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1. Why muon g-2?
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Bk andBq.Ñ Two fast transients induced by the dynam-
ics of charging the ESQ system and firing the SR kicker
magnet slightly influence the actual average field seen by
the beam compared to its NMR-measured value as
described above and in Ref.[61]. An eddy current induced
locally in the vacuum chamber structures by the kicker
system produces a transient magnetic field in the storage
volume. A Faraday magnetometer installed between the
kicker plates measured the rotation of polarized light in a
terbium-gallium-garnet crystal from the transient field to
determine the correctionBk.

The second transient arises from charging the ESQs,
where the Lorentz forces induce mechanical vibrations in
the plates that generate magnetic perturbations. The ampli-
tudes and sign of the perturbations vary over the two
sequences of eight distinct fills that occur in each 1.4 s
accelerator supercycle. Customized NMR probes measured
these transient fields at several positions within one ESQ
and at the center of each of the other ESQs to determine
the average field throughout the quadrupole volumes.
Weighting the temporal behavior of the transient fields
by the muon decay rate, and correcting for the azimuthal
fractions of the ring coverage, 8.5% and 43% respectively,
each transient provides final correctionsBk andBq to a! as
listed in TableII.

V. COMPUTING a! AND CONCLUSIONS

TableI lists the individual measurements of" a and ÷" 0
p,

inclusive of all correction terms in Eq.(4), for the four run
groups, as well as their ratios,R 0

! (the latter multiplied by
1000). The measurements are largely uncorrelated because
the run-group uncertainties are dominated by the statistical
uncertainty on" a. However, most systematic uncertainties
for both" a and ÷" 0

p measurements, and hence for the ratios
R 0

! , are fully correlated across run groups. The net computed
uncertainties (and corrections) are listed in TableII . The fit
of the four run-group results has a#2=n:d:f : ! 6.8=3,
corresponding toP"#2# ! 7.8%; we consider theP"#2# to
be a plausible statistical outcome and not indicative of
incorrectly estimated uncertainties. The weighted-average
value isR 0

! ! 0.003 707 300 3"16#"6#, where the first error
is statistical and the second is systematic[82]. From Eq.(2),
we arrive at a determination of the muon anomaly

a! "FNAL# ! 116 592 040"54#! 10! 11 "0.46 ppm#;

where the statistical, systematic, and fundamental constant
uncertainties that are listed in TableII are combined in
quadrature. Our result differs from the SM value by3.3$ and
agrees with the BNL E821 result. The combined exper-
imental (Exp) average[83] is

a! "Exp# ! 116 592 061"41#! 10! 11 "0.35 ppm#:

The difference,a! "Exp#! a! "SM# ! " 251$ 59#! 10! 11,
has a significance of4.2$. These results are displayed
in Fig. 4.

In summary, the findings here confirm the BNL exper-
imental result and the corresponding experimental average
increases the significance of the discrepancy between the
measured and SM predicteda! to 4.2$. This result will
further motivate the development of SM extensions,
including those having new couplings to leptons.

Following the Run-1 measurements, improvements to
the temperature in the experimental hall have led to greater

TABLE II. Values and uncertainties of theR 0
! correction terms

in Eq.(4), and uncertainties due to the constants in Eq.(2) for a! .
PositiveCi increasea! and positiveBi decreasea! .

Quantity
Correction
terms (ppb)

Uncertainty
(ppb)

" m
a (statistical) % % % 434

" m
a (systematic) % % % 56

Ce 489 53
Cp 180 13
Cml ! 11 5
Cpa ! 158 75

f calibh" p"x; y;%#! M"x; y;%#i % % % 56
Bk ! 27 37
Bq ! 17 92

! 0
p"34.7¡#=! e % % % 10

m! =me % % % 22
ge=2 % % % 0

Total systematic % % % 157
Total fundamental factors % % % 25
Totals 544 462

FIG. 4. From top to bottom: experimental values ofa! from
BNL E821, this measurement, and the combined average. The
inner tick marks indicate the statistical contribution to the total
uncertainties. The Muong ! 2 Theory Initiative recommended
value[13] for the standard model is also shown.
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DeÞnition

!3

Being charged spin 1/2 particles, leptons are tiny magnetic dipoles  !
with the magnetic dipole moment aligned with the spin:

lepton mass

electric charge (±e)

Dirac theory predicts 
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g` = 2
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!µ = g!

!
q

2m!

"
!S

In quantum Þeld theory, loop corrections give:

anomalous  magnetic moment
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a! ! (g! " 2)/ 2 #= 0



How do we measure ! " ?
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Our particles then interact with external magnetic Þelds such that

and this makes their spin precess about the Þeld direction
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Measuring the precession frequency allows to determine g

From now on, letÕs focus on muons:

We can produce muons by protons hitting a target !  pions !  pion decays:

π+
Storage

Ring

Protons
from AGS

Target

Pions
p=3.1 GeV

π+ ! µ+νµ

Inflector

Polarized Muons
Injection Point

Kicker
Modules

Injection Orbit

Storage Ring Orbit

νµ µ+

" # spin
momentum

In Pion Rest Frame

“Forward” Decay Muons
are highly polarized

Fig. 4. The schematics of muon injection and storage in the g − 2 ring.

magnetic field B⃗ where they travel in a circle. The ring 5 is a toroid–shaped structure with a diameter of 14
meters, the aperture of the beam pipe is 90 mm, the field is 1.45 Tesla and the momentum of the muon is
pµ = 3.094 GeV. In the horizontal plane of the orbit the muons execute a relativistic cyclotron motion with
angular frequency ωc. By the motion of the muon magnetic moment in the homogeneous magnetic field the
spin axis is changed in a particular way as described by the Larmor precession. After each circle the muon’s
spin axis changes by 12’ (arc seconds), while the muon is traveling at the same momentum (see Fig. 3). The
muon spin is precessing with angular frequency ωs, which is slightly bigger than ωc by the difference angular
frequency ωa = ωs $ ωc.

ωc =
eB

mµ γ
, ωs =

eB

mµ γ
+ aµ

eB

mµ
, ωa = aµ

eB

mµ
, (23)

where γ = 1/
%

1 $ v2 is the relativistic Lorentz factor and v the muon velocity. In the experiment ωa and
B are measured. The muon mass mµ is obtained from an independent experiment on muonium, which is a
(µ+e! ) bound system. Note that if the muon would just have its Dirac magnetic moment g = 2 (tree level)
the direction of the spin of the muon would not change at all.

In order to retain the muons in the ring an electrostatic focusing system is needed. Thus in addition to the
magnetic field B⃗ an electric quadrupole field E⃗ in the plane normal to the particle orbit must be applied.
This transversal electric field changes the angular frequency according to

ω⃗a =
e

mµ

!
aµB⃗ $

"
aµ $

1

γ2 $ 1

#
v⃗ & E⃗

$
. (24)

This key formula for measuring aµ was found by Bargmann, Michel and Telegdi in 1959 [70,96]. Interestingly,
one has the possibility to choose γ such that aµ $ 1/(γ2 $ 1) = 0, in which case ωa becomes independent of

E⃗. This is the so–called magic γ. When running at the corresponding magic energy, the muons are highly
relativistic, the magic γ-factor being γ =

%
1 + 1/aµ = 29.3. The muons thus travel almost at the speed

of light with energies of about Emagic = γmµ ' 3.098 GeV. This rather high energy, which is dictated by
the requirement to minimize the precession frequency shift caused by the electric quadrupole superimposed
upon the uniform magnetic field, also leads to a large time dilatation. The lifetime of a muon at rest is
2.19711 µs, while in the ring it is 64.435 µs (theory) [64.378 µs (experiment)]). Thus, with their lifetime
being much larger than at rest, muons are circling in the ring many times before they decay into a positron

5 A picture of the BNL muon storage ring may be found on the Muon g−2 Collaboration Web Page http://www.g-2.bnl.gov/
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Neutrinos are only left-handed, 
pions have spin 0, muons 
must be left-handed too

highly polarised !
muon beam

mass lifetime decay
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mµ ⇡ 106 MeV
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⌧µ ⇡ 2.2 µs
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<latexit sha1_base64="Z1XE3PIhX/Rng/3o/MG6cR/UgxQ=">AAACC3icbZDLSsNAFIYn9VbrLerSzWARXJVEiroRim5cSQV7gSaUyXTSDp2ZhJlJoYTs3fgqblwo4tYXcOfbOE2z0NYfBj7+cw5nzh/EjCrtON9WaWV1bX2jvFnZ2t7Z3bP3D9oqSiQmLRyxSHYDpAijgrQ01Yx0Y0kQDxjpBOObWb0zIVLRSDzoaUx8joaChhQjbay+fexNCE7vMngFc/J4kkFPU07U3LjO+nbVqTm54DK4BVRBoWbf/vIGEU44ERozpFTPdWLtp0hqihnJKl6iSIzwGA1Jz6BAZpmf5rdk8MQ4AxhG0jyhYe7+nkgRV2rKA9PJkR6pxdrM/K/WS3R46adUxIkmAs8XhQmDOoKzYOCASoI1mxpAWFLzV4hHSCKsTXwVE4K7ePIytM9q7nmtfl+vNhpFHGVwBI7BKXDBBWiAW9AELYDBI3gGr+DNerJerHfrY95asoqZQ/BH1ucPlGmaxQ==</latexit>

~N = ~µ⇥ ~Btorque



How do we measure ! " ?
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Fig. 3. Spin precession in the g − 2 ring ( ∼ 12! /circle).

Note that in higher orders the form factors in general aquire an imaginary part. One may therefore write
an effective dipole moment Lagrangian with complex “coupling”

LDM
eff = −1

2

!
ψ̄ σµν

"
Dµ

1 + γ5

2
+ D ∗

µ
1 − γ5

2

#
ψ

$
Fµν (21)

with ψ the muon field and

Re Dµ = aµ
e

2mµ
, Im Dµ = dµ =

ηµ

2

e
2mµ

. (22)

Thus the imaginary part of FM(0) corresponds to an electric dipole moment. The latter is non–vanishing
only if we have T violation. The existence of a relatively large EDM would also affect the extraction of aµ.
This will be discussed towards the end of the next section.

2. The Muon g − 2 Experiments

2.1. The Brookhaven Muon g− 2 Experiment

The measurement of aµ in principle is simple. As illustrated in Fig. 3, when polarized muons travel on a
circular orbit in a constant magnetic field, then aµ is responsible for the Larmor precession of the direction
of the spin of the muon, characterized by the angular frequency ω⃗a. Correspondingly, the principle of the
BNL muon g− 2 experiment involves the study of the orbital and spin motion of highly polarized muons in
a magnetic storage ring. This method has been applied in the last CERN experiment [91] already. The key
improvements of the BLN experiment include the very high intensity of the primary proton beam from the
proton storage ring AGS (Alternating Gradient Synchrotron), the injection of muons instead of pions into
the storage ring, and a super–ferric storage ring magnet [92] (see also the reviews [23,28,33,34,43]).

The muon g − 2 experiment at Brookhaven works as illustrated in Fig. 4 [93,94,95]. Protons of energy
24 GeV from the AGS hit a target and produce pions. The pions are unstable and decay into muons plus
a neutrino where the muons carry spin and thus a magnetic moment which is directed along the direction
of the flight axis. The longitudinally polarized muons from pion decay are then injected into a uniform

13
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TABLE I: Summary of aµ results from CERN and BNL, showing the evolution of experimental

precision over time. The average is obtained from the 1999, 2000 and 2001 data sets only.

Experiment Years Polarity aµ ! 1010 Precision [ppm] Reference

CERN I 1961 µ+ 11 450 000(220 000) 4300 [2]

CERN II 1962-1968 µ+ 11 661 600(3100) 270 [3]

CERN III 1974-1976 µ+ 11 659 100(110) 10 [5]

CERN III 1975-1976 µ− 11 659 360(120) 10 [5]

BNL 1997 µ+ 11 659 251(150) 13 [6]

BNL 1998 µ+ 11 659 191(59) 5 [7]

BNL 1999 µ+ 11 659 202(15) 1.3 [8]

BNL 2000 µ+ 11 659 204(9) 0.73 [9]

BNL 2001 µ− 11 659 214(9) 0.72 [10]

Average 11 659 208.0(6.3) 0.54 [10]

the data analysis is described and the paper concludes with a discussion of the theoretical

standard model value for aµ and its comparison to the final result.

II. EXPERIMENTAL METHOD

A. Overview

The cyclotron ωc and spin precession ωs frequencies for a muon moving in the horizontal

plane of a magnetic storage ring are given by:

ω⃗c = "
qB⃗

mγ
, ω⃗s = "

gqB⃗

2m
" (1 " γ)

qB⃗

γm
. (3)

The anomalous precession frequency ωa is determined from the difference

ω⃗a = ω⃗s " ω⃗c = "
(

g " 2

2

)
qB⃗

m
= " aµ

qB⃗

m
. (4)

Because electric quadrupoles are used to provide vertical focusing in the storage ring, their

electric field is seen in the muon rest frame as a motional magnetic field that can affect the
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TABLE I: Summary of aµ results from CERN and BNL, showing the evolution of experimental

precision over time. The average is obtained from the 1999, 2000 and 2001 data sets only.
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the data analysis is described and the paper concludes with adiscussion of the theoretical

standard model value foraµ and its comparison to the Þnal result.

II. EXPERIMENTAL METHOD

A. Overview

The cyclotron ! c and spin precession! s frequencies for a muon moving in the horizontal

plane of a magnetic storage ring are given by:

"! c = "
q"B
m#

, "! s = "
gq"B
2m

" (1 " #)
q"B
#m

. (3)

The anomalous precession frequency! a is determined from the di! erence

"! a = "! s " "! c = "
!

g " 2
2

"
q"B
m

= " aµ
q"B
m

. (4)

Because electric quadrupoles are used to provide vertical focusing in the storage ring, their

electric Þeld is seen in the muon rest frame as a motional magnetic Þeld that can a! ect the
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The muons are injected into a magnetic storage ring!
(Þeld perpendicular to their velocity):

cyclotron frequency precession frequency

The di"erence is the anomalous precession #

In presence of an electric Þeld too (e.g. for vertical focusing) the formula becomes

<latexit sha1_base64="Xzt+LC/k1SukmEZXRASM5eKC6QU="></latexit>

pµ = 3 .094 GeV ! ! "
1

#
1 $ v2

= 29.3

Vanishes for the ÒmagicÓ momentum ! "  
can be determined by precise!

measurements of # !  and B only
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~!a = !
q

mµ

!
aµ

~B !
"

aµ !
1

�2 ! 1

#
~v " E

$
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⇒ the number of positrons above a certain threshold energy E is modulated 
at frequency # !  , which we can then measure:
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Fig. 5. Decay of µ+ and detection of the emitted e+ (PMT=Photomultiplier).

plus two neutrinos: µ+ " e+ + ! e + !̄ µ . In this decay we have the necessary strong correlation between the
muon spin direction and the direction of emission of the positrons. The di! erential decay rate for the muon
in the rest frame is given by Eq. (12) which may be written as

d" = N (Ee)

!
1 +

1 # 2xe

3 # 2xe
cos "

"
d# . (25)

Again, Ee is the positron energy, xe is Ee in units of the maximum energy mµ / 2, N (Ee) is a normalization
factor and " the angle between the positron momentum in the muon rest frame and the muon spin direction.
The µ+ decay spectrum is peaked strongly for small " due to the non–vanishing coe$ cient of cos "

A(Ee)
.
=

1 # 2xe

3 # 2xe
, (26)

the asymmetry factor which reflects the parity violation .
The positron is emitted with high probability along the spin axis of the muon as illustrated in Fig. 5.

The decay positrons are detected by 24 calorimeters evenly distributed inside the muon storage ring. These
counters measure the positron energy and allow to determine the direction of the muon spin. A precession
frequency dependent rate is obtained actually only if positrons above a certain energy are selected (forward
decay positrons). The number of decay positrons with energy greater than E emitted at time t after muons
are injected into the storage ring is given by

N (t) = N0(E ) exp

!
# t
#$µ

"
[1 + A(E ) sin(%at + &(E ))] , (27)

where N0(E ) is a normalization factor, $µ the muon life time (in the muon rest frame), and A(E ) is the
asymmetry factor for positrons of energy greater than E . Fig. 6 shows a typical example for the time
structure detected in the BNL experiment. As expected the exponential decay law for the decaying muons is
modulated by the g # 2 angular frequency. In this way the angular frequency %a is neatly determined from
the time distribution of the decay positrons observed with the electromagnetic calorimeters [12]–[16].

