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1. Introduction

3

Quantum Chromodynamics (QCD): The theory of strong interactions

Quarks are Dirac spinors 𝝍𝒇

Gluons are non-Abelian gauge fields 𝑨𝝁 = 𝑨𝝁
𝒂𝑻𝒂

QCD is invariant under the local 𝑺𝑼 𝟑 colour symmetry

Quarks and gluons are the elementary particles of the standard model

𝑳𝑸𝑪𝑫 = ഥ𝝍𝒇 𝒊 𝜸𝝁𝑫𝝁 −𝒎𝒇 𝝍𝒇 −
𝟏

𝟐
𝐓𝐫 𝐅𝝁𝝂𝐅

𝝁𝝂

𝑫𝝁 = 𝝏𝝁 − 𝒊𝒈𝑨𝝁 ,   𝑭𝝁𝝂 = 𝝏𝝁𝑨𝝂 − 𝝏𝝂𝑨𝝁 − 𝒊𝒈 𝑨𝝁, 𝑨𝝂



Asymptotic freedom and confinement
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The QCD beta function

1- loop result

𝑵𝒇 = 𝟔 e  𝑵𝑪 = 𝟑 → 𝜷𝒈 < 𝟎

Asymptotic freedom in the UV and confinement in the IR

𝜷𝒈 ≡
𝒅𝒈

𝒅 𝐋𝐨𝐠 𝝁
= −

𝒈𝟑

𝟒𝝅 𝟐

𝟏𝟏

𝟑
𝑵𝒄 −

𝟐

𝟑
𝑵𝒇

Bethke hep-ex/0606035
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- Lattice QCD:                                                                                                  Wilson 1974

- Dyson-Schwinger equations:

Dyson 1949, 

Schwinger 1951

- Other approaches: Chiral lagrangians, Nambu-Jona-Lasinio model, QCD sum rules, RG 
flow, …

(
𝜹𝑺 𝝓

𝜹𝝓
ቚ
𝝓=

𝜹
𝜹𝑱

− 𝐉 )𝐙 𝐉 = 𝟎

Non-perturbative approaches to QCD
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The spectrum of baryons and mesons organize approximately

into Regge trajectories

Chew & Frautschi 1962

𝑱 : spin ,     𝑴 : mass        𝜶′ : Regge slope

This can be obtained from 1d objects (strings)

Nambu, Nielsen & Susskind 1969-1970

Problem: massless spin 2 particle                   string theory is a theory of gravity

Hadrons and string theory

𝑱 = 𝑱𝟎 + 𝜶′𝑴𝟐
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Yang-Mills/string duality

Feynman diagrams of 𝑆𝑈(𝑁𝑐) gauge theories in the large 𝑁𝑐 limit can be thought in terms of 
string theory  

‘t Hooft 1974

‘t Hooft constant: 𝝀 = 𝒈𝟐𝑵𝑪

This simple amplitude satisfies the s—t duality and has the asymptotic behaviour 𝒔 𝑱 𝒕

in the Regge limit , expected for hadronic scattering. 

This amplitude is obtained from scattering of strings Veneziano & many others 1968-1970

Veneziano scattering amplitude
𝑨 𝒔, 𝒕 =

𝚪 −𝜶 𝒔 𝚪 −𝜶 𝒕

𝚪(−𝜶 𝒔 − 𝜶 𝒕 )
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2. The AdS/CFT correspondence and holographic QCD

D-branes relate the physics of open strings  with the physics of 
closed strings Polchinski 1995

AdS/CFT is a concrete realization of the Yang-Mills/string duality

Maldacena 1997

𝑺𝑼(𝑵𝒄) theory in the large 𝑵𝒄 limit with
conformal symmetry in d dimensions

string theory in Anti-de-Sitter
space in d+1 dimensions

Gauge/gravity duality

In the regime 𝝀 ≫ 𝟏 string theory becomes a classical gravitational theory

E.g:  4-d 𝑵 = 𝟒 super Yang-Mills                        supergravity IIB in 𝑨𝒅𝑺𝟓 × 𝑺𝟓
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Conformal symmetry group 𝑺𝑶(𝟐, 𝟒) becomes the  𝑨𝒅𝑺𝟓 isometry group

