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1-page summary of semileptonic decays
Precision measurements of CKM UT
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Test of lepton universality in R(D(*))
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Is g⌧ = gµ, and/or ge?

R(D(*)) ≡
ℬ(B → D(*)τ+ν)
ℬ(B → D(*)ℓ+ν)
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• the most recent Belle result on   
PRL 124, 161803 (2020) 

• for a recent comprehensive review,  
arXiv:2101.08326 (accepted to RMP)

R(D(*))
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B+ → π+π−ℓ+ν
B+ → η(′ )ℓ+ν

q2 B → Xcℓ+ν

B → Xuℓ+ν |Vub |
B → Xuℓ+ν

PRD 104, 012008 (2021)
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Motivation 
• measured exclusive  modes are far from saturating the whole 

 processes,

• thus causing large modeling (systematic) uncertainties

Interests in  
• a potential clue to understanding the existing tension, (inclusive-vs.-exclusive)

• can be a probe for the internal structure of light mesons

• can improve the  form-factor calculation 

•  measurements of  only 

main feature  
• hadronic B tagging ( ) using NN 

• suppress (dominant)  bkgd. using BDT 

B → Xuℓ+νℓ
b → uℓ+νℓ

B+ → π+π−ℓ+νℓ

B → ππ
∃ B → ρℓ+νℓ

B+
tag

B → Xcℓ+νℓ
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FIG. 1: Shape comparison of the input variables of the BDT before the selection on OBDT for simulated signal and
background events.
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FIG. 2: Shapes of the BDT output for the signal and
the major background processes, as predicted by MC.
The vertical line shows the minimum requirement on
this variable, obtained from optimizing a figure-of-merit
NS/

p
NS +NB .

ECL crystals caused by hadronic interaction with
charged tracks and photons. For photons E9/E25

peaks at one, whereas for charged tracks it tends
to have lower values.

Distributions of the above variables for signal and back-
ground (with arbitrary normalizations) are shown in
Fig. 1.

We choose a selection criterion on the BDT output
classifier by optimizing a figure-of-merit NS/

p
NS +NB .

The distributions of the BDT classifier OBDT for the sig-
nal, B-meson decays to charm mesons and other back-
grounds, as well as the selection criterion (OBDT > 0.52),
are shown in Fig. 2. We validate the description of the
variables used in the BDT using the sideband of the
missing-mass squared distribution, defined as M2

miss >
2GeV2. These distributions are shown in Fig. 3.

V. SIGNAL EXTRACTION

We determine the signal yields from a binned extended
maximum-likelihood fit to the M2

miss spectrum in the
range [�1.0, 6.0] GeV2 and with a bin width of 0.2 GeV2.
We rely on MC simulation to derive the probability den-
sity functions (PDFs) of the fit components. Because of
the negligible contribution of the continuum, b ! u`⌫,
and rare b ! s decay processes, we combine these into
a single component and fix their event yields to the MC
expectation (referred to as fixed background in the fol-
lowing). We thus distinguish among three components
in our fit:

1. the signal B+
! ⇡+⇡�`+⌫`,

BELLE

PRD 103, 112001 (2021)
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Signal extraction 
• by binned fit to 

• for signal, , and 
other fixed bkgd.

• in bins of  or , or in 
2D ( ) 
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FIG. 5: Partial branching fractions for the decay B+
! ⇡+⇡�`+⌫` in bins of: (left) the ⇡+⇡� invariant mass

according to the results in the 1D(M⇡⇡) configuration, and (right) the momentum-transfer squared according to the
results in the 1D(q2) configuration. As there is no upper limit in the ⇡+⇡� invariant mass, we use a cut-off at 2 GeV
for the left figure.
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FIG. 4: Projection of the 1D(M⇡⇡) configuration fit results in the M2
miss distribution (points with error bars) in

three regions of the dipion mass as labeled: (upper left) low-mass region (M⇡+⇡�  0.62 GeV), (upper right) around
the ⇢0 meson (0.62 GeV < M⇡+⇡�  0.94 GeV) and (lower left) high-mass region (M⇡+⇡� > 0.94 GeV). The fit
components are shown as the colored histograms as given in the lower right. The pull values are presented
underneath each plot to display the accuracy of the fit relative to the data. The peaking structure in the fixed
background around the signal region in the high dipion mass is due to the B+

! D̄0
(⇡+⇡�

)`+⌫` decay.

ment, and hence no additional corrections to account for
migrations between the reconstructed bins are applied.

Figure 4 shows the projection of the fit results in
the 1D(M⇡⇡) configuration in three regions of the di-
pion mass: a low-mass region (M⇡+⇡�  0.62 GeV),
an intermediate-mass region dominated by the ⇢0 me-
son (0.62 < M⇡+⇡� [GeV]  0.94), and a high-mass re-
gion (M⇡+⇡� > 0.94 GeV) where we can also observe
contributions from the B+

! D̄0
(⇡+⇡�

)`+⌫` decay. Ta-
bles I, II, and III present the fit results for every bin
in the three configurations. In these tables, we provide
the �2 value and number of degrees of freedom to verify
the goodness of fit, following the �2 calculation of Baker
and Cousins [39], which applies to fits derived from a
maximum-likelihood method where the data obey Pois-
son statistics. The fit procedure was validated by gener-
ating an ensemble of pseudoexperiments using the fitted
number of signal and background events in each of the
bins. No bias in the coverage of the reported uncertain-
ties was observed. The recovered central values show
a small bias, which we include into the systematic un-

certainties (discussed in the next section). To validate
our measurement, we used control samples following a
selection procedure similar to that implemented for the
signal. For that purpose, we study four channels in the
B+

! D̄0`+⌫` decay, with the D0 meson reconstructed
as a combination of two charged hadrons and the possi-
bility to include a neutral pion: K�⇡+, K�K+, ⇡+⇡�⇡0

and K�⇡+⇡0. The measured branching fractions are in
agreement with the world averages [1].

VI. SYSTEMATIC UNCERTAINTIES

The sources of systematic uncertainties considered in
this analysis fall into three categories: those related to
detector performance, those due to the modeling of the
signal and background processes, and uncertainties asso-
ciated with the fitting procedure. In most cases, we esti-
mate the systematic uncertainties by varying each fixed
parameter in the simulation by one standard deviation up
and down (±1�) and repeating the fit to the M2

miss dis-

8

]  2 [GeV2
missM0 2 4 6

) 2
Ev

en
ts

/(0
.2

 G
eV

0

10

20

30  0.62 GeV≤ -π+πM

] 2 [GeV2
missM0 2 4 6

  P
ul

l 

2−
0
2 ]  2 [GeV2

missM0 2 4 6

) 2
Ev

en
ts

/(0
.2

 G
eV

0

20

40

60

80

100

 0.94 GeV≤ -π+π0.62 GeV < M

] 2 [GeV2
missM0 2 4 6

  P
ul

l 

2−
0
2

]  2 [GeV2
missM0 2 4 6

) 2
Ev

en
ts

/(0
.2

 G
eV

0

20

40
60

80

100
120

 > 0.94 GeV-π+πM

] 2 [GeV2
missM0 2 4 6

  P
ul

l 

2−
0
2

ν+l-π+π → +B

ν+lc X→B 

Fixed background

Data

FIG. 4: Projection of the 1D(M⇡⇡) configuration fit results in the M2
miss distribution (points with error bars) in

three regions of the dipion mass as labeled: (upper left) low-mass region (M⇡+⇡�  0.62 GeV), (upper right) around
the ⇢0 meson (0.62 GeV < M⇡+⇡�  0.94 GeV) and (lower left) high-mass region (M⇡+⇡� > 0.94 GeV). The fit
components are shown as the colored histograms as given in the lower right. The pull values are presented
underneath each plot to display the accuracy of the fit relative to the data. The peaking structure in the fixed
background around the signal region in the high dipion mass is due to the B+
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migrations between the reconstructed bins are applied.
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pion mass: a low-mass region (M⇡+⇡�  0.62 GeV),
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! D̄0`+⌫` decay, with the D0 meson reconstructed
as a combination of two charged hadrons and the possi-
bility to include a neutral pion: K�⇡+, K�K+, ⇡+⇡�⇡0
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signal. For that purpose, we study four channels in the
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as a combination of two charged hadrons and the possi-
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agreement with the world averages [1].

VI. SYSTEMATIC UNCERTAINTIES

The sources of systematic uncertainties considered in
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3 fit results and branching fractions

BELLE

PRD 103, 112001 (2021)

 B+ → π+π−ℓ+νℓ

ℬ(B+ → π+π−ℓ+νℓ) [1D (Mππ)] = (22.3+2.0
−1.8 ± 3.9) × 10−5

ℬ(B+ → π+π−ℓ+νℓ) [1D (q2)] = (22.7+1.9
−1.6 ± 3.4) × 10−5

ℬ(B+ → π+π−ℓ+νℓ) [2D] = (23.0+1.9
−1.7 ± 3.0) × 10−5

 Belle’s final result⇐
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 B+ → η(′ )ℓ+νℓ

8

Features 
• untagged (“loose  reconstruction”)

• background suppression by  ( ) 
and two BDTs (against , continuum)

• binned ML fit in  covering entire  range 
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Brief introduction

Alternative, novel Vcb determination

Determine |Vcb| from h(q2)ni,cut up to 1/m4
b

(arXiv:1812.07472)

Complementary and completely data driven determination

Analysis goal: provide first1measurement of q2 moments

1
CLEO, arXiv:hep-ex/0403052

1 / 36

 moments in  q2 B → Xcℓ+νℓ

9

Motivations 
•  tension between exclusive & inclusive measurements of  

• inclusive approach for 

• free from uncertainties of form factor shape and normalization

• exploits HQE — total decay rate and spectral moments can be 
expanded into a manageable number of non-perturbative matrix 
elements

• measure  moments

• a novel approach by Fael, Manel, Keri Vos   [JHEP 02, 177 (2019)] 

• use “reparametrization invariance”

• data-driven method for  up to 

∃ |Vcb |
|Vcb |

q2

|Vcb | 1/m4
b

BELLE

preliminary
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Analysis features 
• use full reconstruction tagging (of the accompanying B) — Btag

• Remainder (after Btag) of the signal event ( ,  and a missing ) — measure ,  

The moments — how to 

ℓ+ Xc ν MX q2

9

FIG. 4. The reconstructed q2 distributions with an example q2 threshold selection of 3.0GeV2 (top) for electron (left) and
muon (right) candidates and the determined binned signal probabilities (bottom) are shown. The background contributions
are scaled to their estimated values using the fit described in the text. The binned signal probabilities are obtained by a fit of
a polynomial of a given order n (red curve).

observed event yields. This is done using the sequen-478

tial least squares programming method implementation479

of Ref. [59, 60]. The fit is carried out in 20 equidistant480

bins of MX ranging from 0 to 3.5 GeV to determine the481

number of background events for each studied threshold482

selection on q2, taking into account systematic uncertain-483

ties on the composition of B ! Xc `+ ⌫` and background484

templates (more details about these will be discussed in485

Section V). The continuum constraint Pcont is adjusted486

to reflect the number of continuum events for a given q2
487

selection value.488

In a second step, the determined number of back-
ground (b⌘bkg) and continuum (b⌘cont) events are used to
construct binned signal probabilities as a function of q2,
which is defined as

wi = 1 �
b⌘bkgf̃ bkg

i + b⌘contf̃ cont
i

ni
. (19)

Here, f̃i denotes the estimated fractions of events being489

reconstructed in a bin i of q2 for a given background490

category. Fig. 4 shows the q2 spectrum for electron and491

muon candidates and the wi distribution for the thresh-492

old selection with q2 > 3.0 GeV2. To avoid dependence493

on binning effects, we fit the binned signal probabilities494

for each q2 selection with a polynomial function of a given495

order n to determine event-wise weights, w(q2), by per-496

forming a �2 minimzation. The order of the polynomial is497

determined using a nested hypothesis test and we accept498

a polynomial of order n over n� 1 if the improvement in499

�2 is larger than one. Furthermore, the �2 takes into ac-500

count the full experimental covariance of the background501

shapes. The resulting polynomial, w(q2), allows for an502

unbinned background subtraction and is required to have503

positive or zero event weights. We set all weights with504

negative values to zero. The matching figures for other505

q2 threshold selections can be found in Appendix A.506

IV. MOMENT CALIBRATION MASTER507

FORMULA508

The reconstructed q2 values are distorted by the recon-509

struction of the Xc system and selection criteria. To mea-510

sure the first to the fourth moment of the B ! Xc `+ ⌫`511

q2 spectrum, we need to correct for these effects. This is512

done in three sequential steps:513

- First, a calibration function is applied event-wise as514

a function of the reconstructed q2 value to correct515
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FIG. 5. The generator-level and reconstructed B ! Xc `
+ ⌫` moments are shown for the first to fourth q2 moment for

electrons. The different markers represent different threshold selections on the generator-level and reconstructed q2 and the
relation between the moments can be described with a linear parametrization of the form am + hq2mcal ii · bm = hq2mi i. The
corresponding plots for muons can be found in Appendix B.

