of the three-
flavour neutrino mixing. It is shown that the probabilities of neutrino flavour 
oscillations in a magnetic field exhibit quiet complicated dependence on both 
the vacuum and magnetic field frequencies. The investigated effect also takes place 
for much lower neutrino energies than those considered above. The discussed 
phenomenon of neutrino oscillations in a magnetic field can  significantly 
modify neutrino fluxes detected in experiments. A more detailed study of the 
effect for the  three-flavour neutrino oscillations in a magnetic field will be 
presented in a forthcoming paper [9].
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