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Motivation

 CP violation (CPV) desirable for a dynamical generation
of the matter-antimatter asymmetry (Sakharov, 1967)

 CPV discovered in the quark sector, and expected in the
lepton sector as well (Xing, Phys. Rept., 2020)
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 Extend the SM with massive Majorana neutrinos

Lepton 
mass 
terms

Charged-lepton mass matrix

Majorana neutrino mass matrix

At this moment, the CC-interaction is diagonal in three lepton flavors

 Transform into the mass basis

Leptonic CC 
interaction

𝑼𝒍𝐋
† 𝑴𝒍𝑼𝒍𝐑 =  𝑴𝒍

𝑼𝝂𝐋
† 𝑴𝝂𝑼𝝂𝐋

∗ =  𝑴𝝂

𝑽 = 𝑼𝒍𝐋
† 𝑼𝝂𝐋

𝓛𝐂𝐂 =
𝒈

𝟐
 𝒍𝜶𝐋𝜸𝝁𝑽𝜶𝒊 𝝂𝒊𝐋𝑾𝝁

− + h. c.

CP violation stems from three nontrivial phases in the PMNS matrix V
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 In the mass basis, one can verify that the sufficient and 
necessary condition for CP conservation is 

𝑽 = 𝑽∗ ⇔ 𝑽𝜶𝒊 = 𝑽𝜶𝒊
∗

CP transformations:

 𝒍𝜶 ⇒ 𝓒 𝒍𝜶
∗  𝝂𝒊 ⇒ 𝓒 𝝂𝒊

∗ 𝑾𝝁
− ⇒ − −𝟏 𝜹𝟎𝝁𝑾𝝁

+

While lepton mass terms are invariant, the CC-interaction 
term becomes

 𝒍𝜶𝐋𝜸𝝁𝑽𝜶𝒊  𝝂𝒊𝐋𝑾𝝁
− ⇒  𝝂𝒊𝐋𝜸𝝁𝑽𝜶𝒊

 𝒍𝜶𝐋𝑾𝝁
+

(𝐡. 𝐜. ) =  𝝂𝒊𝐋𝜸𝝁𝑽𝜶𝒊
∗  𝒍𝜶𝐋𝑾𝝁

+

CP invariance requires all CP phases in the PMNS matrix 
V to be vanishing or physically trivial.
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 All the CP phases in the PMNS matrix V come from the 
complex lepton mass matrices (i.e., Yukawa couplings)

𝑼𝒍𝐋
† 𝑴𝒍𝑼𝒍𝐑 =  𝑴𝒍 𝑼𝝂𝐋

† 𝑴𝝂𝑼𝝂𝐋
∗ =  𝑴𝝂 𝑽 = 𝑼𝒍𝐋

† 𝑼𝝂𝐋

which should be given explicitly in a neutrino mass model

 Obviously, if we require 𝑴𝒍 and 𝑴𝝂 to be real, then CP 
symmetry is preserved in the lepton sector. However, 
this is a sufficient but NOT necessary condition.

For example, rotate lepton doublets in the flavor space by 
a unitary matrix U, and diagonalize the matrices 𝑴𝒍

′ & 𝑴𝝂
′

𝑴𝒍
′ = 𝑼†𝑴𝒍 𝑴𝝂

′ = 𝑼†𝑴𝝂𝑼∗ 𝑽 = 𝑼𝒍𝐋
† 𝑼𝑼†𝑼𝝂𝐋 = 𝑽

Question: what are sufficient & necessary conditions for 
CP conservation in an arbitrary flavor basis?



Define
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We follow the approach of weak-basis invariants (WBI) in 
the lepton sector (Branco, Lavoura & Rebelo, 1986)

CPC vs. CPV: Any deviations from sufficient & necessary 
conditions for CP conservation imply CP violation.

