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QCD, Event Generators & Phenomenology

QCD description of collider reactions:
Complexity challenges precision.

Hard partonic scattering:
NLO QCD routinely

Jet evolution Ñ parton showers:
NLL sometimes, mostly unclear

Multi-parton interactions
Hadronization



Bottlenecks

Parton shower algorithms
Lack a systematic expansion, obstruct fully differential NNLO 
for the hard process, open questions regarding mass effects 
and unstable particles.

Hadronization models
Lack constraints from perturbative evolution: Hiding 
perturbative corrections? Genuine uncertainties/constraints?

Rethink foundations of parton showers.



Outline

Loads of material, will focus on:

¥Colour space and large-N expansions
¥Collinear subtractions and structure of evolution
¥Algorithmic aspects & numerical results
¥Relation to colour reconnection

Will skip/discuss ofßine:

¥Spin
¥Ordering variable
¥Coloumb/Glauber issues



Parton Branching at Amplitude Level

the amplitudes A n(µ; { p} n ); µ is an infra-red cut-o! and { p} n = { P1, ..., PnH , q1, ..., qn}
whereq1, ..., qn are the momenta of then partons that dress the hard process. Steps in the
Markov chain are constructed from the action of two operators,D n and ! n . The D n op-
erators are emission operators; they act as maps from a stateA n! 1(q" ; { p} n! 1) to a state
A n(q" ; { p} n ), and they describe the emission of thenth parton. Operators ! n provide a
map from a state A n(q" ; { p} n ) onto some other ÷A n(q" ; { p} n ). Physically, they dress the
density operator with (iterated) virtual corrections. The path-ordered exponent of ! n is
an amplitude level Sudakov factor/operator which we call V a,b:

V a,b = Pexp
!

!
" b

a

dq"

q"
! n (q" )

#
. (2.1)

V a,b evolves a stateA n(b; { p} n ) to a state at a lower scale ÷A n(a; { p} n ); for a complete
discussion ofV a,b see [12]. In [12] we presented the PB algorithm in the following form:

A n(q" ; { p} n ) =
"

dRnV q! ,qn ! D nA n! 1(qn " ; { p} n! 1)D  
nV  

q! ,qn !
" (q" " qn " ). (2.2)

The algorithm maps the set of partonic momenta prior to the nth emission ({ pn! 1} ) onto
a new set ({ pn} ), by adding a parton (qn). In order to conserve energy-momentum, the set
of momenta prior to the emission are adjusted after each emission, i.e.{ pn! 1} # { ÷pn! 1}
and { pn} = { ÷pn! 1 $ qn} . We achieve this by integrating over delta functions relating the
two sets of momenta. This is all hidden inside

$
dRn, which we describe in AppendixA.1

and give examples of in Section3. We also provide deÞnitions of each operator involved in
the evolution in Appendix A.1.
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Figure 1 . A general term in the Markov chain of amplitude density matrices, A n , constructed by
the PB algorithm. H % |M & 'M| is the initial hard process; in this case it has two hard coloured
legs, a and b. D n dresses an amplitude with thenth emission that is either soft or collinear.
Collinear emissions are emitted symmetrically from the amplitude and conjugate amplitude, such
as gluon 1. Soft emissions appear as interference terms, such as gluon 2.! n dresses the amplitude
after n soft or collinear emissions with a loop.
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density operator observable phase space integration

[Nagy, Soper Ñ 2014 É]
[Angeles, De Angelis, Forshaw, PlŠtzer, Seymour Ð JHEP 05 (2018) 044]

[Forshaw, Holguin, PlŠtzer Ð JHEP 1908 (2019) 145]

In this paper, it better suits our purposes to work with the PB algorithm expressed
as an evolution equation, i.e. working di! erentially in the ordering variable, q! . Broadly
speaking, qn ! is the transverse momentum of thenth parton and it is a function of the
n-parton phase-space. The precise deÞnition ofqn ! is context dependent and is given in
Appendix A.1. The evolution equation is

q!
! A n(q! ; { p} n )

! q!
= ! ! n (q! ) A n(q! ; { p} n ) ! A n(q! ; { p} n ) !  

n (q! )

+
!

dRn D n(qn ! ) A n" 1(qn ! ; { p} n" 1) D  
n (qn ! ) q! " (q! ! qn ! ).