The second quantity which has to be measured very precisely in the experiment is the magnetic field. This
is accomplished by Nuclear Magnetic Resonance(NMR) using a standard probe of H2O [97]. This standard
can be related to the magnetic moment of a free proton by
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How do we measure ! " ?
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Fig. 1. In the P violating weak pion decays leptons of deÞnite handedness are produced depending on the given charge. µ! [µ+ ]
is produced with positive [negative] helicity h = !S á!p/ |!p|. The physical µ! and µ+ decays are related by a CP transformation.
The decays obtained by C or P alone are inexistent.

The pion decay rate is given by

! ! ! ! µ ! ø" µ
=

G2
µ

8!
|Vud |2F 2

! m! m2
µ

!

1 '
m2

µ

m2
!

" 2

( (1 + "QED ) , (11)

with "QED the electromagnetic correction.

2) Muon decay:
The muon is unstable and decays via the weak three body decayµ" ) e" ø#e#µ

W !

e! "̄ e

µ!
" µ

µ–decay
á

The µÐdecay matrix element follows from the relevant part of the e" ective Lagrangian which reads

L e! ,int = '
Gµ*

2
(øe$# (1 ' $5) #e) (ø#µ $# (1 ' $5) µ) + h .c.

and is given by

T = out < e" , ø#e#µ |µ" > in =
Gµ*

2
(øue$# (1 ' $5) v" e )

#
øu" µ $# (1 ' $5) uµ

$
.

This proves that the µ" and the e" have both the same leftÐhanded helicity [the correspondingantiÐparticles
are rightÐhanded] in the massless approximation. This implies the decay scheme of Fig. 2 for the muon. Again

!

!!!

µ+

e+
"̄ µR

" eL

! !!!

µ!

e!
" µL

"̄ eR

Fig. 2. In µ! [µ+ ] decay the produced e! [e+ ] has negative [positive] helicity, respectively.

it is the P violation which prefers electrons emitted in the direction of the muon spin. Therefore, measuring
the direction of the electron momentum provides the direction of the muon spin. After integrating out the
two unobservable neutrinos, the di" erential decay probability to Þnd an e± with reduced energy betweenxe

and xe + dxe, emitted at an angle between%and %+ d%, reads

d2! ±

dxe dcos%
=

G2
µ m5

µ

192! 3 x2
e (3 ' 2xe ± Pµ cos%(2xe ' 1)) (12)
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Figure 4 . Left: Cartoon summarizing the relevant kinematical variables in the SM decay of a
polarized µ+ . Right: Summary of the experimental strategies to hunt for µ+ ! e+ a. The three
blue lines show the distribution of the positron spectrum in the SM decayµ+ ! e+ ! eø! µ for Þxed
angle cosø"e = 1 , 0.8, 0.6 up to a typical angular resolution of #"e = ± 5 " 10! 3. The muon beam
is assumed to be 100% polarized#Pµ $ = %1 and as a consequence the positron distribution drops
after having a maximum at xmax (see Eq. (3.3)). The value of the branching ratio at the end point
depends on the angular position and resolution (see Eq. (3.4)). In the gray region the positron
momentum is below 10 MeV and typically not recorded, in the green regionµ+ ! e+ a can be
searched as a spike on the Michel background. In the red region looking for the signal spike of
µ+ ! e+ a requires to overcome challenges in the calibration of the instrument. The two di! erent
red lines correspond to two di! erent momentum resolutions as in Eq. (3.6): 0.13% in Jodidio et al
[9] and 1.8% in TWIST [10] (see text for details).

almost 100% polarized muons. The Þnal polarization at the stopping point varies between
80% and 100% depending on the size of the depolarization e! ects at the production point,
during the propagation and at the stopping target.

Polarization of the muon can signiÞcantly reduce the SM background. This is il-
lustrated in Fig. 4 (right), which shows the Michel spectra as functions ofxe for Þxed
#Pµ$ = %1 and three representative values of cosø"e = 1 , 0.8, 0.6, where "e & $ % " is the
angle between the positron momentum and the muon beamline, see Fig.4 (left). 6 For
0 < cosø"e ' 1 the non-zero polarization moves the position of the maximum of the Michel
spectrum to

xmax =
3 % #Pµ$cosø"e

3(1 % #Pµ$cosø"e)
!Pµ "= # 1

=
3 + cos ø"e

3(1 + cos ø"e)
, (3.3)

i.e., away from the massless ALP positron line, while for cosø"e ' 0 it remains at xmax = 1.
The SM decay rate at the position of the massless ALP positron line,xe = 1, is

6Technically, the Michel spectra were integrated over small angular bins, cos ✓̄e ± �cos ✓e, where �✓e =

5⇥ 10�3, which is the typical angular resolution of these experiments.
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Because weak interactions violate parity (W± only couple to LH fermions)!
the muon decay is not isotropic. In the muon rest frame: 
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Fig. 6. Distribution of counts versus time for the 3.6 billion decays in the 2001 negative muon data–taking period [Courtesy of
the E821 collaboration. Reprinted with permission from [92]. Copyright (2007) by the American Physical Society].

B =
ωp

2µp
, (28)

where ωp is the Larmor spin precession angular velocity of a proton in water. Using ωp and the frequency
ωa together with µµ = (1 + aµ) e/(2mµ), one obtains

aµ =
R

λ− R
where R = ωa/ωp and λ = µµ/µp . (29)

The quantity λ shows up because the value of the muon mass mµ is needed, and also because the B field
measurement involves the proton mass mp. Here the precision experiments on the microwave spectrum of
ground state muonium (µ+e−) [98] performed at LAMPF at Los Alamos provide the needed result. The
measurements in combination with the theoretical prediction of the Muonium hyperfine splitting ∆ν [99,100]
(and references therein), allowed to extract the precise value

λ = µµ/µp = 3.183 345 39(10) [30 ppb] , (30)

which is used by the E821 experiment to determine aµ via Eq. (29).
Since the spin precession frequency can be measured very well, the precision at which g−2 can be measured

is essentially determined by the possibility to manufacture a constant homogeneous magnetic field B⃗ and
to determine its value very precisely. Important but easier to achieve is the tuning to the magic energy.
Possible deviations may be corrected by adjusting the effective magnetic field appropriately.

Note that one of the reasons why the relativistic motion of the muons is so well understood is the fact
that the orbital motion of charged particles in the storage ring may be investigated separately from the
spin motion. The forces associated with the anomalous magnetic moment are very weak (aµ ≈ 1.16× 10−3)
in comparison to the forces of the charge of the particle determining the orbital motion. While the static
magnetic field B⃗(r, z) = (0, 0, B0) causes the particles to move on a circle of radius r0 = γm/(eB0) the
electric quadrupole field E⃗ = (Er, E! , Ez) = (κx, 0,−κz), (which produces a restoring force in the vertical
direction and a repulsive force in the radial direction) leads to a superimposed oscillatory motion

x = A cos(
√

1 − nωc t) , z = B cos(
√

nωc t) , (31)
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The direction of the positron is correlated to the muon spin!
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Fig. 5. Decay of µ+ and detection of the emitted e+ (PMT=Photomultiplier).

plus two neutrinos: µ+ " e+ + ! e + ø! µ . In this decay we have the necessary strong correlation between the
muon spin direction and the direction of emission of the positrons. The di! erential decay rate for the muon
in the rest frame is given by Eq. (12) which may be written as

d" = N (Ee)
(

1 +
1 # 2xe

3 # 2xe
cos"

)

d# . (25)

Again, Ee is the positron energy,xe is Ee in units of the maximum energy mµ / 2, N (Ee) is a normalization
factor and " the angle between the positron momentum in the muon rest frame and the muon spin direction.
The µ+ decay spectrum is peaked strongly for small" due to the nonÐvanishing coe$ cient of cos"

A(Ee) .=
1 # 2xe

3 # 2xe
, (26)

the asymmetry factor which reßects theparity violation .
The positron is emitted with high probability along the spin axis of the muon as illustrated in Fig. 5.

The decay positrons are detected by 24 calorimeters evenly distributed inside the muon storage ring. These
counters measure the positron energy and allow to determinethe direction of the muon spin. A precession
frequency dependent rate is obtained actually only if positrons above a certain energy are selected (forward
decay positrons). The number of decay positrons with energygreater than E emitted at time t after muons
are injected into the storage ring is given by

N (t) = N0(E) exp
(

# t
#$µ

)

[1 + A(E) sin(%at + &(E))] , (27)

where N0(E) is a normalization factor, $µ the muon life time (in the muon rest frame), and A(E) is the
asymmetry factor for positrons of energy greater thanE. Fig. 6 shows a typical example for the time
structure detected in the BNL experiment. As expected the exponential decay law for the decaying muons is
modulated by the g # 2 angular frequency. In this way the angular frequency%a is neatly determined from
the time distribution of the decay positrons observed with the electromagnetic calorimeters [12]Ð[16].

The second quantity which has to be measured very precisely in the experiment is the magnetic Þeld. This
is accomplished byNuclear Magnetic Resonance(NMR) using a standard probe of H2O [97]. This standard
can be related to the magnetic moment of a free proton by
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Elab ⇡ ! E(1 + cos " )In the lab frame: !  depends on $

https://arxiv.org/abs/hep-ex/0602035v1


Experimental results and prospect

!7

Using the above technique experiments at Brookhaven and Fermilab measured:

FNAL Muon g-2

BNL E821
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The Þnal expected sensitivity of the FNAL experiment is 0.1ppm. A sensitivity 
~BNL will be also achieved by another experiment under construction at J-PARC, 
using a completely di!erent concept  (lower-momentum muons, no electric Þeld)

Muon g-2 @ FNAL
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https://arxiv.org/abs/hep-ex/0602035v1
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Theoretical prediction

!8

What does the Standard Model predict for the value of ! " ?

We are interested in how muons interact with a magnetic Þeld, that is, in the 
zero-momentum-transfer limit of the muon-muon-photon vertex function:

µ⃗ = gµ
e

2mµ
s⃗ ; gµ = 2 (1 + aµ) (16)

and as indicated has a tree level part, the Dirac moment g(0)
µ = 2 [48], and a higher order part aµ the muon

anomaly or anomalous magnetic moment.
In QED aµ may be calculated in perturbation theory by considering the matrix element

M (x; p) = !µ! (p2, r2)|jµ
em(x)|µ! (p1, r1)"

of the electromagnetic current for the scattering of an incoming muon µ! (p1, r1) of momentum p1 and 3rd
component of spin r1 to a muon µ! (p2, r2) of momentum p2 and 3rd component of spin r2, in the classical
limit of zero momentum transfer q2 = (p2 # p1)2 $ 0. In momentum space we obtain

M̃ (q; p) =

!
d4x e! iqx!µ! (p2, r2)|jµ

em(x)|µ! (p1, r1)"

= (2π)4 δ(4)(q # p2 + p1) !µ! (p2, r2)|jµ
em(0)|µ! (p1, r1)" ,

proportional to the δ–function of four–momentum conservation. The T –matrix element is then given by

!µ! (p2)|jµ
em(0)|µ! (p1)" = (# ie) ū(p2) ! µ(P, q)u(p1) , (P = p1 + p2) .

In QED it has a relativistically covariant decomposition of the form

= (# ie) ū(p2)

"
γµFE(q2) + i

σµ! q!

2mµ
FM(q2)

#
u(p1) , (17)

γ(q)
µ(p2)

µ(p1)

where q = p2 # p1 and u(p) denote the Dirac spinors. FE(q2) is the electric charge or Dirac form factor and
FM(q2) is the magnetic or Pauli form factor. Note that the matrix σµ! = i

2 [γµ, γ ! ] represents the spin 1/2
angular momentum tensor. In the static (classical) limit we have

FE(0) = 1 , FM(0) = aµ , (18)

where the first relation is the charge renormalization condition (in units of the physical positron charge e,
which by definition is taken out as a factor), while the second relation is the finite prediction for aµ, in terms
of the form factor FM the calculation of which will be described below. Instead of calculating the full vertex
function ! µ(P, q) one can use the projection technique described in [90] and expand the vertex function to
linear order in the external photon momentum q:

! µ(P, q) % ! µ(P, 0) + q! ∂

∂q! ! µ(P, q)|q=0 & Vµ(p) + q! T! µ(p) , (19)

for fixed P . This allows us to simplify the calculation by working directly in the limit q $ 0 afterwards.
Since aµ does not depend on the direction of the muon momentum one can average over the direction of P
which is orthogonal to q (P áq = 0). As a master formula one finds

aµ =
1

8 (d # 2)(d # 1) mµ
Tr { (p/ + mµ) [γµ, γ ! ] (p/ + mµ) T! µ(p)}

+
1

4 (d # 1) m2
µ

Tr
$%

m2
µ γ

µ # (d # 1) mµ pµ # d p/ pµ
&
Vµ(p)

' (
(
p2 =m2

µ
, (20)

where d = 4# ε is the space-time dimension. In case of UV divergences the choice ε > 0 provides a dimensional
regularization. The limit ε $ 0 is to be performed after renormalization. The amplitudes Vµ(p) and T! µ(p)
depend on one on–shell momentum p = P/2, only, and thus the problem reduces to the calculation of
on–shell self–energy type diagrams as the external photon momentum now can be taken zero.
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!µ = gµ
e

2mµ
!s ; gµ = 2 (1 + aµ ) (16)

and as indicated has a tree level part, the Dirac momentg(0)
µ = 2 [48], and a higher order part aµ the muon

anomaly or anomalous magnetic moment.
In QED aµ may be calculated in perturbation theory by considering the matrix element

M (x; p) = !µ! (p2, r2)|j µ
em(x)|µ! (p1, r1)"

of the electromagnetic current for the scattering of an incoming muon µ! (p1, r1) of momentum p1 and 3rd
component of spinr1 to a muon µ! (p2, r2) of momentum p2 and 3rd component of spinr2, in the classical
limit of zero momentum transfer q2 = ( p2 # p1)2 $ 0. In momentum space we obtain

÷M (q; p) =
!

d4x e! iqx !µ! (p2, r2)|j µ
em(x)|µ! (p1, r1)"

= (2 " )4 #(4)(q # p2 + p1) !µ! (p2, r2)|j µ
em(0)|µ! (p1, r1)" ,

proportional to the #Ðfunction of fourÐmomentum conservation. TheTÐmatrix element is then given by

!µ! (p2)|j µ
em(0)|µ! (p1)" = ( # ie) øu(p2) ! µ (P, q) u(p1) , (P = p1 + p2) .

In QED it has a relativistically covariant decomposition of the form

= ( # ie) øu(p2)
"
$µ FE(q2) + i

%µ! q!

2mµ
FM(q2)

#
u(p1) , (17)

$(q) µ(p2)

µ(p1)

where q = p2 # p1 and u(p) denote the Dirac spinors.FE(q2) is the electric charge or Dirac form factor and
FM(q2) is the magnetic or Pauli form factor. Note that the matrix %µ! = i

2 [$µ , $! ] represents the spin 1/ 2
angular momentum tensor. In the static (classical) limit we have

FE(0) = 1 , FM(0) = aµ , (18)

where the Þrst relation is the charge renormalization condition (in units of the physical positron charge e,
which by deÞnition is taken out as a factor), while the secondrelation is the Þnite prediction for aµ , in terms
of the form factor FM the calculation of which will be described below. Instead ofcalculating the full vertex
function ! µ (P, q) one can use the projection technique described in [90] and expand the vertex function to
linear order in the external photon momentum q:

! µ (P, q) % ! µ (P, 0) + q! &
&q! ! µ (P, q)|q=0 & Vµ (p) + q! T! µ (p) , (19)

for Þxed P. This allows us to simplify the calculation by working directly in the limit q $ 0 afterwards.
Sinceaµ does not depend on the direction of the muon momentum one can average over the direction ofP
which is orthogonal to q (P áq = 0). As a master formula one Þnds

aµ =
1

8 (d # 2)(d # 1) mµ
Tr { (p/ + mµ ) [$µ , $! ] (p/ + mµ ) T! µ (p)}

+
1

4 (d # 1) m2
µ

Tr
$%

m2
µ $µ # (d # 1) mµ pµ # d p/ pµ &

Vµ (p)
' (

(
p2 =m 2

µ
, (20)

whered = 4 # ' is the space-time dimension. In case of UV divergences the choice' > 0 provides a dimensional
regularization. The limit ' $ 0 is to be performed after renormalization. The amplitudesVµ (p) and T! µ (p)
depend on one onÐshell momentump = P/ 2, only, and thus the problem reduces to the calculation of
onÐshell selfÐenergy type diagrams as the external photon momentum now can be taken zero.
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Any Þeld that can correct this vertex at loop level will contribute to ! "  

Leading-order QED:

and later we will denote by

CL =
3!

k=1

A(2L )
k , (46)

the total LÐloop coe! cient of the (! / " )L term. The present precision of the experimental result [16,92]

#aexp
µ = 63 ! 10! 11 , (47)

as well as the future prospects of possible improvements [111], which are expected to be able to reach

#aÞn
µ " 10! 10! 11 , (48)

determine the precision at which we need the theoretical prediction. For the nÐloop coe! cients multiplying
(! / " )n the error Eq. (48) translates into the required accuracies:#C1 " 4 ! 10! 8, #C2 " 1 ! 10! 5, #C3 "
7! 10! 3, #C4 " 3 and #C5 " 1! 103 . To match the current accuracy one has to multiply all estimates with
a factor 6, which is the experimental error in units of 10! 10.

