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Quantum Field Theory Meets Gravity

• Initial excitement in string theory was not only that it offers a framework 
for QFT and gravity to meet but also due to its sense of uniqueness.

• Anomaly cancellation [Green, Schwarz, ’84]: E8 x E8, SO(32), U(1)496  and 
E8 x U(1)248 gauge groups, the former 2 are realized by the heterotic 
string [Gross, Harvey, Martinec, Rohm,’85].

• Calabi-Yau compactification [Candelas, Horowitz, Strominger, Witten, ’85]:P. Candelas et a L /  Superstrings 

TABLE 1 
K n o w n  examples  of six ( rea l ) -d imensional  man i fo lds  wi th  SU(3) h o l o n o m y  

together  wi th  some of their  p roper t ies  

67 

K n o w n  ho lomorph ic  
discrete symmetr ies  N u m b e r  of 

M a n i f o l d  X bl , l  b2.1 that  act  freely zero modes  

Y(4;5) - 200 1 101 Z 5 × Z 5 203 
Yc5;4.2) - 1 7 6  1 89 179 
Y(5;3,3) - 144 1 73 Z 3 × Z 3 147 
Y<6; 3,2,2) - 144 1 73 147 
Y(7;2,2,2,2) - 1 2 8  1 65 Z 2 × Z 2 X Z 2 ; Z  8 131 
Y - 8 1 5 none  11 
Z + 72 36 0 36 

Al l  these m a n i f o l d s  have b 0 = 1, b 1 = 0, b0, 2 = b2, 0 = 0, b2. ! = bl, 2 and  b0, 3 = b3, 0 = 1. 

try. Zero modes of the two-form B are just the harmonic two-forms whose number 
is b 2. The spin-1 field ~, has two zero modes (the two covariantly constant spinors) 
which corresponds to one massless four-dimensional Majorana spinor after imposi- 
tion of the ten-dimensional Weyl condition. Zero modes of the gauge field and their 
superpartners can also be explicitly constructed from the (p,  q) forms by using the 
fact that the spin and gauge connections are equal. 

As a specific example, we list the entire massless spectrum of our supersymmetric 
E 8 × E 8 configuration on Y0/(Z5 x Zs). Consider first the unbroken E 8 supergauge 
multiplet. It gives rise, at energies below the Planck scale, to an adjoint 248 of gluons 
and Majorana gluinos. The other broken E 8 gives rise to 78 gluons and 78 Majorana 
gluinos in the adjoint of E 6 ;  and five 27's (from the five harmonic (2,1) forms) and 
one 27 (from the K~hler form) of left-handed fermions with their scalar super- 
partners. 

The remaining components of the supergravity multiplet are as follows. There is 
the graviton, the gravitino, a real two-index antisymmetric tensor field, a Majorana 
spinor and a real scalar. Traceless zero modes of the metric give 10 more scalars with 
Majorana superpartners. There is an additional scalar from the dilational zero mode 
which, along with the zero mode of the antisymmetric tensor, has a Majorana 
superpartner. 

Clearly, in a realistic model, many of these particles must obtain large masses or 
be otherwise unobservable. This is presumably connected with the unsolved prob- 
lems of supersymmetry breaking and the cosmological constant. 

5. String considerations 

Our discussion until now has been based on field theory. We will now see that 
similar conclusions can be reached from a string viewpoint. 
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String Theory Landscape

Heterotic Type I

Type IIBM-theory
Type IIA

F-theory

10500 “vacua”
 [Douglas ’03] 

10272,000 “vacua”
 [Taylor, Wang, ’15] 
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Landscape vs Swampland

What properties delineate the landscape from the swampland?
What are the phenomenological implications?



Swampland Criteria

dS Conjecture

Weak Gravity Conjecture

[Obied, Ooguri, Spodyneiko, Vafa,’18];
[Ooguri, Palti, GS, Vafa, ’18]

[Arkani-Hamed, Motl, Nicolis, Vafa. ’06]
Distance Conjecture

 [Ooguri, Vafa. ’06]

Inconsistencies can sometimes be probed by a string/brane, even though 
they are not apparent from a particle viewpoint [Kim, GS, Vafa, ’19] 

These criteria do not follow from purely low-energy EFT considerations.
Why are they necessary for consistency of quantum gravitational theories? 



The Weak Gravity Conjecture

Arkani-Hamed, Motl, Nicolis, Vafa ‘06



The Weak Gravity Conjecture

• The conjecture:

“Gravity is the Weakest Force” 

• This is a scale-dependent statement, but as we’ll see, the WGC 
comes with a UV cutoff Λ (magnetic WGC).

• For every long range gauge field there exists a particle of charge 
q and mass m, s.t.  

• This implies extremal BHs can decay, even though the remnant 
problem (which applies to global symmetry) does not arise here.

• Applying the WGC to magnetically charged states imply:

Arkani-Hamed, Motl, Nicolis, Vafa ‘06

q

m
MP � “1”⌘ QExt

MExt
MP

qmag ∼ 1/g, mmag ∼ Λ/g2 ⇒ Λ ≲ g(Λ)MP



WGC for p-form Symmetry

• One can generalize the WGC for 1-form gauge fields to the WGC for (p+1)-
form gauge fields which couple to p-branes:

• The 0-form gauge field (axion) case (-1 form symmetry) is most interesting 
(axion inflation) but subtle as the “branes” that couple to it are instantons.