(2.3)

It is from this equation that we will derive generalised dipole and angular ordered showers.
The phase-space measure for thenth parton emitted in the cascade is variously written

as
d3qn

2Eqn

=
q2

n ! dqn !

2qn !
dS(qn )

2 =
#2q2

n !

2$s
d" n . (2.4)

We typically parametrise the evolution so that real emissions use the phase-space measure
d" n and loops d lnqn ! dS(qn )

2 . From eachA n we can compute the di! erential nH + n parton
cross section:

d%n(µ) =

"
n#

i =1

d" i

$

Tr A n(µ), (2.5)

where µ is either an infra-red regulator that should be taken to zero or the shower cut-o!
scale. We will focus one+ e" hard matrix elements, in which case observables are computed
using

# (µ; { p} 0, { v} ) =
! %

n

d%n(µ) u({ p} n , { v} ), (2.6)

where u({ p} n , { v} ) is a measurement function for an observable deÞned by the set of pa-
rameters { v} .1 The formula for processes involving incoming hadrons is given in Appendix
A.1.1.

2.2 Angular ordered shower

In this section we give an overview of the derivation of an angular ordered shower, starting
from Eq. (2.3). The unabridged derivation is given in Appendix A.2. Angular ordering
is derived after averaging over the azimuth of each emitted parton, as measured rela-
tive to their parent parton (and neglecting all subsequent azimuthal correlations). After
performing this averaging in Eq. (2.3), the colour structures can be greatly simpliÞed (a
manifestation of QCD coherence). We exploit this to re-write the evolution in terms of
squared matrix elements,|M n|2. What follows is a little more detail of the key steps.

1! (µ; { p} 0, { v} ) is
!

!
d! !

dB
f B ,! (v) in [ 18].
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Figure 1 . A general term in the Markov chain of amplitude density matrices, A n , constructed by
the PB algorithm. H % |M & 'M| is the initial hard process; in this case it has two hard coloured
legs, a and b. D n dresses an amplitude with thenth emission that is either soft or collinear.
Collinear emissions are emitted symmetrically from the amplitude and conjugate amplitude, such
as gluon 1. Soft emissions appear as interference terms, such as gluon 2.! n dresses the amplitude
after n soft or collinear emissions with a loop.
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density operator observable phase space integration

[Angeles, De Angelis, Forshaw, PlŠtzer, Seymour Ð JHEP 05 (2018) 044]
[Forshaw, Holguin, PlŠtzer Ð JHEP 1908 (2019) 145]

In Section 2.1 we gave an overview of the roles ofD n,
!

dRn and ! n . Let us now
deÞne these operators more carefully12

D n(qn ! ; qn ! { ÷p} n" 1) O D  
n(qn ! ; qn ! { ÷p} n" 1) =

"

i n ,j n

#
! q(i n ,j n )

n ! (qn ! ) Si n
n O Sj n  

n +
"

i n

#
! q(i n ,!n)

n ! (qn ! ) C i n
n O C i n  

n , (A.1)

whereO is some operator in the colour-helicity space and where we have used a shorthand
notation to help save space

! x(y) " dx ! (x # y). (A.2)

Delta functions of this form are used to carry the frame dependence of the ordering variable
in a compact form. Physically, Si n

n emits a soft parton from the parton labelled i n . These
soft partons take the form of interference terms in the evolution. C i n

n emits a collinear
parton from the parton labelled i n . The following two deÞnitions for transverse momenta
are used as ordering variables for soft and collinear emissions respectively,