3.1. Universal Contributions

¥ According to Eq. (70) the leading order contribution Fig. 8 may be written in the form (see below)

a(2) QED
! =

!
"

1"

0

dx (1 # x) =
!
"

1
2

, (49)

which is trivial to evaluate. This is the famous result of Schwinger from 1948 [52].

$

$

%%

Fig. 8. The universal lowest order QED contribution to aℓ.

¥ At two loops in QED there are the 9 diagrams shown in Fig. 9 which contribute to aµ . The Þrst 6 diagrams,
which have attached two virtual photons to the external muon string of lines contribute to the universal
term. They form a gauge invariant subset of diagrams and yield the result

A(4)
1 [1! 6] = #

279
144

+
5" 2

12
#

" 2

2
ln 2 +

3
4

&(3) .

The last 3 diagrams include photonvacuum polarization (vap / VP) due to the lepton loops. The one with
the muon loop is also universal in the sense that it contributes to the mass independent correction

A(4)
1 vap (mµ /m ! = 1) =

119
36

#
" 2

3
.

The complete ÒuniversalÓ part yields the coe! cient A(4)
1 calculated Þrst by Petermann [112] and by Som-

merÞeld [113] in 1957:

A(4)
1 uni =

197
144

+
" 2

12
#

" 2

2
ln 2 +

3
4

&(3) = # 0.328 478 965 579 193 78... (50)

where &(n) is the Riemann &Ðfunction of argumentn (see also [114]).
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a! =
!
2"

⇡ 0.00116141

Schwinger '48

Historically one of the Þrst triumphs of QED!
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Theoretical prediction
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The QED calculation has been completed 
up to order (%/&)5 (12672 diagrams!) :

PTEP2012, 01A107 T. Aoyama et al.

Fig. 5. Representative 10th-order self-energy-like diagrams. Vertex diagrams corresponding to the diagrams
of types I to V are generated by inserting an external magnetic vertex in the open fermion lines in all possible
ways. For the type VI diagrams, the external magnetic vertex must be inserted in the light-by-light-scattering
loops. This gives rise to 32 gauge-invariant sets consisting of 12 672 vertex diagrams that contribute to lepton
g ! 2. Reproduced with permission from [48].

model of the elementary particles,ae can be written as

ae(theory) = ae(QED) + ae(hadron) + ae(weak). (2.1)

The renormalizability of the perturbation theory of QED guarantees thatae(QED) is described as
the power series ofα

ae(QED) = a(2)
e

(α

π

)
+ a(4)

e

(α

π

)2
+ a(6)

e

(α

π

)3
+ a(8)

e

(α

π

)4
+ á á á. (2.2)

The mass dependence of the coefÞcients of the perturbation seriesa(2n)
e , n = 1, 2, 3, . . . can be

expressed as

a(2n)
e = A(2n)

1 + A(2n)
2 (me/ mµ ) + A(2n)

2 (me/ mτ ) + A(2n)
3 (me/ mµ , me/ mτ ). (2.3)

4/36

is 2.747 5720(14)! 10" 12 in total. The hadronic and electroweak corrections areahad
e = 1.693(12)! 10" 12 and

aEW
e = 0.03053(23)! 10" 12, respectively, both quoted from Refs. [27, 219].46 The obtained! " 1(ae) is 0.104(43)! 10" 6

smaller than Eq. (6.26) and the discrepancy is 2.4" . When! (ae) is used to evaluateaQED
µ , one must keep in mind

that ! (ae) and the theoretical formula Eq. (6.2) are strongly correlated with each other. The mass-independent terms
A(2n)

1 are common to the QED formulae for bothae andaµ. Even for the mass-dependent terms, the same computer
programs are used for numerical calculation just by changing loop-fermion masses.

6.5. QED contribution to aµ
Summing the terms in the perturbative QED expansion up to tenth order, we obtain the QED contribution to

the muon anomalous magnetic moment, as summarized in Table18. The two possible choices for the Þne-structure
constant,! (Cs) of Eq. (6.26) and! (ae) of Eq. (6.29), lead to

aQED
µ (! (Cs))= 116 584 718.931(7)(17)(6)(100)(23)[104]! 10" 11 , (6.30)

aQED
µ (! (ae)) = 116 584 718.842(7)(17)(6)(100)(28)[106]! 10" 11 , (6.31)

where the uncertainties are due to the#-lepton massm#, the eighth-order QED, the tenth-order QED, the estimate of the
twelfth-order QED, the Þne-structure constant! , and the sum in quadrature of all of these. Apart from the respective
input for ! and the lepton masses, these Þnal values are based on the latest QED calculations from Refs. [33, 34],
which should be cited in any work that uses or quotes Eqs. (6.30) and (6.31). The di! erence between Eq. (6.30)
and Eq. (6.31) is 0.09 ! 10" 11, so that we may use either one as far as comparison with the on-going experiments is
concerned.

46See also the recent evaluation in Ref. [7], ahad
e = 1.7030(77)! 10" 12, which is fully compatible but more precise. Both evaluations useaHLbL

e =
0.037(5)! 10" 12 [27, 219], whose central value is close to previous estimates,aHLbL

e = 0.035(10)! 10" 12 [475] andaHLbL
e = 0.039(13)! 10" 12 [476],

but in view of the relative accuracy that we quote in Eq. (4.92), its uncertainty may be underestimated.
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Uncertainties two orders of magnitude 
smaller than the experimental one!

"White paper" (WP) arXiv:2006.04822

The electroweak contributions are relatively 
small and the uncertainties also under control,!
1-loop + 2-loop + leading 3- and 4-loop give:

Their representative diagrams are shown in Fig. 1, which also includes two example contributions
from new particles in supersymmetry models. Thus comparison of the precision measurement
and theory tests the validity of the SM at its quantum loop level and probes e! ects of new
physics.
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Figure 1: Representative diagrams contributing to aµ . First column: lowest-order diagram (upper)
and Þrst order QED correction (lower); second column: lowest-order hadronic contribution (upper)
and hadronic light-by-light scattering (lower); third col umn: weak interaction diagrams; last column:

possible contributions from lowest-order Supersymmetry.

3.1 QED and Weak Contributions

The QED correction, which includes all photonic and leptonic (e, µ and ! ) loops, is by far the
dominant contribution in the SM:

aQED
µ =

"
2#

+ 0.765 857 410(27)
!

"
#

" 2

+ 24.050 509 64(43)
!

"
#

" 3

+ 130.9916(80)
!

"
#

" 4

+

+663(20)
!

"
#

" 5

+ á á á, (4)

where the lowest-order Schwinger term (" / 2#) was known since 1948 16, the coe" cients are
analytically known for terms up to (" / #)3, numerically calculated for the fourth term and

recently estimated for the fifth term 15. Using " extracted from the latest ae measurement 14,
one has

aQED
µ = 116 584 718.09(0.14)5th order (0.08)!" ! 10! 11 . (5)

The week contributions, involving heavy Z , W ± or Higgs particles, are suppressed by at

least a factor "
#

m2
µ

M 2
W

" 4 ! 10! 9. At one-loop order,

aweek
µ [1-loop] =

Gµm2
µ

8
#
2#2

#
5

3
+

1

3

$
1 $ 4 sin2$W

%2
+ O

&
m2

µ

M 2
W

'

+ O

&
m2

µ

M 2
H

'(

(6)

= 194.8 ! 10! 11 , for sin2$W % 1 $
M 2

W

M 2
Z

" 0.223 . (7)

Two-loop corrections are relatively large and negative

aweak
µ [2-loop] = $ 40.7(1.0)(1.8) ! 10! 11 , (8)

3

Their representative diagrams are shown in Fig. 1, which also includes two example contributions
from new particles in supersymmetry models. Thus comparison of the precision measurement
and theory tests the validity of the SM at its quantum loop level and probes e! ects of new
physics.
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Figure 1: Representative diagrams contributing to aµ . First column: lowest-order diagram (upper)
and Þrst order QED correction (lower); second column: lowest-order hadronic contribution (upper)
and hadronic light-by-light scattering (lower); third col umn: weak interaction diagrams; last column:

possible contributions from lowest-order Supersymmetry.

3.1 QED and Weak Contributions

The QED correction, which includes all photonic and leptonic (e, µ and ! ) loops, is by far the
dominant contribution in the SM:

aQED
µ =
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+ 0 .765 857 410(27)
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where the lowest-order Schwinger term (" / 2#) was known since 194816, the coe" cients are
analytically known for terms up to ( " / #)3, numerically calculated for the fourth term and
recently estimated for the Þfth term 15. Using " extracted from the latest ae measurement14,
one has

aQED
µ = 116 584 718.09(0.14)5th order (0.08)!" ! 10! 11 . (5)

The week contributions, involving heavy Z , W ± or Higgs particles, are suppressed by at

least a factor "
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= 194.8 ! 10! 11 , for sin2$W % 1 $
M 2

W

M 2
Z

" 0.223. (7)

Two-loop corrections are relatively large and negative

aweak
µ [2-loop] = $ 40.7(1.0)(1.8) ! 10! 11 , (8)

3

depends on the parameterization of the one- and two-loop results. SpeciÞcally, an accidental cancellation among the
three-loop corrections was observed in Ref. [35] if the two-loop result is parameterized in terms ofGF ! . In this case
the three-loop logarithms are numerically negligible. Hence,

aEW(! 3)
µ = 0(0.20)" 10#11 , (7.15)

where the uncertainty estimate is from Ref. [35]. It corresponds to estimating the nonleading logarithmic three-loop
contributions to be below a percent of the two-loop contributions.

Summing up the previous numerical results of the one-loop contributions Eq. (7.1), the bosonic two-loop con-
tributions Eq. (7.12), the four fermionic two-loop contributions Eqs. (7.8), (7.9), (7.13), and (7.14), and the leading
three-loop logarithms Eq. (7.15), we obtain

aEW
µ = 153.6(1.0) " 10#11 , (7.16)

as already given in Eq. (7.3). This value is mainly based on Refs. [35, 36], which should be cited in any work that
uses or quotes Eq. (7.16). The result is illustrated in Fig.103, which is an update of Fig. 5 from Ref. [36]. We
assess the Þnal theory uncertainty of these contributions to be±1.0 " 10#11, the estimate of Ref. [35] for the overall
hadronic uncertainty from the diagrams of Fig.102b, which is now by far the dominant source of uncertainty of the
EW contributions. The uncertainty from unknown three-loop contributions and neglected two-loop terms suppressed
by M2

Z/ m2
t and (1# 4s2

W) is signiÞcantly smaller and the uncertainty due to the experimental uncertainty of the Higgs-
boson,W-boson, and top-quark masses is well below 10#12 and thus negligible.
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Larger uncertainties stem from the hadronic contributions
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K (s) =
! 1

0
dx

x2(1 ! x)
x2 + (1 ! x)(s/m 2

µ )
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aHVP, LO
µ =

1
4! 3

! !

m 2
!

ds K (s) " 0(e+ e" ! hadrons)

Their representative diagrams are shown in Fig. 1, which also includes two example contributions
from new particles in supersymmetry models. Thus comparison of the precision measurement
and theory tests the validity of the SM at its quantum loop level and probes e! ects of new
physics.
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and Þrst order QED correction (lower); second column: lowest-order hadronic contribution (upper)
and hadronic light-by-light scattering (lower); third col umn: weak interaction diagrams; last column:

possible contributions from lowest-order Supersymmetry.

3.1 QED and Weak Contributions
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where the lowest-order Schwinger term (" / 2#) was known since 194816, the coe" cients are
analytically known for terms up to ( " / #)3, numerically calculated for the fourth term and
recently estimated for the Þfth term 15. Using " extracted from the latest ae measurement14,
one has

aQED
µ = 116 584 718.09(0.14)5th order (0.08)!" ! 10! 11 . (5)
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Two-loop corrections are relatively large and negative

aweak
µ [2-loop] = $ 40.7(1.0)(1.8) ! 10! 11 , (8)

3

Analyticity and unitarity (in particular, the optical theorem relating 
the imaginary part of the amplitude to the cross section e+e- into 

hadrons) allows to write the leading hadronic contribution as

We can not use perturbative theory in QCD to calculate something like this

One approach is to extract the hadronic vacuum polarisation from data

2. Data-driven calculations of HVP

M. Benayoun, C. M. Carloni Calame, H. Czyúz, M. Davier, S. I. Eidelman, M. Hoferichter, F. Jegerlehner,
A. Keshavarzi, B. Malaescu, D. Nomura, M. Passera, T. Teubner, G. Venanzoni, Z. Zhang

2.1. Introduction

Based on analyticity and unitarity, loop integrals containing insertions of HVP in photon propagators can be ex-
pressed in the form of dispersion integrals over the cross section of a virtual photon decaying into hadrons. This cross
section can be determined ine+e! annihilation, either indirect scanmode, where the beam energy is adjusted to pro-
vide measurements at di↵erent center-of-mass (CM) energies, or by relying on the method ofradiative return, where
a collider is operating at a Þxed CM energy. In the latter, the high statistics allow for an e↵ective scan over di↵erent
masses of the hadronic system through the emission of initial-state photons, whose spectrum can be calculated and,
in some cases, measured directly. With the availability of high-luminosity colliders, especially meson factories, this
method of radiative return has become a powerful alternative to the direct scan experiments. In addition, it is possible
to use hadronic⌧ decays to determine hadronic spectral functions, which can be related to the required hadronic cross
section. As a consequence of the wealth of data from many sources, the hadronic cross section is now known experi-
mentally with a high precision over a wide range of energies. This allows one to obtain data-driven determinations of
the HVP contributions.

At leading order (LO), i.e.,O(↵2), the dispersion integral reads [129, 130]

aHVP, LO
µ =

↵2

3⇡2

! "

M2
⇡

K(s)
s

R(s) ds, (2.1)

with the kernel function

K(s) =
x2

2
(2 ! x2) +

(1+ x2)(1+ x)2

x2

"
log(1+ x) ! x+

x2

2

#
+

1+ x
1 ! x

x2 log x, (2.2)

wherex = 1! �µ

1+�µ
, �µ =

$
1 ! 4m2

µ/ s. When expressed in the formöK(s) = 3s
m2

µ
K(s), the kernel functionöK is a slowly

varying monotonic function, rising fromöK(4M2
⇡) # 0.63 at the two pion threshold to its asymptotic value of 1 in the

limit of large s. R(s) is the so-called (hadronic)R-ratio deÞned by2

R(s) =
�0(e+e! $ hadrons(+�))

�pt
, �pt =

4⇡↵2

3s
. (2.3)

Due to the factorK(s)/ s, contributions from the lowest energies are weighted most strongly in Eq. (2.1). Note that
the superscript in�0 indicates that the total hadronic cross section in the dispersion integral must be thebarecross
section, excluding e↵ects from vacuum polarization (VP) (which lead to the running QED coupling). If these e↵ects
are included as part of the measured hadronic cross section, this data must be Òundressed,Ó i.e., VP e↵ects must be
subtracted, see the more detailed discussion below. Otherwise, there would be a double counting and, as such, iterated
VP insertions are taken into account as part of the higher-order HVP contributions.

Conversely, the hadronic cross section used in the dispersion integral is normally taken to be inclusive with respect
to Þnal-state radiation (FSR) of additional photons. While this is in contradiction to the formal power counting
in ↵, it would basically be impossible to subtract the real and virtual photonic FSR e↵ects in hadron production,
especially for higher-multiplicity states for which these QED e↵ects are di�cult to model. As these FSR e↵ects are
not included explicitly in the higher-order VP contributions, this procedure is fully consistent. Note that, in line with
these arguments, the threshold for hadron production is provided by the⇡0� cross section and hence the lower limit
of the dispersion integral isM2

⇡0.