• Obtaining an axion by duality [Brown, Cottrell, GS, Soler, ‘15] or dimensional 
reduction [Heidenreich, Reece, Rudelius, ’16] suggests that the above inequality 
can indeed be extrapolated to:

• Attempt to give a more direct argument for the -1 form WGC [Andriolo, 
Huang, Noumi, Ooguri, GS, ’20] : the “extremal bound” is set by the action-to-
charge ratio of the macroscopic semi-wormhole.

Qp

Tp
≥ (

Qp

Tp )
Ext

f ⋅ Sinst ≤ 𝒪(1)MP



Convex Hull Condition

BH 
region

BH 
region

Q2/m Q2/m

Q1/m Q1/m

charged particles

[Cheung, Remmen, ’14]

Constraints on multi-axion inflation models [Brown, Cottrell, GS, Soler, ’15]



Tower/Sub-Lattice WGC
• Compactifying a theory on a circle gives rise to an additional U(1)KK. Apply the WGC to 

black holes with general charges.

• Infinite tower of (super)extremal KK states. Charge-to-mass ratio depends on the radius:

• Convex hull not guaranteed to contain the BH region. This motivates a stronger version of 
the WGC known as Tower/Sub-Lattice WGC [Andriolo,Junghans, Noumi, GS];[Heidenreich, Reece, 
Rudelius];[Montero, GS, Soler] 

• Modern perspective on the magnetic WGC (emergence) also motivates this tower version 
[Grimm, Palti, Valenzuela] 

WGC and Dimensional Reduction

Heidenreich, MR, Rudelius ’15, ’16

Compactify on a circle to get a new gauge theory with an additional 
U(1)KK and consider black holes with general charges.

Infinite tower of superextremal KK modes. Mass-to-charge ratio radius-
dependent.

WGC with 
margin of 

error

Pass CHC: stable 
black hole 
direction!Fail CHC:

Convex hull not guaranteed to contain the BH region! 
CHC can fail, at least for some compactification radii.

CHC 👍 CHC 👎

stable BH



Evidence for the WGC



Evidence for the WGC

WGC

Cosmic
CensorshipHolography

Unitarity/
Casuality

BH
Thermo

[Nakayama, Nomura, ’15];
[Harlow, ’15];
[Montero, GS, Soler, ’16];
[Aalsma, Cole, Loges, GS, ’20] …

[Horowitz, Santos, Way, ’16];
[Crisford, Horowitz, Santos, ’17]; …

[Cottrell, GS, Soler, ’16]; 
[Cheung, Liu, Remmen, ’18];
[Hamada, Noumi, GS, ’18]; 
[Loges, Noumi, GS, ’19, ’20];
[Aalsma, Cole, Loges, GS, ’20]; …

[Cheung, Remmen, ’14];
[Andriolo, Junghans, Noumi, GS,’18];
[Hamada, Noumi, GS, ’18]; …



Extremality of Black Holes
• The mild form of the WGC requires only some state for an 

extremal BH to decay to.
• Can an extremal BH satisfy the WGC?

conditions, at least one of the outgoing particles must have a smaller M/Q ratio than
the original particle.

The argument extends to black holes, which are believed to be the low-energy
description of elementary particles whose masses are much above the Planck scale.
Since it is unnatural to have an infinite number of exactly stable particles, the mass-

charge relation for extremal black holes M = Q cannot be exact: the M/Q ratio for
extremal black holes should decrease with decreasing Q, so that for every extremal

black hole there is another black hole with a smaller M/Q ratio (see figure 1). Because
states with M/Q < 1 must exist, the most natural expectation is that the black holes,
states with very high values of M, Q, also satisfy M/Q < 1, although the di!erence

from 1 is tiny.

Figure 1: The classical mass-charge relation for extremal black holes is represented by the

dashed line; it must be valid in the limit M ! MPl. Curve A shows a possible exact mass-

charge relation. Curve B is unacceptable because it would imply an infinite number of states

that cannot decay.

Since the net force between black holes with M = Q vanishes, the previous argu-
ment also predicts that the net force will become repulsive. This is indeed expected
because if the force were attractive, heavier bound states with a lower M/Q ratio would

be possible, again creating an infinite number of states that cannot decay. While the
relation between the decrease of the mass and the repulsion is trivial in the case of

– 2 –

• Higher derivative corrections can 
make extremal BHs lighter than 
the classical bound Q=M 

• Demonstrated to be the case for 
4D heterotic extremal BHs.   
[Kats, Motl, Padi, ’06]

• We showed that this behavior (A) 
follows from unitarity (at least for 
some classes of theories).         
[Hamada, Noumi, GS]



WGC from Unitarity and Causality
• We assume a weakly coupled UV completion at scale ΛQFT. Our proof for 

the strict WGC bound applies to at least two classes of theories:

• Theories with light (compared with ΛQFT), neutral i) parity-even 
scalars (e.g., dilaton, moduli), or ii) spin ≥ 2 particles

• UV completion where the photon & the graviton are accompanied by 
different sets of Regge states (as in open string theory).