for resolution distortions. This linear correction is516

determined separately for each order of the moment517

we wish to measure. The calibrated moments we518

denote in the following as q2m
cal with m being the519

order of the moment.520

- In a second step we correct for any residual bias521

not captured by the linear calibration function for522

a given moment using a global correction factor,523

which we denote as Ccal.524

- Thirdly, we correct for acceptance and selection ef-525

fects by applying a global correction factor, Cacc.526

This correction is calculated for each q2 threshold527

selection as well as each order of moment.528

The linear calibration functions and the two correc-
tion factors are determined using simulated event sam-
ples, which are statistically independent from the simu-
lated samples used in the background subtraction pro-
cedure. The calibration function is determined by com-
paring the reconstructed and generator-level moments.
Fig. 5 shows the first to fourth generator-level and re-
constructed B ! Xc `+ ⌫` moments with different selec-
tions on the generator-level and reconstructed q2 value
for electrons. There exists a strong linear relationship
for the studied order of moments, and we determine a

linear calibration function of the form,

q2m
cal i =

q2m
i � am

bm
. (20)

with am and bm denoting the offset and slope for mo-529

ments of the order m. The corresponding figures for530

muons can be found in Appendix B and show the same531

linear behavior. The residual bias correction factor Ccal is532

determined by comparing simulated samples of the cali-533

brated and generator-level moments for each q2 threshold534

selection and order of moment under study. Lastly, since535

different selection efficiencies are observed for different536

B ! Xc `+ ⌫` processes, we determine an additional fac-537

tor accounting for selection and acceptance effects. The538

correction factor, Cacc, is calculated by comparing the539

moments of the generator-level simulated events with540

a sample without any selection criteria applied. Fig. 6541

shows the size of both calibration factors for the first to542

fourth q2 moment for electrons. Both factors are close to543

unity and the corresponding factors for muons, displaying544

a similar behavior, are found in Appendix B. In addition,545

selection and acceptance efficiencies for generator-level546

simulated B ! Xc `+ ⌫` samples are shown in Appendix547

C.548

The q2 moments are then given by

hq2m
i =

Ccal · CaccPevents
i w(q2

i )
⇥

eventsX

i

w(q2
i ) · q

2m
cal i . (21)

BELLE

preliminary

for w(q2
i )

 moments in  q2 B → Xcℓ+νℓ
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FIG. 5. The generator-level and reconstructed B ! Xc `
+ ⌫` moments are shown for the first to fourth q2 moment for

electrons. The different markers represent different threshold selections on the generator-level and reconstructed q2 and the
relation between the moments can be described with a linear parametrization of the form am + hq2mcal ii · bm = hq2mi i. The
corresponding plots for muons can be found in Appendix B.
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determined separately for each order of the moment517

we wish to measure. The calibrated moments we518

denote in the following as q2m
cal with m being the519

order of the moment.520

- In a second step we correct for any residual bias521

not captured by the linear calibration function for522

a given moment using a global correction factor,523

which we denote as Ccal.524

- Thirdly, we correct for acceptance and selection ef-525

fects by applying a global correction factor, Cacc.526

This correction is calculated for each q2 threshold527

selection as well as each order of moment.528

The linear calibration functions and the two correc-
tion factors are determined using simulated event sam-
ples, which are statistically independent from the simu-
lated samples used in the background subtraction pro-
cedure. The calibration function is determined by com-
paring the reconstructed and generator-level moments.
Fig. 5 shows the first to fourth generator-level and re-
constructed B ! Xc `+ ⌫` moments with different selec-
tions on the generator-level and reconstructed q2 value
for electrons. There exists a strong linear relationship
for the studied order of moments, and we determine a

linear calibration function of the form,

q2m
cal i =

q2m
i � am

bm
. (20)

with am and bm denoting the offset and slope for mo-529

ments of the order m. The corresponding figures for530

muons can be found in Appendix B and show the same531

linear behavior. The residual bias correction factor Ccal is532

determined by comparing simulated samples of the cali-533

brated and generator-level moments for each q2 threshold534

selection and order of moment under study. Lastly, since535

different selection efficiencies are observed for different536

B ! Xc `+ ⌫` processes, we determine an additional fac-537

tor accounting for selection and acceptance effects. The538

correction factor, Cacc, is calculated by comparing the539

moments of the generator-level simulated events with540

a sample without any selection criteria applied. Fig. 6541

shows the size of both calibration factors for the first to542

fourth q2 moment for electrons. Both factors are close to543

unity and the corresponding factors for muons, displaying544

a similar behavior, are found in Appendix B. In addition,545

selection and acceptance efficiencies for generator-level546

simulated B ! Xc `+ ⌫` samples are shown in Appendix547

C.548

The q2 moments are then given by

hq2m
i =

Ccal · CaccPevents
i w(q2

i )
⇥

eventsX

i

w(q2
i ) · q

2m
cal i . (21)
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FIG. 6. The residual bias and acceptance correction factors, denoted as Ccal (circles) and Cacc (diamonds), respectively, are
shown for the first to fourth q2 moment for electrons. The corresponding plots for muons can be found in Appendix B.

Here the sums run over all selected events and q2
i denotes549

the measured four-momentum transfer squared of a given550

event i with a corresponding calibrated four-momentum551

transfer squared q2m
cal i. The continuous signal probability552

w(q2
i ) is calculated for each event, while the calculated553

moments are normalized by the sum of signal probabil-554

ities. The full background subtraction and calibration555

procedure was tested on ensembles of statistically inde-556

pendent simulated samples and no statistical significant557

biases in the unfolded moments are observed.558

559560561

V. SYSTEMATIC UNCERTAINTIES562

A. Overview563

Several systematic uncertainties affect the measured q2
564

moments. Tables II and III summarize the relative sta-565

tistical and systematic uncertainties on the measured q2
566

moments for electron and muon final states, given in per-567

mille. The most important sources of systematic uncer-568

tainty are associated with the assumed composition of the569

B ! Xc `+ ⌫` process: the decays involving the higher570

mass states beyond the 1S D and D⇤ meson are poorly571

known and the composition affects the background sub-572

traction as well as the calibration of the measured mo-573

ments. We evaluate the uncertainties on the background574

subtraction by considering various sources of systematic575

uncertainty included as NP constraints in the binned like-576

lihood fits (labeled “Bkg. subtraction” in Tables II and577

III). We consider signal modeling uncertainties by varia-578

tions of the BGL parameters and heavy quark form fac-579

tors of B ! D `+ ⌫`, B ! D⇤ `+ ⌫`, and B ! D⇤⇤ `+ ⌫`580

within their uncertainties. In addition, we propagate the581

branching fraction uncertainties, cf. Table I. The un-582

certainties on the B ! Xc `+ ⌫` gap branching fractions583

are taken to be large enough to account for the differ-584

ence between the sum of all exclusive branching frac-585

tions measured and the inclusive branching fraction mea-586

sured. We also evaluate the impact on the efficiency of587

the lepton- and hadron-identification uncertainties, and588

the overall tracking efficiency uncertainty. The statisti-589

cal uncertainty on all generated MC samples is also eval-590

uated and propagated into the systematic errors. The591

B ! Xu `+ ⌫` background component is varied within592

its branching fraction uncertainty (“B ! Xu`⌫ BF”).593

For the calibration we change the composition of the594

assumed B ! Xc `+ ⌫` process and redetermine the cal-595

ibration function as well as the bias and acceptance cor-596

rection factors (“B ! Xc`⌫ BF”). For the B ! D⇤⇤ `+ ⌫`597

and gap contributions, we redetermine these factors by598

completely removing their respective contributions, to599

account for the poor knowledge of their precise decay600

processes. We vary the B ! D `+ ⌫` and B ! D⇤ `+ ⌫`601

within their respective branching fractions. In addition,602

we evaluate the impact of the modeling of non-resonant603

decays by replacing the model described in Section II604

with a model based on the equidistribution of all final-605

state particles in phase-space (“Non-resonant model”).606

The signal modeling is evaluated in a similar manner607

BELLE

preliminary

Analysis features 
• use full reconstruction tagging (of the accompanying B) — Btag

• Remainder (after Btag) of the signal event ( ,  and a missing ) — measure ,  
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FIG. 5. The generator-level and reconstructed B ! Xc `
+ ⌫` moments are shown for the first to fourth q2 moment for

electrons. The different markers represent different threshold selections on the generator-level and reconstructed q2 and the
relation between the moments can be described with a linear parametrization of the form am + hq2mcal ii · bm = hq2mi i. The
corresponding plots for muons can be found in Appendix B.

for resolution distortions. This linear correction is516

determined separately for each order of the moment517

we wish to measure. The calibrated moments we518

denote in the following as q2m
cal with m being the519

order of the moment.520

- In a second step we correct for any residual bias521

not captured by the linear calibration function for522

a given moment using a global correction factor,523

which we denote as Ccal.524

- Thirdly, we correct for acceptance and selection ef-525

fects by applying a global correction factor, Cacc.526

This correction is calculated for each q2 threshold527

selection as well as each order of moment.528

The linear calibration functions and the two correc-
tion factors are determined using simulated event sam-
ples, which are statistically independent from the simu-
lated samples used in the background subtraction pro-
cedure. The calibration function is determined by com-
paring the reconstructed and generator-level moments.
Fig. 5 shows the first to fourth generator-level and re-
constructed B ! Xc `+ ⌫` moments with different selec-
tions on the generator-level and reconstructed q2 value
for electrons. There exists a strong linear relationship
for the studied order of moments, and we determine a

linear calibration function of the form,

q2m
cal i =

q2m
i � am

bm
. (20)

with am and bm denoting the offset and slope for mo-529

ments of the order m. The corresponding figures for530

muons can be found in Appendix B and show the same531

linear behavior. The residual bias correction factor Ccal is532

determined by comparing simulated samples of the cali-533

brated and generator-level moments for each q2 threshold534

selection and order of moment under study. Lastly, since535

different selection efficiencies are observed for different536

B ! Xc `+ ⌫` processes, we determine an additional fac-537

tor accounting for selection and acceptance effects. The538

correction factor, Cacc, is calculated by comparing the539

moments of the generator-level simulated events with540

a sample without any selection criteria applied. Fig. 6541

shows the size of both calibration factors for the first to542

fourth q2 moment for electrons. Both factors are close to543

unity and the corresponding factors for muons, displaying544

a similar behavior, are found in Appendix B. In addition,545

selection and acceptance efficiencies for generator-level546

simulated B ! Xc `+ ⌫` samples are shown in Appendix547

C.548

The q2 moments are then given by

hq2m
i =

Ccal · CaccPevents
i w(q2

i )
⇥

eventsX

i

w(q2
i ) · q

2m
cal i . (21)

: residual bias correctionCcal
: acceptance correctionCacc
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FIG. 8. The expectation of lepton flavor universality of the moments are tested for the first to fourth q2 moments: in the ratio
of electron to muon moments many of the associated systematic uncertainties cancel and all reported moments are compatible
with the expectation of lepton flavor universality (bottom top). Note that the individual electron and muon moments are
highly correlated. Furthermore, the generator-level and measured moments for all threshold selections on q2 are compared as
a ratio (bottom middle) and difference (bottom lower) for both electrons and muons.
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Inclusive  and B → Xuℓ+νℓ |Vub |

14

Features of the analysis 
• extend the analysis region as much as possible into the  dominated region 

of phase space

• use “full reconstruction” (of the accompanying B) or “B-tagging” method

• machine learning to (i) reconstruct  (NN), and (ii) to separate  from 
the dominant  background (BDT)

• we focus on integrated (over phase space) measurement of 

main improvement 
• more efficient B tagging using NN ➔ effective increase of statistics ( )

• improved modeling of  background (e.g. for “gap modes”) as well as signal

B → Xcℓ+νℓ

Btag B → Xuℓ+νℓ
B → Xcℓ+νℓ

Δℬ

× 1.8
B → Xcℓ+νℓ

BELLE

PRD 104, 012008 (2021)
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The DFN model                (De Fazio & Neubert, JHEP 06, 017 (1999)) 
• triple differential rate on , 
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• free parameters of the model 
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were determined in Ref. [53] from a fit to B ! Xc `
+ ⌫`

and B ! Xs� decay properties. At leading order, the
non-perturbative parameter aKN is related to the aver-
age momentum squared of the b quark inside the B meson
and determines the second moment of the shape function.

