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Introduction
• Localized structures arise in Field Theory under the action of scalar and 

other fields. In particular, one may find kinks, vortices and monopoles; 

• Kinks — one spatial dimension,  symmetry; 

• Vortices — two spatial dimensions,  symmetry;  

• Monopoles — three spatial dimensions,  symmetry; 

• Motivation: 
— : superconducting strings [E. Witten, NPB 249, 557 (1985)]; 
— Circumventing Derrick’s theorem [D. Bazeia, J. Menezes and R. Menezes, 
PRL 91, 241601 (2003)]; 
— Bimagnetic core/shell nanoparticles [M. Estrader et al., Nat. Commun. 4, 
2960 (2013)].

Z2

U(1)

SU(2)

U(1) × U(1)
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Vortices

S = ∫ d2r dt (−
1
4

FμνFμν + DμφDμφ − V ( |φ |))

4

φ = g(r) einθ e ⃗A =
̂θ

r (n − a(r)) .

a(0) = n, g(0) = 0, lim
r→∞

a(r) = 0, lim
r→∞

g(r) = 1.

Ansatz: ,A0 = 0

.B = −
1
r

da
dr

⟹ Φ = 2π n

energy is minimized to for  

 

V( |φ | ) =
1
2 (1 − |φ |2 )

2
⟹ E = 2π |n |

dg
dr

= ± ag
r

e −
1
r

da
dr

= ± 2V(g) .

[H.B. Niesen and P. Olesen, NPB 61, 45 (1973)]

[E.B. Bogomol’nyi, Sov. J. Nucl. Phys. 24, 449 (1976)] 
[M.K. Prasad and C.M. Sommerfield, PRL 35, 760 (1975)]BPS formalism:



Monopoles

S = ∫ d3r dt[ −
1
4

Fa
μνFaμν −

1
2

DμϕaDμϕa − V( |ϕ | )] .

5

ϕa =
xa

r
H(r) and Aa

i = ϵaib
xb

r (1 − K(r)) .

H(0) = 0, K(0) = 1, lim
r→∞

H(r) = 1, lim
r→∞

K(r) = 0.

Ansatz: Aa
0 = 0

ρ =
K′ 

2

r2
+

(1 − K2)2

2r4
+

1
2

H′ 
2 +

H2K2

r2
+ V .

BPS: 

V → 0 ⟹ H(r) = coth(r) −
1
r

, K(r) = r csch(r) .

ημν = diag ( − , + , + , + )

[G. ’t Hooft, NPB 79, 276 (1974); A. M. Polyakov, JETP Lett. 20, 194 (1974)]



Vortices with internal structure

6

S = ∫ d2r dt (−
P(χ)

4
FμνFμν + DμφDμφ +

1
2

∂μχ∂μχ − V ( |φ | , χ))
 symmetryU(1) × Z2



Vortices with internal structure

7

1
r (rχ′ )′ = Pχ

a′ 
2

2e2r2
+ Vχ,

1
r (rg′ )′ =

a2g
r2

+
1
2

V|φ|,

r (P
a′ 

er )
′ 

= 2eag2 .

φ = g(r) einθ, ⃗A =
̂θ

r (n − a(r)) e χ = χ(r) .

Ansatz: A0 = 0,

χ(0) = χ0, lim
r→∞

χ(r) = χ∞

Equations of motion:
.B = −

1
r

da
dr

⟹ Φ = 2π n

Quantized flux



Vortices with internal structure
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ρ = P(χ)
a′ 

2

2r2
+ g′ 

2 +
a2g2

r2
+

1
2

χ′ 
2 + V

ρ =
P(χ)

2 ( a′ 

r
± (1 − g2)

P(χ) )
2

+ (g′ ∓
ag
r )

2

+
1
2 (χ′ ∓

Wχ

r )
2

+ V −
1
2

(1 − g2)2

P(χ)
+

1
2

W2
χ

r2

± 1
r (W − a (1 − g2))′ .

Energy requires  ∫ r dr



Vortices with internal structure
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g′ = ± ag
r

−
a′ 

r
= ± (1 − g2)

P(χ)

V =
1
2

(1 − g2)2

P(χ)
+

1
2

W2
χ

r2

χ′ = ±
Wχ

r

⟹

E = 2π |n | + |W(χ∞) − W(χ0) |

ρvortex = P(χ)
a′ 

2

r2
+ 2g′ 

2 e ρsource = χ′ 
2 .

Neutral field is 
independent

: source for the 
vortex

χ

[D. Bazeia, J. Menezes and R. Menezes, 
PRL 91, 241601 (2003)]



Vortices with internal structure
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Source field: 

W(χ) = χ −
1
3

χ3 ⟹ χ(r) =
r2 − r2

0

r2 + r2
0

e ρsource =
16 r4

0 r2

(r2
0 + r2)4

 as a function of .χ r/r0 ρsource



Vortices with internal structure
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Vortex:

P(χ) =
1

1 − χ2
P(χ) =

1
χ2

Magnetic field for .r0 = 1 Magnetic field for .r0 = 1



Multilayered vortices

12

S2 = ∫ d2r dt (−
1
4

f( | χ | )FμνFμν −
1
4

ℱμνℱμν + |Dμφ |2 + |𝒟μ χ |2 − V( |φ | , | χ | )) .