2

mass

⇤QFT

�, h

mass

�, h

“stringy” particles

light particles

⇤QFT

0 0

FIG. 1: A schematic picture of particle spectrum: We assume
that photon and graviton control the BH dynamics at the in-
frared. The ordinary QFT description breaks down at ⇤QFT,
which corresponds to the string scaleMs in string theory. The
spectrum may contain light particles below ⇤QFT (left), but
it is also possible that there are no such light particles (right).

where M and Q are the mass and charge of the black hole,
respectively. This formula is applicable as long as the
higher derivative corrections are small. More explicitly,
it is applicable if the black hole is su�ciently heavy,

M2
⇠ Q2M2

Pl � ↵iM
2
Pl , (4)

because extremal BHs in the Einstein-Maxwell theory
satisfy R ⇠ M4

Pl/M
2 and F 2

⇠ M6
Pl/M

2.
An important observation made in [2] is that extremal

BHs (in the mass range M2
� ↵iM2

Pl) have the charge-
to-mass ratio bigger than unity z � 1, if the Wilson co-
e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

On the other hand, if 2↵1 �↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.

UNITARITY CONSTRAINTS

We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
low the dynamics of infinitely many local fields and thus

s

s0�s0

s

s0�s0

O(z4) O(z2) O(z0)

FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

the ordinary QFT description breaks down. Note that
Ms ⌧ MPl in the perturbative string.

Below the scale ⇤QFT, there may exist massive parti-
cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.

(a) Light neutral bosons (ex. dilaton, axion, moduli)

First, light neutral bosons may generate the e↵ec-
tive interactions ↵i at the tree-level. Let us con-
sider the dilaton � and the axion a for example:

L� = �
1

2
(@µ�)2 �

m2
�

2
�2 +

�

f�
Fµ⌫F

µ⌫ , (6)

La = �
1

2
(@µa)2 �

m2
a

2
a2 +

a

fa
Fµ⌫

eFµ⌫ , (7)

where m and f are the mass and decay constant,
respectively. Integrating out the dilaton and axion,
we obtain the tree-level e↵ective couplings,

↵1 =
2M4

Pl

m2
�f2

�

, ↵2 =
2M4

Pl

m2
af

2
a

. (8)

More generally, the size of the e↵ective couplings
can be estimated as

|↵i| & O

⇣M2
Pl

m2

⌘
, (9)

which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:

↵1 > 0 , ↵2 > 0 , (10)

which is a consequence of unitarity. More gener-
ally, unitarity implies that ↵1 > 0 when photon is



Higher Derivative Corrections
• In the IR, the BH dynamics is described by an EFT of photon 

& graviton.
• In D=4, the general effective action up to 4-derivative 

operators (assume parity invariance for simplicity):

where

S =

Z
d4x

p
�g


2M2

Pl

4
R� 1

4
Fµ⌫F

µ⌫ +�L
�
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Higher Derivative Corrections
• In the IR, the BH dynamics is described by an EFT of photon 

& graviton.
• In D=4, the general effective action up to 4-derivative 

operators (assume parity invariance for simplicity):

by field redefinition. Here, Wμνρσ is the Weyl tensor:
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We provide an existence proof of the Weak Gravity Conjecture in the perturbative UV completion
of quantum gravity. (We are proving the mild form)

INTRODUCTION

The weak gravity conjecture (WGC) [1] is very inter-
esting if true. In this letter we provide a strong evidence
of its mild version from the causality and unitarity point
of view....

Our

EVIDENCE OF WGC IN D = 4

The mild form of WGC requires existence of a charged
state with the charged-to-mass ratio z bigger than unity.
In D = 4 the bound is given by

z =

p
2MPl|q|

m
� 1 . (1)

Here MPl is the reduced Planck mass scale. In this paper,
based on unitarity, we argue that even if there exists no
particle satisfying the WGC bound (1), heavy extremal
BHs play the role of the required charged state in the
following two classes of theories:

1. Supersymmetric (SUSY) theories with tree-level
UV completion of gravity.1 Here “tree-level UV
completion” means that every four point amplitude
can be understood as the product of three point
amplitudes [3] (Is this statement too strong? Are
there better references?).

2. Theories with a parity-even light neutral boson
such as dilaton and moduli. The meaning of the
light will be clarified soon.

These two classes cover a wide class of theories, including
generic stringy setups, providing a strong evidence of the
mild form of WGC.

Strategy

One might wonder that our claim is trivial because
the extremal charged BHs in the Einstein-Maxwell the-

1
[TN: For D � 5, we need more than half SUSY (or more) to kill

the Gauss-Bonnet term. This section is about D = 4, so maybe

it’s OK not to mention it here, just as in the present writing.]

ory saturates the bound z = 1. However, it is not true
because the BH solutions is modified by higher derivative
corrections and so is the charge-to-mass ratio of extremal
BHs accordingly [2].