(q(i n ,j n )
n ! )2 =

2(pi n áqn)(pj n áqn)
pi n ápj n

, and (q(i n ,!n)
n ! )2 =

2(pi n áqn)(n áqn)
pi n án

, (A.3)

where n is a light-like reference vector. The choice ofn is determined by how recoil is
handled in the evolution and is often taken to be in the backwards direction relative to
pi n . Strictly speaking, recoil cannot be entirely factorised from eachD n however the way
in which it acts in each D n follows a simple pattern. Thus we have used the recoil measure
dRn as an abridged notation. It is deÞned to act by the following rules

dRn Si n
n O Sj n  

n "
$ %

i n

d4pi n

&
Rsoft

i n j n
Si n

n O Sj n  
n ,

dRn Ci n
n O C i n  

n "
$ %

i n

d4pi n

&
Rcoll

i n
C i n

n O C i n  
n . (A.4)

Rsoft
i n j n

and Rcoll
i n

contain the necessary delta functions and kinematic pre-factors needed to
account for energy-momentum conservation. They are discussed in Section3 and further
examples are given in [12].13 Explicit expressions deÞningSi n

n and Ci n
n are lengthy and can

be found in [12]. Finally,

! n (q! ; { p} n ) = #
" s

#

#
dS(q)

2

4#
1
2D 2

n(q! ) ! on shell +
" s

2#

"

i n +1 ,j n +1

Tg
i n +1

áTg
j n +1

i# ÷! i n +1 j n +1 ,

1
2D 2

n(q! ; q ! { p} n ) =
#

dRn+1
1
2Final [D n+1 (q! ) áD n+1 (q! )] . (A.5)

Final[ ...] indicates that the enclosed operators should act on any incoming partons as if they
were in the Þnal state (see Eq. A.1 in [12], which deÞnes the operators from whichD n+1

12 For pedagogical reviews of the colour-helicity operators relevant in the deÞnition of these operators see
[11, 12, 46].

13 In [12] Rsoft
i n j n and Rcoll

i n are written as Rsoft !
n j n Rsoft

n i n and Rcoll !
n i n Rcoll

n i n respectively.
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The Colour Flow Basis

[PlŠtzer Ð EPJ C 74 (2014) 2907]
[Angeles, De Angelis, Forshaw, PlŠtzer, Seymour Ð JHEP 05 (2018) 044]

[see also Prestel & Isaacson, Hoeche & Reichelt]

Up to the limits on the cos! integral, I ij is equal to the exponent in theV operator deÞned
in Eq. (2.2). In [27] we presented the form of this operator in4 ! 2" dimensions after
integration over the solid angle, i.e.

I ij (a, b) =
#s

2$
c!

"2 T i áT j

! "
b2

4$µ2

# ! ! "
1 + i$" ÷%ij ! " ln

2pi ápj

b2

#

!
"

a2

4$µ2

# ! ! "
1 + i$" ÷%ij ! " ln

2pi ápj

a2

# $

, (2.29)

where c! = 1 ! "&E , and &E is the Euler-Mascheroni constant. This expression is accurate
up to non-logarithmic terms of order "0 in the real part and order "1 in the imaginary part.
When both scalesa and b are non-zero,I ij is Þnite and given by

I ij (a, b) =
#s

2$
T i áT j

%
!

1
2

ln2 2pi ápj

b2 +
1
2

ln2 2pi ápj

a2 ! i$÷%ij ln
b2

a2

&
. (2.30)

Eq. (2.29) would be identical to the result of Catani and Grazzini [33] (see also [34, 35]) if
we replaced the factor1+ i$" ÷%ij in Eq. (2.29) by cos($")+ i sin($"÷%ij ). It should be stressed
that the calculations in [27, 32] were performed only at one loop and it remains to be seen
how the improved resummation proceeds to all orders.

3 Large- N structures

In practical calculations, the colour algebra rapidly becomes intractable after only a few
real gluon emissions. To simplify matters, we shall now identify the leading contributions
in an expansion in the number of colours. We will work in the colour ßow basis [36],
which is closely related to the way colour is treated in parton shower algorithms [37Ð40].
In the following subsection, we will show that, to leading order in the number of colours,
our algorithm gives rise to a dipole-type parton shower and that it reproduces the BanÞ-
Marchesini-Smye equation [41]. We then turn our attention to setting up a framework to
calculate the Þrst subleading-colour corrections.