2Note that this standard deÞnition of�pt does not take into account e↵ects due to the Þnite electron mass, which, for CM energies above the
hadronic threshold, are completely negligible.
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! aHVP, LO
µ = 6931(40) " 10! 11
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uncertainty comparable to the exp one

Keshavarzi et al. '18Low-energy data (i.e. pion modes) weight more

NLO and other hadronic contributions 
have smaller errors
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One can also perform Þrst-principle calculations within lattice QCD . !
The latest result of the BMW collaboration reached high precision:
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FHMÕ19

MainzÕ19

BMWcÕ20
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 1010 !  aLO-HVP
µ

lattice
R-ratio

no new physics

Figure 3: Comparison of recent results for the leading-order, hadronic vacuum polarization contribution
to the anomalous magnetic moment of the muon. See [7] for a recent review. Green squares are lattice
results: this workÕs result, denoted by BMWcÕ20 and represented by a Þlled symbol at the top of the Þgure,
is followed by MainzÕ19 [32], FHMÕ19 [33], ETMÕ19 [34], RBCÕ18 [19] and our earlier work BMWcÕ17
[14]. Errorbars are s.e.m. Compared to BMWcÕ17, the present work has increased the accuracy of the
scale-setting from the per-cent to the per-mill level; has decreased the statistical error from 7.5 to 2.3;
has computed all isospin-breaking contributions as opposed to estimating it, the corresponding error is
1.4 down from 5.1; has made a dedicated Þnite-size study to decrease the Þnite-size error from 13.5 to
2.5; has decreased the continuum extrapolation error from 8.0 to 4.1 by having much more statistics on
our Þnest lattice and applying taste improvement. Red circles were obtained using the R-ratio method
by DHMZÕ19 [3], KNTÕ19 [4] and CHHKSÕ19 [5, 6]; these results use the same experimental data as
input. The blue shaded region is the value thataLO ! HVP

µ would have to have to explain the experimental
measurement of(gµ ! 2), assuming no new physics.
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! aHVP, LO
µ = 7075(55) " 10! 11
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This result and those based on e+e- data are somewhat in tension (~2' )
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is followed by MainzÕ19 [32], FHMÕ19 [33], ETMÕ19 [34], RBCÕ18 [19] and our earlier work BMWcÕ17
[14]. Errorbars are s.e.m. Compared to BMWcÕ17, the present work has increased the accuracy of the
scale-setting from the per-cent to the per-mill level; has decreased the statistical error from 7.5 to 2.3;
has computed all isospin-breaking contributions as opposed to estimating it, the corresponding error is
1.4 down from 5.1; has made a dedicated Þnite-size study to decrease the Þnite-size error from 13.5 to
2.5; has decreased the continuum extrapolation error from 8.0 to 4.1 by having much more statistics on
our Þnest lattice and applying taste improvement. Red circles were obtained using the R-ratio method
by DHMZÕ19 [3], KNTÕ19 [4] and CHHKSÕ19 [5, 6]; these results use the same experimental data as
input. The blue shaded region is the value thataLO ! HVP

µ would have to have to explain the experimental
measurement of(gµ ! 2), assuming no new physics.
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The famous discrepancy
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Putting everything together, the SM prediction (using data-driven HVP) is

<latexit sha1_base64="ek0itgR19c+GQ+eTyFE24DCio7s="></latexit>

aµ (BNL+FNAL) = (116 592 061 ± 41) ! 10! 11

<latexit sha1_base64="YoMI7k5odMsguefft4sl9yz0OtM="></latexit>

aµ (SM) = (116 591 810± 43) ! 10! 11

Bk andBq.Ñ Two fast transients induced by the dynam-
ics of charging the ESQ system and firing the SR kicker
magnet slightly influence the actual average field seen by
the beam compared to its NMR-measured value as
described above and in Ref.[61]. An eddy current induced
locally in the vacuum chamber structures by the kicker
system produces a transient magnetic field in the storage
volume. A Faraday magnetometer installed between the
kicker plates measured the rotation of polarized light in a
terbium-gallium-garnet crystal from the transient field to
determine the correctionBk.

The second transient arises from charging the ESQs,
where the Lorentz forces induce mechanical vibrations in
the plates that generate magnetic perturbations. The ampli-
tudes and sign of the perturbations vary over the two
sequences of eight distinct fills that occur in each 1.4 s
accelerator supercycle. Customized NMR probes measured
these transient fields at several positions within one ESQ
and at the center of each of the other ESQs to determine
the average field throughout the quadrupole volumes.
Weighting the temporal behavior of the transient fields
by the muon decay rate, and correcting for the azimuthal
fractions of the ring coverage, 8.5% and 43% respectively,
each transient provides final correctionsBk andBq to a! as
listed in TableII.

V. COMPUTING a! AND CONCLUSIONS

TableI lists the individual measurements of" a and ÷" 0
p,

inclusive of all correction terms in Eq.(4), for the four run
groups, as well as their ratios,R 0

! (the latter multiplied by
1000). The measurements are largely uncorrelated because
the run-group uncertainties are dominated by the statistical
uncertainty on" a. However, most systematic uncertainties
for both" a and ÷" 0

p measurements, and hence for the ratios
R 0

! , are fully correlated across run groups. The net computed
uncertainties (and corrections) are listed in TableII . The fit
of the four run-group results has a#2=n:d:f : ! 6.8=3,
corresponding toP"#2# ! 7.8%; we consider theP"#2# to
be a plausible statistical outcome and not indicative of
incorrectly estimated uncertainties. The weighted-average
value isR 0

! ! 0.003 707 300 3"16#"6#, where the first error
is statistical and the second is systematic[82]. From Eq.(2),
we arrive at a determination of the muon anomaly

a! "FNAL# ! 116 592 040"54#! 10! 11 "0.46 ppm#;

where the statistical, systematic, and fundamental constant
uncertainties that are listed in TableII are combined in
quadrature. Our result differs from the SM value by3.3$ and
agrees with the BNL E821 result. The combined exper-
imental (Exp) average[83] is

a! "Exp# ! 116 592 061"41#! 10! 11 "0.35 ppm#:

The difference,a! "Exp#! a! "SM# ! " 251$ 59#! 10! 11,
has a significance of4.2$. These results are displayed
in Fig. 4.

In summary, the findings here confirm the BNL exper-
imental result and the corresponding experimental average
increases the significance of the discrepancy between the
measured and SM predicteda! to 4.2$. This result will
further motivate the development of SM extensions,
including those having new couplings to leptons.

Following the Run-1 measurements, improvements to
the temperature in the experimental hall have led to greater

TABLE II. Values and uncertainties of theR 0
! correction terms

in Eq.(4), and uncertainties due to the constants in Eq.(2) for a! .
PositiveCi increasea! and positiveBi decreasea! .

Quantity
Correction
terms (ppb)

Uncertainty
(ppb)

" m
a (statistical) % % % 434

" m
a (systematic) % % % 56

Ce 489 53
Cp 180 13
Cml ! 11 5
Cpa ! 158 75

f calibh" p"x; y;%#! M"x; y;%#i % % % 56
Bk ! 27 37
Bq ! 17 92

! 0
p"34.7¡#=! e % % % 10

m! =me % % % 22
ge=2 % % % 0

Total systematic % % % 157
Total fundamental factors % % % 25
Totals 544 462

FIG. 4. From top to bottom: experimental values ofa! from
BNL E821, this measurement, and the combined average. The
inner tick marks indicate the statistical contribution to the total
uncertainties. The Muong ! 2 Theory Initiative recommended
value[13] for the standard model is also shown.
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1 Introduction

The Þrst results of the FNAL Muon g-2 experiment [1] have conÞrmed the long-standing discrepancy with
the Standard Model (SM) prediction of the anomalous magnetic moment of the muonaµ ! (g " 2)µ / 2:

! aµ ! aexp
µ " aSM

µ = 251(59) # 10! 11 . (1)

The above deviation between measurement and theoretical prediction amounts to about 4.2! , and takes into
account the combination with the previous measurement of the BNL experiment [2], drastically reducing
the probability of a statistical ßuctuation or overlooked systematical e" ects.1 It is also unlikely that such a
discrepancy can be fully explained by underestimated hadronic uncertainties [3]. Moreover, even if hadronic
vacuum polarization e" ects are assumed to be large enough to account for the anomaly, this would cause
a deterioration of the electroweak (EW) Þt such that tensions of comparable signiÞcance in other EW
observables would arise [4Ð6]. Hence this new result strongly supports the case for new physics (NP)
requiring, in particular, the presence of new particles with non-trivial interactions with SM muons at scales
! 100 TeV [7Ð9], where the upper bound can be reached only in presence of Þelds strongly coupled with
muons, and at the price of Þne-tuned cancellations between SM and NP contributions to the muon mass.

Interestingly, also the persistent anomalies in semileptonicB meson decays of the kindb $ s"" seem to
point to a NP sector with preferred couplings to muons. In particular, the theoretically clean lepton ßavour
universality (LFU) ratio RK = BR( B $ Kµ + µ! )/ BR(B $ Ke+ e! ), for which an updated measurement
including the full Run I + Run II dataset has been recently released by the LHCb collaboration, deviates
from the SM prediction by more than 3! [10].2 Once the LFU ratio RK ! = BR( B $ K " µ+ µ! )/ BR(B $
K " e+ e! ) [16, 17] and the branching ratios and angular analysis of other decays mediated byb $ s""
transitions [18Ð27] are considered as well, global Þts to data prefer the presence of NP contributions at the
level of " 5! [28Ð38] compared to the SM prediction only. These anomalies could also be explained by new
particles interacting with muons at scales! 100 TeV [39]. It is therefore extremely tempting to discuss NP
models that can provide a common explanation of the muong" 2 discrepancy and theB -physics anomalies.

Motivated by the overwhelming evidence for Dark Matter (DM) in the universe [40], which is perhaps
the strongest call for physics beyond the SM (BSM), the aim of this paper is to show how the two anomalies
can arise by loops involving the very same Þelds of the DM sector, including a thermal DM candidate.
The idea is to build a set of models with minimal Þeld content that can simultaneously account for the
anomalies due to interactions between the DM Þelds, other NP particles, and SM fermions (muons, bottom
and strange quarks). Dark Matter stability requires that the couplings of interactions involving two SM
Þelds and the DM Þeld are very suppressed. For deÞniteness, we assume that such interactions are forbidden
by a global (possibly accidental) symmetry (discrete or continuous), whose other e" ect is to prohibit mixing
between SM and NP Þelds. Under these assumptions NP contributions to bothaµ and b $ sµ+ µ! can
only occur through loop diagrams, as in the framework discussed in Refs. [41, 42], where only NP Þelds
(DM in particular) run in the loop. Models of this kind for DM, the g " 2 and/or the B anomalies have
been discussed in Refs. [43Ð60]. In particular, in Ref. [ 59], we systematically built and studied the minimal
models that, by introducing three NP Þelds only, can simultaneously explain DM and theB -anomalies.
Based on the results of our previous work, here we show the minimal ingredients required by models where
also the muong " 2 anomaly is naturally accounted for.

1The deviation obtained taking into account only the FNAL data amounts to about 3 .3! .
2Recent interpretations of this measurement can be found in Refs. [11Ð15].
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2. Muon g-2 and  
 New Physics (NP)
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The FNAL result caused a sensation, as it excluded the most mundane explanations 
of the discrepancy (that has been there for ~20 years, since early BNL data), i.e.

#a statistical ßuctuations (very unlikely now)!
#unknown systematics a"ecting the BNL measurement

Now only two possibilities are left :

#underestimated hadronic contributions!
(as the tension with the lattice calculation may suggest)!

#contributions from additional Þelds in the loops, i.e. new physics!



How could NP solve the problem?

!14

From now on, letÕs assume we indeed need new particles/interactions. !
The NP contribution should be positive  and quite large, of the order of the EW one:

Does this imply that the scale of NP (if weakly-coupled) should be ~100 GeV? 

<latexit sha1_base64="imRHam9Rqh7HWbkp5aGAQ2/t6EI="></latexit>

aEW
µ (1-loop) !

5
3

GF m2
µ

8
"

2! 2
=

5m2
µ

192! 2

g2

M 2
W

! 1.95# 10! 9

chirality ßip of the 
muon Þeld 

EW-symmetry breaking vev (for gauge invariance)

model-dependent!
coe$cient

If                   NP e"ects can be encoded in the (dimension-6) dipole operator
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! NP ! mµ

(1' )
<latexit sha1_base64="817s0jAdNrvwIDK5iFudUXYvvvc="></latexit>

Re(C)
! 2

NP
! [1.5, 2.4] " 10! 9 GeV! 2
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aNP
µ = ! aµ !Requiring

<latexit sha1_base64="eGDtuyXl9+w2P5DLyGTu8SUbhPI="></latexit>

L !
e v
8! 2

C
! 2

NP
(øµL " µ ! µR ) F µ ! + h .c.

<latexit sha1_base64="CfMXV9r6mk+SaS1X26QotZqvmDI="></latexit>

aNP
µ =

mµ v
2! 2

Re(C)
! 2

NP

loop factors, couplings, !
mixing anglesÉ



 

A simpliÞed example

!15

Let us consider a simple model with new fermions ( F) and new scalars (S) 
coupling to muons with interactions of the kind                          .
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! L (R )
øF S µL (R )

As we have seen, the goal is generating the dipole operator, proportional to an EW-
breaking vev to provide a gauge invariant chirality ßip !  we need a Higgs insertion:

(i) Higgs insertion on the external line !  suppression from the (small) muon 
Yukawa coupling, and sign of the contribution determined by the EM charges  

JH
E

P
07(2018)046

FLR
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0 11 2!

! 1
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2
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1
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1
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2
2! 3

2
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! 1 3! 2 2!
1
2
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! 1

2
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1
2
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! 1

2
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2
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1
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SL 1!
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2
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1
2
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2
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2
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! 1 3! 2
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2
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1
2

1!
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! 1 11 3!

1 2!
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2
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1
2

2 3
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0 2!

1
2

2!
1
2

2 3
2

2!
! 1

2
2!

! 1
2

3!
1 3!

0 3!
! 1

Table 2 . Class II (FLR and SLR) models up to SU(2)L triplets, Þelds with ! contain a DM
candidate. Viable models are in boldface, see text for details.

E821 experiment [3] within this year. After several years of running E989 should decrease
the experimental error by a factor 4, thus revealing possible new physics e! ects with high
conÞdence.

General NP contributions to " ! "!# are described by the e! ective Lagrangian

L =
em!

8$2 C!! !
! ø"!

R%µ" "L
"

F µ" + h .c., ", "! = e, µ,&, (3.2)

where C!! ! is a Wilson coe" cient with mass dimension (GeV)" 2 . This leads to the NP
contribution to the anomalous magnetic moment, # a! ,

# a! =
1

2$2 m2
! Re(C!! ) , (3.3)

and to ßavor violating transitions, with branching ratios that are in the m! " m! ! limit
given by

BR(" ! "!#)
BR(" ! "!' ø' !)

=
3(

$G2
F

!
|C!! ! |2 + |C! ! ! |

2"
. (3.4)

We will be mostly interested in # aµ and & ! µ#, µ ! e# transitions.
Now we focus on the models introduced in the previous section. Their contributions

to # aµ are captured by the general SU(3)c # U(1)em Lagrangian

L $
#
S# øµ

!
) R

2 PL + ) L
2 PR

"
F + h .c.

$
%M F øFF %mµ øµµ %M 2

SS#S , (3.5)

where S is a heavy complex scalar with electric chargeQS, while F is a heavy vector-like
fermion with charge QF = QS % 1. The LL (RR) model is recovered by setting ) R

2 = 0
() L

2 = 0) Ñ cf. eqs. ( 2.2) and (2.3) Ñ while the FLR model has both couplings non-
vanishing, ) L

2 &= 0 , ) R
2 &= 0, see eq. (2.4). The SLR model has two scalars,SL with ) L

2 &= 0
but no coupling to PRF , and SR with ) R

2 &= 0 but no coupling to PL F , see eq. (2.5). The
results below apply once one sums over both contributions fromSL and SR.

Ð 6 Ð
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aNP
µ

EM charges 

JH
E

P
07(2018)046

The general Lagrangian in eq. (3.5) gives a contribution to ( g ! 2)µ that reads, in
agreement with the literature [7],

! aµ = !
m2

µ

8! 2M 2
S

!
|" L

2 |2 + |" R
2 |2

" #
QF f F

LL (x) + QSf S
LL (x)

$

!
mµM F

8! 2M 2
S

Re
!
" R!

2 " L
2

" #
QF f F

LR (x) + QSf S
LR (x)

$
.