Suppose that the theory is described by photon and
graviton in the infrared. In D = 4 their general e↵ective
action up to four-derivative operators is then given by

S =

Z
d4x

p
�g


2M2

Pl

4
R �

1

4
Fµ⌫F

µ⌫ +
↵1

4M4
Pl

(Fµ⌫F
µ⌫)2

+
↵2

4M4
Pl

(Fµ⌫
eFµ⌫)2 +

↵3

2M2
Pl

Fµ⌫F⇢�Wµ⌫⇢�

�
, (2)

where Wµ⌫⇢� is the Weyl tensor. Also we assumed parity
invariance for simplicity [YH: Probably this assumption
can be removed.]. In general, we can add the parity vio-
lating term like Fµ⌫Fµ⌫F⇢�F̃ ⇢�, but this does not change
our conclusion. Note that other four-derivative operators
such as R2

µ⌫ may be absorbed into the three operators
displayed in the above by field redefinition. The higher
derivative operators modify black hole solutions, so that
the charge-to-mass ratio of extremal black holes are cor-
rected as [2]2

z =

p
2MPl|Q|

M
= 1 +

2

5

(4⇡)2

Q2
(2↵1 � ↵3) , (3)

where M and Q are the mass and charge of the black hole,
respectively. This formula is applicable as long as the
higher derivative corrections are small. More explicitly,
it is applicable if the black hole is su�ciently heavy,

M2
⇠ Q2M2

Pl � ↵iM
2
Pl , (4)

because extremal BHs in the Einstein-Maxwell theory
satisfy R ⇠ M4

Pl/M
2 and F 2

⇠ M6
Pl/M

2.
An important observation made in [2] is that extremal

BHs (in the mass range M2
� ↵iM2

Pl) have the charge-
to-mass ratio bigger than unity z � 1, if the Wilson co-
e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

2
[TN: A dictionary between our ↵i and their ci is c5M

2
Pl = ↵2 �

↵3, c6M
2
Pl = ↵3/2, and c7M

4
Pl = ↵1/4 � ↵2/4. A dictionary

between ours and Chung-Remmen [5] is a
0
1 = ↵1, a

0
2 = ↵2, and

b3 = �↵3 in the unit 2M
2
Pl = 1]



Extremality Condition
• The higher derivative operators modify the BH solutions, so the 

charge-to-mass ratio of an extremal BH is corrected:

applicable when the BH is sufficiently heavy:

because extremal BHs in Einstein-Maxwell theory satisfy:

• Proving the WGC (mild form) amounts to showing:

so large extremal BHs can decay into smaller extremal BHs.
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INTRODUCTION
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Our The weak gravity conjecture (WGC) [1] is very
interesting if true. In this letter we provide a strong evi-
dence of its mild version from the causality and unitarity
point of view....

Our

EVIDENCE OF WGC IN D = 4

The mild form of WGC requires existence of a charged
state with the charged-to-mass ratio z bigger than unity.
In D = 4 the bound is given by

z =

p
2MPl|q|

m
� 1 , (1)

where MPl is the reduced Planck mass scale. In this
Letter, based on unitarity, we argue that even if there
exists no particle satisfying the WGC bound (1), heavy
extremal BHs play the role of the required charged state
in the following two classes of theories:

1. Supersymmetric (SUSY) theories with tree-level
UV completion. Here “tree-level UV completion”

means that every four-point amplitude associated
to higher derivative operators is generated by heavy
particle exchange (see [3] for a related program).

2. Theories with a parity-even light neutral scalar,
such as dilaton and moduli, or a spin 2 light neutral
particle. Here “light” means the mass smaller than
the scale ⇤QFT where the quantum gravity e↵ects
come in and the QFT description breaks down.

These two classes cover a wide class of theories, includ-
ing generic stringy setups, providing a strong evidence of
the mild form of WGC. Extension to general spacetime
dimension D � 5 is also given in Supplement Material.

STRATEGY

One might wonder that our claim is trivial because
the extremal charged BHs in the Einstein-Maxwell the-
ory saturates the bound z = 1. However, it is not true
because the BH solutions is modified by higher derivative
corrections and so is the charge-to-mass ratio of extremal
BHs accordingly [2].

Suppose that the theory is described by photon and
graviton in the infrared. In D = 4 their general e↵ective
action up to four-derivative operators is then given by

S =

Z
d4x

p
�g


2M2

Pl

4
R �

1

4
Fµ⌫F

µ⌫ +
↵1

4M4
Pl

(Fµ⌫F
µ⌫)2

+
↵2

4M4
Pl

(Fµ⌫
eFµ⌫)2 +

↵3

2M2
Pl

Fµ⌫F⇢�Wµ⌫⇢�

�
, (2)

where Wµ⌫⇢� is the Weyl tensor. Also we assumed par-
ity invariance for simplicity. In general, we can add the
parity violating terms like Fµ⌫Fµ⌫F⇢�F̃ ⇢�, but they do
not change our conclusion.[TN: Check this statement by
listing up all the parity violating terms.] Note that other
four-derivative operators such as R2

µ⌫ may be absorbed
into the three operators displayed in the above by field re-
definition. The higher derivative operators modify black
hole solutions, so that the charge-to-mass ratio of ex-
tremal black holes are corrected as [2]

z =

p
2MPl|Q|

M
= 1 +

2

5

(4⇡)2

Q2
(2↵1 � ↵3) , (3)[Kats, Motl, Padi, ’06]
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FIG. 1: A schematic picture of particle spectrum: We assume
that photon and graviton control the BH dynamics at the in-
frared. The ordinary QFT description breaks down at ⇤QFT,
which corresponds to the string scaleMs in string theory. The
spectrum may contain light particles below ⇤QFT (left), but
it is also possible that there are no such light particles (right).

where M and Q are the mass and charge of the black hole,
respectively. This formula is applicable as long as the
higher derivative corrections are small. More explicitly,
it is applicable if the black hole is su�ciently heavy,

M2
⇠ Q2M2

Pl � ↵iM
2
Pl , (4)

because extremal BHs in the Einstein-Maxwell theory
satisfy R ⇠ M4

Pl/M
2 and F 2

⇠ M6
Pl/M

2.
An important observation made in [2] is that extremal

BHs (in the mass range M2
� ↵iM2

Pl) have the charge-
to-mass ratio bigger than unity z � 1, if the Wilson co-
e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

On the other hand, if 2↵1 �↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.