3.1 Colour ßow basis

To start with, we collect together some of the key results concerning the colour ßow basis.
We label the set of basis tensors as{| ' "} , and we assign a colour or anti-colour index,ci

or øci , to each external legi of any scattering amplitude. Gluons carry both colour and
anti-colour and incoming quarks carry anti-colour. We start to count colour index labels
from 1, and chooseci = 0 (øci = 0 ) if i only carries anti-colour (only carries colour). The
basis tensors are labelled by permutations' of the colour indices and are given by products
of Kronecker %Õs as

|' " =

'
'
'
'
'

1 á á á n
' (1) á á á' (n)

(

= %" 1
ø" ! (1)

á á á%" n
ø" ! ( n )

, (3.1)

where the #1...n and ø#1...n are fundamental and anti-fundamental indices assigned to the
colour (anti-colour) legs, taking values in the actual number of colours1, ..., N . There are
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Figure 2 : Diagrammatic representation of colour ßow basis states and their inner products.
The left half of the Þgure shows three out of the six basis tensors required for aqggøq leg
content, where the grey arrows indicate how leg labelsi = 1 , .., 4 are mapped onto colour
and anti-colour indices (see also Table1). The right hand part of the Þgure illustrates how
inner products, i.e. elements of the scalar product matrix, relate to powers ofN depending
on how many loops are formed after contraction (see Eq. (3.2)).

n = nq + ng = nøq + ng possible colour lines andn! colour ßows (i.e. there aren! basis
tensors). Inner products of colour ßow basis tensors are given by

! ! |" " = #! 1
ø! ! (1)

á á á#! n
ø! ! ( n )

#
ø! " (1)
! 1 á á á#

ø! " ( n )
! n = N n! # transpositions (" ,#) , (3.2)

where # transpositions(! , " ) is the number of transpositions by which the permutations!
and " di! er. This is equal to n minus the number of loops obtained after contracting the
Kronecker symbols, see the right-hand part of Figure2. In Figure 2, we show three of the
six colour ßows that represent the four-parton state on the left, and in Table1 we specify
the corresponding colour and anti-colour indices for each of the four partons (labelled byi ).
We also include the binary variables$i and ø$i , where $i =

#
TR, ø$i = 0 for a quark,

$i = 0 , ø$i =
#

TR for an antiquark and $i = ø$i =
#

TR for a gluon (TR = 1 / 2 in QCD).
Note that in the Þgure we use the more compact notation:

|213" =

!
!
!
!
!
1 2 3
2 1 3

"

etc. (3.3)

We express amplitudes as|A " =
#

" A " |! ", where! labels the individual basis tensors,
and the evolution and traces in colour space can be performed in terms of ordinary complex
matrices with elementsA #" , which relate to the basis independent objects via

A =
$

#,"

A #" |" "! ! | . (3.4)

The coe" cients A #" are not matrix elements of the operatorA since the colour ßow basis
is not orthonormal. Consequently, we will introduce a dual basis in which

[" |A |! ] $ A #" . (3.5)
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tensors). Inner products of colour ßow basis tensors are given by

! ! |" " = #! 1
ø! ! (1)

á á á#! n
ø! ! ( n )

#
ø! " (1)
! 1 á á á#

ø! " ( n )
! n = N n! # transpositions (" ,#) , (3.2)

where # transpositions(! , " ) is the number of transpositions by which the permutations!
and " di! er. This is equal to n minus the number of loops obtained after contracting the
Kronecker symbols, see the right-hand part of Figure2. In Figure 2, we show three of the
six colour ßows that represent the four-parton state on the left, and in Table1 we specify
the corresponding colour and anti-colour indices for each of the four partons (labelled byi ).
We also include the binary variables$i and ø$i , where $i =

#
TR, ø$i = 0 for a quark,

$i = 0 , ø$i =
#

TR for an antiquark and $i = ø$i =
#

TR for a gluon (TR = 1 / 2 in QCD).
Note that in the Þgure we use the more compact notation:

|213" =

!
!
!
!
!
1 2 3
2 1 3

"

etc. (3.3)

We express amplitudes as|A " =
#

" A " |! ", where! labels the individual basis tensors,
and the evolution and traces in colour space can be performed in terms of ordinary complex
matrices with elementsA #" , which relate to the basis independent objects via

A =
$

#,"

A #" |" "! ! | . (3.4)

The coe" cients A #" are not matrix elements of the operatorA since the colour ßow basis
is not orthonormal. Consequently, we will introduce a dual basis in which

[" |A |! ] $ A #" . (3.5)
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i ci øci ! i ø! i

1 1 0
!