𝑨𝒅𝑺𝟓 in Poincaré coordinates

Scale transformation 𝒙𝝁→ 𝝀 𝒙𝝁 , 𝒛 → 𝒛 𝝀

Fields 𝝓… in 𝑨𝒅𝑺𝟓 couple on the  boundary with operators 𝑶… of the 𝑪𝑭𝑻𝟒

𝑪𝑭𝑻𝟒 partition function ↔ gravitational path integral in  𝑨𝒅𝑺𝟓

Gubser-Klebanov-Polyakov 1998,

Witten 1998

The AdS/CFT dictionary

𝒁𝑪𝑭𝑻 𝝓…
𝟎 , 𝒈𝝁𝝂

𝟎 = 𝒁𝑨𝒅𝑺[𝝓…, 𝒈𝝁𝝂]

𝒅𝒔𝟐 =
𝑹𝟐

𝒛𝟐
[𝒅𝒛𝟐 − 𝒅𝒕𝟐 + 𝒅 ഥ𝒙𝟐]
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Top-down approach

E.g. Klebanov-Witten (1998), Klebanov-Strassler (2000), Maldacena-Nunez (2000), 

Sakai-Sugimoto (2004), Kuperstein-Sonnenschein (2004)

Bottom-up approach

E.g. Polchinski-Strassler (2000), Erlich-Katz-Son-Stephanov (2005), Karch-Katz-Son-Stephanov (2006), 

Gursoy-Kiritsis-Nitti (2007), Gubser-Nellore (2008)

𝑵 = 𝟒 super Yang-Mills in 4d                      IIB string theory in 𝑨𝒅𝑺𝟓 × 𝑺𝟓

QCD-like theories                                 deformed string theories

CFT in 4d                                         Einstein gravity in 𝑨𝒅𝑺𝟓

QCD as a deformed CFT                                Gravity in a deformed 𝐀𝒅𝑺𝟓 space

Holographic QCD
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Some progress in holographic QCD

Confinement: Wilson loop described by a string world-sheet.

Maldacena 1998

𝒅𝒔𝟐 = 𝒈𝒕𝒕 𝒛 𝒅𝒕𝟐 + 𝒈𝒙𝒙 𝒛 𝒅𝒙𝒊
𝟐 + 𝒈𝒛𝒛 𝒛 𝒅𝒛𝟐 satisfies the confinement criterion

𝑽ഥ𝑸𝑸(𝑳 ≫ 𝟏 ) = 𝝈𝑳 when  𝐟 = 𝒈𝒕𝒕𝒈𝒙𝒙 has a minimum  ≠ 𝟎

Kinar, Schreiber and Sonnenschein 1998

Chiral symmetry breaking

𝑱𝑳/𝑹
𝝁,𝒂

= ഥ𝒒𝑳/𝑹 𝜸
𝝁𝑻𝒂𝒒𝑳/𝑹 𝑨𝑳/𝑹

𝒎,𝒂 ,       where 𝒎 = 𝒛, 𝝁 .

ഥ𝒒𝒒 𝑿

Global symmetry                                     Gauge symmetry

Erlich, Katz, Son and Stephanov &  Da Rold and Pomarol 2005

𝑾 𝑪 = 𝒁𝒔𝒕𝒓𝒊𝒏𝒈(𝝏𝚺 = 𝐂)
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4d conformal fluid dual to a 5d AdS black hole

Universal prediction:                                                             𝜼: shear viscosity,   s: entropy density. 

Policastro-Son-Starinets 2001, Kovtun-Son-Starinets 2004

Non-linear fluid/gravity correspondence: Bhattacharyya-Hubeny-Minwalla-Rangamani 2007

Witten 1998, Herzog 2006, B.B-Boschi-Filho-Braga-Pando Zayas 2007, Gursoy-Kiritsis-Mazzanti-Nitti 2008 

Non-conformal fluids

Gubser-Nellore-Pufu-Rocha 2008, Gursoy-Kiritsis-Michalogiorgakis-Nitti 2008

𝑻𝝁𝝂 = 𝜶 𝑻𝟒 𝜼𝝁𝝂 + 𝟒𝒖𝝁𝒖𝝂 − 𝟐𝜼 𝝈𝝁𝝂 +⋯

𝜼/𝒔 = 𝟏/(𝟒𝝅)

Deconfinement transition in 4d Gravitational Hawking-Page transition in 5d

𝑻𝝁𝝂 = 𝝆𝒖𝝁𝒖𝝂 + 𝑷 − 𝜻𝜽 𝜼𝝁𝝂 + 𝒖𝝁𝒖𝝂 − 𝟐𝜼 𝝈𝝁𝝂 +⋯

Finite temperature AdS/CFT and holographic QCD
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Chiral symmetry breaking in the hard wall model 

Erlich, Katz, Son and Stephanov & Da Rold and Pomarol 2005

5d background: AdS ending in an IR hard wall

This background satisfies the confinement criterion. 