(3.6)

Here x = M 2
F /M 2

S, and the loop functions are given by

f F
LL (x) =

2 + 3x ! 6x2 + x3 + 6x logx
12(1! x)4 , f F

LR (x) = !
3 ! 4x + x2 + 2 log x

2(1 ! x)3 , (3.7)

f S
LL (x) =

1 ! 6x + 3x2 + 2x3 ! 6x2 logx
12(1! x)4 , f S

LR (x) =
1 ! x2 + 2x logx

2(1 ! x)3 . (3.8)

The contributions in the Þrst line of eq. (3.6) are from diagrams with mass insertions on the
external muon line (the Þrst row in Þgure1), while the terms in the second line come from
diagrams with a chirality ßip on the internal line (the second row in Þgure 1). The latter
contributions are parametrically enhanced by " R

2 " L
2 M F /m µ " v/m µ and thus dominate

! aµ (note that the product " L " R must always be proportional to v, since it breaks SU(2)L ).
The contributions with the muon mass insertion are therefore only relevant if either " L

2 or
" R

2 is suppressed or absent, as it is the case for Class I models. Note that the signs of these
Class I contributions (Þrst line in eq. (3.6)) are given simply by the signs ofQS,F because
the loop functions are positive

0 # f F
LL (x) #

1
6

, 0 # f S
LL (x) #

1
12

. (3.9)

As we will show in the next section, Class I models in many cases predict the sign of! aµ ,
which immediately allows to discard many models from table1.

The couplings of heavy states to muons," L,R
2 , also enter the one-loop lepton-ßavor-

violating transitions # $ µ$ and µ $ e$ (see ref. [27] for a recent review), along with the
equivalent couplings to electrons," L,R

1 , and taus, " L,R
3 . The contributions in Class I models

are due to diagrams with chirality ßips on the external lines (similar to the diagrams in
the Þrst row of Þgure1), which give in the limit m! % mµ % me

BR(µ $ e$) =
12! 3

m4
µ

%
G2

F

%
" L,R

1

" L,R
2

& 2

& (! aµ)2

' 4.1 & 10" 13

%
" L,R

1 / " L,R
2

1.7 & 10" 5

& 2 '
! aµ

2.9 & 10" 9

( 2

, (3.10)

BR(# $ µ$) =
12! 3

m4
µ

%
G2

F

%
" L,R

3

" L,R
2

& 2

& (! aµ)2 & BR(# $ µ&ø&)

' 4.2 & 10" 8

%
" L,R

3 / " L,R
2

1.3 & 10" 2

& 2 '
! aµ

2.9 & 10" 9

( 2

. (3.11)
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see e.g. LC Ziegler Zupan '18

https://arxiv.org/abs/1804.00009


A simpliÞed example

!16

Let us consider a simple model with new fermions (F) and new scalars (S) 
coupling to muons with interactions of the kind                          .
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! L (R )
øF S µL (R )

As we have seen, the goal is generating the dipole operator, proportional to an EW-
breaking vev to provide a gauge invariant chirality ßip !  we need a Higgs insertion:

(ii) Higgs insertion inside the loop: we need another Þeld that mixes with our 
scalar or fermion via a Higgs vev !  no ~y"  suppression (chiral enhancement) 

see e.g. LC Ziegler Zupan '18
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(mixing)
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Figure 3 . Drell-Yan production of a pair of heavy charged fermions that subsequently decay to a
scalar DM particle S0 and a muon. Analogous diagram for the case of fermion DM follows from
replacing F + ! S+ , S0 ! F 0, and resembles the production of supersymmetric smuons decaying
into neutralinos.

of decays ending in the DM particle and SM states, in direct analogy to supersymmetric
models with conserved R-parity.

A decay channel that is always open for the lightest charged NP state is the decay to
DM and a muon, through the very same couplings! L,R

2 that are required by the (g " 2)µ

diagrams. This leads to a signal topology of 2 opposite-charge muons and missing transverse
energy (MET), see Þgure3. The LHC searches for events withµ+ µ! pairs in association
with MET put severe constraints on the models without Higgs insertion, as we will discuss
in section 4.5.

Other production modes besides Drell-Yan, as well as di! erent decay modes, are pos-
sible for charged states that are part of SU(2)L multiplets. For instance, associated pro-
duction of a neutral and a singly-charged particle may be possible due tos-channel W -
exchange. In this case, in addition to the decay to muon and DM, the new charged states
can also decay through emission ofW and Z gauge bosons and, in the models with Higgs
insertion, also Higgs bosons.

A detailed analysis of the LHC signatures will be performed in the next two sections,
for Class I models in section4 and for Class II models in section5.

4 Models without Higgs insertion

We start our analysis with Class I models, i.e. the models without Higgs insertions. The
deÞning feature of Class I models is that the diagrams contributing to (g" 2)µ have chirality
ßips only on the external lines, which implies that they are always proportional to the muon
Yukawa coupling. Moreover, the sign of this contribution is Þxed by the Þeld content.

The simple structure of the Class I models allows to spell out the Lagrangian as
a general function of the SU(2)L quantum numbers, from which we will derive general
expressions for the contribution to the (g " 2)µ and the DM annihilation cross-section.
Using these analytical results we will identify viable models, which will turn out to be just
the few models in which at least one of the new states is an SU(2)L singlet. Finally, we
will perform a numerical analysis of these models including all constraints.

Ð 11 Ð

A simpliÞed example
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Due to the suppression it is di$cult to explain the anomaly in models of type (i):
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Figure 4 . Results for the LL1 model in the M F ! M S plane for increasing values of the coupling
to leptons. The gray-shaded regions are excluded because the DM candidate needs to be scalar
(see main text), henceM S < M F . In the dark (light) green region the total contribution to
(g ! 2)µ is compatible with the experimental value at 1 (2)! , and the red line indicate where the
DM relic density is ! h2 = 0 .12 (in the upper right plot the red band corresponds to the conservative
range 0.10 < ! h2 < 0.14). The yellow region is excluded by searches for heavy charged fermions at
LEP [39, 40], the cyan region (denoted as LHC-8) is excluded by

"
s = 8 TeV LHC searches [41, 42],

the blue region (LHC-13) by
"

s = 13 TeV searches [43, 44], and the orange area by the CMS soft
leptons search [45].

The results are in excellent agreement with the approximate expressions in section3.2,
apart from regions of parameter space where coannihilations are important, since these
were not covered in section3.2. Above (below) the red line DM annihilation rate is too
large (small), giving a relic density that is below (above) the observed DM abundance.
To keep the analysis minimal, we do not switch on the Higgs-portal coupling," S2|H |2,
cf. appendix B.1. This coupling would open the possibility of achieving the correct relic
density for M S # mh/ 2 through DM annihilation via the Higgs resonance [50], but would
otherwise not change the conclusions of the analysis below.

Ð 16 Ð

LC Ziegler Zupan '18

see also Athron et al. '21
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aNP
µ = ! aµ !

region compatible!
with the discrepancy:

region excluded by!
LHC searches:

Models of type (ii) can instead explain the discrepancy with                             .
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Another minimal solution

!18

In the above example we had to introduce at least 2 new Þelds, but in some 
models, it is possible to explain the g-2 discrepancy with one new Þeld only

reviews in Biggio et al. Õ14 & Õ16, Lindner et al. '16 , Athron et al. '21

A possibility is leptoquarks, Þelds that couple to both leptons and quarks, e.g.:  

approach they may yield results which are rather misleading compared to what can be achieved in a realistic

model.

Requiring gauge invariant couplings to SM leptons and quarks restricts us to the Þve scalar leptoquarks [433]

shown in Table 1 (Models 5Ð9). Only two of these models10, S1 (3, 1, 1/ 3) and R2 (3, 2, 7/ 6), have both left-

and right-handed couplings to the SM fermions and can therefore have a chirality ßip enhancing their one-loop

contributions [124,368,370].

Leptoquarks can in general have complicated ßavour structure in their couplings. Since our focus is on

demonstrating the impact of the anomalous magnetic moment experiment and demonstrating the various ways

to explain it, we prefer to simplify the ßavour structure and focus on the couplings that lead to an enhanced

! aµ contribution. We therefore restrict ourselves to muon-philic leptoquarks that couple only to the second-

generation of SM leptons, evading constraints on ßavour violating processes such asµ ! e! . Leptoquarks that

induce ßavour violation in the quark sector have been widely considered in the literature as possible solutions to

ßavour anomalies, and sometimes simultaneous explanations ofaµ and these anomalies (see e.g. Refs.[431,432]).

However we also do not consider these here for the same reasons we choose to avoid lepton ßavour violating

couplings and the same reasoning applies to simultaneous explanations of the more recentae anomaly [434].

We found that it is possible to explain the ! aBNL
µ and ! a2021

µ results with moderately sizedperturbative

couplings using leptoquarks that are both muon-philic and charm-philic, i.e. leptoquarks that only couple to

second generation up-type quarks as well as only second generation charged leptons. SpeciÞcally we found

! aBNL
µ could be explained while satisfying LHC limits from direct searches as long as

!
|" L " R | ! 0.4, where

" L and " R are the leptoquark couplings to the muons and the quarks. However careful consideration of CKM

mixing and ßavour changing neutral currents (FCNC) reveals stringent constraints. While one may require that

the new states couple only to the charm and not the up-quark or top-quark, CKM e" ects will then still generate

couplings to the bottom and down-quark. This e" ect is very important and the impact of these for Òcharm-

philicÓ leptoquark explanations of! aBNL
µ has been considered in Ref. [267]. There they Þnd that constraints

from BR( K + ! #+ $$) for the S1 leptoquark, or BR(K L ! µ+ µ! ) for the R2 leptoquark, heavily restrict one

of the couplings that enter the aµ calculation. They Þnd this excludes Þtting! aBNL
µ within 1 %, but in the case

of the Þrst model an explanation within 2%remained possible, while for the second model explanations well

beyond 2%were excluded. They also consider the possibility that it is the down-type couplings that are second

generation only, and Þnd even more severe constraints in that case. Finally for a limited case, they explore

including a direct coupling to the top-quark and Þnd that quite large couplings to the top quark are needed to

explain ! aBNL
µ within 1 %. Due to the strong ßavour constraints from coupling the leptoquark to the second

generation of SM quarks, we instead present results for top-philic leptoquarks, i.e. using scalar leptoquarks

which couple to the second generation SM leptons, and the third generation of SM quarks.

Below is written the Lagrangian for both scalar leptoquarks, where here all fermions are written as 2-

component left-handed Weyl spinors, for exampleQ3 = ( tL , bL )T and µ 
R, which follows the notation of Ref. [435].

For simplicity we also deÞneµ, t, b := µ 
R, t  

R , b 
R below.

L S1 = "
"

" QL Q3 áL 2S1 + " tµ tµS "
1 + h.c.

#
" M 2

S1
|S1|2 " gHS 1 |H |2|S1|2 "

" S1

2

"
|S1|2

#2
, (18)

L R2 = "
"

" Qµ R 
2Q3µ + " tL L 2 áR2t + h.c.

#
" M 2

R2
|R2|2 " gHR 2 |H |2|R2|2 "

" R2

2

"
|R2|2

#2
. (19)

where the dot product above denotes theSU(2)L product, so e.g.Q3 áL 2 = tL µL " bL $µL . For the S1 leptoquark

10 We follow the notation in Ref. [ 433].
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where the dot product above denotes theSU(2)L product, so e.g.Q3 áL 2 = tL µL " bL $µL . For the S1 leptoquark

10 We follow the notation in Ref. [ 433].
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SU(3)c, SU(2)L , U(1)Y

 Chakraverty et al. '01

The leptoquark couples to both LH and RH muons,!
the chirality ßip is due to the (large) top mass!

where the! / + is for the singlet/doublet. Comparing this to Eq. ( 11), we can see thatCBSM = Qt ! L ! Rmt / (8" 2mµ),

with the ratio mt /m µ " 1600, gives the parametric enhancement to! aµ from the chirality ßip. We can also see

how allowing the leptoquark to couple to the top quark versus the charm quark leads to a larger value of! aµ .

While this can be used to qualitatively understand our results, the numerical calculations were performed with

FlexibleSUSY 2.5.0 [43, 44] 11. The FlexibleSUSY calculation of ! aµ includes the full one-loop contribution

and the universal leading logarithmic two-loop QED contribution [449], which tends to reduce the result by

" 6%! 10%.

The contributions to aµ from the introduction of the scalar leptoquarks S1 and R2 with Lagrangians given

by Eqs. (18,19) are shown in Figs. 2 and 3, respectively. Results are shown in theM LQ -! QL and M LQ -! Qµ

planes, scanning up to a leptoquark mass ofM LQ = 4500 GeV. We Þnd that for both S1 and R2 the observedaµ

discrepancy can be explained within 1# using similar ranges of couplingsand a leptoquark massM LQ ! 1.1Ð1.5

TeV.

1000 2000 3000 4000
MS1 [GeV]

0.1

0.2

0.3

0.4

0.5

! Q
L

! tµ = 0.1

LQ S1

Figure 2: Scenarios which can explain! aBNL
µ and/or ! a2021

µ in the model with an SU(2)L singlet scalar leptoquarkS1

deÞned in Eq. (18). Results are shown in theM S1-! QL plane for Þxed! tµ = 0 .1 (left panel), ! tµ = 0 .2 (middle panel)
and by varying ! tµ # [0, 0.5] (right panel). In the latter case we proÞle to Þnd the regions in the M S1-! QL plane that
for some value of! tµ in the scan, satisfy all experimental constraints and can explain the! aµ measurements within 1#.
Regions which can explain! aBNL

µ and ! a2021
µ to within 1 # are yellow and green respectively, with the overlap between

these two regions coloured lime. The black line indicates points which produce a! aµ contribution matching Eq. (7).
The grey regions are excluded by scalar leptoquark searches at the Large Hadron Collider [450]. Regions shaded cyan are
disfavoured as they provide a relative contribution which shift the muon mass up by more than 100% or down by more
than 50% as in Eq. (22). In the right panel only solutions which have not been excluded by leptoquark searches orZ $ µµ
or Z $ $$ constraints are displayed, i.e. any points ruled out by any of these experimental constraints are discarded.

The left and middle panels of Fig.2 show where! aBNL
µ and ! a2021

µ can be explained when the coupling to

the right-handed top quark is Þxed to ! tµ = 0 .1, 0.2 respectively. For ! tµ = 0 .1, the black line showing points

which exactly explain the ! a2021
µ discrepancy is a parabolic curve, following the quadratic relationship between

leptoquark mass and coupling in Eq. (28). By increasing the coupling to ! tµ = 0 .2, a lower value of the coupling

! QL to the left-handed top quark is required to get the same contributions to ! aµ, and the region which can

explain ! a2021
µ narrows and ßattens as shown in the middle panel. In both cases the new! a2021

µ value can

be explained with a marginally smaller coupling than the previous BNL value due to the smalldecreasein the

discrepancy. CMS searches for scalar leptoquarks [450], shown by grey shading, exclude regions with masses

M S1 " 1.1Ð1.5 TeV, dependent on the branching ratio%S1 in Eq. (20). For lower ! QL couplings the strongest

11 where SARAH4.14.1 [443Ð446] was used to get expressions for masses and vertices, andFlexibleSUSY also uses some numerical
routines originally from SOFTSUSY[447, 448].
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Athron et al. '21

Here some Þne 
tuning is needed

Muon g-2

Similar to the previous model, with F being the top quark

https://arxiv.org/abs/1411.6799
https://arxiv.org/abs/1607.07621
https://arxiv.org/abs/1610.06587
https://arxiv.org/abs/2104.03691
https://arxiv.org/abs/hep-ph/0102180v1
https://arxiv.org/abs/2104.03691


A light possibility

!19

The g-2 anomaly could also be caused by light , very weakly-interacting  particles, 
such as axion-like particles and light gauge bosons of new local symmetries

!
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xµ = mµ /M A !

µ µA!

ALight vector mediator as a solution to (g Ð2)µ

����! � ����! � ����� �����

����! �

����! �

����! �

����! �

����! �

!"#$% ! &&

'"()* +,#$-.

!"!"
#

$ ��

!/0 1 ��!"#
$%$&'

!()

! !""

!"# !"$ !"%
!"&

"2! 3#�� $ 3��

!4567689 :;$

<=$*>(?=

" #

arXiv:2104.03297

Could also account 
for an observed 
tension in the 
Hubble parameter

(! Neff = 0.4)

Escudero et al. (2019)

Araki et al. (2013)
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ALight vector mediator as a solution to (g Ð2)µ

����! � ����! � ����� �����

����! �

����! �

����! �

����! �

����! �

!"#$% ! &&

'"()* +,#$-.

!"!"
#

$ μ

!/0 1 μ!"#
$%$&'

!()

! !""