TR 0
2 2 1

!
TR

!
TR

3 3 2
!

TR
!

TR

4 0 3 0
!

TR

Table 1 : The colour index speciÞcations for the four partons in Figure2, which correspond
to n = 3 .

.

We refer to Appendix D for more details on the properties of the dual basis vectors (see
also [28]). The scalar product matrix S!" = "" |## has to be considered when evaluating
the traces of operators in colour space:

Tr[ A ] = Tr[ AS] =
!

! ,"

[" |A |#] "#|" # . (3.6)

The colour charge (or emission) operator associated to each legi can be decomposed
as

T i = ! i t ci $ ø! i øt øci $
1
N

(! i $ ø! i ) s , (3.7)

where the colour-line operatorst , øt and s are deÞned through their action on the basis
states, i.e.

t # |##= t #

"
"
"
"
"

1 á á á $ á á á n
#(1) á á á#($) á á á#(n)

#

=

"
"
"
"
"

1 á á á $ á á á n n + 1
#(1) á á án + 1 á á á#(n) #($)

#

, (3.8)

øt ø# |##= t " ! 1(ø#) |## , (3.9)

for the inverse permutation #! 1 for which $ = #! 1(#($)) , and

s|##= s

"
"
"
"
"

1 á á á á á án
#(1) á á á á á á#(n)

#

=

"
"
"
"
"

1 á á á á á án n + 1
#(1) á á á á á á#(n) n + 1

#

. (3.10)

It is useful to note that
t # |##= s#,n+1 s |## , (3.11)

where s#,$ exchanges#($) and #(%). It is hence obvious that through the action of any of
the emission operators we cannot map two distinct basis tensors|## and |" # into the same
tensor |&#. Furthermore, if # and " di! er by n transpositions, then

¥ for $ %= %t # |## and t $ |" # will di ! er by n + 2 transpositions if #($) %= " (%), and by
the original n transpositions if #($) = " (%) (implying in this case that n & 1),

¥ t # |## and s|" # will di ! er by n + 1 transpositions,

¥ s|## and s|" # will di ! er by the original n transpositions.

Ð 12 Ð

Colour charge operators decompose into 
colour line operators

i ci øci ! i ø! i

1 1 0
!

TR 0
2 2 1

!
TR

!
TR

3 3 2
!

TR
!

TR

4 0 3 0
!

TR

Table 1 : The colour index speciÞcations for the four partons in Figure2, which correspond
to n = 3 .

.

We refer to Appendix D for more details on the properties of the dual basis vectors (see
also [28]). The scalar product matrix S!" = "" |## has to be considered when evaluating
the traces of operators in colour space:

Tr[ A ] = Tr[ AS] =
!

! ,"

[" |A |#] "#|" # . (3.6)

The colour charge (or emission) operator associated to each legi can be decomposed
as

T i = ! i t ci $ ø! i øt øci $
1
N

(! i $ ø! i ) s , (3.7)

where the colour-line operatorst , øt and s are deÞned through their action on the basis
states, i.e.

t # |##= t #

"
"
"
"
"

1 á á á $ á á á n
#(1) á á á#($) á á á#(n)

#

=

"
"
"
"
"

1 á á á $ á á á n n + 1
#(1) á á án + 1 á á á#(n) #($)

#

, (3.8)

øt ø# |##= t " ! 1(ø#) |## , (3.9)

for the inverse permutation #! 1 for which $ = #! 1(#($)) , and

s|##= s

"
"
"
"
"

1 á á á á á án
#(1) á á á á á á#(n)

