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Inspirations from flatland

Hidden symmetries play a crucial role in 1 + 1 dimensional integrable field
theories.

Zero-curvature representation of the equations of motion

Fµν ≡ ∂µAν − ∂νAµ + [Aµ,Aν ] = 0

Flatness of A = Aa
µTadx

µ leads to conserved charges.

The holonomy (parallel transport operator)

dW

dσ
+ Aµ

dxµ

dσ
W = 0 W = P e−

∫
γ Aµ

dxµ

dσ
dσW◦
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Variations of the path xµ → xµ + δxµ will change the holonomy as

δW = W

∫ 2π

0
dσ W−1FµνW

dxµ

dσ
δxν = 0⇒W [γ] = 1

W [γt ] = W [γL] ·W [γ0] ·W−1[γxR ]
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With boundary conditions, At |x=xR = At |x=L, U(t) = P e−
∫ t

0 dtAt |x=L

The holonomy restricted to space undergoes a isospectral evolution

W [γt ] = U(t) ·W [γ0] · U−1(t) W [γt ] = P e
−

∫ L
xR

dxAx |t=0

The eigenvalues of the holonomy are conserved charges.

The zero curvature equation is gauge invariant

The gauge transformation is a symmetry

Aµ → gAµg
−1 − ∂µg g−1 Fµν → gFµνg

−1

These conserved charges are gauge invariant.
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From integrable to integral equations

Could we use a similar construction in gauge theories?

But why? There is a problem concerning the charges of Yang-Mills
theories.

Yang-Mills equations were constructed à la Maxwell, for non-abelian
gauge groups
Fµν = ∂µAν − ∂νAµ + ie[Aµ,Aν ], F̃µν = 1

2ε
µνλρFλρ,

Dµ? = ∂µ ?+ie[Aµ, ?]

Yang-Mills equations

DµF
µν = Jν DµF̃

µν = 0

The local conservation of non-abelian charges is not trivial:

J ν = Jν − ie[Aµ,F
µν ] ∂µJ µ = 0
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A key point in Maxwell electrodynamics is the Stokes theorem.

The Stokes theorem for a 2-form B = 1
2Bµνdx

µ ∧ dxν

∮
∂Ω

B =

∫
Ω
dB

The integral equations are a consequence of the Stokes theorem and the
Maxwell differential equations

Bµν = αfµν + β f̃µν dB =
1

3!

(
α∂µf̃

µν + β∂µf
µν
)
ενρσλdx

ρ ∧ dxσ ∧ dxλ

∮
∂Ω

fµν
∂xµ

∂σ

∂xν

∂τ
dσdτ = 0∮

∂Ω
f̃µν

∂xµ

∂σ

∂xν

∂τ
dσdτ =

4π

c

∫
Ω
ελργµj

µ∂x
λ

∂σ

∂xρ

∂τ

∂xγ

∂ζ
dσdτdζ

To appear soon: Zaché, Victor and L.,G.
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Yang-Mills integral equations

Can we relate charge and flux in Yang-Mills theories? For Bµν either Fµν
or F̃µν ,

Φ =

∮
∂Ω

Bµν
∂xµ

∂σ

∂xν

∂τ
dσdτ

We expect charges to be gauge invariant and under a gauge
transformation,

Φ→
∮
∂Ω

g(x)Bµν(x)g−1(x)
∂xµ

∂σ

∂xν

∂τ
dσdτ.

So, we have a problem... but we can make things better!

First thing to learn: a fancy way to define points in space-time.
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Introduce the “conjugate field”: BW
µν = W Bµν W−1.

Under a gauge transformation

Bµν(x) → g(x)Bµν(x)g−1(x)

W [γ] → g(x) W [γ] g−1(xR)

BW
µν (x) → g(xR)BW

µν (x)g−1(xR).