It is defined as aKN = �3⇤
2
/�1 � 1 with the binding en-

ergy ⇤ = mB � mKN
b and the kinetic energy parameter

�1. The hadronization of the parton-level B ! Xu `
+ ⌫`

DFN simulation is carried out using the JETSET al-
gorithm [54], producing final states with two or more
mesons. The inclusive and exclusive B ! Xu `

+ ⌫` pre-
dictions are combined using a so-called ‘hybrid’ approach,
which is a method originally suggested by Ref. [55], and
our implementation closely follows Ref. [56] and uses the
library of Ref. [57]. To this end, we combine both pre-
dictions such that the partial branching fractions in the
triple di↵erential rate of the inclusive (�B

incl
ijk ) and com-

bined exclusive (�B
excl
ijk ) predictions reproduce the inclu-

sive values. This is achieved by assigning weights to the
inclusive contributions wijk such that

�B
incl
ijk = �B

excl
ijk + wijk ⇥ �B

incl
ijk , (9)

with i, j, k denoting the corresponding bin in the three
dimensions of q2, EB

` , and MX :

q2 = [0, 2.5, 5, 7.5, 10, 12.5, 15, 20, 25] GeV2 ,

EB
` = [0, 0.5, 1, 1.25, 1.5, 1.75, 2, 2.25, 3] GeV ,

MX = [0, 1.4, 1.6, 1.8, 2, 2.5, 3, 3.5] GeV .

To study the model dependence of the DFN shape func-
tion, we also determine weights using the BLNP model
of Ref. [58] and treat the di↵erence later as a systematic
uncertainty. For the b quark mass in the shape-function
scheme we use mSF

b = 4.61 GeV and µ2 SF
⇡ = 0.20 GeV2.

Figures detailing the hybrid model construction can be
found in Appendix A.

Table I summarizes the branching fractions for the sig-
nal and the important B ! Xc `

+ ⌫` background pro-
cesses that were used. Figure 2 shows the generator-
level distributions and yields of B ! Xc `

+ ⌫` and
B ! Xu `

+ ⌫` after the tag-side reconstruction (cf. Sec-
tion III). The B ! Xu `

+ ⌫` yields were scaled up by a
factor of 50 to make them visible. A clear separation can
be obtained at low values of MX and high values of EB

` .

III. ANALYSIS STRATEGY, HADRONIC
TAGGING, AND X RECONSTRUCTION

A. Neutral Network Based Tag Side
Reconstruction

We reconstruct collision events using the hadronic full
reconstruction algorithm of Ref. [59]. The algorithm re-
constructs one of the B mesons produced in the col-
lision event using hadronic decay channels. We label

FIG. 2. The generator-level EB
` and MX distributions

of the CKM suppressed and favored inclusive semileptonic
processes, B ! Xu `+ ⌫` (scaled up by a factor of 50) and
B ! Xc `

+ ⌫`, respectively, are shown, using the models de-
scribed in the text.

such B mesons in the following as Btag. Instead of at-
tempting to reconstruct as many B meson decay cas-
cades as possible, the algorithm employs a hierarchi-
cal reconstruction ansatz in four stages: at the first
stage, neural networks are trained to identify charged
tracks and neutral energy depositions as detector stable
particles (e+, µ+, K+,⇡+, �), neutral ⇡0 candidates, or
K0

S candidates. At the second stage, these candidate
particles are combined into heavier meson candidates
(J/ , D0, D+, Ds) and for each target final state a neu-
ral network is trained to identify probable candidates. In
addition to the classifier output from the first stage, ver-
tex fit probabilities of the candidate combinations, and
the full four-momentum of the combination are passed
to the input layer. At the third stage, candidates for
D⇤ 0, D⇤ +, and D⇤

s mesons are formed and separate neu-
ral networks are trained to identify viable combinations.
The input layer aggregates the output classifiers from all
previous reconstruction stages. The final stage combines
the information from all previous stages to form Btag

candidates. The viability of such combinations is again
assessed by a neural network that was trained to dis-
tinguish correctly reconstructed candidates from wrong
combinations and whose output classifier score we denote
by OFR. Over 1104 decay cascades are reconstructed in
this manner, achieving an e�ciency of 0.28% and 0.18%
for charged and neutral B meson pairs [60], respectively.
Finally, the output of this classifier is used as an input
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S

Background suppression using BDT

10

FIG. 4. The shape of the background suppression classifier
OBDT is shown. MC is divided into B ! Xu `+ ⌫` signal, the
dominant B ! Xc `

+ ⌫` background, and all other contribu-
tions. To increase visibility, the B ! Xu `+ ⌫` component
is shown with a scaling factor (red dashed line). The uncer-
tainties on the MC contain the full systematic errors and are
further discussed in Section V.

TABLE II. The selection e�ciencies for B ! Xu `+ ⌫` signal,
B ! Xc `

+ ⌫` and for data are listed after the reconstruc-
tion of the Btag and lepton candidate. The nominal selection
requirement on the BDT classifier OBDT is 0.85. The other
two requirements were introduced to test the stability of the
result, cf. Section VIII.

Selection B ! Xu `+ ⌫` B ! Xc `
+ ⌫` Data

Mbc > 5.27GeV 84.8% 83.8% 80.2%

OBDT > 0.85 18.5% 1.3% 1.6%

OBDT > 0.83 21.9% 1.7% 2.1%

OBDT > 0.87 14.5% 0.9% 1.1%

D. Tagging E�ciency Calibration

The reconstruction e�ciency of the hadronic full re-
construction algorithm of Ref. [59] di↵ers between simu-
lated samples and the reconstructed data. This di↵erence
mainly arises due to imperfections, e.g. in the simulation
of detector responses, particle identification e�ciencies,
or incorrect branching fractions in the reconstructed de-
cay cascades. To address this, the reconstruction e�-
ciency is calibrated using a data-driven approach and we
follow closely the procedure outlined in Ref. [32]. We re-
construct full reconstruction events by requiring exactly
one lepton on the signal side, and apply the same Btag

and lepton selection criteria outlined in the previous sec-
tion. This B ! X `+ ⌫` enriched sample is divided into
groups of subsamples according to the Btag decay chan-
nel and the multivariate classifier output OFR used in
the hierarchical reconstruction. Each of these groups of
subsamples is studied individually to derive a calibration
factor for the hadronic tagging e�ciency: the calibra-

TABLE III. The binning choices of the four fits are given.

Fit variable Bins

MX [0, 1.5, 1.9, 2.5, 3.1, 5.0]GeV

q2 [0, 2, 4, 6, 8, 10, 12, 14, 26]GeV2

EB
` 15 equidist. bins in [1, 2.5]GeV & [2.5, 2.7]GeV

MX : q2 [0, 1.5]GeV ⇥[0, 2, 4, 6, 8, 10, 12, 14, 26]GeV2

[1.5, 1.9]GeV ⇥[0, 2, 4, 6, 26]GeV2

[1.9, 2.5]GeV ⇥[0, 2, 4, 26]GeV2

[2.5, 4.0]GeV ⇥[0, 2, 26]GeV2

tion factor is obtained by comparing the number of in-
clusive semileptonic B-meson decays, N(B ! X `+ ⌫`),
in data with the expectation from the simulated sam-
ples, NMC(B ! X `+ ⌫`). The semileptonic yield is de-
termined via a binned maximum likelihood fit using the
the lepton energy spectrum. To reduce the modeling de-
pendence of the B ! X `+ ⌫` sample this is done in a
coarse granularity of five bins. The calibration factor of
each these groups of subsamples is given by

Ctag(Btag mode,OFR) =
N(B ! X `+ ⌫`)

NMC(B ! X `+ ⌫`)
. (19)

The free parameters in the fit are the yield of the semilep-
tonic B ! X `+ ⌫` decays, the yield of backgrounds from
fake leptons and the yield of backgrounds from true lep-
tons. Approximately 1200 calibration factors are deter-
mined this way. The leading uncertainty on the Ctag

factors is from the assumed B ! X `+ ⌫` composition
and the lepton PID performance, cf. Section V. We also
apply corrections to the continuum e�ciency. These are
derived by using the o↵-resonance sample and compar-
ing the number of reconstructed o↵-resonance events in
data with the simulated on-resonance continuum events,
correcting for di↵erences in the selection.

IV. FITTING PROCEDURE

In order to determine the B ! Xu `+ ⌫` signal yield
and constrain all backgrounds, we perform a binned like-
lihood fit in the discriminating variables. To reduce the
dependence on the precise modeling of the B ! Xu `+ ⌫`
signal, we use coarse bins over regions that are very sen-
sitive to the admixture of resonant and non-resonant de-
cays, cf. Section II. The total likelihood function is con-
structed as the product of individual Poisson distribu-
tions P,

L =
binsY

i

P (ni; ⌫i) ⇥

Y

k

Gk , (20)

with ni denoting the number of observed data events and
⌫i the total number of expected events in a given bin i.
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pendence of the B ! X `+ ⌫` sample this is done in a
coarse granularity of five bins. The calibration factor of
each these groups of subsamples is given by

Ctag(Btag mode,OFR) =
N(B ! X `+ ⌫`)

NMC(B ! X `+ ⌫`)
. (19)

The free parameters in the fit are the yield of the semilep-
tonic B ! X `+ ⌫` decays, the yield of backgrounds from
fake leptons and the yield of backgrounds from true lep-
tons. Approximately 1200 calibration factors are deter-
mined this way. The leading uncertainty on the Ctag

factors is from the assumed B ! X `+ ⌫` composition
and the lepton PID performance, cf. Section V. We also
apply corrections to the continuum e�ciency. These are
derived by using the o↵-resonance sample and compar-
ing the number of reconstructed o↵-resonance events in
data with the simulated on-resonance continuum events,
correcting for di↵erences in the selection.

IV. FITTING PROCEDURE

In order to determine the B ! Xu `+ ⌫` signal yield
and constrain all backgrounds, we perform a binned like-
lihood fit in the discriminating variables. To reduce the
dependence on the precise modeling of the B ! Xu `+ ⌫`
signal, we use coarse bins over regions that are very sen-
sitive to the admixture of resonant and non-resonant de-
cays, cf. Section II. The total likelihood function is con-
structed as the product of individual Poisson distribu-
tions P,

L =
binsY

i

P (ni; ⌫i) ⇥

Y

k

Gk , (20)

with ni denoting the number of observed data events and
⌫i the total number of expected events in a given bin i.

•  is scaled to world 
average BF (before fitting)

• data & MC, in good agreement

•  GeV,  to reduce the 
dependence on the  
modeling  

B → Xuℓ+νℓ

MX < 1.7
B → Xcℓ+νℓ

Signal & bkgd. distribution after BDT

BELLE
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2D fit on  with  GeV 
• 85% of  phase space, 
• for the most precise determination 
• [Left] post-fit distributions from the fit, shown for the 

signal-enriched region  GeV (for the  plot) 

 
• in good agreement with existing BaBar results 

comparison with Belle’s previous inclusive  
(PRL, 2010) 
• consistent within 1.7  (exact stat. correlation difficult to 

assess) 
• main difference in modeling of signal and bkgd. 
• with improved understanding, along with more precise 

measurements of BFs and form factors  
• this (2021) work supersedes (2010)

(MX, q2) EB
ℓ > 1.0

B → Xuℓ+νℓ

MX < 1.5 q2
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FIG. 7. The post-fit distributions of the one-dimensional
fits to MX and q2 are shown, corresponding to the measured
partial branching fractions for EB

` > 1GeV with additional
requirements of MX < 1.7GeV, and MX < 1.7GeV and q2 >
8GeV2, respectively.

VIII. RESULTS

We report partial branching fractions for three phase-
space regions from five fits to the reconstructed variables
introduced in Section IV. All partial branching fractions
correspond to a selection with EB

` > 1 GeV, also revert-
ing the e↵ect of final state radiation photons, and possi-
ble additional phase-space restrictions. The resulting fit
yields are listed in Table V.

A. Partial Branching Fraction Results

For the partial branching fraction with MX < 1.7 GeV
from the fit to MX we find

�B(B ! Xu`+ ⌫`) = (1.09 ± 0.05 ± 0.08) ⇥ 10�3 , (27)

FIG. 8. The post-fit distributions of the fit to EB
` with

MX < 1.7GeV is shown. The resulting yields were corrected
to correspond to the partial branching fraction with EB

` >
1GeV with and without an additional requirement of MX <
1.7GeV, respectively.

with the first and second error denoting the statistical
and systematic uncertainty, respectively. The resulting
post-fit distribution is shown in the top panel of Fig-
ure 7. With this selection about 56% of the available
B ! Xu `+ ⌫` phase space is probed. The partial branch-
ing fraction is in good agreement with the value obtained
by fitting EB

` and corrected to the same phase space. The
fit is shown in Figure 8 and we measure

�B(B ! Xu`+ ⌫`) = (1.12 ± 0.06 ± 0.14) ⇥ 10�3 , (28)

with a larger systematic and statistical uncertainty than
Eq. 27. To further probe the B ! Xu `+ ⌫` enriched
region, we carry out a measurement for MX < 1.7 GeV
and q2 > 8 GeV2 from a fit to the q2 spectrum. This
selection only probes about 30% of the available B !