#

=

"
"
"
"
"

1 á á á á á án n + 1
#(1) á á á á á á#(n) n + 1

#

. (3.10)

It is useful to note that
t # |##= s#,n+1 s |## , (3.11)

where s#,$ exchanges#($) and #(%). It is hence obvious that through the action of any of
the emission operators we cannot map two distinct basis tensors|## and |" # into the same
tensor |&#. Furthermore, if # and " di! er by n transpositions, then

¥ for $ %= %t # |## and t $ |" # will di ! er by n + 2 transpositions if #($) %= " (%), and by
the original n transpositions if #($) = " (%) (implying in this case that n & 1),

¥ t # |## and s|" # will di ! er by n + 1 transpositions,

¥ s|## and s|" # will di ! er by the original n transpositions.

Ð 12 Ð

i ci øci ! i ø! i

1 1 0
!

TR 0
2 2 1

!
TR

!
TR

3 3 2
!

TR
!

TR

4 0 3 0
!

TR

Table 1 : The colour index speciÞcations for the four partons in Figure2, which correspond
to n = 3 .

.

We refer to Appendix D for more details on the properties of the dual basis vectors (see
also [28]). The scalar product matrix S!" = "" |## has to be considered when evaluating
the traces of operators in colour space:

Tr[ A ] = Tr[ AS] =
!

! ,"

[" |A |#] "#|" # . (3.6)

The colour charge (or emission) operator associated to each legi can be decomposed
as

T i = ! i t ci $ ø! i øt øci $
1
N

(! i $ ø! i ) s , (3.7)

where the colour-line operatorst , øt and s are deÞned through their action on the basis
states, i.e.

t # |##= t #

"
"
"
"
"

1 á á á $ á á á n
#(1) á á á#($) á á á#(n)

#

=

"
"
"
"
"

1 á á á $ á á á n n + 1
#(1) á á án + 1 á á á#(n) #($)

#

, (3.8)

øt ø# |##= t " ! 1(ø#) |## , (3.9)

for the inverse permutation #! 1 for which $ = #! 1(#($)) , and

s|##= s

"
"
"
"
"

1 á á á á á án
#(1) á á á á á á#(n)

#

=

"
"
"
"
"

1 á á á á á án n + 1
#(1) á á á á á á#(n) n + 1

#

. (3.10)

It is useful to note that
t # |##= s#,n+1 s |## , (3.11)

where s#,$ exchanges#($) and #(%). It is hence obvious that through the action of any of
the emission operators we cannot map two distinct basis tensors|## and |" # into the same
tensor |&#. Furthermore, if # and " di! er by n transpositions, then

¥ for $ %= %t # |## and t $ |" # will di ! er by n + 2 transpositions if #($) %= " (%), and by
the original n transpositions if #($) = " (%) (implying in this case that n & 1),

¥ t # |## and s|" # will di ! er by n + 1 transpositions,

¥ s|## and s|" # will di ! er by the original n transpositions.

Ð 12 Ð

i ci øci ! i ø! i

1 1 0
!

TR 0
2 2 1

!
TR

!
TR

3 3 2
!

TR
!

TR

4 0 3 0
!

TR

Table 1 : The colour index speciÞcations for the four partons in Figure2, which correspond
to n = 3 .

.

We refer to Appendix D for more details on the properties of the dual basis vectors (see
also [28]). The scalar product matrix S!" = "" |## has to be considered when evaluating
the traces of operators in colour space:

Tr[ A ] = Tr[ AS] =
!