Adding flavour

w/

3. Chiral symmetry breaking in holographic QCD

𝒅𝒔𝟐 =
𝟏

𝒛𝟐
[−𝒅𝒕𝟐 + 𝒅𝒙𝒊

𝟐 + 𝒅𝒛𝟐] ,        𝟎 < 𝒛 ≤ 𝒛𝟎

𝑺 = −∫ 𝒅𝟓𝒙 −𝒈 𝐓𝐫 { 𝑫𝒎𝑿
𝟐 +𝒎𝑿

𝟐 𝑿 𝟐 +
𝟏

𝟒𝒈𝟓
𝟐
[𝑭𝒎𝒏

𝑳 𝟐
+ 𝑭𝒎𝒏

𝑹 𝟐
]}

𝑭𝒎𝒏
(𝑳/𝑹)

= 𝝏𝒎𝑨𝒏
(𝑳/𝑹)

− 𝝏𝒏𝑨𝒎
(𝑳/𝑹)

− 𝒊[𝑨𝒎
(𝑳/𝑹)

, 𝑨𝒏
(𝑳/𝑹)

] ,

𝑫𝒎𝑿 = 𝝏𝒎𝑿 − 𝒊𝑨𝒎
𝑳
𝑿 + 𝒊 𝑿 𝑨𝒎

(𝑹)

𝑨𝒅𝑺𝟓

𝑿: tachyon

𝑨𝒎
𝑳/𝑹

: non-Abelian gauge fields
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Map between 5d fields and 4d operators

𝒎𝑿
𝟐 = 𝚫 𝚫 − 𝟒 = −𝟑 (tachyonic field)

Focus on light quarks: 𝑵𝒇 = 𝟐

Classical background

Tachyon field equation 

Exact solution 

Coefficients 𝒄𝟏 and 𝒄𝟑 related to the quark mass 𝒎𝒒 and chiral condensate 𝚺 =< ഥ𝒒𝒒 >.

𝒄𝟑 fixed by boundary conditions. This is different from QCD w/ Σ is generated dynamically

𝑨𝒎
(𝑳 /𝑹)

↔ 𝑱𝝁
(𝑳 /𝑹)

𝑿 ↔ ഥ𝒒𝑹𝒒𝑳

𝟐𝑿𝟎 𝒛 = 𝒗 𝒛 𝟏𝟐×𝟐 , 𝑨𝒎
(𝑳 /𝑹) = 𝟎

[𝒛𝟐𝝏𝒛
𝟐 − 𝟑 𝒛𝝏𝒛 + 𝟑 ]𝒗(𝒛) = 𝟎

𝒗 𝒛 = 𝒄𝟏𝒛 + 𝒄𝟑𝒛
𝟑
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Chiral symmetry breaking in the soft wall model Karch, Katz, Son and Stephanov 2006

5d background: AdS and a scalar field 𝚽 (the dilaton)

𝚽(𝒛) responsible for conformal symmetry breaking

Adding flavour

Tachyon field equation

Exact analytic solution

𝒅𝒔𝟐 =
𝟏

𝒛𝟐
[−𝒅𝒕𝟐 + 𝒅𝒙𝒊

𝟐 + 𝒅𝒛𝟐] ,      𝚽 𝒛 = 𝝓∞𝒛
𝟐

𝑺 = −∫ 𝒅𝟓𝒙 −𝒈 𝒆−𝚽𝐓𝐫 { 𝑫𝒎𝑿
𝟐 +𝒎𝑿

𝟐 𝑿 𝟐 +
𝟏

𝟒𝒈𝟓
𝟐
[𝑭𝒎𝒏

𝑳 𝟐
+ 𝑭𝒎𝒏

𝑹 𝟐
]}

𝑨𝒅𝑺𝟓
𝚽(𝒛)

[𝒛𝟐𝝏𝒛
𝟐 − (𝟑 + 𝟐𝝓∞𝒛

𝟐) 𝒛𝝏𝒛 + 𝟑 ]𝒗(𝒛) = 𝟎

𝒗 𝒛 =
𝝅

𝟐
𝒄𝟏𝒛 𝑼(

𝟏

𝟐
, 𝟎; 𝝓∞𝒛

𝟐)
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Near the boundary, 

w/ 𝒅𝟑 and 𝒄𝟑 are proportional to 𝒄𝟏 𝝈𝒒 ∝ 𝒎𝒒

The soft wall model leads to explicit chiral symmetry breaking !