Xu `+ ⌫` phase space. We find

�B(B ! Xu`+ ⌫`) = (0.67 ± 0.07 ± 0.10) ⇥ 10�3 . (29)

The corresponding post-fit distribution of q2 is shown
in the bottom panel of Figure 7. The most precise
determinations of B ! Xu `+ ⌫` are obtained from a
two-dimensional fit, exploiting the full combined dis-
criminatory power of MX and q2. The resulting par-
tial branching fraction probes about 85% of the available
B ! Xu `+ ⌫` phase space. We measure

�B(B ! Xu`+ ⌫`) = (1.59 ± 0.07 ± 0.17) ⇥ 10�3 . (30)

The projection of the 2D fit onto MX and the q2 distribu-
tion for the signal enriched region of MX < 1.5 GeV are
shown in Figure 9. The remaining q2 distributions are
given in Appendix D. The partial branching fraction is
also in good agreement from the measurement obtained

B → Xuℓ+νℓ

σ

Partial branching fraction 18

FIG. 9. The post-fit projection ofMX of the two-dimensional
fit to MX : q2 on MX and the q2 distribution in the range
of MX 2 [0, 1.5]GeV are shown. The resulting yields are
corrected to correspond to a partial branching fraction with
EB

` > 1GeV. The remaining q2 distributions are given in
Figure 21 (Appendix D).

- DGE: The Dressed Gluon Approximation (short
DGE) from Andersen and Gardi [19, 20] makes pre-
dictions by avoiding the direct use of shape func-
tions, but produces predictions for hadronic observ-
ables using the on-shell b-quark mass. The calcu-
lation is carried out in the MS scheme and we use
mb(MS) = 4.19 ± 0.04 GeV.

- GGOU: The prediction from Gambino, Giordano,
Ossola, and Uraltsev [18] (short GGOU) incorpo-
rates all known perturbative and non-perturbative
e↵ects up to the order O(↵2

s �0) and O(1/m3
b), re-

spectively. The shape function dependence is incor-
porated by parametrizing its e↵ects in each struc-
ture function with a single light-cone function. The
calculation is carried out in the kinetic scheme and
we use as inputs mkin

b = 4.55 ± 0.02 GeV and

µ2 kin
⇡ = 0.46 ± 0.08 GeV2.

- ADFR: The calculation of Aglietti, Di Lodovico,
Ferrera, and Ricciardi [21, 22] makes use of the ra-
tio of B ! Xu `+ ⌫` to B ! Xc `+ ⌫` rates and
soft-gluon resummation at next-to-next-to-leading-
order and an e↵ective QCD coupling approach.
The calculation uses the MS scheme and we use
mb(MS) = 4.19 ± 0.04 GeV.

Table VI lists the decay rates and their associated uncer-
tainties for the probed regions of phase space, which we
use to extract |Vub| from the measured partial branching
fractions with Eq. 32.

C. |Vub| Results

From the partial branching fractions with EB
` > 1 GeV

and MX < 1.7 GeV determined from fitting MX we find

|Vub| (BLNP) = (3.90 ± 0.08 ± 0.15 ± 0.21) ⇥ 10�3 ,

|Vub| (DGE) =
⇣
4.08 ± 0.09 ± 0.16+0.20

�0.26

⌘
⇥ 10�3 ,

|Vub| (GGOU) =
⇣
3.97 ± 0.08+0.15

�0.16
+0.15
�0.16

⌘
⇥ 10�3 ,

|Vub| (ADFR) = (3.63 ± 0.08 ± 0.14 ± 0.17) ⇥ 10�3 .
(33)

The uncertainties denote the statistical uncertainty, the
systematic uncertainty and the theory error from the par-
tial rate prediction. For the partial branching fraction
with EB

` > 1 GeV, MX < 1.7 GeV, and q2 > 8 GeV2 we
find

|Vub| (BLNP) =
⇣
4.24+0.22

�0.23
+0.30
�0.32

+0.26
�0.28

⌘
⇥ 10�3 ,

|Vub| (DGE) =
⇣
4.16+0.22

�0.23
+0.29
�0.31

+0.18
�0.21

⌘
⇥ 10�3 ,

|Vub| (GGOU) =
⇣
4.25+0.22

�0.24
+0.30
�0.32

+0.24
�0.26

⌘
⇥ 10�3 ,

|Vub| (ADFR) =
⇣
3.68+0.19

�0.20
+0.26
�0.28 ± 0.17

⌘
⇥ 10�3 . (34)

Finally, the most inclusive determination with EB
` >

1 GeV from the two-dimensional fit of MX and q2 results
in

|Vub| (BLNP) =
⇣
4.05 ± 0.09+0.21

�0.22
+0.18
�0.20

⌘
⇥ 10�3 ,

|Vub| (DGE) =
⇣
4.16 ± 0.09+0.21

�0.22
+0.11
�0.12

⌘
⇥ 10�3 ,

|Vub| (GGOU) =
⇣
4.15 ± 0.09+0.21

�0.22
+0.08
�0.09

⌘
⇥ 10�3 ,

|Vub| (ADFR) =
⇣
4.05 ± 0.09+0.21

�0.22 ± 0.18
⌘
⇥ 10�3 .

(35)

In order to quote a single value for |Vub| we adapt the
procedure of Ref. [67] and calculate a simple arithmetic

BELLE

PRD 104, 012008 (2021)

Phys. Rev. D 86, 032004 (2012)
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by the relation 

•  is the theory calculation of width, not including the CKM factor 

use Four theory predictions  
• BLNP[17]

• DGE[19,20]

• GGOU[18]

• ADFR[21,22]

ΔΓ

Determination of |Vub |
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TABLE V. The fitted signal yields in (b⌘sig) and outside (b⌘sig�out) the measured phase-space regions, the background yields
(b⌘bkg) and the product of tagging and selection e�ciency are listed.

Phase-space region Additional Selection Fit variable(s) b⌘sig b⌘sig�out b⌘bkg 103
�
✏tag · ✏sel

�

MX < 1.7 GeV,

EB
` > 1 GeV

-
MX fit 1558± 66± 72 364± 51 6912± 138 0.26± 0.07

MX < 1.7 GeV,

EB
` > 1 GeV

MX < 1.7GeV EB
` fit 1285± 68± 136 22± 3 1362± 153 0.21± 0.07

MX < 1.7 GeV,

q2 > 8 GeV2,

EB
` > 1 GeV

MX < 1.7GeV q2 fit 938± 101± 98 474± 58 1253± 194 0.14± 0.07

EB
` > 1 GeV MX < 1.7GeV EB

` fit 1303± 69± 138 - 1366± 154 0.21± 0.19

EB
` > 1 GeV MX : q2 fit 1801± 81± 127 - 7032± 167 0.31± 0.12

by fitting EB
` , covering the same phase space (c.f. Fig-

ure 8):

�B(B ! Xu`+ ⌫`) = (1.69 ± 0.09 ± 0.26) ⇥ 10�3 . (31)

The uncertainties are larger, but both results are
compatible. The nuisance parameter pulls of all fits
are provided in Appendix D. The result of Eq. 30
can be further compared with the most precise mea-
surement to date of this region of Ref. [66], where
�B(B ! Xu` ⌫`) = (1.55 ± 0.12) ⇥ 10�3, and shows
good agreement. The measurement can also be com-
pared to Ref. [15] using a similar experimental approach.
The measured partial branching fraction of EB

` > 1 GeV
is �B(B ! Xu` ⌫`) = (1.82 ± 0.19) ⇥ 10�3, which is
compatible with Eq. 30 within 0.9 standard deviations.
Belle previously reported in Ref. [16] using also a similar
approach for the same phase space a higher value of
�B(B ! Xu` ⌫`) = (1.96 ± 0.19) ⇥ 10�3. We cannot
quantify the statistical overlap between both results, but
by comparing the number of determined signal events
one can estimate it to be below 55%. The dominant
systematic uncertainties of Ref. [16] were evaluated
using di↵erent approaches, but fully correlating the
dominant systematic uncertainties and assuming a
statistical correlation of 55% we obtain a compatibility
of 1.7 standard deviations. The main di↵erence of this
analysis with Ref. [16] lies in the modeling of signal
and background processes: since its publication our
understanding improved and more precise measurements
of branching fractions and form factors were made
available. Further, for the B ! Xu `+ ⌫` signal process
in this paper a hybrid approach was adopted (see
Section II and Appendix A), whereas Ref. [16] used
an alternative approach to model signal as a mix of
inclusive and exclusive decay modes. Note that this
work supersedes Ref. [16].

B. |Vub| Determination

We determine |Vub| from the measured partial branch-
ing fractions using a range of theoretical rate predictions.
In principle, the total B ! Xu `+ ⌫` decay rate can be
calculated using the same approach as B ! Xc `+ ⌫` us-
ing the heavy quark expansion (HQE) in inverse pow-
ers of mb. Unfortunately, the measurement requirements
necessary to separate B ! Xu `+ ⌫` from the dominant
B ! Xc `+ ⌫` background spoil the convergence of this
approach. In the predictions for the partial rates cor-
responding to our measurements, perturbative and non-
perturbative uncertainties are largely enhanced and as
outlined in the introduction the predictions are sensitive
to the shape function modeling.

The relationship between measured partial branching
fractions, predictions of the rate (omitting CKM factors)
��(B ! Xu `+ ⌫`), and |Vub| is

|Vub| =

s
�B(B ! Xu `+ ⌫`)

⌧B · ��(B ! Xu `+ ⌫`)
. (32)

with ⌧B = (1.579 ± 0.004) ps denoting the average of the
charged and neutral B meson lifetime [37]. We use four
predictions for the theoretical partial rates. All predic-
tions use the same input values as Ref. [6] chooses for
their world averages. The four predictions are:

- BLNP: The prediction of Bosch, Lange, Neubert,
and Paz (short BLNP) of Ref. [17] provides a pre-
diction at next-to-leading-order accuracy in terms
of the strong coupling constant ↵s and incorporates
all known corrections. Predictions are interpolated
between the shape-function dominated region (end-
point of the lepton spectrum, small hadronic mass)
to the region of phase space, that can be described
via the operator product expansion (OPE). As in-
put we use mSF

b = 4.58 ± 0.03 GeV and µ2 SF
⇡ =

0.20+0.09
�0.10 GeV2.
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TABLE VI. The theory rates ��(B ! Xu `+ ⌫`) from various theory calculations are listed. The rates are given in units of
ps�1.

Phase-space region BLNP [17] DGE [19, 20] GGOU [18] ADFR [21, 22]

MX < 1.7GeV 45.2+5.4
�4.6 42.3+5.8

�3.8 43.7+3.9
�3.2 52.3+5.4

�4.7

MX < 1.7GeV, q2 > 8GeV2 23.4+3.4
�2.6 24.3+2.6

�1.9 23.3+3.2
�2.4 31.1+3.0

�2.6

EB
` > 1GeV 61.5+6.4

�5.1 58.2+3.6
�3.0 58.5+2.7

�2.3 61.5+5.8
�5.1

average of the most precise determinations in Eq. 35 to
obtain

|Vub| = (4.10 ± 0.09 ± 0.22 ± 0.15) ⇥ 10�3 . (36)

This value is larger, but compatible with the ex-
clusive measurement of |Vub| from B ! ⇡ `+ ⌫` of
|Vub| = (3.67 ± 0.09 ± 0.12) ⇥ 10�3 within 1.3 standard
deviations.

D. Stability Checks

To check the stability of the result we redetermine the
partial branching fractions using two additional working
points. We change the BDT selection to increase and
decrease the amount of B ! Xc `+ ⌫` and other back-
grounds, and repeat the full analysis procedure. The
resulting values of �B(B ! Xu` ⌫`) are determined us-
ing the two-dimensional fit of MX : q2 and are shown
in Figure 10. The background contamination changes by

FIG. 10. The stability of the determined partial branching
fraction �B(B ! Xu` ⌫`) using the MX : q2 fit is studied
as a function of the BDT selection requirement. The clas-
sifier output selection of 0.83 and 0.87 correspond to signal
e�ciencies after the pre-selection of 22% and 15%, respec-
tively. These selections increase, or decrease the background
from B ! Xc `

+ ⌫` and other processes by 37% and 33%,
respectively. The grey and yellow bands show the total and
statistical error, respectively, with the nominal BDT working
point of 0.85.

+37% and �33%, respectively. The small shifts in cen-
tral value are well contained within the quoted system-
atic uncertainties. To further estimate the compatibility
of the result we determine the full statistical and sys-
tematic correlations of the results and recover that the
partial branching fraction with looser and tighter BDT
selection are in agreement with the nominal result within
1.1 and 1.4 standard deviations, respectively.