! ,"

[" |A |#] "#|" # . (3.6)

The colour charge (or emission) operator associated to each legi can be decomposed
as

T i = ! i t ci $ ø! i øt øci $
1
N

(! i $ ø! i ) s , (3.7)

where the colour-line operatorst , øt and s are deÞned through their action on the basis
states, i.e.

t # |##= t #

"
"
"
"
"

1 á á á $ á á á n
#(1) á á á#($) á á á#(n)

#

=

"
"
"
"
"

1 á á á $ á á á n n + 1
#(1) á á án + 1 á á á#(n) #($)

#

, (3.8)

øt ø# |##= t " ! 1(ø#) |## , (3.9)

for the inverse permutation #! 1 for which $ = #! 1(#($)) , and

s|##= s

"
"
"
"
"

1 á á á á á án
#(1) á á á á á á#(n)

#

=

"
"
"
"
"

1 á á á á á án n + 1
#(1) á á á á á á#(n) n + 1

#

. (3.10)

It is useful to note that
t # |##= s#,n+1 s |## , (3.11)

where s#,$ exchanges#($) and #(%). It is hence obvious that through the action of any of
the emission operators we cannot map two distinct basis tensors|## and |" # into the same
tensor |&#. Furthermore, if # and " di! er by n transpositions, then

¥ for $ %= %t # |## and t $ |" # will di ! er by n + 2 transpositions if #($) %= " (%), and by
the original n transpositions if #($) = " (%) (implying in this case that n & 1),

¥ t # |## and s|" # will di ! er by n + 1 transpositions,

¥ s|## and s|" # will di ! er by the original n transpositions.

Ð 12 Ð

a I n g
a n E 09

Swap Girth

Ti Tj
f



Expanding around Large-N

[Angeles, De Angelis, Forshaw, PlŠtzer, Seymour Ð JHEP 05 (2018) 044]

! S!"

[! "| |" "]

H! "

|" ][! |

Figure 5 : The general structure of the calculation of subleading contributions.

where we left g(0)
ak = 1 explicit for clarity. It is easy to show that V Q,!

ab g(2)
ab (tQ) = ! RR

2 +
! V R

2 + ! RV
2 + ! V V

2 . So we see that, at leadingN , our algorithm generates the iterative
solution to the BMS equation.

3.4 Subleading contributions

Subleading colour contributions are substantially more di! cult to compute. In this section
we present some initial steps towards a systematic approach to including1/N k corrections
to the leading result. Figure 5 illustrates the general structure of the calculation (of which
Figure 3 is a speciÞc example). Figure6 provides an overview of the power counting we use
to deÞne successive orders Ð we hope its interpretation will become clear after the following
paragraphs.

There are subleading colour contributions arising from the hard scattering matrix, from
the 1/N and 1/N 2 suppressed terms in the real emission operator (see Eq. (3.14)) and the
virtual correction operator (see Eq. (3.13)), and from o" -diagonal contributions to the scalar
product matrix. In the following, we will use the general form of the anomalous dimension
resulting from Eq. (3.13), i.e.

[! |! |" ! = N #"# " # + ! "# +
1
N

#"# $ . (3.43)

Each of " , ! and $ are of order %s. To compute a correction of order1/N k we need to
consider states" and ! in Figure 5 that di " er by k " l permutations, where0 # l # k. Then
we must determine the1/N l corrections arising from the soft gluon evolution and from the
hard scattering matrix.

The leading colour contributions from the virtual evolution operator come from" and
so are all enhanced by powers of%sN which, owing to the fact that the leading contribution
is diagonal, can easily be accounted for to all orders in a simple exponential. This evolution
does not result in any di" erence between the colour structure in the amplitude and that
in its conjugate, and it corresponds to the blue boxes in Figure6. If this evolution is then
supplemented by those pieces of the real emission operator that also preserve the identity
of the colour structure in the amplitude and its conjugate (such as the example in Figure3)
then we recover the leading-N picture of the last two sections.
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Figure 6 : The counting of next-to-leading colour contributions. We aim to perform a
resummation in all powers of the tÕHooft coupling! sN ⇠ 1. In the set of boxes shown we
count, for the virtual evolution operator, increasing powers of! s from left to right, and
decreasing powers ofN from top to bottom, with N 0 in the middle row. The effect of r
real emissions is indicated in the rightmost column of the Þgure and any1/N suppression
due to the scalar product matrix is indicated by the number of ßips. See the text for more
details.