UNITARITY CONSTRAINTS

We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
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FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.
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which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:
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FIG. 1: A schematic picture of particle spectrum: We assume
that photon and graviton control the BH dynamics at the in-
frared. The ordinary QFT description breaks down at ⇤QFT,
which corresponds to the string scaleMs in string theory. The
spectrum may contain light particles below ⇤QFT (left), but
it is also possible that there are no such light particles (right).
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Sketch of the Proof: Step 1
• We first show that for the aforementioned theories, causality implies 

because 𝛼3 leads to causality violation and an infinite tower of 
massive higher spin states is required to UV complete the EFT at 
tree-level [Camanho, Edelstein, Maldacena, Zhiboedov]. 

|α1 | ≫ |α3 |

[Hamada, Noumi, GS]

We emphasize that we work here with the on-shell three-point functions, independently

of the precise way we write the Lagrangian. This discussion depends only on on-shell three-

point functions and not on other contact terms. Any contact four point interaction does

not give rise (at tree level) to the long range force at a non-zero value of the impact

parameter.

3.3. Problems with Higher Derivative Corrections to the Three-Point Functions

We discussed above how the three-point functions give rise to the leading order ex-

pression for the phase shift !("b, s) = sF ("b). If this result were exponentiated, as ei! , then

we could get a time advance problem similar to what we found for the shock waves. Here

we would like to explain how to get a time advance problem without using the particular

non-linear structure of shock waves. The goal is to present the problem in a way that

depends only on very general principles.

Fig. 5: We imagine a particle going through a set of successive scattering events.

The intrinsic quantum uncertainty in v is !qv. We have drawn a situation where
there is a final time advance after going through all the shocks that is larger than the

quantum uncertainty. In this figure we have neglected the delay of the u-localized
particles.

First note that in order for time delay to be a problem we would like to find that the

time delay !v = #p2,v! is larger than the quantum mechanical uncertainty that is implicit

20

fig: Camanho et al ’14

phase shift of photon propagation:

δ ∼ s (ln(LIR/b) ± |α3 |
b2

+ …)
time delay in GR

helicity dependent phase shit

: impact parameterb : IR cutoffLIR

x

t



Sketch of the Proof: Step 1
• Time advancement if

• Phase shift generated by spin J is                 . A finite # of higher spin 
particles does not help → infinite tower of higher spin states.

• Causality violation above energy scale

• Integrating out light neutral scalars does not give significant 
contributions to 𝛼3 and so

• If there are different Regge towers as in theories with open strings: 

• If there are light fields or different Regge towers, 𝛼3 is subdominant 
compared with the causality preserving terms 𝛼1 and 𝛼2.

[Hamada, Noumi, GS]

b2 ln(L/b) ≪ |α3 |

δ ∼ sJ−1

|α1 | ≫ |α3 |

αclosed
1,2,3 ∼

M2
Pl

M2
s

≪ αopen
1,2 ∼

M2
Pl

gsM2
s

, gopen ∼ gs ≫ gs

ΛQFT ≲
MP

|α3 |



Sketch of the Proof: Step 2
• The forward limit t→0 of γγ scattering for the aforementioned theories:

• The higher derivative operator parametrized by 𝛼1 leads to:

[Hamada, Noumi, GS]

Froissart bound

α1(FμνFμμ)2 ⇒ ℳ ∼ α1s2

a state

extremal 
BH

Q = M
Q − q ≤ M − m

q ≥ m

Unitarity ⇒ 𝛼1 > 0
[to be precise ,

gravitational positivity bound] 

can be an extremal BH!

ℳ1234(s) = ∑
n

[gh1h2ngh̄3h̄4n

m2
n − s

P1234
sn

(1) +
gh1h4ngh̄3h̄2n

m2
n + s

P1432
sn

(1)] + analytic

Spinning polynomials  
[Arkani-Hamed, Huang, Huang, ’17]



More General Black Holes
• We found an entropy-extremality relation [Hamada, Noumi, GS] 

which implies that in theories satisfying the WGC, zext >1 ⇔ ΔS>0. 

• However, for Einstein-Maxwell-dilaton theory, positivity bounds  
alone do not ensure that zext >1  [Loges, Noumi, GS, ‘19a].

• The leading 4-derivative operators:

modifies the extremal bound for a general dyonic black hole:

2 Review of Einstein-Maxwell-dilaton Black Hole Solutions

We begin by reviewing static, dyonic black hole solutions of 4D EMd theory, for which we
write the action as

I =

Z
d4x
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Here and in what follows we use the compact notation (@�)2 = @µ�@
µ
� and (F 2) = Fµ⌫F

µ⌫ .
Going forward we will set M

2
Pl = 1/8⇡GN = 1. The exponential coupling constant, �, may

take on any real value, and it will be convenient to introduce the associated constant
h = 2

1+2�2 2 (0, 2]. Several special values for � are of note: � = 0 (h = 2) gives Einstein-
Maxwell theory with a decoupled dilaton; �2 = 1/2 (h = 1) corresponds to the low-energy
effective action of string theory; �2 = 3/2 (h = 1/2) corresponds to the KK reduction of
Einstein gravity from 5D to 4D, where the radion plays the role of the dilaton.