E. B ! Xu `+ ⌫` Charged Pion Multiplicity

The modeling the B ! Xu `+ ⌫` signal composition is
crucial to all presented measurements. One aspect dif-
ficult to assess is the Xu fragmentation simulation: the
charmless Xu state can decay via many di↵erent channels
producing a number of charged or neutral pions or kaons.
In Section V we discussed how we assess the uncertainty
on the number of ss̄ quark pairs produced in the Xu frag-
mentation. Due to the BDT removing such events to sup-
press the dominant B ! Xc `+ ⌫` background, no signal-
enriched region can be easily obtained. The accuracy of
the fragmentation into the number of charged pions can
be tested in the signal enriched region of MX < 1.7 GeV.
Figure 11 compares the charged pion multiplicity be-
tween simulated signal and background processes and
data. The signal and background predictions are scaled
to their respective normalizations obtained from the two-

FIG. 11. The post-fit charged pion multiplicity is shown for
events with MX < 1.7 GeV. The uncertainties on the MC
stack include all systematic uncertainties.
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TABLE VI. The theory rates ��(B ! Xu `+ ⌫`) from various theory calculations are listed. The rates are given in units of
ps�1.

Phase-space region BLNP [17] DGE [19, 20] GGOU [18] ADFR [21, 22]

MX < 1.7GeV 45.2+5.4
�4.6 42.3+5.8

�3.8 43.7+3.9
�3.2 52.3+5.4

�4.7

MX < 1.7GeV, q2 > 8GeV2 23.4+3.4
�2.6 24.3+2.6

�1.9 23.3+3.2
�2.4 31.1+3.0

�2.6

EB
` > 1GeV 61.5+6.4

�5.1 58.2+3.6
�3.0 58.5+2.7

�2.3 61.5+5.8
�5.1

average of the most precise determinations in Eq. 35 to
obtain

|Vub| = (4.10 ± 0.09 ± 0.22 ± 0.15) ⇥ 10�3 . (36)

This value is larger, but compatible with the ex-
clusive measurement of |Vub| from B ! ⇡ `+ ⌫` of
|Vub| = (3.67 ± 0.09 ± 0.12) ⇥ 10�3 within 1.3 standard
deviations.

D. Stability Checks

To check the stability of the result we redetermine the
partial branching fractions using two additional working
points. We change the BDT selection to increase and
decrease the amount of B ! Xc `+ ⌫` and other back-
grounds, and repeat the full analysis procedure. The
resulting values of �B(B ! Xu` ⌫`) are determined us-
ing the two-dimensional fit of MX : q2 and are shown
in Figure 10. The background contamination changes by

FIG. 10. The stability of the determined partial branching
fraction �B(B ! Xu` ⌫`) using the MX : q2 fit is studied
as a function of the BDT selection requirement. The clas-
sifier output selection of 0.83 and 0.87 correspond to signal
e�ciencies after the pre-selection of 22% and 15%, respec-
tively. These selections increase, or decrease the background
from B ! Xc `

+ ⌫` and other processes by 37% and 33%,
respectively. The grey and yellow bands show the total and
statistical error, respectively, with the nominal BDT working
point of 0.85.

+37% and �33%, respectively. The small shifts in cen-
tral value are well contained within the quoted system-
atic uncertainties. To further estimate the compatibility
of the result we determine the full statistical and sys-
tematic correlations of the results and recover that the
partial branching fraction with looser and tighter BDT
selection are in agreement with the nominal result within
1.1 and 1.4 standard deviations, respectively.

E. B ! Xu `+ ⌫` Charged Pion Multiplicity

The modeling the B ! Xu `+ ⌫` signal composition is
crucial to all presented measurements. One aspect dif-
ficult to assess is the Xu fragmentation simulation: the
charmless Xu state can decay via many di↵erent channels
producing a number of charged or neutral pions or kaons.
In Section V we discussed how we assess the uncertainty
on the number of ss̄ quark pairs produced in the Xu frag-
mentation. Due to the BDT removing such events to sup-
press the dominant B ! Xc `+ ⌫` background, no signal-
enriched region can be easily obtained. The accuracy of
the fragmentation into the number of charged pions can
be tested in the signal enriched region of MX < 1.7 GeV.
Figure 11 compares the charged pion multiplicity be-
tween simulated signal and background processes and
data. The signal and background predictions are scaled
to their respective normalizations obtained from the two-

FIG. 11. The post-fit charged pion multiplicity is shown for
events with MX < 1.7 GeV. The uncertainties on the MC
stack include all systematic uncertainties.

( )ps−1
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IX. SUMMARY AND CONCLUSIONS

We report measurements of partial branching frac-
tions with di↵erent requirements on the properties of the
hadronic system of the B ! Xu `+ ⌫` decay and with
a lepton energy of EB

` > 1 GeV in the B rest-frame,
covering 31-86% of the available phase space. The size-
able background from semileptonic B ! Xc `+ ⌫` de-
cays is suppressed using multivariate methods in the
form of a BDT. This approach allows us to reduce such
backgrounds to an acceptable level, whilst retaining a
high signal e�ciency. Signal yields are obtained using a
binned likelihood fit in either the reconstructed hadronic
mass MX , the four-momentum-transfer squared q2, or
the lepton energy EB

` . The most precise result is ob-
tained from a two-dimensional fit of MX and q2. Trans-
lated to a partial branching fraction for EB

` > 1 GeV we
obtain

�B(B ! Xu`+ ⌫`) = (1.59 ± 0.07 ± 0.17) ⇥ 10�3 , (50)

with the errors denoting statistical and systematic un-
certainties. The partial branching fraction is compatible
with the value obtained by a fit of the lepton energy
spectrum EB

` and with the most precise determination
of Ref. [66]. In addition, it is stable under variations
of the background suppression BDT. From this partial
branching fraction we obtain a value of

|Vub| = (4.10 ± 0.09 ± 0.22 ± 0.15) ⇥ 10�3 (51)

from an average over four theoretical calculations. This
value is higher than, but compatible with, the value
of |Vub| from exclusive determinations by 1.3 standard
deviations. The compatibility with the value expected
from CKM unitarity from a fit of Ref. [73] of |Vub| =⇣
3.62+0.11

�0.08

⌘
⇥ 10�3 is 1.6 standard deviations. Fig-

ure 12 summarizes the situation. The result presented
here supersedes Ref. [16]: this paper uses a more e�-
cient tagging algorithm, incorporates improvements of
the B ! Xu `+ ⌫` signal and B ! Xc `+ ⌫` background
descriptions, and analyzes the full Belle data set of 711
fb�1. The measurement of kinematic di↵erential shapes
of MX , q2, and other properties are left for future work.
These results will be crucial for future direct measure-
ments with Belle II that will attempt to use data-driven
methods to directly constrain the shape function using
B ! Xu `+ ⌫` information.
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TABLE VI. The theory rates ��(B ! Xu `+ ⌫`) from various theory calculations are listed. The rates are given in units of
ps�1.

Phase-space region BLNP [17] DGE [19, 20] GGOU [18] ADFR [21, 22]

MX < 1.7GeV 45.2+5.4
�4.6 42.3+5.8

�3.8 43.7+3.9
�3.2 52.3+5.4

�4.7

MX < 1.7GeV, q2 > 8GeV2 23.4+3.4
�2.6 24.3+2.6

�1.9 23.3+3.2
�2.4 31.1+3.0

�2.6

EB
` > 1GeV 61.5+6.4

�5.1 58.2+3.6
�3.0 58.5+2.7

�2.3 61.5+5.8
�5.1

average of the most precise determinations in Eq. 35 to
obtain

|Vub| = (4.10 ± 0.09 ± 0.22 ± 0.15) ⇥ 10�3 . (36)

This value is larger, but compatible with the ex-
clusive measurement of |Vub| from B ! ⇡ `+ ⌫` of
|Vub| = (3.67 ± 0.09 ± 0.12) ⇥ 10�3 within 1.3 standard
deviations.

D. Stability Checks

To check the stability of the result we redetermine the
partial branching fractions using two additional working
points. We change the BDT selection to increase and
decrease the amount of B ! Xc `+ ⌫` and other back-
grounds, and repeat the full analysis procedure. The
resulting values of �B(B ! Xu` ⌫`) are determined us-
ing the two-dimensional fit of MX : q2 and are shown
in Figure 10. The background contamination changes by

FIG. 10. The stability of the determined partial branching
fraction �B(B ! Xu` ⌫`) using the MX : q2 fit is studied
as a function of the BDT selection requirement. The clas-
sifier output selection of 0.83 and 0.87 correspond to signal
e�ciencies after the pre-selection of 22% and 15%, respec-
tively. These selections increase, or decrease the background
from B ! Xc `

+ ⌫` and other processes by 37% and 33%,
respectively. The grey and yellow bands show the total and
statistical error, respectively, with the nominal BDT working
point of 0.85.

+37% and �33%, respectively. The small shifts in cen-
tral value are well contained within the quoted system-
atic uncertainties. To further estimate the compatibility
of the result we determine the full statistical and sys-
tematic correlations of the results and recover that the
partial branching fraction with looser and tighter BDT
selection are in agreement with the nominal result within
1.1 and 1.4 standard deviations, respectively.

E. B ! Xu `+ ⌫` Charged Pion Multiplicity

The modeling the B ! Xu `+ ⌫` signal composition is
crucial to all presented measurements. One aspect dif-
ficult to assess is the Xu fragmentation simulation: the
charmless Xu state can decay via many di↵erent channels
producing a number of charged or neutral pions or kaons.
In Section V we discussed how we assess the uncertainty
on the number of ss̄ quark pairs produced in the Xu frag-
mentation. Due to the BDT removing such events to sup-
press the dominant B ! Xc `+ ⌫` background, no signal-
enriched region can be easily obtained. The accuracy of
the fragmentation into the number of charged pions can
be tested in the signal enriched region of MX < 1.7 GeV.
Figure 11 compares the charged pion multiplicity be-
tween simulated signal and background processes and
data. The signal and background predictions are scaled
to their respective normalizations obtained from the two-

FIG. 11. The post-fit charged pion multiplicity is shown for
events with MX < 1.7 GeV. The uncertainties on the MC
stack include all systematic uncertainties.

to quote a single value, we take a simple arithmetic avg. of 
the most inclusive results (2D fits) 
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Differential Δℬ(B → Xuℓ+ν)
Measure kinematic variables in the partial phase space with  GeV 

•    ( ) 

Basic selection & reconstruction following integrated partial BF analysis  
(PRD 104, 012008 (2021)) 

additionally, require  GeV,  GeV to improve 
resolution and background shape uncertainty 

Background subtraction via  fit

EB
ℓ > 1

q2, EB
ℓ , MX, M2

X, P+, P− P± = EX ∓ |pX |

|Emiss − pmiss | < 0.1 MX < 2.4

MX

20

BELLE
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The migration matrix  as a 
representation of detector 
response (Fig. for ) 

prob (%) to observe 
an event in bin  if it had a 
true value in bin 

M

q2

M(i, j) =
i

j
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 : true distributionX  : detector responseM  : measured distributionY
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FIG. 5. The migration matrices for all studied variables are shown.

  or  Y = MX X = M−1Y

We use Singular-Value-
Decomposition (SVD) 
method for unfolding 
[NIMA 372, 469 (1996)]
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Differential  — ResultsΔℬ(B → Xuℓ+ν)
Measure differential  with  GeV (Figs. below) 

All MC shapes are normalized to   
Useful input for future model-independent determination of 

Δℬ(B → Xuℓ+ν) EB
ℓ > 1

Δℬ = 1.59 × 10−3

|Vub |
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FIG. 3. The measured di↵erential B ! Xu `+ ⌫` branching fractions are shown: the lepton energy in the B rest frame (EB
` ),

the four-momentum-transfer squared of the B to the Xu system (q2 = (pB � pX)2), the invariant hadronic mass and mass
squared of the Xu system (MX , M2

X), and the light-cone momenta of the hadronic Xu system (P± = (EX ⌥ |pX |)). The hybrid
MC prediction and two inclusive calculations are also shown and scaled to �B = 1.59⇥ 10�3.

parameters listed in Table I. All predictions are scaled to
match the B ! Xu `+ ⌫` partial branching fraction (�B)
with EB

` > 1GeV of �B = 1.59 ⇥ 10�3 from Ref. [1].
The uncertainty band of the hybrid prediction includes
variations on the composition, form factors, and the in-
clusive modeling, whose central value is based on the
DFN prediction but includes the di↵erence to BLNP as
an additional uncertainty. The agreement between the
measured and predicted distributions is fair overall, with
di↵erences occurring for the fully inclusive predictions in

the resonance region of, e.g., low MX , and near the end-
point of q2 and EB

` . There the hybrid MC describes the
B ! Xu `+ ⌫` process more adequatly due to the explicit
inclusion of resonant contributions. The largest discrep-
ancy is observed in EB

` , but the data points ranging of
EB

` 2 [1 � 1.8]GeV exhibit strong correlations and are
only weakly correlated or anti-correlated with the other
bins of the spectrum.