!"# !"$ !"%
!"&

"2! 3#�� $ 3σ

!4567689 :;$

<=$*>(?=

" #

arXiv:2104.03297

Could also account 
for an observed 
tension in the 
Hubble parameter

(! Neff = 0.4)

Escudero et al. (2019)

Araki et al. (2013)

Example: AÕ from gauged

!
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L = L SM !
1
4

X !" X !" !
! Y

2
B!" X !" ! gx j X

! X ! !
M 2

X

2
X ! X !
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j µ ! !
" = øL 2! " L 2 + øµR ! " µR ! øL 3! " L 3 ! ø"R ! " "R
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j µ
! = øL 2! ! L 2 + øµR ! ! µR +
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"

Q"
ø"! ! "

µ-philic vector boson
Coupling to 
leptons
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U(1)L µ

! Simplest anomaly free extension

! Needs extra fields to cancel anomalies

! Constrained by flavour -changing processes 

(one of the combinations of the global 
symmetries of the SM that are anomaly-free) Xiao-Gang He et al. '91
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ALight vector mediator as a solution to (g Ð2)µ
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Could also account 
for an observed 
tension in the 
Hubble parameter

(! Neff = 0.4)

Escudero et al. (2019)

Araki et al. (2013)

 Amaral et al. '21

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.43.R22
https://arxiv.org/abs/2104.03297


What about SUSY?

!20

In R-parity conserving SUSY models, the only SUSY particles that contribute to the 
g-2 are smuons (including     ), charginos and neutralinos. The relevant parameters are: 
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tan ! =
vu

vd
Bino, Wino, Higgsino!

mass parameters
LH/RH smuon mass terms, !

[trilinear coupling]

<latexit sha1_base64="NCliL80TnISTFgIjqkv9bq2IAcg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgopREirqsuHHhoop9QBrCZDpph85MwsxECKH9FTcuFHHrh7jzb5w+Ftp64MLhnHu5954wYVRpx/m2CmvrG5tbxe3Szu7e/oF9eNRWcSoxaeGYxbIbIkUYFaSlqWakm0iCeMhIJxzdTP3OE5GKxuJRZwnxORoIGlGMtJECu8yDu+qEBw/ViXcd5D2ejv3Arjg1Zwa4StwFqYAFmoH91evHOOVEaMyQUp7rJNrPkdQUMzIu9VJFEoRHaEA8QwXiRPn57PgxPDVKH0axNCU0nKm/J3LElcp4aDo50kO17E3F/zwv1dGVn1ORpJoIPF8UpQzqGE6TgH0qCdYsMwRhSc2tEA+RRFibvEomBHf55VXSPq+5F7X6fb3SaCziKIJjcALOgAsuQQPcgiZoAQwy8AxewZs1sV6sd+tj3lqwFjNl8AfW5w9CgpSI</latexit>

mL , mR , [Aµ ]

Figure 15: The theoretical maximum MSSM contribution aSUSY,Max
µ for tan ! = 40 in the plane of the heaviest chargino

and the lightest smuon mass. (For each point in the plane, the actual value of the MSSM contribution can take any value
between 0 and± aSUSY,Max

µ , depending on the signs of parameters and details such as other masses and mixings.) The
yellow/green coloured regions show whereaSUSY,Max

µ (for tan ! = 40) is within the 1 " bands corresponding to the BNL
and new deviations! aBNL

µ and ! a2021
µ , see Eqs. (6,7), and their overlap. The red dashed contour lines can be interpreted

in two ways. Firstly, they directly correspond to certain values of aSUSY,Max
µ for tan ! = 40, as indicated in the left axis of

the legend plot. Secondly, thanks to the approximate linearity in tan! , each contour can be used to estimate the required
tan ! value for which aSUSY,Max

µ agrees with the deviation ! a2021
µ (keeping other input parameters Þxed). These tan!

values can be read o" from the right axis of the legend plot (the values are approximate since the linearity is not exact).
As an example of the reinterpretation we take the point m! ±

2
= 1750 GeV and m÷µ 1 = 700 GeV. For tan ! = 40 we get

aSUSY,Max
µ = 10 ! 10! 10. The required tan ! value to get ! a2021

µ would be around 100, as read o" from the right axis.
The results for aSUSY,Max

µ were obtained from a scan using GM2Calc [45] in which all relevant SUSY masses are varied
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As an example of the reinterpretation we take the point m! ±
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Mass matrices:
charginos

neutralinos

smuons
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Figure 2. Five sample mass-insertion diagrams. Vertices and mass insertions
are denoted by dots, and the interaction eigenstates corresponding to each line are
displayed explicitly. The external photon has to be attached in all possible ways to
the charged internal lines. The one-loop diagrams (C), (N1), (N2)have been discussed
also in [44]. The loop functionsF in the results are di! erent in the Þve cases and
depend on di! erent masses.
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scale 1 TeV, and the MSSMEFTHiggsmAmu spectrum generator, created with29 FlexibleSUSY [43, 44] and

incorporated in GAMBIT-1.3, is used for the precise evaluation of the spectrum of mass eigenvalues including

higher-order corrections.

The 1-loop contributions of the MSSM to aµ have been systematically and comprehensively studied in

Ref. [498], for reviews see Refs. [49,74,166]. A wide range of higher-precision calculations of 2-loop contributions

is available. Including higher-order corrections, the full known SUSY contributions (i.e. the di! erence between

MSSM and SM contributions) to aµ can be written as

aSUSY
µ =

!
a1L SUSY

µ + a2L(a)
µ + a2L, photonic

µ + a2L,f ÷f
µ

"

t ! -resummed
, (53)

Refs. [86,87,154,159,160] evaluated all 2-loop diagramsa2L(a)
µ in which a SUSY loop is inserted into a SM-like

loop, including so-called Barr-Zee diagrams. Given current experimental constraints these diagrams are very

small. Refs. [163, 449] computed leading QED-logarithms and the full 2-loop QED correctionsa2L, photonic
µ ;

Refs. [162,186] showed how to take into accountn-loop higher-order terms enhanced by (tan! )n , i.e. carry out

a tan ! -resummation. Finally Refs. [164, 165] computed genuine SUSY 2-loop correctionsa2L,f ÷f
µ to the SUSY

1-loop diagrams which include non-decoupling e! ects from e.g. heavy squarks. Each of these three kinds of

corrections can shift the 1-loop contributions by around 10%. All mentioned 1-loop and 2-loop contributions in

Eq. (53) are implemented in the code GM2Calc [45], which is used in our later phenomenological evaluations.30

The exact one-loop expression fora1L SUSY
µ can be found in most mentioned references; a full overview of

all contributions including higher orders is given in Ref. [45]. Here we provide the 1-loop contributions in

mass-insertion approximation, which allows to directly read o! the main parameter dependences. Following the

form given e.g. in Refs. [165,166,186] they read

a1L SUSY
µ ! " a1L

µ (WHL) + " a1L
µ (BHL) + " a1L

µ (BHR) + " a1L
µ (BLR) ,

with
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For SUSY masses signiÞcantly aboveM Z this is a very good approximation (of the 1-loop contributions).

Physics explanations and numerical examples have already been given around Eq. (49). Next to tan ! and the

SU(2) # U(1) gauge couplingsg1,2, these contributions depend on the Þve independent SUSY mass parameters

29 FlexibleSUSY is a generic spectrum generator generator, and the FlexibleEFTHiggs extension [44,503,504] improves the Higgs
mass calculation by resummation of large logarithms. The version used within GAMBITis the one of Ref. [44]. FlexibleSUSY also
uses some numerical routines originally from [447, 448] and usesSARAH4.14.1 [443Ð446].

30 For higher-order calculations in extensions of the MSSM see Refs. [227, 237, 337, 505].
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[16, 17]. These on-going experiments aim to reduce the experimental error at least by a
factor of four compared to aBNL

µ . Very recently, the Fermilab Muon g ! 2 collaboration
presented the Þrst result on the measurement [18,19],

aFNAL; 2021Apr.
µ = (11 659 204.0 ± 5.4) " 10! 10 , (3)

corresponding to 3.3! level. Together with the BNL measurement, the average value of
the aµ measurements is given by [18,19]

aBNL+FNAL
µ = (11 659 206.1 ± 4.1) " 10! 10 . (4)

Now the discrepancy between the experimental and theoretical values amounts to

! aµ # aBNL+FNAL
µ ! aSM

µ = (25 .1 ± 5.9) " 10! 10 , (5)

whose signiÞcance is equivalent to 4.2! level, and the muong! 2 anomaly is reconÞrmed.#3

This discrepancy is as large as the SM electroweak contribution to the muong ! 2,
aµ(EW) = (15 .4± 0.1)" 10! 10 [1], which implies that BSM physics around the electroweak
scale may be responsible for it. Low-energy supersymmetry (SUSY) is one of such solu-
tions. Its contribution to the muon g! 2, which we denote byaSUSY

µ , can naturally explain
the discrepancy because it is ampliÞed by model-speciÞc parameters as we shall see [21Ð23].
One can also beneÞt from the merits of SUSY models, such as the explanation of the gauge
hierarchy problem, the gauge coupling uniÞcation, and the existence of the dark matter
candidate as the lightest SUSY particle (LSP); this makes SUSY more attractive.

The SUSY contributions to the muon g ! 2 can be sizable when at leastthree SUSY
multiplets are as light asO(100) GeV. They are classiÞed into four types: ÒWHLÓ, ÒBHLÓ,
ÒBHRÓ, and ÒBLRÓ, where W, B, H, L, and R stand for wino, bino, higgsino, left-handed
and right-handed smuons, respectively. Under the mass-insertion approximation, these
four types are given as [23]#4
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#3 Very recently, the hadronic light-by-light contribution was analyzed in the Þrst principle by the lattice
QCD calculation [ 20]. The signiÞcance of the anomaly could decrease slightly.

#4 Note that the exact analytic formulae are used in our analysis instead of relying on this approximation.
See discussion below.

2

This paper is organized as follows. We describe SUSY parameter regions focused in
this paper in Sec.2 and show our main results in Fig. 1. The detailed analyses of the
LHC bounds are given in Sec.3, and Sec.4 is devoted to conclusions and discussion. In
Appendix A, we provide extra materials and additional discussions of our study, and
in Appendix B, the relations of the neutralino-chargino production cross sections are
discussed. AppendixC summarizes the list of the LHC Run 2 results used/checked in
our analysis.

2 Setup

In SUSY models, radiative corrections to the muong ! 2 can be ampliÞed when tan! is
sizable and at least three SUSY multiplets are as light asO(100) GeV, where tan! = vu/v d

is the ratio of the vacuum expectation values of the up- and down-type Higgs. They are
classiÞed into four types: WHL, BHL, BHR, and BLR. Each of the names describes
the SUSY particles yielding the contribution; B, W, H, L, and R stand for bino, wino,
higgsino, left-handed and right-handed sleptons, respectively. They are given under the
mass-insertion approximation by [45]#4
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whereM 1 (M 2) is the bino (wino) soft-mass parameter,µ is the higgsino mass parameter,
and m!µL / R

and m!! µ are the masses of the left/right-handed smuon and the muon sneutrino,
respectively. Note that aWHL

µ is the sum of the charged- and neutral-wino contributions
(cf. Refs. [20,29]). The loop functions are given by

f C (x, y) = xy
#

5 ! 3(x + y) + xy
(x ! 1)2(y ! 1)2 !

2 ln x
(x ! y)(x ! 1)3 +

2 ln y
(x ! y)(y ! 1)3

$
, (9)

f N (x, y) = xy
#

! 3 + x + y + xy
(x ! 1)2(y ! 1)2 +

2x ln x
(x ! y)(x ! 1)3 !

2y ln y
(x ! y)(y ! 1)3

$
, (10)

which satisfy 0 " f C/N (x, y) " 1, f C (1, 1) = 1 / 2 and f N (1, 1) = 1 / 6. When all the SUSY
particle masses are the same size, the chargino contributionaWHL

µ coming from the wino,
higgsino, and left-handed smuon is larger by an order of magnitude than the others.

This work focuses on the scenarios in which the chargino contribution dominates the
SUSY contributions to the muon g ! 2. Among SUSY particles, neutralinos%$0

i , charginos

#4 In the numerical calculation, we do not use these approximations but use the package
GM2Calc 1.5.0 [46]. See discussion below.

3

Wino-Higgsino-!
LH smuon/sneutrino

Bino-Higgsino-!
RH smuon

Bino-Higgsino-!
LH smuon

LH-RH smuon-!
Bino
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Figure 2. Five sample mass-insertion diagrams. Vertices and mass insertions
are denoted by dots, and the interaction eigenstates corresponding to each line are
displayed explicitly. The external photon has to be attached in all possible ways to
the charged internal lines. The one-loop diagrams (C), (N1), (N2)have been discussed
also in [44]. The loop functionsF in the results are di! erent in the Þve cases and
depend on di! erent masses.
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! tan !

A substantial contribution to the g-2 requires that either the neutralinos/charginos 
or the smuons are substantially mixed (e.g. if the lightest neutralino is ~Bino !

Ñi.e. M2, "  !  M1Ñand the smuons are not mixed, its contributions are negative)

The leading contributions then are:  

 Moroi '95

for reviews see Stšckinger '06 , Athron et al. '21

https://arxiv.org/abs/hep-ph/9512396
https://arxiv.org/abs/hep-ph/0609168v1
https://arxiv.org/abs/2104.03691
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Figure 2. Five sample mass-insertion diagrams. Vertices and mass insertions
are denoted by dots, and the interaction eigenstates corresponding to each line are
displayed explicitly. The external photon has to be attached in all possible ways to
the charged internal lines. The one-loop diagrams (C), (N1), (N2)have been discussed
also in [44]. The loop functionsF in the results are di! erent in the Þve cases and
depend on di! erent masses.
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are denoted by dots, and the interaction eigenstates corresponding to each line are
displayed explicitly. The external photon has to be attached in all possible ways to
the charged internal lines. The one-loop diagrams (C), (N1), (N2)have been discussed
also in [44]. The loop functionsF in the results are di! erent in the Þve cases and
depend on di! erent masses.
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displayed explicitly. The external photon has to be attached in all possible ways to
the charged internal lines. The one-loop diagrams (C), (N1), (N2)have been discussed
also in [44]. The loop functionsF in the results are di! erent in the Þve cases and
depend on di! erent masses.

scale 1 TeV, and the MSSMEFTHiggsmAmu spectrum generator, created with29 FlexibleSUSY [43, 44] and

incorporated in GAMBIT-1.3, is used for the precise evaluation of the spectrum of mass eigenvalues including

higher-order corrections.

The 1-loop contributions of the MSSM to aµ have been systematically and comprehensively studied in

Ref. [498], for reviews see Refs. [49,74,166]. A wide range of higher-precision calculations of 2-loop contributions

is available. Including higher-order corrections, the full known SUSY contributions (i.e. the di! erence between

MSSM and SM contributions) to aµ can be written as

aSUSY
µ =

!
a1L SUSY

µ + a2L(a)
µ + a2L, photonic

µ + a2L,f ÷f
µ

"

t ! -resummed
, (53)

Refs. [86,87,154,159,160] evaluated all 2-loop diagramsa2L(a)
µ in which a SUSY loop is inserted into a SM-like

loop, including so-called Barr-Zee diagrams. Given current experimental constraints these diagrams are very

small. Refs. [163, 449] computed leading QED-logarithms and the full 2-loop QED correctionsa2L, photonic
µ ;

Refs. [162,186] showed how to take into accountn-loop higher-order terms enhanced by (tan! )n , i.e. carry out

a tan ! -resummation. Finally Refs. [164, 165] computed genuine SUSY 2-loop correctionsa2L,f ÷f
µ to the SUSY

1-loop diagrams which include non-decoupling e! ects from e.g. heavy squarks. Each of these three kinds of

corrections can shift the 1-loop contributions by around 10%. All mentioned 1-loop and 2-loop contributions in

Eq. (53) are implemented in the code GM2Calc [45], which is used in our later phenomenological evaluations.30

The exact one-loop expression fora1L SUSY
µ can be found in most mentioned references; a full overview of

all contributions including higher orders is given in Ref. [45]. Here we provide the 1-loop contributions in

mass-insertion approximation, which allows to directly read o! the main parameter dependences. Following the

form given e.g. in Refs. [165,166,186] they read

a1L SUSY
µ ! " a1L

µ (WHL) + " a1L
µ (BHL) + " a1L

µ (BHR) + " a1L
µ (BLR) ,

with

" a1L
µ (WHL) =

g2
2

8" 2

m2
µM 2

m4
L

µ tan ! Fa

#
M 2

2

m2
L

,
µ2

m2
L

$

"
g2

2

16" 2

m2
µM 2

m4
L

µ tan ! Fb

#
M 2

2

m2
L

,
µ2

m2
L

$
, (54a)

" a1L
µ (BHL) =

g2
1

16" 2

m2
µM 1

m4
L

µ tan ! Fb

#
M 2

1

m2
L

,
µ2

m2
L

$
, (54b)

" a1L
µ (BHR) = "

g2
1

8" 2

m2
µM 1

m4
R

µ tan ! Fb

#
M 2

1

m2
R

,
µ2

m2
R

$
, (54c)

" a1L
µ (BLR) =

g2
1

8" 2

m2
µ

M 3
1

µ tan ! Fb

#
m2

L

M 2
1

,
m2

R

M 2
1

$
. (54d)

For SUSY masses signiÞcantly aboveM Z this is a very good approximation (of the 1-loop contributions).