The action/equations of motion of (2.1) enjoy two dualities:

(�,�) ! (��,��) ,

(Fµ⌫ ,
eFµ⌫ ,�) ! ( eFµ⌫ ,�Fµ⌫ ,��) ,

(2.2)

where eFµ⌫ ⌘
1
2e

�2��
✏µ⌫⇢�F

⇢�. Under the second duality, which we refer to as electromag-
netic duality, electric and magnetic charges are interchanged as (qe, qm) ! (qm,�qe).

A spherically-symmetric, static solution of the equations of motion is [12, 13]
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where the functions H↵(r) (↵ = e,m and ↵ = m, e) satisfy
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Imposing the boundary conditions H↵ ! 1 for r ! 1 and H↵ > 0 for r ! 2⇠, this solution
is well-behaved outside the outer horizon, r > 2⇠. For convenience we have set �1 = 0; a
constant shift to � is compensated for by a rescaling of the electric and magnetic charges.

While closed-form solutions of equation (2.7) do not exist for general �, one can show
that series solutions of the form

H↵(r) = 1 +
P
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r
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we may read off
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These relations allow one to compute thermodynamic quantities in the presence of higher-
derivative corrections, to which we turn next.

3.2 Higher-Derivative Corrections

Effective theories allow one to systematically parametrize the effects of UV physics in terms
of a small number of numerical coefficients. The values of these Wilson coefficients are
determined by the UV theory, up to field redefinitions.

In string frame we assume an action of the form

I =

Z
d4x
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⇤
, (3.8)

this structure being motivated by the low-energy string effective action at leading order
in gs. Returning to Einstein frame, the most general collection of parity-preserving, four-
derivative terms for 4D EMd theory may be written as
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where we have used the compact notation

(FFW ) = Fµ⌫F⇢�W
µ⌫⇢�

, (RGB) = Rµ⌫⇢�R
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(3.10)

and where W is the Weyl tensor. We have chosen to parametrize these in terms of RGB,
rather than W

2, so that we may more easily compare with previous Einstein-Maxwell results
in the � ! 0 limit where the Gauss-Bonnet term becomes topological. Note that the first
duality of equation (2.2) is maintained, while the electromagnetic duality is broken. We
will treat electric and magnetic solutions separately in section 4.

Upon adding these higher-derivative terms the equations of motion which need to be
solved are altered, leading to perturbed solutions for g, A and �. We favor, however, a
thermodynamic approach which has recently been used in [17] and [18]. Equations (3.5)
and (3.7) are used along with the following fact:

IE[g,A,�] = IE[g,A,�] +O(↵2
i ) . (3.11)

We emphasize that g, A and � are the EMd solutions without higher derivative corrections,
whereas IE is the full Euclidean action including the higher-derivative terms. For a proof
of the above in Einstein gravity we refer the reader to Ref. [17].

Given equations (3.7) and (3.11), corrections in the grand canonical ensemble are
✓
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= TIE,i , (3.12)
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In the canonical ensemble, the above leads to
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�
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The electromagnetic duality of the classical solution is evident. Corrections to the mass in
the canonical ensemble take the form

�iM = �
2

5qeqm
Mi(⇣) +O(T 2) , (4.44)

where
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, (4.45b)
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These functions are in fact all finite for ⇣ ! 1, as seen in figure 3. The charge-to-mass
ratio, z = (Qe +Qm)/M , at extremality is thus

zext = 1 +
2

5qeqm
↵iMi(⇣) . (4.46)

The weak gravity conjecture for general ⇣ is then

C
h=1
dyon(↵i; ⇣) ⌘ ↵iMi(⇣) > 0 . (4.47)

We note that the ↵1, ↵2 and ↵5 contributions to C
h=1
dyon are always positive, while the ↵7

contribution is always negative. The equal-charge and magnetic limits agree with those
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ζ → 1 extremal



The Role of Symmetries

• Unitarity requires 𝛼7 > 0 but M7 (ζ) < 0 for all ζ so Δzext  < 0.

• Such operator does not appear in isolation. In some well motivated 
UV complications, the set of 𝛼i combine to give an overall Δzext  > 0.

• In [Loges, Noumi, GS, ’20b], we examine how symmetries can 
impose additional structure on the EFT to ensure that Δzext  > 0.

• Consider Einstein-Maxwell-dilaton-axion theory. We found that 
extra symmetries (e.g. SL(2,R) (S-duality) and O(d,d) (T-duality)) 
when combined with either scattering positivity bounds or null 
energy condition, are strong enough to ensure that Δzext  > 0.

• We also explore implications of N ≥ 2 SUSY. We found that the 
puzzling terms which give Δzext < 0 are needed to make corrections 
to extremality identically zero, as expected for BPS states. 