In conclusion, this Letter presents the first measure-
ments of di↵erential branching fractions of inclusive
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FIG. 3. The measured di↵erential B ! Xu `+ ⌫` branching fractions are shown: the lepton energy in the B rest frame (EB
` ),
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Study of B0 → D+h− (h = K, π)
Test of factorization 

• for a better understanding of QCD effects : 

 
can provide crucial info.

• Comparing  with  can be 
another good test of factorization (hence “related”)

Results 

RD = ℬ(B → DK)/ℬ(B → Dπ) ≃ tan2 θC( fK /fπ)2

B → D(*)π B → D(*)ℓ−ν

24
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FIG. 2. �E distributions for B0 ! D�h+ candidates obtained from the (left) pion-enriched and (right) kaon-enriched data
samples. The projections of the combined fit and individual components of a simultaneous unbinned maximum-likelihood fit
are overlaid.

samples can be expressed by the following relations:175

ND+⇡�

pion = (1� )ND+⇡�

total , (4)176

ND+⇡�

kaon = ND+⇡�

total , (5)177

ND+K�

kaon = ✏K RD ND+⇡�

total , (6)178

ND+K�

pion = (1� ✏K)RD ND+⇡�

total . (7)179

Here the pion misidentification rate  is a free parameter,180

as well as RD and ND+⇡�

total , which is the total signal yield181

of B
0 ! D+⇡� decay. Due to a small contribution of182

B
0 ! D+K� cross feed in the pion-enriched sample, the183

kaon identification e�ciency ✏K is fixed to the value given184

in Section III. The background components are divided185

into the following categories:186

• continuum qq̄ background;187

• combinatorial BB̄ background, in which the final188

state particles could be from either the B or B̄ me-189

son in an event;190

• cross-feed background from B
0 ! D+h�, where191

h = ⇡,K, in which the charged kaon is misidentified192

as a pion or vice versa.193

The B
0 ! D+h�(h = K/⇡) signal distributions are rep-194

resented by the sum of a double Gaussian function and an195

asymmetric Gaussian whose common mean and widths196

are floating in the fit. The continuum background distri-197

bution is modeled with a first-order polynomial and the198

combinatorial BB background with an exponential func-199

tion. The cross-feed background is described by a double200

Gaussian function in the B
0 ! D+K� (B

0 ! D+⇡�)201

sample.202

There is a background that can peak in the same203

manner as the signal of B
0 ! D+⇡� mode, called204

“peaking background”. The most prominent decay that205

peaks in the �E distribution is B0 ! K⇤J/ ,K⇤ !206

K+⇡�, J/ ! µ+µ� or e+e� . It accounts for ⇠ 2% of207

the total background events. To reject this contamina-208

tion arising due to particle misidentification, we veto can-209

didates with an M(⇡⇡) value falling within ±3� of the210

nominal J/ mass [18]. The remaining peaking back-211

ground yield is fixed from MC simulation. The uncer-212

tainty associated with the fixed peaking component is213

included in the total systematic uncertainties.214

All yields are determined from the fit to data. For215

the �E probability density function (PDF), the follow-216

ing parameters are determined in the fit to data: the217

mean values of signal PDFs for both B
0 ! D+⇡� and218

B
0 ! D+K� decays, polynomial coe�cient for contin-219

uum background PDF, the exponential parameter for the220

BB background, and the di↵erence between the means221

of the signal and cross-feed peaks in the B
0 ! D+⇡�

222

sample. All other shape parameters are fixed to their223

MC values. A scale factor is applied on the �E signal224

resolution, which is allowed to float in the fit. The signal-225

enhanced fit projections for the data are shown in Fig. 2.226

V. RESULTS227

The branching fraction of B
0 ! D+(! K�⇡+⇡+)⇡�

228

decay is calculated as,229

B[B0 ! D+(! K�⇡+⇡+)⇡�] =230

N total
D+⇡�

2⇥ f00 ⇥NBB ⇥ ✏D+⇡� ⇥ B(D+ ! K�⇡+⇡+)
, (8)231

where N total
D+⇡� is the total yield of B

0 ! D+⇡� ob-232

tained from the fit, NBB is the total number of BB233

pairs, ✏D+⇡� = (23.96 ± 0.04)% is the detection e�-234
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FIG. 2. �E distributions for B0 ! D�h+ candidates obtained from the (left) pion-enriched and (right) kaon-enriched data
samples. The projections of the combined fit and individual components of a simultaneous unbinned maximum-likelihood fit
are overlaid.
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Epilogue
Belle has made immense contributions to flavor physics and CP-violation, in 
particular, in the CKM unitarity triangle. 

Semileptonic B-meson decays provide great probe for CKM elements, 
 

The exploration of semileptonic B decays continues at Belle, and will do so until 
the torch is passed on to Belle II.

|Vub | , |Vcb |

25

“There must be something in the flavors. We just don’t know where we can find it and 
what its scale is.”*

“We shall not cease from exploration”✝

* In a private conversation with Tao Han 
✝ T. S. Eliot



Thank you!
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Back-up materials
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3 fit results and branching fractions

9

TABLE I: Event yields for the signal and background processes in the B+
! ⇡+⇡�`+⌫ decay obtained from an

extended binned maximum-likelihood fit to the M2
miss distribution in bins of M⇡+⇡� . The �2 and the number of

degrees of freedom (NDF) are provided. The �2 calculation is based on the Baker-Cousins method [39].

Bin M⇡⇡ [GeV] Signal B+ ! Xc`⌫
Fixed

background
Total
MC Data �2/NDF Prob.

1 M⇡⇡ < 0.46 7.1+4.1
�3.2 195.0±14.6 20.2 222.3 225 27.5/33 73.7

2 0.46  M⇡⇡ < 0.54 10.0+4.4
�3.5 146.7±12.7 17.1 173.8 179 30.2/33 60.7

3 0.54  M⇡⇡ < 0.62 10.6+4.3
�3.5 190.1±14.2 14.8 215.5 216 38.3/33 24.3

4 0.62  M⇡⇡ < 0.70 23.3+6.2
�5.4 185.4±14.1 9.3 218.0 220 27.9/33 71.7

5 0.70  M⇡⇡ < 0.78 90.3+10.7
�10.0 234.8±16.0 12.4 337.5 337 45.9/33 6.8

6 0.78  M⇡⇡ < 0.86 50.5+8.1
�7.4 151.6±12.8 12.3 214.4 214 30.2/33 60.8

7 0.86  M⇡⇡ < 0.94 29.6+6.4
�5.7 108.5±10.8 7.8 145.9 146 43.6/33 10.4

8 0.94  M⇡⇡ < 1.02 10.2+4.2
�3.4 102.4±10.3 6.1 118.7 119 15.2/33 99.7

9 1.02  M⇡⇡ < 1.10 8.9+3.7
�3.0 127.6±11.3 4.0 140.5 140 26.3/33 78.9

10 1.10  M⇡⇡ < 1.18 5.7+3.1
�2.4 149.2±12.1 2.9 157.8 158 40.0/33 18.8

11 1.18  M⇡⇡ < 1.26 15.7+5.0
�4.2 186.6±13.8 3.0 205.3 205 41.2/33 15.5

12 1.26  M⇡⇡ < 1.34 11.8+4.2
�3.4 221.4±14.9 3.1 236.3 236 30.5/33 59.3

B+ ! D̄0`⌫
Rest of

B+ ! Xc`⌫

13 M⇡⇡ � 1.34 23.4+14.7
�13.6 175.3±49.4 289.3±44.0 68.0 556.0 556 28.3/32 65.4

tribution. We then take the relative difference between
the signal yield from the nominal fit and that with the
parameter varied as the ±1� systematic uncertainty. We
calculate these uncertainties separately for each bin in
our measurement.

A. Signal and background modeling

The sources of uncertainties related to the modeling of
physical processes include the lack of precise knowledge
of hadronic form factors that describe a specific decay,
and the relative contributions of background processes.
To assess the systematic uncertainty arising from the sig-
nal modeling, we compare the signal reconstruction effi-
ciency calculated for each bin in M⇡⇡, q2, or (M⇡⇡, q2),
using the phase space B+

! ⇡+⇡�`+⌫` and other B
semileptonic channels with an intermediate resonance de-
caying to a ⇡+⇡� pair. As these channels simulate the
same final state, the resulting efficiencies should be sim-
ilar. Nonetheless, resonances do not span as much of
the domain in the phase space as an inclusive simula-
tion since they have a finite width; hence their cover-
age in the dipion mass is essentially limited to the in-
terval [MR � 2�R,MR + 2�R], with MR the nominal
mass of the resonance and �R its decay width. The
range of q2 varies with the resonant state as the maxi-
mum value depends on the mass of the resonance through
q2max = (MB�MR)

2, where MB is the mass of the B me-
son. We thus simulate semileptonic B decays with four
intermediate resonances covering the phase space of the
B+

! ⇡+⇡�`+⌫` decay, namely f0(500), ⇢0, f2(1270),

and ⇢0(1450), and produce these with the phase space
and ISGW2 [25] models. Furthermore, we use form fac-
tors from light-cone sum rule (LCSR) calculations for
the B+

! ⇢0`+⌫` and the B+
! f2(1270)`+⌫` decays

according to references [26] and [40], respectively. We
calculate the root mean square error between the nom-
inal efficiency (phase space B+

! ⇡+⇡�`+⌫`) and the
resonant models valid for a given bin as the system-
atic uncertainty due to signal modeling. In addition, we
also consider the finite size of the sample used to esti-
mate the signal reconstruction efficiency. We include this
(statistics-based) error in the systematic uncertainty due
to reconstruction efficiency. The values of the efficiencies
used for this assessment are presented in the appendix in
Tables A.1, A.2, and A.3 for the 1D(M⇡⇡), 1D(q2), and
2D fit binning configurations, respectively.

Given that the continuum background is almost negli-
gible after the selection, we compare the continuum MC
with the off-resonance data using a loose selection to as-
sign the uncertainty due to the description of this process.
Consequently, we determine an asymmetric variation in
the continuum normalization (+50%

�20%) and repeat the fit
with these changes. Contributions from rare decays are
also very small. To evaluate their effect on our measure-
ment, we carried out 1000 pseudoexperiments (using the
same prescription described in the previous section) with
and without this component. The systematic uncertainty
is then derived from the difference in mean values from
both ensembles for each bin. To assess the impact of
the background shape on the calculation of the branch-
ing fraction, we reweight a specific decay in the MC with
another model. Specifically, we adjust the CLN-based

10

TABLE II: Event yields for the signal and background processes in the B+
! ⇡+⇡�`+⌫ decay obtained from an

extended binned maximum-likelihood fit to the M2
miss distribution in bins of q2. The �2 and the number of degrees

of freedom (NDF) are provided. The �2 calculation is based on the Baker-Cousins method [39].

Bin q2 [GeV2] Signal B+ ! Xc`⌫
Fixed

background
Total
MC Data �2/NDF Prob.