Non-linear extension of the soft wall model B-B and Mamani 2020

The tachyon field equation becomes

𝒗𝑼𝑽 𝒛 = 𝒄𝟏𝒛 + 𝒅𝟑 𝒄𝟏 𝐥𝐧 𝒛 + 𝒄𝟑 𝒄𝟏 𝒛𝟑 +⋯

𝑺 = −∫ 𝒅𝟓𝒙 −𝒈 𝒆−𝚽𝐓𝐫 { 𝑫𝒎𝑿
𝟐 +𝒎𝑿

𝟐 𝑿 𝟐 + 𝝀 𝑿 𝟒 +
𝟏

𝟒𝒈𝟓
𝟐
[𝑭𝒎𝒏

𝑳 𝟐
+ 𝑭𝒎𝒏

𝑹 𝟐
]}

[𝒛𝟐𝝏𝒛
𝟐 − (𝟑 + 𝟐𝝓∞𝒛

𝟐) 𝒛𝝏𝒛 + 𝟑]𝒗(𝒛) −
𝝀

𝟐
𝒗𝟑(𝒛) = 𝟎
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Far from the boundary , the regular solution takes the form

Solutions for 𝒗(𝒛) found numerically.  The UV coefficients 𝒄𝟏 and 𝒄𝟑 depend on a single 
parameter!

𝒗𝑰𝑹 𝒛 = 𝒄𝟎 + 𝒄𝟐 𝒄𝟎 𝒛−𝟐 +⋯

However, chiral symmetry breaking remains explicit in the chiral limit

Solid (dashed) lines correspond to 𝝀 > 𝟎 (𝝀 < 𝟎)

The tachyon profile goes from zero at 
small 𝑧 (UV) to a constant at large 𝑧 (IR)

The chiral condensate is a nonlinear
function of the quark mass
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4. Spontaneous chiral symmetry breaking in soft wall models

B-B, Mamani and Rodrigues 2021

𝑺 = −∫ 𝒅𝟓𝒙 −𝒈𝐓𝐫{𝒆−𝐚 𝚽 [ 𝑫𝒎𝑿
𝟐 + 𝑽 𝑿 ] +

𝒆−𝐛 𝚽

𝟒𝒈𝟓
𝟐 [𝑭𝒎𝒏

𝑳 𝟐
+ 𝑭𝒎𝒏

𝑹 𝟐
]}

Non-minimal dilaton couplings

𝒛𝟐𝝏𝒛
𝟐 − 𝟑 + 𝒛 𝒂′ 𝒛𝝏𝒛 −𝒎𝑿

𝟐 𝒗 −
𝝀

𝟐
𝒗𝟑 = 𝟎

Tachyon field equation becomes

with 𝚽 = 𝝓∞𝒛
𝟐 and    𝑽 𝑿 = 𝒎𝑿

𝟐 𝑿𝟐 + 𝝀 𝑿𝟒

Two possibilities for the gauge coupling: 𝒃 𝚽 = 𝒂(𝚽)

𝒃 𝚽 = 𝚽

Models of type A

Models of type B
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Non-minimal dilaton couplings that lead to spontaneous chiral symmetry breaking

𝒂𝑰 𝚽 = 𝚽 [
−𝐚𝟎

𝟐 +𝚽𝟐

𝒂𝟎 +𝚽𝟐 ] 𝒂𝑰𝑰 𝚽 = 𝚽 −
𝒂𝟎𝚽

𝟑/𝟐

𝟏 +𝚽𝟐

Blue, red and green correspond to 𝒂𝟎 = 𝟏, 𝒂𝟎 = 𝟑 and 𝒂𝟎 = 𝟓

Common property: the coupling becomes negative near the boundary

Compatible with previous proposals Gherghetta, Kapusta and Kelley 2009

Teramond and Brodsky 2009, Zuo 2009, Chelabi et al 2015
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Violation of the Breitenlohner-Freedman (BF) bound