[Loges, Noumi, GS, ’20b] (also [Andriolo, Noumi, Huang, Ooguri, GS, ’20])



A New Spin on the WGC

• Using the Iyer-Wald formalism, we reformulate the WGC covariantly as:

• For BTZ black hole, a spinning WGC follows from the c-theorem:

• Corrected extremality bound:

• Rotating BHs are naturally unstable via the Penrose process; this WGC bound is 
a consequence of quantum gravity (holography).

for reviews). Healthy EFTs that enjoy an embedding in a consistent theory of quantum
gravity are said to reside in the landscape, while EFTs that cannot be embedded in quantum
gravity belong to the swampland. In the absence of experimental data sufficiently sensitive
to directly probe quantum gravity, swampland criteria are helpful in constraining the space
of EFTs that arise in its low-energy limits.

The swampland conjecture that is the focus of this paper is the Weak Gravity Con-
jecture (WGC) [4], which in its original form states that any theory with a U(1) gauge
field must include at least one state whose charge-to-mass ratio exceeds that of extremal
black holes in that theory. This allows extremal black holes to decay, unless protected by
a symmetry (such as supersymmetry). Further refinements of the WGC specify the energy
scales at which these states should appear. Strong forms of the conjecture require the states
in question to be light or part of a tower [5] or charge sublattice [6, 7] of (super)extremal
states. Milder forms of the WGC allow the states to be heavy or even given by black holes
with an extremality bound that is corrected by quantum or higher-derivative corrections.1

This latter version is referred to as the “mild form” of the WGC and requires that cor-
rections increase the charge-to-mass ratio of extremal black holes in a canonical ensemble
(fixed charge and temperature). Because the sign of the corrections to the extremality
bound depends on the sign of the Wilson coefficients, unitarity and causality play a crucial
role.

In fact, several proofs applying in different restricted settings and making use of ther-
modynamics [9, 10] or unitarity and causality [10–12] have been given by now, but it has
become clear that generically one needs additional UV information and that the WGC
cannot follow solely from IR consistency. In the presence of a massless graviton, positivity
bounds cannot completely constrain the correction to the extremality bound due to a sin-
gularity in the forward limit of graviton exchange in the t-channel.2 It is thus of interest
to identify the minimal set of assumptions needed to prove the WGC. To manage expecta-
tions, we will not identify this minimal set of assumptions in this paper. Instead, we will
reinterpret the mild form of the WGC as a criterion on matter that generates corrections
to the extremality bound. In a way, this is similar to using energy conditions to exclude
pathological matter contributions (see [14] for example). This results in a condition on the
stress tensor that is equivalent to the WGC. For a d-dimensional black hole this condition
is given by Z

⌃
dd�1

x

p

h �T
e↵
ab ⇠

a
n
b
 0 . (1.1)

Here ⌃ is a Cauchy slice with normal vector n
a and ⇠

a is a Killing vector for which the
horizon is a Killing horizon. �T

e↵
ab

is an effective stress tensor whose definition will be
given in the main body of this article. This condition has several attractive features.

1
These milder forms of the WGC can in some cases be upgraded to stronger forms using modular

invariance and the matching of anomalies [8].
2
In [10, 11] an assumption about the UV-theory completing the higher-derivative corrected theory was

made and in [13, 14] the effective action was imposed to be duality invariant. Subtleties in the compactifi-

cation argument of [12] have been pointed out in [10, 15]. For example, one finds Type II string amplitudes

satisfying unitarity and analyticity that do not satisfy the strict positivity bounds [16].

– 2 –

[Aalsma, Cole, Loges, GS, ’20] (see Loges’s talk)

Figure 2. If we perturb an AdS space with AdS length ` by a relevant deformation �', this triggers
an RG flow until we reach an IR fixed point describing an AdS space with length `

0. When �'

satisfies the NEC, ` > `
0. By a field redefinition, the action of the IR AdS space can be related to

an AdS space with length ` and higher-derivative corrections.

3.1 Example: Scalar perturbation

We now give an explicit example of a holographic RG flow where the relevant perturbation
is a scalar field. Because BTZ black holes are related to empty AdS by a modular trans-
formation, we find it convenient to describe a flow between two AdS spaces. A modular
transformation does not modify the central charge and the AdS flow is therefore sufficient
to show that the central charge decreases. Of course, one could also consider a direct flow
between two BTZ black holes as in [35], which is technically more involved. As expected,
those results are also in agreement with the c-theorem.

To describe the flow, it will be useful to take the following domain-wall ansatz for the
metric.

ds2 = d⇢2 + e
2A(⇢)

�
�dt2 + dx2

�
, (3.22)

where we take x ⇠ x+2⇡. Empty AdS space (with a compactified x-coordinate) corresponds
to A(⇢) = ⇢/`. We now perturb the Einstein-Hilbert action by a scalar field �, writing

I =

Z
d3x

p
�g

✓
1

22
R�

1

2
@a�@

a
�� V (�)

◆
. (3.23)

Taking the scalar field to depend only on the radial coordinate ⇢, we can write the action
in the following form:

I = V2

Z
d⇢ e2A(⇢)

"✓
W (�)�

1


Ȧ(⇢)

◆2

�
1

2

⇣
�̇(⇢) +W

0(�)
⌘2

#
(3.24)

+ V2

Z
d⇢ @⇢


e
2A(⇢)

✓
W (�)�

2

2
Ȧ(⇢)

◆�
.