Physics explanations and numerical examples have already been given around Eq. (49). Next to tan ! and the

SU(2) # U(1) gauge couplingsg1,2, these contributions depend on the Þve independent SUSY mass parameters

29 FlexibleSUSY is a generic spectrum generator generator, and the FlexibleEFTHiggs extension [44,503,504] improves the Higgs
mass calculation by resummation of large logarithms. The version used within GAMBITis the one of Ref. [44]. FlexibleSUSY also
uses some numerical routines originally from [447, 448] and usesSARAH4.14.1 [443Ð446].

30 For higher-order calculations in extensions of the MSSM see Refs. [227, 237, 337, 505].

45

[16, 17]. These on-going experiments aim to reduce the experimental error at least by a
factor of four compared to aBNL

µ . Very recently, the Fermilab Muon g ! 2 collaboration
presented the Þrst result on the measurement [18,19],

aFNAL; 2021Apr.
µ = (11 659 204.0 ± 5.4) " 10! 10 , (3)

corresponding to 3.3! level. Together with the BNL measurement, the average value of
the aµ measurements is given by [18,19]

aBNL+FNAL
µ = (11 659 206.1 ± 4.1) " 10! 10 . (4)

Now the discrepancy between the experimental and theoretical values amounts to

! aµ # aBNL+FNAL
µ ! aSM

µ = (25 .1 ± 5.9) " 10! 10 , (5)

whose signiÞcance is equivalent to 4.2! level, and the muong! 2 anomaly is reconÞrmed.#3

This discrepancy is as large as the SM electroweak contribution to the muong ! 2,
aµ(EW) = (15 .4± 0.1)" 10! 10 [1], which implies that BSM physics around the electroweak
scale may be responsible for it. Low-energy supersymmetry (SUSY) is one of such solu-
tions. Its contribution to the muon g! 2, which we denote byaSUSY

µ , can naturally explain
the discrepancy because it is ampliÞed by model-speciÞc parameters as we shall see [21Ð23].
One can also beneÞt from the merits of SUSY models, such as the explanation of the gauge
hierarchy problem, the gauge coupling uniÞcation, and the existence of the dark matter
candidate as the lightest SUSY particle (LSP); this makes SUSY more attractive.

The SUSY contributions to the muon g ! 2 can be sizable when at leastthree SUSY
multiplets are as light asO(100) GeV. They are classiÞed into four types: ÒWHLÓ, ÒBHLÓ,
ÒBHRÓ, and ÒBLRÓ, where W, B, H, L, and R stand for wino, bino, higgsino, left-handed
and right-handed smuons, respectively. Under the mass-insertion approximation, these
four types are given as [23]#4
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#3 Very recently, the hadronic light-by-light contribution was analyzed in the Þrst principle by the lattice
QCD calculation [ 20]. The signiÞcance of the anomaly could decrease slightly.

#4 Note that the exact analytic formulae are used in our analysis instead of relying on this approximation.
See discussion below.

2

This paper is organized as follows. We describe SUSY parameter regions focused in
this paper in Sec.2 and show our main results in Fig. 1. The detailed analyses of the
LHC bounds are given in Sec.3, and Sec.4 is devoted to conclusions and discussion. In
Appendix A, we provide extra materials and additional discussions of our study, and
in Appendix B, the relations of the neutralino-chargino production cross sections are
discussed. AppendixC summarizes the list of the LHC Run 2 results used/checked in
our analysis.

2 Setup

In SUSY models, radiative corrections to the muong ! 2 can be ampliÞed when tan! is
sizable and at least three SUSY multiplets are as light asO(100) GeV, where tan! = vu/v d

is the ratio of the vacuum expectation values of the up- and down-type Higgs. They are
classiÞed into four types: WHL, BHL, BHR, and BLR. Each of the names describes
the SUSY particles yielding the contribution; B, W, H, L, and R stand for bino, wino,
higgsino, left-handed and right-handed sleptons, respectively. They are given under the
mass-insertion approximation by [45]#4
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whereM 1 (M 2) is the bino (wino) soft-mass parameter,µ is the higgsino mass parameter,
and m!µL / R

and m!! µ are the masses of the left/right-handed smuon and the muon sneutrino,
respectively. Note that aWHL

µ is the sum of the charged- and neutral-wino contributions
(cf. Refs. [20,29]). The loop functions are given by

f C (x, y) = xy
#

5 ! 3(x + y) + xy
(x ! 1)2(y ! 1)2 !

2 ln x
(x ! y)(x ! 1)3 +

2 ln y
(x ! y)(y ! 1)3

$
, (9)

f N (x, y) = xy
#

! 3 + x + y + xy
(x ! 1)2(y ! 1)2 +

2x ln x
(x ! y)(x ! 1)3 !

2y ln y
(x ! y)(y ! 1)3

$
, (10)

which satisfy 0 " f C/N (x, y) " 1, f C (1, 1) = 1 / 2 and f N (1, 1) = 1 / 6. When all the SUSY
particle masses are the same size, the chargino contributionaWHL

µ coming from the wino,
higgsino, and left-handed smuon is larger by an order of magnitude than the others.

This work focuses on the scenarios in which the chargino contribution dominates the
SUSY contributions to the muon g ! 2. Among SUSY particles, neutralinos%$0

i , charginos

#4 In the numerical calculation, we do not use these approximations but use the package
GM2Calc 1.5.0 [46]. See discussion below.

3

Wino-Higgsino-!
LH smuon/sneutrino

Bino-Higgsino-!
RH smuon

Bino-Higgsino-!
LH smuon

LH-RH smuon-!
Bino
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! tan !

The leading contributions then are:  

 Moroi '95

following subsections.

The MSSM contributions to aµ are mainly generated by left- and right-handed smuons ÷µL,R, sneutrino ÷! µL ,

Bino ÷B , Winos ÷W1,2,3, and Higgsinos ÷Hu,d which are the SUSY partners of the muon, muon-neutrino, and the

electroweak SM gauge and Higgs bosons.÷B , ÷W1,2,3 and ÷Hu,d form neutralinos " 0
1,2,3,4 and charginos" ±

1,2 mass

eigenstates. They appear in the one-loop diagrams of Fig.19a (with charginos and sneutrinos) and of Fig.19b

(with neutralinos and smuons).

To provide a brief overview and set the stage for the following discussion we present Fig.15 and the following

approximation of the leading MSSM contributions to aµ,

! a1L
µ (WHL) ! 21" 10! 10sign(µM 2)

!
500 GeV
M SUSY

" 2 tan #
40

, (49a)

! a1L
µ (BHL) ! 1.2 " 10! 10sign(µM 1)

!
500 GeV
M SUSY

" 2 tan #
40

, (49b)

! a1L
µ (BHR) ! # 2.4 " 10! 10sign(µM 1)

!
500 GeV
M SUSY

" 2 tan #
40

, (49c)

! a1L
µ (BLR) ! 2.4 " 10! 10sign(µM 1)

!
500 GeV
M SUSY

" 2 tan #
40

µ
500 GeV

. (49d)

The letters B,W,H,L, and R are the abbreviations for Bino, Winos, Higgsinos, and Left-and Right-handed

smuons respectively. As indicated by the letters in brackets, each contribution depends on three of these states

and their respective masses. In each formula the three appropriate masses have been set to a common scale

M SUSY and M SUSY $ M Z is assumed. The approximations highlight the linearity in tan # = vu/v d, the ratio

of the two MSSM Higgs VEVs.

The physics of the individual contributions is as follows. In the Þrst three lines the muon chirality is

ßipped at the Yukawa coupling to a Higgsino; the Higgsino is then converted to a gaugino via a Higgs vacuum

expectation value. The appearance of the enhanced VEV is always accompanied by a factor of the Higgsino

massµ. This explains the appearance of one Higgsino, one gaugino (Bino or Wino) and of the factors tan#

and µ in the numerators.

The BLR contribution in the fourth line is special. Here the muon chirality is ßipped at the smuon line

via the insertion of a smuon-left-right ßip, which is governed by a product of the Higgsino massµ and the

enhanced VEV in the smuon mixing matrix. This explains the appearance of left- and right-handed smuons

and of the factors tan# and µ in the numerator. In contrast to the other contributions, the BLR contribution

is approximately linearly enhanced by the Higgsino massµ since this parameter does not appear as the mass

of a virtual Higgsino. The signs of all contributions are determined by the signs ofµ and the gaugino masses

M 1,2. In the following we will only consider positive signs of all these parameters, leading to positive MSSM

contributions to aµ.

Figure 15 shows the theoretical maximum of the SUSY contributions (i.e. MSSM minus SM contributions)

aSUSY,Max
µ in the plane of m! ±

2
and m÷µ1 , where " ±

2 is the heavier chargino and ÷µ1 the lighter smuon (for

similar plots in di " erent planes see Refs. [49, 139, 182]). It Þxes tan # = 40 and allows all SUSY masses to

vary independently between 100 GeV and 4 TeV, for further details see the caption.27 The red dashed lines

evaluation [499, 500] based on the measurement of the Þne-structure constant of Ref. [501]. However, a more recent measurement
of the Þne-structure constant of Ref. [502] leads to good agreement between theory and experiment for the electrong ! 2. Here we
do not consider the electron g ! 2 further.

27 Widening the range of masses would not change the plot since the maximum aSUSY
µ is obtained in the bulk of the mass range,

not at its boundary. This is a reßection of the fact that the leading contributions approximated in Eq. ( 49) are suppressed if Bino,

42

[16, 17]. These on-going experiments aim to reduce the experimental error at least by a
factor of four compared to aBNL

µ . Very recently, the Fermilab Muon g ! 2 collaboration
presented the Þrst result on the measurement [18,19],

aFNAL; 2021Apr.
µ = (11 659 204.0 ± 5.4) " 10! 10 , (3)

corresponding to 3.3! level. Together with the BNL measurement, the average value of
the aµ measurements is given by [18,19]

aBNL+FNAL
µ = (11 659 206.1 ± 4.1) " 10! 10 . (4)

Now the discrepancy between the experimental and theoretical values amounts to

! aµ # aBNL+FNAL
µ ! aSM

µ = (25 .1 ± 5.9) " 10! 10 , (5)

whose signiÞcance is equivalent to 4.2! level, and the muong! 2 anomaly is reconÞrmed.#3

This discrepancy is as large as the SM electroweak contribution to the muong ! 2,
aµ(EW) = (15 .4± 0.1)" 10! 10 [1], which implies that BSM physics around the electroweak
scale may be responsible for it. Low-energy supersymmetry (SUSY) is one of such solu-
tions. Its contribution to the muon g! 2, which we denote byaSUSY

µ , can naturally explain
the discrepancy because it is ampliÞed by model-speciÞc parameters as we shall see [21Ð23].
One can also beneÞt from the merits of SUSY models, such as the explanation of the gauge
hierarchy problem, the gauge coupling uniÞcation, and the existence of the dark matter
candidate as the lightest SUSY particle (LSP); this makes SUSY more attractive.

The SUSY contributions to the muon g ! 2 can be sizable when at leastthree SUSY
multiplets are as light asO(100) GeV. They are classiÞed into four types: ÒWHLÓ, ÒBHLÓ,
ÒBHRÓ, and ÒBLRÓ, where W, B, H, L, and R stand for wino, bino, higgsino, left-handed
and right-handed smuons, respectively. Under the mass-insertion approximation, these
four types are given as [23]#4

aWHL
µ =

" 2

4#

m2
µ

M 2µ
tan $ áf C

!
M 2

2

m2
!! µ

,
µ2

m2
!! µ

"

!
" 2

8#

m2
µ

M 2µ
tan $ áf N

!
M 2

2

m2
!µL

,
µ2

m2
!µL

"

, (6)

aBHL
µ =

" Y

8#

m2
µ

M 1µ
tan $ áf N

!
M 2

1

m2
!µL

,
µ2

m2
!µL

"

, (7)

aBHR
µ = !

" Y

4#

m2
µ

M 1µ
tan $ áf N

!
M 2

1

m2
!µR

,
µ2

m2
!µR

"

, (8)

aBLR
µ =

" Y

4#

m2
µM 1µ

m2
!µL

m2
!µR

tan $ áf N

!
m2

!µL

M 2
1

,
m2

!µR

M 2
1

"

, (9)

#3 Very recently, the hadronic light-by-light contribution was analyzed in the Þrst principle by the lattice
QCD calculation [ 20]. The signiÞcance of the anomaly could decrease slightly.

#4 Note that the exact analytic formulae are used in our analysis instead of relying on this approximation.
See discussion below.
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M 1 ! M 2 ! µ ! M SUSYIf :

for reviews see Stšckinger '06 , Athron et al. '21!22

A substantial contribution to the g-2 requires that either the neutralinos/charginos 
or the smuons are substantially mixed (e.g. if the lightest neutralino is ~Bino !

Ñi.e. M2, "  !  M1Ñand the smuons are not mixed, its contributions are negative)

https://arxiv.org/abs/hep-ph/9512396
https://arxiv.org/abs/hep-ph/0609168v1
https://arxiv.org/abs/2104.03691
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Extensive searches have been performed 
by ATLAS and CMS for the electro-weak 
production of SUSY sleptons/charginos/

neutralinos, that can exclude SUSY 
masses even above ~1 TeV (barring the 

cases with Òcompressed spectrum Ó)

 ATLAS '19

 CMS '21
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Figure 2: Feynman diagrams of the processes we investigate. Here,! = e, µ and l = e, µ,$.

setup. See also AppendicesA and C for details of the analysis of the LHC constraints and
the summary of the LHC Run 2 results investigated in our study, respectively.

Since the electroweakinos are mixtures of the bino, wino, and higgsino gauge eigen-
states, the production cross sections and the decay patterns are determined by the mixing
composition and thus dependent on the parameters in Eq. (11). This is contrasted to
typical setups in analyses of the ATLAS and CMS collaborations. LHC constraints are
usually reported on simpliÞed models,e.g., some of the branching ratios are Þxed to be
unity. Therefore, to obtain LHC constraints on the SUSY models motivated by the muon
g! 2 anomaly, we need to interpret the LHC constraints in terms of the model parameters
of our interest (cf. Ref. [20]).

The ATLAS and CMS collaborations usually report upper limits (UL) on production
cross sections,%UL , in a simpliÞed scenario. When we focus on a speciÞc signal region
(SR), it is related to the upper limit on the number of events in this SR, NUL , by

NUL"
dtL

= ( A " E)|original á%UL;original , (19)

where
"

dtL is the integrated luminosity, A the acceptance, andE the e! ciency. A label
ÒoriginalÓ is introduced to clarify that the values are for the original simpliÞed scenario by
the ATLAS and CMS collaborations. The left-hand side is independent of the processes or
models. The dependence is contained in the right-hand side. Accordingly, the constraints
can be applied to any modelX by calculating the acceptance and e! ciency. The upper
limit on the production cross section under the model,%UL; X , is derived as

%UL; X =
(A " E)|original

(A " E)|X
á%UL;original . (20)

Although the acceptance and e! ciency, (A " E)|X , may be estimated by Monte Carlo
simulation with detector simulation, it is not straightforward to recast the experimental

7

https://arxiv.org/abs/1908.08215
https://inspirehep.net/literature/1847698
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Figure 16: ( ÷B÷l)-scenario with either M 2 = 1200 GeV Þxed or M 1 = 250 GeV Þxed. For the remaining parameter
values see the plots. The red dashed contours correspond to values ofaµ as indicated in the legend on the right; the
yellow/green coloured regions correspond to the 1! bands corresponding to the BNL deviation (6) and the new deviation
including FNAL ( 7), and their overlap. For the tan " -reinterpretation see caption of Fig. 15. The (light) red shaded
regions are excluded by dark matter direct detection if the LSP is assumed stable; the blue shaded region corresponds
to the limits from the LHC recasting, see Fig. 20 and text for details. These plots do not contain regions excluded by
the additional LHC limits implemented in a simpliÞed way. The red thick solid line in the right plot corresponds to the
parameter strip where chargino-neutralino coannihilation is possible; directly below this strip a tiny region is excluded by
the LHC-constraint from compressed masses, Ref. [468], but we veriÞed that this does not exclude the chargino-neutralino
coannihilation region. The gray thin line corresponds to the vacuum stability constraint of Ref. [176]; it applies in case
the left- and right-handed stau-masses are set equal to the smuon/selectron masses and excludes the points to the right,
i.e. with larger µ.