1 q2 < 1 16.5+6.8
�6.1 126.4±12.1 20.6 163.5 163 32.1/33.0 51.2

2 1  q2 < 2 11.4+6.0
�5.1 150.5±12.9 15.2 177.1 176 34.9/33.0 37.9

3 2  q2 < 3 13.0+5.6
�4.7 166.3±13.4 12.8 192.1 192 40.9/33.0 16.4

4 3  q2 < 4 16.0+6.6
�5.8 180.2±14.1 13.5 209.7 210 32.2/33.0 50.9

5 4  q2 < 5 24.3+7.1
�6.3 224.9±15.6 13.8 263.0 263 41.9/33.0 13.7

6 5  q2 < 6 12.2+5.7
�4.9 212.3±15.0 14.0 238.5 238 17.4/33.0 98.8

7 6  q2 < 7 10.8+5.1
�4.1 235.6±15.7 10.8 257.2 257 54.2/33.0 1.1

8 7  q2 < 8 21.4+6.5
�5.7 220.5±15.3 10.5 252.4 253 36.0/33.0 32.9

9 8  q2 < 9 9.6+4.7
�3.9 220.5±15.1 9.5 239.6 239 34.1/33.0 41.6

10 9  q2 < 10 30.8+6.7
�6.0 199.0±14.6 9.3 239.1 239 36.5/33.0 30.9

11 10  q2 < 11 11.6+5.0
�4.1 159.4±13.0 9.2 180.2 181 19.2/33.0 97.3

12 11  q2 < 12 16.3+4.9
�4.1 122.1±11.4 7.2 145.6 146 35.4/33.0 35.4

13 12  q2 < 13 19.4+5.3
�4.5 93.7±10.0 6.1 119.2 119 16.5/33.0 99.3

14 13  q2 < 14 15.4+4.7
�4.0 66.1±8.5 5.7 87.2 87 21.5/33.0 93.8

15 14  q2 < 15 15.1+4.9
�4.1 37.1±6.6 5.9 58.1 61 24.3/28.0 66.3

16 15  q2 < 16 10.8+4.0
�3.2 24.1±5.3 4.8 39.7 41 17.4/23.0 79.1

17 16  q2 < 17 12.3+4.4
�3.7 18.5±5.0 4.8 35.6 36 13.0/23.0 95.2

18 q2 � 18 32.3+6.8
�6.1 7.8±4.1 7.4 47.5 50 14.5/18.0 69.4

form factors [28] of the B ! D⇤`⌫` decays in the MC to
the new world-average values [4]. Similarly, we reweight
the form factors for the B ! D⇤⇤`⌫` decays from the
ISGW2 [25] to the LLSW model [29]. In both cases, we
add in quadrature the change in the branching fraction
due to variation of each form factor to obtain a total un-
certainty associated with these sources. The B ! ⇡`⌫`
and B ! !`⌫` were generated in the MC with LCSR
form factors taken from reference [26]. We reweight the
B ! !`⌫` form factors to the calculation of [41] and
use the difference in efficiencies compared to the nom-
inal sample as the uncertainty. The B ! ⇡`⌫` form
factors are reweighted to the Bourrely-Caprini-Lellouch
model [42], which combines information from the mea-
sured spectra, light-cone sum rules (valid at low q2) and
lattice QCD (valid at high q2), and the same procedure
to calculate the uncertainty is used. We also reweight
the form factors of the B ! ⌘(0)`⌫` decay from the
ISGW2 [25] and LCSR models according to [43]. Other
exclusive charmless semileptonic B decays considered in
this analysis were generated with the ISGW2 model. As
they do not have well-established form factors derived
from QCD calculations, we compare their shapes with
those produced using the phase space and FLATQ2 gen-
erators [19, 44].

We correct the branching fractions of the
B ! (D(⇤,⇤⇤),⇡, ⌘(0),!)`⌫` decay modes according
to the world-averages [1] and vary these values within
their measured uncertainties as presented in Table IV.
For the unmeasured exclusive charmless semileptonic B

decays, we assign a ±100% uncertainty in the variation
of the branching fraction. We modify the contribution of
the secondary leptons relative to the total uncertainty in
the measurement of the branching fraction of the decay
chain B+

! Xc̄`+⌫` with Xc̄ ! `� + anything. To
consider the effect of the BDT selection on our result,
we evaluate the difference in efficiency in data and MC
and find it to be negligible as compared to the statistical
error.

B. Detector simulation

Since the analysis relies extensively on MC simulation,
the detection of final-state particles affects the recon-
struction of the signal and background decays and the
subsequent extraction of the signal yields used in the
measurement of the branching fractions. The efficiency
for detecting these particles in data usually differs from
that in MC, for which we applied a correction derived
from independent control samples. We take the total un-
certainty associated with this correction as a systematic
uncertainty. These uncertainties include those related to
charged-lepton and charged-pion identification efficien-
cies. Analogously to secondary leptons, charged tracks
misidentified as leptons, i.e., fake leptons, can also origi-
nate from the continuum and from charmed semileptonic
B decays. To inspect their effect, we estimate the fake
rate in data and MC using an enriched hadronic sample
corresponding to the D⇤+

! D0
(K�⇡+

)⇡+ decay and
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TABLE III: Event yields for the signal and background processes in the B+
! ⇡+⇡�`+⌫ decay obtained from an

extended binned maximum-likelihood fit to the M2
miss distribution in bins of M⇡+⇡� and q2. The �2 and the number

of degrees of freedom (NDF) are provided. The �2 calculation is based on the Baker-Cousins method [39].

Bin M⇡⇡ [GeV] q2 [GeV2] Signal B+ ! Xc`⌫
Fixed

background
Total
MC Data �2/NDF Prob.[%]

1 M⇡⇡  0.6 q2  8 9.8+4.6
�3.7 218.2±15.3 15.6 243.5 249 50.1/33 2.8

2 M⇡⇡  0.6 8 < q2 15.8+5.5
�4.6 275.9±17.4 33.1 324.8 329 30.6/33 58.5

3 0.6 < M⇡⇡  0.9 q2  4 29.5+6.4
�5.7 134.9±12.1 9.8 174.2 175 31.4/33 54.7

4 0.6 < M⇡⇡  0.9 4 < q2  8 34.8+7.0
�6.2 216.9±15.1 9.9 261.5 262 24.4/33 86.0

5 0.6 < M⇡⇡  0.9 8 < q2 116.2+12.2
�11.5 318.8±18.7 22.5 457.6 457 39.0/33 21.8

6 0.9 < M⇡⇡  1.2 q2  4 8.0+3.7
�2.9 110.8±10.6 5.8 124.6 124 20.4/33 95.8

7 0.9 < M⇡⇡  1.2 4 < q2  8 9.2+4.0
�3.2 190.2±13.9 4.9 204.3 204 32.3/33 50.4

8 0.9 < M⇡⇡  1.2 8 < q2 27.6+6.4
�5.6 169.8±13.4 6.6 204.1 204 39.5/33 20.3

9 1.2 < M⇡⇡  1.5 q2  4 11.3+4.3
�3.5 142.4±12.1 4.1 157.8 158 36.7/33 30.0

10 1.2 < M⇡⇡  1.5 4 < q2  8 9.7+4.3
�3.5 227.1±15.1 2.5 239.2 239 25.6/33 81.8

11 1.2 < M⇡⇡  1.5 8 < q2 13.2+4.4
�3.7 132.5±11.6 2.4 148.1 148 27.2/33 75.0

B+ ! D0`⌫
Rest of

B+ ! Xc`⌫

12 M⇡⇡ > 1.5 q2  4 8.5+10.1
�9.0 72.1±17.3 63.1±13.2 36.2 179.8 180 25.4/32 79.1

13 M⇡⇡ > 1.5 4 < q2 7.6+7.2
�4.9 96.4±22.4 93.2±20.2 27.8 225.1 222 27.8/32 68.1

TABLE IV: Decay channels that were corrected in the MC, with their branching fractions in the MC, world-average,
and their respective correction (weight).

Decay mode MC World-average B [1, 4] Weight

B�
! D0`�⌫̄` 2.31⇥ 10

�2
(2.33± 0.10)⇥ 10

�2 1.01
B�

! D⇤0`�⌫̄` 5.79⇥ 10
�2

(5.59± 0.19)⇥ 10
�2 0.97

B�
! D0

1`
�⌫̄`, D0

1 ! D⇤+⇡�
5.40⇥ 10

�3
(2.8± 0.1± 1.5)⇥ 10

�3 0.52
B�

! D⇤0
2 `�⌫̄`, D⇤0

2 ! D⇤+⇡�
8.20⇥ 10

�4
(7.7± 0.6± 0.4)⇥ 10

�4 0.94
B�

! D
00
1 `�⌫̄`, D

00
1 ! D⇤+⇡�

5.40⇥ 10
�3

(1.3± 0.3± 0.2)⇥ 10
�3 0.24

B�
! D⇤0

0 `�⌫̄`, D⇤0
0 ! D+⇡�

6.10⇥ 10
�3

(2.8± 0.3± 0.4)⇥ 10
�3 0.46

B̄0
! D0`�⌫̄` 2.13⇥ 10

�3
(2.20± 0.10)⇥ 10

�2 1.03
B̄0

! D⇤+`�⌫̄` 5.33⇥ 10
�3

(4.88± 0.10)⇥ 10
�2 0.92

B�
! ⇡0`�⌫̄` 7.80⇥ 10

�5
(7.80± 0.27)⇥ 10

�5 1.07
B�

! ⇢0`�⌫̄` 1.49⇥ 10
�4

(1.58± 0.11)⇥ 10
�4 1.06

B�
! !`�⌫̄` 1.15⇥ 10

�4
(1.19± 0.09)⇥ 10

�4 1.04
B�

! ⌘`�⌫̄` 8.40⇥ 10
�5

(3.8± 0.6)⇥ 10
�5 0.45

B�
! ⌘0`�⌫̄` 3.30⇥ 10

�5
(2.3± 0.8)⇥ 10

�5 0.70
B̄0

! ⇡+`�⌫̄` 1.36⇥ 10
�4

(1.45± 0.05)⇥ 10
�4 1.07

B̄0
! ⇢+`�⌫̄` 2.77⇥ 10

�4
(2.94± 0.21)⇥ 10

�4 1.06

determine a weight factor for each lepton type. We then
correct the contribution of fake leptons in the MC and
vary the central value by its error. We assign the rela-
tive difference between the fit results as the uncertainties
associated with fake leptons.

To assess the size of the FSR photons uncertainty, we
prepare histogram templates normalized to the fit results

in data using two versions of the signal component: one
where the signal was generated with the PHOTOS pack-
age (as in the nominal fit) and another without it. We
then carry out 1000 pseudoexperiments for each case and
take 20% of the mean difference in the signal yields from
these two scenarios [14, 45, 46].
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C. Fit procedure

We perform 5000 pseudoexperiments to validate our
fit procedure, obtaining pull distributions that takes into
account the asymmetric statistical uncertainties. These
distributions exhibit Gaussian behavior with a slight de-
viation from zero in the mean, which in most cases is
an effect at the 1% level. We do not correct the signal
yields or their uncertainties; instead we assign a system-
atic uncertainty due to the fit procedure. The size of
the systematic uncertainty is estimated by the difference
between the mean signal yield of the ensemble of pseu-
doexperiments and the signal yield used as the central
value in the generation of the ensemble. This is evalu-
ated separately for each bin.

Tables A.4, A.5, and A.6, in the appendix, list the
systematic uncertainties for the 1D(M⇡⇡), 1D(q2), and
2D configurations, respectively.

To estimate correlations among the systematic uncer-
tainties of the values of the partial branching fractions
for each bin, we consider two scenarios. The first sce-
nario corresponds to uncertainties derived from the vari-
ation of one parameter in the MC simulation, such as
those involving normalization of a background compo-
nent or branching fractions of some decay processes. We
characterize each component by a Gaussian distribution
with a width equal to the systematic uncertainty inves-
tigated, draw a random variable for each parameter, and
repeat the entire analysis procedure 1000 times. For each
systematic uncertainty, we associate a correlation matrix
CORij calculated as:

CORij =
h(�B

i
��Bi)(�B

j
��Bj)i

�i�j
(2)

where the indices i, j run over the bins in the sample, �Bi

is the mean of the randomly generated partial branching
fractions for the i-th bin, �i is its standard deviation, and
hi denotes an average over the 1000 iterations. We then
compute the associated covariance matrix as

COVij = CORij�i�j . (3)

The second scenario applies to systematic uncertainties
assessed under a different procedure, e.g., signal model
dependence or final-state radiation, among others. In
this case, we evaluate the effect of a particular systematic
uncertainty k in the i-th bin, �k

i , on �B
i and assign it

to ⇠ki = �k
i �B

i and from this quantity, determine the
corresponding covariant matrix as

COV
k
ij = ⇠ki ⇠

k
j . (4)

We provide the total systematic correlation matrices
for the different fit scenarios in the appendix in Ta-

bles A.7, A.8, and A.9, respectively.

D. Normalization uncertainties

The uncertainty on the measurement of the number
of B-meson pairs produced at Belle is 1.4%, while that
on the branching fraction of ⌥(4S) ! B+B� is 1.17%.
We assume an 0.35% uncertainty on the track-finding
efficiency for each charged particle reconstructed on the
signal side and add each contribution linearly. Finally, we
take the uncertainty due to the tagging efficiency correc-
tion, which originates from incorrect assumptions of the
hadronic branching fractions on the tag side, as 4.2% [13].
These uncertainties are assumed to be 100% correlated
across all bins and are also included in the correlation
matrices of Tables A.7, A.8, and A.9, respectively.