Here V2 =
R
dtdx. The dot denotes a derivative with respect to ⇢, the prime a derivative

with respect to � and W (�) is any function that solves

V (�) = �
2
W (�)2 +

1

2
W

0(�)2 . (3.25)
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We now evaluate the mass in a canonical ensemble by expressing it in terms of T and J3.
In the limit T ! 0 we obtain

M3 =
J3

`

✓
1�

48⇡G3(3↵1 + ↵2)

`

◆
. (3.18)

Thus, the extremality bound is modified as

J3

`M3
 1 +

48⇡G3(3↵1 + ↵2)

`
. (3.19)

Finally, we are also interested in the microcanonical entropy (fixed M3 and J3). Expanding
the canonical expression of the mass for small temperature, we find that the z = J3/(`M3) =

1 state has a non-zero temperature of the form

T |
z=1 =

16G3

`2

r
3J3(3↵1 + ↵2)

⇡
. (3.20)

At fixed M3 and J3 the correction to the extremal black hole entropy is given by

S|
z=1 = ⇡`

r
M3

G3

 
1 +

r
48⇡G3

`
(3↵1 + ↵2)

!
. (3.21)

We see that a positive shift of the angular momentum-to-mass ratio of an extremal BTZ
black hole increases the microcanonical entropy and corresponds to a decrease of the central
charge. When the correction to the central charge is generated by the higher-derivative
corrections in (3.1) a negative (or absent) shift in the central charge requires 3↵1 +↵2 � 0.

It is now straightforward to argue that when we perturb a BTZ black hole by a relevant
perturbation, the central charge decreases (or is uncorrected) along the flow such that
3↵1 + ↵2 � 0 and a spinning WGC is obeyed. Our starting point is a purely three-
dimensional gravity theory with a Brown-Henneaux central charge. Then, we perturb this
theory by some matter field that is holographically dual to a relevant operator. This will
trigger a holographic RG flow until we reach a fixed point in the IR, which corresponds
to a CFT perturbed by an irrelevant deformation. The gravitational dual of this theory
has BTZ solutions with an AdS length (and central charge) that is smaller than the one
in the unperturbed theory by virtue of the c-theorem: see Fig. 2. So whenever the higher-
derivative corrections in (3.1) arise in the IR as a consequence of a relevant perturbation,
3↵1 + ↵2 � 0. Next, we will illustrate this behaviour when the relevant perturbation is a
scalar field.

Although it is convenient to assume that the UV CFT is dual to pure Einstein gravity,
such that its central charge takes the Brown-Henneaux form, this is strictly speaking not
necessary. As long as the c-theorem is obeyed, it is guaranteed that the IR central charge is
smaller than the central charge of the UV fixed point. In this sense, the three-dimensional
spinning form of the WGC is insensitive to the UV, as long as there exists a black hole with
which to compare the extremality bound.
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to the IR in the boundary theory. For our purposes, we will consider the following three-
dimensional action on an AdS background perturbed by purely gravitational four-derivative
operators:

I =

Z
d3x

p
�g

✓
1

22

✓
R+

2

`2

◆
+ ↵1`R

2 + ↵2`RabR
ab

◆
. (3.1)

For now we focus on these particular higher-derivative corrections, but our method can
be easily generalized to additional terms as well. In the context of the holographic RG
we can think of this action as an effective field theory in the IR whose higher-derivative
corrections parametrize the effect of modes that have been integrated out along the flow.
In three dimensions, the Ricci tensor is proportional to the metric which implies that the
higher-derivative corrected action still has a BTZ solution described by the metric (2.15).
The effect of adding higher-derivative corrections is to shift the central charge of the dual
CFT2 from its Brown-Henneaux [31] value. The corrected central charge can easily be
determined using c-extremization [32]. One defines a c-function given by

c(`) =
3`2

8G3
L3 , (3.2)

and extremizes this with respect to ` to find the central charge. Here L3 is the Euclidean
Lagrangian. In our case, we have

L3 = �R�
2

`2
� 22`

⇣
↵1R

2 + ↵2RabR
ab

⌘
. (3.3)

Extremizing the c-function, we obtain

c =
3`

2G3

✓
1�

62(3↵1 + ↵2)

`

◆
. (3.4)

From Einstein’s equations one finds that the higher-derivative terms are proportional to
the cosmological constant, so we can also absorb them into the AdS length. Explicitly,

↵1R
2 + ↵2RabR

ab =
12

`4
(3↵1 + ↵2) . (3.5)

Thus, we can write (3.1) equivalently as

I =
1

16⇡G3

Z
d3x

p
�g

✓
R+

2

L2

◆
, (3.6)

with
L = `� 62(3↵1 + ↵2) . (3.7)

Since we removed the higher-derivative corrections, this action has BTZ solutions with an
AdS length L and the central charge of the dual CFT is now just given by the Brown-
Henneaux value c = 3L/2G3. Indeed, using (3.7) the central charge is still given by

c =
3L

2G3
=

3`

2G3

✓
1�

62(3↵1 + ↵2)

`

◆
. (3.8)
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WGC and Modular Invariance
• In [Aalsma, Cole, GS, ’19], we argued that for extremal BHs with a 

near horizon AdS3 geometry, we can use modular invariance and 
anomalies to infer that there is a tower of superextremal states 
interpolating between perturbative string states and BHs.
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Summary



Weak Gravity
 Conjecture

Distance
 Conjecture

Non-SUSY AdS 
 Conjecture

Web of Interconnected Swampland Criteria

dS 
 Conjecture

Completeness
hypothesis

No global
symmetries

AdS distance
Conjecture

Goal is to reduce them 
to a few principles