Φ→ g(xR) Φ g−1(xR)
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A derivation of Stokes theorem for the conjugate field

Φ(BW
µν ,Σ0) =

∫
Σ0

W−1BµνW
∂xµ

∂σ

∂xν

∂τ
dσdτ.

dΦ

dζ
=

∫
Σ
W−1(DλBµν + DµBνλ + DνBλµ)W

∂xλ

∂ζ

∂xµ

∂σ

∂xν

∂τ
dσdτ

+

∫
Σ

∫ σ

0

(
[BW
µν (σ),FW

αβ(σ′)]Sβν
∂xµ

∂σ

∂xα

∂σ′
dσdτ

)
dσ′.

Sβν ≡
(
∂xβ

∂ζ
(σ′)

∂xν

∂τ
(σ)− ∂xβ

∂τ
(σ′)

∂xν

∂ζ
(σ)

)
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The Stokes theorem∫
∂Ω

W−1BµνW
∂xµ

∂σ

∂xν

∂τ
dσdτ =

∫ 2π

0
K(ζ)dζ

K(ζ) ≡
∫

Σ
W−1(DλBµν + DµBνλ + DνBλµ)W

∂xλ

∂ζ

∂xµ

∂σ

∂xν

∂τ
dσdτ

+

∫
Σ

∫ σ

0

(
[BW
µν (σ),FW

αβ(σ′)]Sβν
∂xµ

∂σ

∂xα

∂σ′

)
dσ′dσdτ.

Taking Bµν = αFµν + βF̃µν and using the Yang-Mills differential
equations we make this theorem an integral physical law.
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∮
∂Ω

W−1FµνW
∂xµ

∂σ

∂xν

∂τ
dσdτ =

∫
Ω
ελµνγW

−1JγmW
∂xλ

∂ζ

∂xµ

∂σ

∂xν

∂τ
dσdτdζ

+

∫
Ω

∫ σ

0
[FW
µν (σ),FW

αβ(σ′)]Sβν
∂xα

∂σ′
∂xµ

∂σ
dσ′dσdτdζ,

and∮
∂Ω

W−1F̃µνW
∂xµ

∂σ

∂xν

∂τ
dσdτ =

∫
Ω
ελµνγW

−1Jγe W
∂xλ

∂ζ

∂xµ

∂σ

∂xν

∂τ
dσdτdζ

+

∫
Ω

∫ σ

0
[F̃W
µν (σ),FW

αβ(σ′)]Sβν
∂xα

∂σ′
∂xµ

∂σ
dσ′dσdτdζ.
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The conserved charges

We define a “new” holonomy such that the dynamical (integral)
equations imply its path independence.

Introduce the 2-holonomy on a closed surface ∂Ω scanned by loops
labelled by τ ∈ [0, 2π]:

dV

dτ
+ ieVB = 0, B =

∮
γ
W−1BµνW

∂xµ

∂σ

∂xν

∂τ
dσ

V [∂Ω] = V◦ P2 e−ie
∫
∂Ω W−1BµνW

∂xµ

∂σ
∂xν

∂τ
dσdτ
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Consider ∂Ω to be obtained from Σ0. V changes from V [Σ0] as

dV

dζ
− ieAV = 0 V [Ω] = P3 e ie

∫ 2π
0 A(ζ)dζ V◦

A(ζ) =

∫
Σ
VW−1 (DλBµν + DµBνλ + DνBλµ)WV−1∂x

µ

∂σ

∂xν

∂τ

∂xλ

∂ζ
dσdτ

+ ie

∫
Σ
V

∫ σ

0

[
FW
µν (σ′)− BW

µν (σ′),BW
µν (σ)

]
SµαβνV−1dσ′dσdτ

Sµαβν ≡
(
∂xµ

∂σ

∂xν

∂ζ

∂xα

∂σ′
∂xβ

∂τ
− ∂xµ

∂σ

∂xν

∂τ

∂xα

∂σ′
∂xβ

∂ζ

)
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An important identity

P3 e ie
∫ 2π

0 A(ζ)dζ = P2 e−ie
∮
W−1BµνW

∂xµ

∂σ
∂xν

∂τ
dσdτ

We look at V [Ω] as an operator in loop space L2Ω.

The path-independence of V [Ω] gives

V [Ωt ] = V [Ω∞]V [Ω0]V−1[ΩR ] = U(t)V [Ω0]U−1(t).