VII. RESULTS AND DISCUSSION

The main result of this analysis is the measurement
of the total branching fraction for the B+

! ⇡+⇡�`+⌫`
decay. Since we carried out this measurement in bins of
the kinematic variables M⇡⇡ or q2, we calculate the total
branching fraction as the sum over all bins of the par-
tial branching fractions, B(B+

! ⇡+⇡�`+⌫`) =
P

i �B
i

with

�B
i
=

1

4

Y i
signal

✏i

1

B(⌥(4S) ! B+B�)NBB̄
. (5)

Here, Y i
signal denotes the signal yield measured in the

ith bin, ✏i is the corresponding signal-reconstruction effi-
ciency, B(⌥(4S) ! B+B�

) = (51.4± 0.6)%, and NBB̄ =

(771.6± 10.6)⇥ 10
6 is the number of BB̄-pairs produced

for the complete Belle dataset. We determine the sig-
nal reconstruction efficiency from MC simulation, with
corrections for differences between data and simulated
detector performance. The factor of four in the denom-
inator averages the observed branching fraction across
the four channels: B+

! ⇡+⇡�e+⌫e, B�
! ⇡+⇡�e�⌫̄e,

B+
! ⇡+⇡�µ+⌫µ, and B�

! ⇡+⇡�µ�⌫̄µ.
The values of the input parameters for Eq. 5, as well as

the partial branching fractions for each bin, are presented
in Table V for the 1D(M⇡⇡) and 2D configurations, and
in Table VI for the 1D(q2) configuration. Adding the
partial branching fractions, the total branching fraction
for each configuration results in

B(B+
! ⇡+⇡�`+⌫`)[1D(M⇡⇡)]

= (22.3+2.0
�1.8(stat)± 3.9(syst))⇥ 10

�5,
(6)

B(B+
! ⇡+⇡�`+⌫`)[1D(q2)]

= (22.7+1.9
�1.6(stat)± 3.4(syst))⇥ 10

�5,
(7)
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C. Fit procedure

We perform 5000 pseudoexperiments to validate our
fit procedure, obtaining pull distributions that takes into
account the asymmetric statistical uncertainties. These
distributions exhibit Gaussian behavior with a slight de-
viation from zero in the mean, which in most cases is
an effect at the 1% level. We do not correct the signal
yields or their uncertainties; instead we assign a system-
atic uncertainty due to the fit procedure. The size of
the systematic uncertainty is estimated by the difference
between the mean signal yield of the ensemble of pseu-
doexperiments and the signal yield used as the central
value in the generation of the ensemble. This is evalu-
ated separately for each bin.

Tables A.4, A.5, and A.6, in the appendix, list the
systematic uncertainties for the 1D(M⇡⇡), 1D(q2), and
2D configurations, respectively.

To estimate correlations among the systematic uncer-
tainties of the values of the partial branching fractions
for each bin, we consider two scenarios. The first sce-
nario corresponds to uncertainties derived from the vari-
ation of one parameter in the MC simulation, such as
those involving normalization of a background compo-
nent or branching fractions of some decay processes. We
characterize each component by a Gaussian distribution
with a width equal to the systematic uncertainty inves-
tigated, draw a random variable for each parameter, and
repeat the entire analysis procedure 1000 times. For each
systematic uncertainty, we associate a correlation matrix
CORij calculated as:

CORij =
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(2)

where the indices i, j run over the bins in the sample, �Bi

is the mean of the randomly generated partial branching
fractions for the i-th bin, �i is its standard deviation, and
hi denotes an average over the 1000 iterations. We then
compute the associated covariance matrix as

COVij = CORij�i�j . (3)

The second scenario applies to systematic uncertainties
assessed under a different procedure, e.g., signal model
dependence or final-state radiation, among others. In
this case, we evaluate the effect of a particular systematic
uncertainty k in the i-th bin, �k

i , on �B
i and assign it

to ⇠ki = �k
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i and from this quantity, determine the
corresponding covariant matrix as
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j . (4)

We provide the total systematic correlation matrices
for the different fit scenarios in the appendix in Ta-

bles A.7, A.8, and A.9, respectively.

D. Normalization uncertainties

The uncertainty on the measurement of the number
of B-meson pairs produced at Belle is 1.4%, while that
on the branching fraction of ⌥(4S) ! B+B� is 1.17%.
We assume an 0.35% uncertainty on the track-finding
efficiency for each charged particle reconstructed on the
signal side and add each contribution linearly. Finally, we
take the uncertainty due to the tagging efficiency correc-
tion, which originates from incorrect assumptions of the
hadronic branching fractions on the tag side, as 4.2% [13].
These uncertainties are assumed to be 100% correlated
across all bins and are also included in the correlation
matrices of Tables A.7, A.8, and A.9, respectively.

VII. RESULTS AND DISCUSSION

The main result of this analysis is the measurement
of the total branching fraction for the B+

! ⇡+⇡�`+⌫`
decay. Since we carried out this measurement in bins of
the kinematic variables M⇡⇡ or q2, we calculate the total
branching fraction as the sum over all bins of the par-
tial branching fractions, B(B+

! ⇡+⇡�`+⌫`) =
P

i �B
i

with

�B
i
=

1

4

Y i
signal

✏i

1

B(⌥(4S) ! B+B�)NBB̄
. (5)

Here, Y i
signal denotes the signal yield measured in the

ith bin, ✏i is the corresponding signal-reconstruction effi-
ciency, B(⌥(4S) ! B+B�

) = (51.4± 0.6)%, and NBB̄ =

(771.6± 10.6)⇥ 10
6 is the number of BB̄-pairs produced

for the complete Belle dataset. We determine the sig-
nal reconstruction efficiency from MC simulation, with
corrections for differences between data and simulated
detector performance. The factor of four in the denom-
inator averages the observed branching fraction across
the four channels: B+

! ⇡+⇡�e+⌫e, B�
! ⇡+⇡�e�⌫̄e,

B+
! ⇡+⇡�µ+⌫µ, and B�

! ⇡+⇡�µ�⌫̄µ.
The values of the input parameters for Eq. 5, as well as

the partial branching fractions for each bin, are presented
in Table V for the 1D(M⇡⇡) and 2D configurations, and
in Table VI for the 1D(q2) configuration. Adding the
partial branching fractions, the total branching fraction
for each configuration results in

B(B+
! ⇡+⇡�`+⌫`)[1D(M⇡⇡)]

= (22.3+2.0
�1.8(stat)± 3.9(syst))⇥ 10

�5,
(6)

B(B+
! ⇡+⇡�`+⌫`)[1D(q2)]

= (22.7+1.9
�1.6(stat)± 3.4(syst))⇥ 10

�5,
(7)
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TABLE V: Signal yields (Y i
signal), signal reconstruction efficiency (✏i), and partial branching fractions (�B

i) for each
bin i in the 1D(M⇡⇡) and 2D configurations, respectively, with the bin number convention as defined in Tables I
and III, respectively. The first quoted uncertainty is statistical, and the second is systematic.

1D(M⇡⇡) Configuration 2D Configuration

Bin Y i
signal ✏i [10�4

] �B
i
[10

�5
] Y i

signal ✏i [10�4
] �B

i
[10

�5
]

1 7.1+4.1
�3.2 7.92± 0.66 0.57+0.33

�0.25 ± 0.07 9.8+4.6
�3.7 7.39± 0.57 0.84+0.39

�0.32 ± 0.18

2 10.0+4.4
�3.5 8.20± 0.77 0.77+0.34

�0.27 ± 0.14 15.8+5.5
�4.6 8.45± 0.63 1.18+0.41

�0.34 ± 0.19

3 10.6+4.3
�3.5 7.75± 0.68 0.86+0.35

�0.28 ± 0.23 29.5+6.4
�5.7 8.61± 0.60 2.16+0.47

�0.42 ± 0.23

4 23.3+6.2
�5.4 7.82± 0.64 1.88+0.50

�0.44 ± 0.39 34.8+7.0
�6.2 8.35± 0.63 2.63+0.53

�0.47 ± 0.32

5 90.3+10.7
�10.0 9.32± 0.66 6.11+0.72

�0.68 ± 1.12 116.2+12.2
�11.5 7.98± 0.48 9.18+0.96

�0.91 ± 0.99

6 50.5+8.1
�7.4 7.76± 0.58 4.10+0.70

�0.66 ± 0.73 8.0+3.7
�2.9 7.20± 0.46 0.70+0.32

�0.25 ± 0.20

7 29.6+6.4
�5.7 8.18± 0.57 2.28+0.49

�0.44 ± 0.33 9.2+4.0
�3.2 9.07± 0.56 0.64+0.28

�0.22 ± 0.11

8 10.2+4.2
�3.4 8.47± 0.57 0.76+0.31

�0.25 ± 0.11 27.6+6.4
�5.6 9.78± 0.50 1.78+0.41

�0.36 ± 0.25

9 8.9+3.7
�3.0 8.79± 0.56 0.64+0.27

�0.22 ± 0.11 11.3+4.3
�3.5 7.82± 0.43 0.91+0.35

�0.28 ± 0.12

10 5.7+3.1
�2.4 8.98± 0.56 0.40+0.22

�0.17 ± 0.07 9.7+4.3
�3.5 8.45± 0.49 0.72+0.32

�0.26 ± 0.08

11 15.7+5.0
�4.2 9.04± 0.55 1.09+0.35

�0.29 ± 0.11 13.2+4.4
�3.7 8.97± 0.49 0.93+0.31

�0.26 ± 0.11

12 11.8+4.2
�3.4 8.20± 0.52 0.91+0.32

�0.26 ± 0.14 8.5+10.1
�9.0 6.77± 0.12 0.79+0.94

�0.84 ± 0.26

13 23.4+14.7
�13.6 7.45± 0.10 1.98+1.24

�1.15 ± 0.46 7.6+7.2
�4.9 8.55± 0.20 0.56+0.53

�0.36 ± 0.08

TABLE VI: Signal yields (Y i
signal), signal reconstruction efficiency (✏i), and partial branching fractions (�B

i) for
each bin i in the 1D(q2) configuration with the bin number convention defined according to Table II. The first
quoted uncertainty is statistical, and the second is systematic.

Bin Y i
signal ✏i [10�4

] �B
i
[10

�5
] Bin Y i

signal ✏i [10�4
] �B

i
[10

�5
]

1 16.5+6.8
�6.1 6.27± 0.19 1.66+0.68

�0.61 ± 0.53 10 30.8+6.7
�6.0 8.96± 0.53 2.17+0.47

�0.42 ± 0.22

2 11.4+6.0
�5.1 6.97± 0.22 1.03+0.54

�0.46 ± 0.25 11 11.6+5.0
�4.1 9.52± 0.60 0.77+0.33

�0.27 ± 0.08

3 13.0+5.6
�4.7 7.45± 0.25 1.10+0.47

�0.40 ± 0.20 12 16.3+4.9
�4.1 9.14± 0.66 1.12+0.34

�0.28 ± 0.14

4 16.0+6.6
�5.8 7.56± 0.27 1.33+0.55

�0.48 ± 0.26 13 19.4+5.3
�4.5 8.62± 0.72 1.42+0.39

�0.33 ± 0.16

5 24.3+7.1
�6.3 8.13± 0.31 1.88+0.55

�0.49 ± 0.29 14 15.4+4.7
�4.0 10.1± 0.88 0.96+0.29

�0.25 ± 0.14

6 12.2+5.7
�4.9 8.60± 0.35 0.89+0.42

�0.36 ± 0.10 15 15.1+4.9
�4.1 8.65± 0.93 1.10+0.36

�0.30 ± 0.15

7 10.8+5.1
�4.1 8.43± 0.38 0.81+0.38

�0.31 ± 0.13 16 10.8+4.0
�3.2 9.31± 1.12 0.73+0.27

�0.22 ± 0.12

8 21.4+6.5
�5.7 9.17± 0.44 1.47+0.45

�0.39 ± 0.17 17 12.3+4.4
�3.7 8.94± 1.28 0.87+0.31

�0.26 ± 0.15

9 9.6+4.7
�3.9 8.03± 0.45 0.75+0.37

�0.31 ± 0.12 18 32.3+6.8
�6.1 7.85± 0.88 2.59+0.55

�0.49 ± 0.45

B(B+
! ⇡+⇡�`+⌫`)[2D]

= (23.0+1.9
�1.7(stat)± 3.0(syst))⇥ 10

�5,
(8)

where the quoted uncertainties are the statistical and sys-

tematic uncertainties, respectively. As the [1D(q2)] result
lies between the [1D(M⇡⇡)] and [2D] results, with the dif-
ference in central values being negligible as compared to
the quoted systematic uncertainty, we take the [1D(q2)]
measurement as our final result:
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Correlations among measured values
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FIG. 8. The full experimental (statistical and systematical) correlations of the di↵erential branching fractions are shown.

FIG. 9. (Left) The total partial branching fraction with EB
` > 1GeV as calculated by each di↵erential measurement is

compared to the result of Ref. [1], which is based on the 2D fit of MX : q2 and obtained with a looser selection. The ratio
compares the total partial branching fractions to the result obtained by summing the measured MX distribution and the
uncertainty takes into account the full statistical and systematic correlations between the di↵erent results. (Right) The full
experimental correlations between the total partial branching fractions from summing the individual bins are shown.
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FIG. 9. (Left) The total partial branching fraction with EB

` > 1GeV as calculated by each di↵erential measurement is
compared to the result of Ref. [1], which is based on the 2D fit of MX : q2 and obtained with a looser selection. The ratio
compares the total partial branching fractions to the result obtained by summing the measured MX distribution and the
uncertainty takes into account the full statistical and systematic correlations between the di↵erent results. (Right) The full
experimental correlations between the total partial branching fractions from summing the individual bins are shown.

Compatibility check

Differential  — extraΔℬ(B → Xuℓ+ν)