S1 = ∫ d2r dt (−
1
4

f(χ)FμνFμν+|Dμφ |2+
1
2

∂μ χ∂μχ − V( |φ | , χ)) .

 symmetryU(1) × Z2

 symmetryU(1) × U(1)



Multilayered vortices
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S2 = ∫ d2r dt (−
1
4

f( | χ | )FμνFμν −
1
4

ℱμνℱμν + |Dμφ |2 + |𝒟μ χ |2 − V( |φ | , | χ | )) .

Dμ = ∂μ + iAμ

Fμν = ∂μAν − ∂νAμ

𝒟μ = ∂μ + iq𝒜μ

ℱμν = ∂μ𝒜ν − ∂ν𝒜μ

φ = g(r) einθ, ⃗A =
̂θ

r (n − a(r)) .

Ansatz: A0 = 𝒜0 = 0,

χ = h(r)eikθ, ⃗𝒜 =
̂θ

qr
(k − c(r))

a(0) = n, g(0) = 0, lim
r→∞

a(r) = 0, lim
r→∞

g(r) = 1.

c(0) = k, h(0) = 0, lim
r→∞

c(r) = 0, lim
r→∞

h(r) = w .



Multilayered vortices
BPS formalism:

V( |φ | , | χ | ) =
1
2

(1 − |φ |2 )
2

f( | χ | )
+

q2

2 (w2 − | χ |2 )
2

g′ = ± ag
r

, −
a′ 

r
= ± (1 − g2)

f(h)

h′ = ± ch
r

, −
c′ 

qr
= ± q (w2 − h2) Hidden sector is independent

Hidden sector: 
source for the visible one

E = 2π ( |n | + |k |w2)

14

ρ1 =
c′ 

2

q2r2
+ 2h′ 

2, ρ2 = f(h)
a′ 

2

r2
+ 2g′ 

2 .ρ = ρ1 + ρ2, onde
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Multilayered vortices

f( | χ | ) = sec2(2πm | χ | ) ⟹ g′ =
ag
r

, −
a′ 

r
= cos2 (2πm h(r)) (1 − g2) .

Solutions; , , .n = k = 1 q = 1 m = 2 Solutions; , , .n = k = 1 q = 1 m = 3
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Multilayered vortices

Magnetic field; 
 , , .n = k = 1 q = 1 m = 2

Magnetic field; 
 , , .n = k = 1 q = 1 m = 3



17

Multilayered vortices

f( | χ | ) =
1 + λ2

λ2 + cos2(2πm | χ | )

Magnetic field for 
 , , , e 

 (a),  (b),  (c), e  (d).
n = k = 1 q = 0,5 m = 2

λ = 0.5 1 2 4



Monopoles with internal structure

18

S = ∫ d3r dt (−
1
4

P(ϕ)Fa
μνFaμν −

M(ϕ)
2

Dμ χaDμχa −
1
2

∂μϕ∂μϕ − V(ϕ, | χ | ))

χa =
xa

r
H(r), Aa

i = ϵaib
xb

gr2
(1 − K(r)), and ϕ = ϕ(r) .

Ansatz: Aa
0 = 0,

 symmetrySU(2) × Z2



Monopoles with internal structure

19

Compact source: ϕ(r) =
tanh3 ( 1

3r − 1
3r0 ), r ≤ r0,

0, r > r0 .

P(ϕ) = 1 + ϕ2

Energy density for .r0 = 1

P(ϕ) = ϕ2

Compact monopole; 
energy density for .r0 = 1



Small and hollow monopoles

20

S = ∫ d3r dt (−
P( |ϕ | )

4
Fa

μνFaμν −
M( |ϕ | )

2
DμϕaDμϕa − V( |ϕ | )) .



Bigmanetic monopoles
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{SU(2) × SU(2)}

S = ∫ d3r dt (−
P( | χ | )

4
Fa

μνFaμν −
M( | χ | )

2
DμϕaDμϕa −

𝒫( | χ | )
4

ℱa
μνℱaμν −

ℳ( | χ | )
2

𝒟μ χa𝒟μχa − V( |ϕ | , | χ | )) .



Multimagnetic Monopoles
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SU(2) × SU(2) × ⋯ × SU(2)
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S1 = ∫ dDr dt (−
ε(ϕ)

4
FμνFμν +

1
2

∂μϕ∂μϕ − Aμ jμ) .

Electrically charged localized structures
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            and               E =
1

ε(ϕ)
̂r

r2
r2 d

dr (r2 dϕ
dr ) =

d
dϕ ( 1

2ε ) .

Single point charge; three spatial dimensions; static

Energy density: ρf =
1
2 ( dϕ

dr )
2

+
1

2r4ε(ϕ)

First order formalism:

ε(ϕ) =
1

W2
ϕ

⟹
dϕ
dr

= ±
Wϕ

r2

E = 4π |W(ϕ(r → ∞)) − W(ϕ(r = 0)) | .

Energy:

Electrically charged localized structures
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W(ϕ) = ϕ −
1
3

ϕ3 ⟹ ε(ϕ) = (1 − ϕ2)−2 .

.ϕ(r) = tanh ( 1
r ) .ρf(r) =

1
r4

sech4 ( 1
r )

Energy: E = 8π/3

Electrically charged localized structures



Final comments
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• Symmetry enhancement allows for modifications in physical 
properties of localized structures; 

• Presence of first order equations; 

• Perspectives: curved spacetime, impurities and systems with 
electric charges.
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