Consider a scalar perturbation 𝑺(𝒙, 𝒛) around the trivial vacuum 𝑿 = 𝟎

It satisfies the linear differential equation 

𝝏𝒛 + 𝟑𝑨′ − 𝒂′ 𝝏𝒛𝑺 + □𝑺 − 𝒆𝟐𝑨𝒎𝑿
𝟐𝑺 = 𝟎

where 𝑨 = − 𝐥𝐧 𝒛

Redefining the field as 𝑺 = 𝒆𝒂/𝟐ഥ𝑺 , the differential equation takes the AdS form

𝝏𝒛 + 𝟑𝑨′ 𝝏𝒛ഥ𝑺 + □ഥ𝑺 − 𝒆𝟐𝑨 ഥ𝒎𝑿
𝟐 𝒛 ഥ𝑺 = 𝟎

with a 5d running mass
ഥ𝒎𝑿
𝟐 𝒛 = 𝒎𝑿

𝟐 − 𝒆𝟐𝑨[
𝒂′′

𝟐
+
𝒂′

𝟐
(𝟑𝑨′ −

𝒂′

𝟐
)]
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The non-minimal dilaton couplings
induce the violation of the BF bound 

the trivial vacuum 𝑿 = 𝟎 is unstable!

The stable vacuum 𝑿(𝒛) found solving (numerically) the tachyon differential equation

Type I Type II
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The chiral condensate in the chiral limit

A non-zero chiral condensate emerges 
above some critical value 𝒂𝟎

𝒄

Spontaneous breaking of 
chiral symmetry!

The chiral condensate as a function of the quark mass (fixed 𝒂𝟎)

Blue curve (𝒂𝟎 < 𝒂𝟎
𝒄)

Red curve (𝒂𝟎 > 𝒂𝟎
𝒄)

Type I Type II
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Meson spectrum

Fixing the parameters:

Masses of vector mesons
(compared with experimental data)

Evolution of the scalar meson masses
with the quark mass
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Masses of scalar mesons for fixed 
quark mass (compared with 
experimental data)

Evolution of the axial-vector meson 
masses with the quark mass

Masses of axial-vector mesons for 
fixed quark mass (compared with 
experimental data)
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Evolution of the pseudoscalar meson 
masses with the quark mass

The mass of the fundamental states 
go to zero in the chiral limit 
(Nambu-Goldstone bosons)

Masses of pseudoscalar mesons for 
fixed quark mass (compared with 
experimental data)

The quark masses were fixed as 𝒎𝒒 = 𝟗𝐌𝐞𝐕 (model IA), 𝒎𝒒 = 𝟒. 𝟕 𝐌𝐞𝐕 (model IB), 

𝒎𝒒 = 𝟗. 𝟖𝐌𝐞𝐕 (model IIA)  and 𝒎𝒒 = 𝟐𝟔. 𝟖 𝐌𝐞𝐕 (model IIB)
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Decay constants

Decay constants of vector mesons
(compared with experimental data)

Evolution of the scalar meson decay 
constants with the quark mass

Decay constants of scalar mesons for 
fixed quark mass (compared with 
experimental data)
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Evolution of the axial-vector meson 
decay constants with the quark mass

Decay constants of axial-vector 
mesons for fixed quark mass 
(compared with experimental data)

Evolution of the pseudoscalar meson 
decay constants with the quark mass
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The Gell-Mann-Oakes-Renner (GOR) relation

Decay constants of pseudoscalar 
mesons for fixed quark mass 
(compared with experimental data)

The fundamental states in the pseudoscalar sector satisfy the GOR relation 𝒇𝝅
𝟐𝒎𝝅

𝟐 = 𝟐𝒎𝒒𝝈



- A non-linear extension of the soft wall model with non-minimal dilaton couplings allows for 
the description of spontaneous chiral symmetry breaking in the chiral limit.

- Pions behave as Nambu-Goldstone bosons in the chiral limit, as expected in QCD

- Meson spectrum at physical values of the quark mass seems  compatible with experimental 
data

- Transition to the regime of heavy quarks looks promising but needs more ingredients 

- We have followed a bottom-up approach.  More sophisticated top-down models built from 
string theory provide confinement and spontaneous chiral symmetry breaking . There are, 
however, plenty of d.o.f not present in QCD

Next steps

- Describe not only chiral symmetry breaking but also confinement in a consistent way 
(Einstein-dilaton-tachyon holographic QCD).

- Turn on the temperature, quark density, magnetic field, etc. 

29

Conclusions