Generalized CP transformations:

𝒍𝐋 ⇒ 𝑼𝐋𝓒𝒍𝐋
∗ 𝑾𝝁

− ⇒ − −𝟏 𝜹𝟎𝝁𝑾𝝁
+𝝂𝐋 ⇒ 𝑼𝐋𝓒𝝂𝐋

∗ 𝒍𝐑 ⇒ 𝑼𝐑𝓒𝒍𝐑
∗

Under the above transformations, the theory is invariant 
if the following identities are satisfied:

𝑼𝐋
†𝑯𝒍𝑼𝐋 = 𝑯𝒍

∗ 𝑼𝐋
†𝑯𝝂𝑼𝐋 = 𝑯𝝂

∗ 𝑼𝐋
†𝑮𝒍𝝂𝑼𝐋 = 𝑮𝒍𝝂

∗
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Given non-degenerate lepton masses, four sufficient and 
necessary conditions have been found (Branco et al, 1986):

𝑼𝐋
†𝑯𝒍𝑼𝐋 = 𝑯𝒍

∗ 𝑼𝐋
†𝑯𝝂𝑼𝐋 = 𝑯𝝂

∗ 𝑼𝐋
†𝑮𝒍𝝂𝑼𝐋 = 𝑮𝒍𝝂

∗

It is straightforward to construct an infinite series of WBIs

such that 𝑰𝒅𝒆𝒇
𝒂𝒃𝒄 = 𝟎 guarantees CP conservation.

Question: there are ONLY
three CP-violating phases
𝜹, 𝝆, 𝝈 , why do we need

four conditions?



Sufficient & Necessary Conditions-II 7

Indeed a minimal set of three conditions have been given 
to ensure CP conservation (Dreiner et al, 2007):

Problem: one can show that
these conditions are actually
not sufficient for leptonic CP
conservation!

A counter example:

First condition 𝑰𝟏 = 𝟎 really leads to 𝐬𝐢𝐧 𝜹 = 𝟎 or 𝜹 = 𝟎 or 𝝅

𝑰𝟐 = 𝟎 ⇒

𝑰𝟑 = 𝟎 ⇒
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Here 𝒇𝒊 (𝒊 = 𝟏, 𝟐, 𝟑) and 𝒈𝒋 (𝒋 = 𝟏, 𝟐, … , 𝟔) are functions of all 
six lepton masses and three mixing angles

𝐬𝐢𝐧 𝟐𝝆 = 𝟎
𝐬𝐢𝐧 𝟐𝝈 = 𝟎

Any other
solutions?

input charged-lepton 
masses & best-fit 
values of oscillation 
parameters

unphysical solutions
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What we learn form the counter example:
For 𝟎 ≤ 𝒎𝟏 < 𝒎∗ ≈ 𝟎. 𝟎𝟐𝟔𝟓 𝐞𝐕, 𝑰𝟏 = 𝑰𝟐 = 𝑰𝟑 = 𝟎 serve as 

three sufficient and necessary conditions for CPC

For 𝒎𝟏 > 𝒎∗ ≈ 𝟎. 𝟎𝟐𝟔𝟓 𝐞𝐕, 𝑰𝟏 = 𝟎 leads to 𝐬𝐢𝐧 𝜹 = 𝟎 , but 
𝑰𝟐 = 𝑰𝟑 = 𝟎 have nontrivial solutions of 𝝆, 𝝈 , implying 
possible CPV

New sets of WBIs (by no means unique)

𝝆 = +𝝅/𝟐

𝝈 = −𝝅/𝟐
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 We have reexamined sufficient & necessary conditions 
for leptonic CP conservation with Majorana neutrinos

 The number of the minimal set of conditions depends 
on the yet unknown lightest neutrino mass 𝒎𝟏

 We give a new set of conditions for CP conservation for 
𝒎𝟏 < 𝟎. 𝟏𝟒𝟐 𝐞𝐕, which is large enough given the bound 
on neutrino masses from cosmological observations

 For arbitrary lightest neutrino masses, four conditions 
are required

 These conditions will 
be useful for model 
building of neutrino 
masses, flavor mixing 
and leptonic CPV