The red dashed lines and yellow/green coloured regions show the contours ofaµ and 1! regions corresponding

to the measurements from BNL only and the average includingFNAL . The behaviour of aµ in this ( ÷B÷l)-

scenario is dominated by the WHL and BLR contributions of Eqs. (49,54) and can be well understood via these

approximations. The WHL contributions dominate in the left plot at large M 1 and very small µ and in the

right plot at µ ! 1 TeV; in these regionsaSUSY
µ decreases with increasingµ. The BLR contributions are linearly

enhanced byµ and dominate at largeµ in both plots. As the plots show very largeaSUSY
µ can be obtained both

for large µ, where the BLR-contribution dominates, and for small µ with WHL-dominance.

LHC-constraints obtained by the recasting described in Sec.6.2 are displayed by the blue shaded region

in the plots. The parameter space of the left plot Fig. 16a is entirely allowed (more details on the recasting

are exhibited in the Appendix), even where the Higgsino-like chargino is light. The right plot Fig. 16b shows

the expected large excluded region approximately for 300 GeV< M 2 < 900 GeV. It is excluded by the

chargino/slepton channel search of Refs. [473, 506], see Eq. (56). The recasting shows again that the Wino-

like charginos are signiÞcantly more constrained than Higgsino-like charginos and that the exclusion region is

smaller than in the simpliÞed-model interpretation of Eq. (56b). An additional strip of parameter space at

around M 2 ! M 1 " 5 GeV (in which case the mass eigenvalues satisfym! ±
1

" m! 0
1

! 15 GeV) is excluded by

the recasting of the CMS compressed-mass search of Ref. [468].

Regarding dark matter it is well known that in case of a Bino-like LSP in the considered mass range the

relic density is too high unless some coannihilation mechanism is active. In our case there are three options:
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Figure 2. Five sample mass-insertion diagrams. Vertices and mass insertions
are denoted by dots, and the interaction eigenstates corresponding to each line are
displayed explicitly. The external photon has to be attached in all possible ways to
the charged internal lines. The one-loop diagrams (C), (N1), (N2)have been discussed
also in [44]. The loop functionsF in the results are di! erent in the Þve cases and
depend on di! erent masses.
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LHC searches can already probe substantial portion of the !
parameter space favoured by the g-2 anomaly

Athron et al. '21
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Figure 1: The 2021 Spring summary of the chargino-dominated SUSY scenario for the
muon g ! 2 anomaly. Four benchmark parameter planes are considered, where the WHL
contribution is sizable and aSUSY

µ explains the anomaly at the 1! (2! ) level in the orange-
Þlled (yellow-Þlled) regions; aSUSY

µ " 1010 is shown by the black contours (but up to
50). The thick black line corresponds to m!µL = m!! ±

1
. The gray-Þlled region, where

the LSP is !" , and the red-hatched region in (A), which corresponds to a compressed
spectrum, are not studied. The red-Þlled and blue-Þlled regions are excluded by the LHC
experiment [50,56,57]. We also analyzed the results of Refs. [58,59] but only on the model
points with x = 0 .05, 0.5, and 0.95 [see Eq. (22)]; the excluded ranges are shown by the
magenta bars. Detailed description of the LHC constraints is provided in our previous
work [48].
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Þlled (yellow-Þlled) regions; aSUSY

µ " 1010 is shown by the black contours (but up to
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1
. The gray-Þlled region, where

the LSP is !" , and the red-hatched region in (A), which corresponds to a compressed
spectrum, are not studied. The red-Þlled and blue-Þlled regions are excluded by the LHC
experiment [50,56,57]. We also analyzed the results of Refs. [58,59] but only on the model
points with x = 0 .05, 0.5, and 0.95 [see Eq. (22)]; the excluded ranges are shown by the
magenta bars. Detailed description of the LHC constraints is provided in our previous
work [48].

LHC searches can already probe substantial portion of the !
parameter space favoured by the g-2 anomaly

Endo et al. '21

There is still room for a supersymmetric explanation of the discrepancy, but LHC 
constraints are increasingly tight (and challenge UV-complete SUSY-breaking scenarios)

https://arxiv.org/abs/2104.03217
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. The gray-Þlled region, where

the LSP is !" , and the red-hatched region in (A), which corresponds to a compressed
spectrum, are not studied. The red-Þlled and blue-Þlled regions are excluded by the LHC
experiment [50,56,57]. We also analyzed the results of Refs. [58,59] but only on the model
points with x = 0 .05, 0.5, and 0.95 [see Eq. (22)]; the excluded ranges are shown by the
magenta bars. Detailed description of the LHC constraints is provided in our previous
work [48].
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LHC searches can already probe substantial portion of the !
parameter space favoured by the g-2 anomaly

Endo et al. '21

There is still room for a supersymmetric explanation of the discrepancy, but LHC 
constraints are increasingly tight (and challenge UV-complete SUSY-breaking scenarios)

Figure 1 . Tensions between the! aFNAL+BNL / BNL
µ explanation and the relevant experimental

limits in CMSSM, showing on the plane of (M 0, M 1/ 2) for sign(µ) = +1 , A0 = 0 TeV (left),
1 TeV (right) and tan ! = 50 (upper), 30 (lower). The green regions satisfy the combined
FNAL+BNL result, while the orange regions plus the green regions are consistent with the previous
BNL measurement. The areas below the red dash and purple curves are excluded by LHC direct
searches for sparticles and Br(b ! s" ) bound, respectively. The blue shaded regions are consistent
with the present Higgs mass measurement, with 2 GeV theoretical uncertainty. In the brown shaded
areas, LSP is the charged÷#1, which is excluded. All the limits are shown at 2$ CL.

come from the searches for squarks and gluinos in Þnal states of multi-jets and miss-
ing transverse momentum (E miss

T ). The LHC direct search limits at 95% conÞdence
level (CL) shown in Fig. 1 are estimated by recasting two ATLAS 13 TeV analy-
ses, 2-6 jets +E miss

T (dominate at M 0 < 1.3 TeV) [42] and 0/1 lepton + 3 b-tagged
jets + E miss

T (dominate at M 0 > 1.3 TeV) [43], using MG5@NLO[44], PYTHIA[45, 46],
Delphes3.3.0 [47, 48], Prospino [49] and CheckMATE 2.0[50, 51], as described in
Ref. [9]. The limits, which are insensitive to tan ! and A0 [52], have fully excluded
parameter space in the CMSSM for explanation of the muong " 2 discrepancy. The
only way to evade them is to give up or alter the mass uniÞcation at the GUT scale.

Ð 4 Ð

For instance, for minimal SUGRA/CMSSM:!

Wang et al. '21

https://arxiv.org/abs/2104.03217
https://arxiv.org/abs/2104.03262
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What about the electron  g-2? It is one of the best-measured quantities in physics!
<latexit sha1_base64="qKNFoTMNjmWbC3tL40XS1kw8ARI="></latexit>

aexp
e = 11 596 521 807.3(2.8) ! 10! 13 [0.24 ppb]!! Hanneke Fogwell Gabrielse '08

Also the theoretical prediction is very precise (QED dominated, QCD contributions 
less important) until few years ago it was used as a way to measure %em

Giudice Passera Paradisi '12

In recent years, it became 
possible thanks to atomic 

interferometry

Morel et al. '20Parker et al. '18

The two best measurements 
are somewhat in tension
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Depending on which one you adopt, you get!

fermions through the interaction of certain mediator Þelds (cf. [12, 13] for further discussion

about the UV completion of this kind of models). Below this scale, we integrate out ßavour

mediators and ßavons so that the only dimension four operator in the SM are the Yukawa

couplings, and higher dimension operators are suppressed by the corresponding power of! f .

Besides, the dipole operators! ø!" µ! PR! F µ! involve exactly the same fermionic Þelds as

the Yukawa couplings, and, necessarily, the same ßavour dynamics must dictate the ßavour

structure of these couplings responsible for theaµ anomaly. If we call ! the scale associated

with the new physics in the loop that generates the dipole operators, we have that provided

that ! f " ! , the ßavour structure of the dipole operators will be exactly proportional to the

Yukawa couplings (the only ßavourful dimension 4 operator), with negligible corrections of

order m2
" / ! 2

f . However, if ! f # ! , or even the new physics responsible for the new contribu-

tions to dipole moments is the very same ßavour dynamics, the ßavour structure of the dipole

operator will be similar to the Yukawa structure, but, in general, not exactly proportional to

the Yukawa matrices. As a consequence, such a ßavour dynamics (e.g. a Froggatt-Nielsen-like

model based on some ßavour symmetries) will be severely constrained by the requirement that

the muon dipole is as large as needed to account for the anomaly, simultaneously evading the

stringent bounds on the ßavour-violating counterparts of such operator, inducing the lepton

ßavour violating (LFV) decays ! $ ! !# (for a recent review on LFV see [14]). In other words,

the fact that the charged leptons Yukawas and the coe! cients of the dipole operators need to

be to large extent aligned to evade LFV constraints provides us with non-trivial information

on any underlying ßavour dynamics broken at a low scale.

The new result of the Muon g-2 experiment is 3.3" away from the SM prediction [1] and

thus is compatible with the previous BNL measurement, Eq. (1). The combination of the two

experiments reads:

" aµ % aNEW
µ & aSM

µ = (2 .51± 0.59) ' 10" 9 , (3)

which amounts to a 4.2" deviation from the SM prediction.

For what concerns the electrong & 2 the situation is at present inconclusive. The SM

calculation crucially depends on$em, but the two most precise determinations of it from

atomic physics [15, 16] are incompatible at the 5" level. Depending on which measurement is

employed the prediction for ae gives:

" aCs
e % aexp

e & aSM,Ca
e = &(8.8 ± 3.6) ' 10" 13, (4)

" aRb
e % aexp

e & aSM,Rb
e = (4 .8 ± 3.0) ' 10" 13. (5)

In particular, the second one [16] is compatible with the experimental measurement at the

1.6 " level and thus we will just employ it to bound possible new-physics contribution toae.

As mentioned above, in an e" ective Lagrangian approach, non-standard e" ects to the

leptonic observables of interest (" a" , µ $ e#, EDMs, etc.) are captured by the dipole
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The electron g-2 can be used to test models that explain the muon g-2 tension!
(some predict                                                  )
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aNP
e /a NP

µ ! (me/m µ )2 or (me/m µ )

In general, there is no reason why NP should not have a generic ßavour structure:

NP models with non-trivial ßavour structures could exhibit correlations among the g-2 of 
di"erent ßavours, but also the lepton EDMs, and lepton ßavour violating (LFV) observables:

operators:

L !
e v
8! 2 C!! !

! ø"#µ" PR"!" F µ" + h .c. ", "! = e, µ, $ , (6)

where v " 246 GeV is the Higgs vev. Here we deÞne the Wilson coe! cients C!! ! (that in

our convention have mass dimensionGeV" 2) as corresponding to new-physics contributions

only. This e" ective Lagrangian constitutes a model-independent description of the new-physics

e" ects we are interested in, so long as the new-physics scale is much larger than the energy

scale associated to our observables, i.e. the lepton masses. In terms of the above Wilson

coe! cients the new-physics contribution to the! a! reads:

! a! =
m! v
2! 2 Re(C!! ). (7)

In order to Þt the experimental result in Eq.(3), the relevant dipole coe! cient needs to attain

the following 1# range:

Re(Cµµ ) # [1.5, 2.4] $ 10" 9 GeV" 2. (8)

For what concernsae, the result in Eq. (5) translates into the 95% CL bound:

%1.9 $ 10" 11 GeV" 2 ! Re(Cee) ! 1.7 $ 10" 10 GeV" 2. (9)

Finally the yet unmeasured tau g %2 provide a loose bound to theC## coe! cient:

%3.7 $ 10" 4 GeV" 2 ! Re(C##) ! 1.7 $ 10" 4 GeV" 2, (10)

which follows from the constraint %0.007< a # < 0.005that has been obtained employing data

for tau lepton production at leptonic colliders [17] and the SM prediction aSM
# = 117721(5)$

10" 8 [18].

On the other hand, the imaginary parts of the dipole coe! cients give rise to lepton EDMs:

d! =
ev
4! 2 Im(C!! ) , (11)

resulting in the following bounds

|Im(Cee)| ! 9.0$ 10" 17 GeV" 2, |Im(Cµµ )| ! 1.2$ 10" 6 GeV" 2, |Im(C##)| ! 3.7$ 10" 4 GeV" 2,

(12)

which were obtained respectively from the experimental limitsde < 1.1 $ 10" 29 ecm [19],

dµ < 1.9 $ 10" 19 ecm [20], d# < 4.5 $ 10" 17 ecm [21]. As we can see, the very stringent

constraint on the electron EDM implies that, if Cee saturates the bound in Eq. (9), its phase

must be suppressed at the10" 6 %10" 5 level.

The ßavour-changing couplings instead contribute to LFV processes, in particular to the

radiative decays:

BR(" & "!%)
BR(" & "!&ø&!)

=
3'

'
2! G3

F m2
!

!
|C!! ! |2 + |C! ! ! |

2"
, (13)
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where the coe! cients C!! ! are deÞned in the basis where the lepton Yukawa matrixY! is

diagonal. The experimental boundBR(µ ! e! ) < 4.2 " 10! 13 [22] then translates into the

following constraint:

|Ceµ |, |Cµe| ! 3.9 " 10! 14 GeV! 2 . (14)

Similarly, bounds from " ! µ! and " ! e! [23, 24] respectively give:

|C" µ |, |Cµ" | ! 5.0 " 10! 10 GeV! 2 , (15)

|C" e|, |Cµe| ! 4.3 " 10! 10 GeV! 2 . (16)

As mentioned above, all these constraints refer to coe! cients in the lepton mass basis,

namely the basis where the charged lepton Yukawa matrix is diagonal, which is connected to

any other basis by unitary rotations of the lepton Þelds:

Y diag
! = V   Y! W = diag(ye, yµ , y" ) , (17)

where V and W are LH and RH rotations, respectively. This follows from our convention

for the Yukawa interactions of the leptons with the Higgs: (Y! )ij øL i Ej ! , where L i (Ej ) are

the SU(2)L doublet (singlet) lepton Þelds. In particular, we consider here the biunitary

transformation as in Eq. (17) connecting the mass basis and the ßavour basis of the new

physics at the origin of the Yukawa interactions. Denoting as!C the dipole coe! cients in the

ßavour basis (whose structure is dictated by the ßavour symmetry) the same transformation

to the mass basis gives the matrix of Eq. (6):

C!! ! =
"

V   !CW
#

!! !
, #, #" = e, µ, " . (18)

It is the elements of this matrix that are constrained as shown in Eqs. (8-10) and (14-16).

2 Charged lepton Yukawa structure

The only restriction we have on the charged lepton Yukawa matrix comes from the observed

eigenvalues and, in principle, from the neutrino mixing. Nevertheless, it is always possible

to generate the neutrino mixing entirely from the Majorana neutrino e" ective mass matrix

or the neutrino Yukawa in case the neutrino masses are Dirac-like, and then, we can not use

these large mixings to constrain the entries in the charged-lepton matrix. Still, the strategy

typically used for quark Yukawas in ßavour symmetry models is to require that the smallness

of CKM mixings is not due to a precise cancellation between large mixing angles in the up and

down Yukawa matrices, but to the smallness of the mixings in both matrices. This strategy

is not useful here with the neutrino mixing angles, as neutrino mixings areO(1) with the

partial exception of $13. However, we can still follow a similar strategy with the charged-

lepton eigenvalues: the hierarchy in the eigenvalues is due to a corresponding hierarchy in the
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https://arxiv.org/abs/2104.03296
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3. Take-home messages
#After the FNAL experiment conÞrmed the previous BNL result, the g-2 puzzle 

can only be solved by (i) hadronic vacuum polarisation (ii) new physics!

Either way, interesting (even exciting) times await us!!

#Plenty of NP models can explain the discrepancy, but constraints (e.g. from 
collider searches) are becoming increasingly tighter!

#New particles models featuring chiral enhancement can address the g-2 with 
masses in the multi-TeV range, thus evading the bounds more easily!

#In general, if NP is there, one can expect deviations induced by correlated 
dipole operators (ßavour-conserving and ßavour-violating)!

Upcoming years could bring us other exciting discoveries!
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