Under a gauge transformation: V [Ωt ]→ g(xR)V [Ωt ]g
−1(xR).

The eigenvalues of V [Ω] are gauge invariant dynamically conserved charges of
Yang-Mills theories.
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The magnetic monopole configuration
Wu-Yang and ’t Hooft-Polyakov (at ‖x‖ → ∞)

Ai = −1

e
εija

x j

r2
Ta, A0 = 0, Fij =

1

e
εijk

r̂k

r2
r̂ · ~T .

One can show that

d

dσ

(
W−1 r̂ · ~T W

)
= W−1 Di

(
r̂ · ~T

)
W = 0

and the flux of the conjugate field through a spatial surface becomes
“abelianized”:

Φ =

∮
∂Ω

W−1 Fij W
∂x i

∂σ

∂x j

∂τ
dσdτ = −1

e

∮
∂Ω

r̂

r2
TR · d ~S = −4π

e
TR

where TR ≡
(
W−1 r̂ · ~T W

) ∣∣∣∣∣
xR

.
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The integral equation∮
∂Ω

W−1FijW
∂x i

∂σ

∂x j

∂τ
dσdτ =

∫
Ω
εkij0W

−1J0
mW

∂xk

∂ζ

∂x i

∂σ

∂x j

∂τ
dσdτdζ

+

∫
Ω

∫ σ

0 �
���

���
��:0

[FW
ij (σ),FW

kl (σ′)]S lj ∂x
k

∂σ′
∂x i

∂σ
dσ′dσdτdζ

requires a non-vanishing contribution from the conjugate charge density.
The Yang-Mills equation ([Ai ,Bi ] = 0 for Wu-Yang configuration)

∂iBi = 0

can be treated in terms of distributions:

〈TBi
,F〉 ≡

∫
Ω
BiF dV , 〈∂jTBi

,F〉 ≡ −
∫

Ω
Bi∂jF dV ,
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〈∂iTBi
,F〉a = −1

e
F(~0)

∫
r̂a sin θdθdϕ = 0

Then, we must find a function ρ such that∫
Ω
d3x ρ F =

∫
Ω
d3x ∂iBi = 0

Any function of the type

ρ = C
δ(r)

r2
r̂ · ~T

will do but the constant C can only be fixed using the integral equations:

ρ = −1

e

δ(r)

r2
r̂ · ~T

Gabriel Luchini UFES-FAPES



The charges of the Wu-Yang monopole

The charge operator reads

V = P3 e iαe
∫

Ω VW−1JγmWV−1ελµνγ
∂xµ

∂σ
∂xν

∂τ
∂xλ

∂ζ
dσdτdζ = e iα4πTR

The charges g of the monopole are then given by the eigenvalues of the flux
operator of the conjugate magnetic field

Q =

∫
∂Ω

W−1BW · dS = −4π

e
TR

which in a diagonal basis of the spin j representation of SU(2) are given by

g =
4π

e
(j , j − 1, . . . ,−j).
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The hidden symmetry

The local Yang-Mills equations imply the zero curvature

δA+A ∧A = 0

with

A =

∫
dτ

∫
dσV

{
ieβJ̃Wµνλ

∂xµ

∂σ

∂xν

∂τ
δxλ

+ e2

∫ σ

0
dσ′
[ (

(α− 1)FW
κρ + βF̃W

κρ

)
(σ′),

(
αFW

µν + βF̃W
µν

)
(σ)
]

× ∂xκ

∂σ′
∂xµ

∂σ

(
∂xρ

∂τ
(σ′)δxν(σ)− ∂xν

∂τ
(σ)δxρ(σ′)

)}

which is a connection in the loop space L2Ω.

This is a conservation law.
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There is more to the conserved charge then the matter fields from the
current Jµ.

The commutator term in the integral equations is new and it contributes
to the flux of the (conjugate) field strength.

The hidden symmetry leading to the conserved charges is the path
independence of the 3-holonomy in the loop space.

We need to understand what are the gauge transformations in loop
space, which are symmetries of the zero-curvature equation.
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Thanks!
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