Subleading colour contributions may result in differences between the colour in the
amplitude and that in the conjugate amplitude. To keep track of this, we will count the
number of colour reconnections (or transpositions or ßips or swings) by which the two
colour structures differ. It turns out that pure 1/N corrections can only originate from
interference contributions in the hard process matrix. We will ignore subleading colour
contributions from this source in what follows, though they could easily be included. The
most important subleading colour contributions due to real emission are suppressed by a
power of 1/N 2 relative to the leading contribution and they originate as a result of the
following three possibilities: (i) two colour ßips accompanied by no explicit factor of1/N
(coming from contributions of the type t[· · · ]t); (ii) one ßip and a factor of 1/N (coming
from contributions of the type t[· · · ]s and s[· · · ]t); (iii) zero ßips and a factor of 1/N 2

(coming from contributions of the type s[· · · ]s). See Eq. (3.14) to appreciate the factors of
1/N . We note that real emissions never reduce the number of ßips by which the amplitude
and its conjugate differ. We will present the explicit rules corresponding to these real
emission contributions below but Þrst we consider subleading virtual corrections.
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Figure 6 : The counting of next-to-leading colour contributions. We aim to perform a
resummation in all powers of the tÕHooft coupling! sN ! 1. In the set of boxes shown we
count, for the virtual evolution operator, increasing powers of! s from left to right, and
decreasing powers ofN from top to bottom, with N 0 in the middle row. The e! ect of r
real emissions is indicated in the rightmost column of the Þgure and any1/N suppression
due to the scalar product matrix is indicated by the number of ßips. See the text for more
details.

Subleading colour contributions may result in di! erences between the colour in the
amplitude and that in the conjugate amplitude. To keep track of this, we will count the
number of colour reconnections (or transpositions or ßips or swings) by which the two
colour structures di! er. It turns out that pure 1/N corrections can only originate from
interference contributions in the hard process matrix. We will ignore subleading colour
contributions from this source in what follows, though they could easily be included. The
most important subleading colour contributions due to real emission are suppressed by a
power of 1/N 2 relative to the leading contribution and they originate as a result of the
following three possibilities: (i) two colour ßips accompanied by no explicit factor of1/N
(coming from contributions of the type t [á á á]t ); (ii) one ßip and a factor of 1/N (coming
from contributions of the type t [á á á]s and s[á á á]t ); (iii) zero ßips and a factor of 1/N 2

(coming from contributions of the type s[á á á]s). See Eq. (3.14) to appreciate the factors of
1/N . We note that real emissions never reduce the number of ßips by which the amplitude
and its conjugate di! er. We will present the explicit rules corresponding to these real
emission contributions below but Þrst we consider subleading virtual corrections.
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does not result in any di" erence between the colour structure in the amplitude and that
in its conjugate, and it corresponds to the blue boxes in Figure6. If this evolution is then
supplemented by those pieces of the real emission operator that also preserve the identity
of the colour structure in the amplitude and its conjugate (such as the example in Figure3)
then we recover the leading-N picture of the last two sections.
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Figure 6 : The counting of next-to-leading colour contributions. We aim to perform a
resummation in all powers of the tÕHooft coupling! sN ⇠ 1. In the set of boxes shown we
count, for the virtual evolution operator, increasing powers of! s from left to right, and
decreasing powers ofN from top to bottom, with N 0 in the middle row. The effect of r
real emissions is indicated in the rightmost column of the Þgure and any1/N suppression
due to the scalar product matrix is indicated by the number of ßips. See the text for more
details.

Subleading colour contributions may result in differences between the colour in the
amplitude and that in the conjugate amplitude. To keep track of this, we will count the
number of colour reconnections (or transpositions or ßips or swings) by which the two
colour structures differ. It turns out that pure 1/N corrections can only originate from
interference contributions in the hard process matrix. We will ignore subleading colour
contributions from this source in what follows, though they could easily be included. The
most important subleading colour contributions due to real emission are suppressed by a
power of 1/N 2 relative to the leading contribution and they originate as a result of the
following three possibilities: (i) two colour ßips accompanied by no explicit factor of1/N
(coming from contributions of the type t[· · · ]t); (ii) one ßip and a factor of 1/N (coming
from contributions of the type t[· · · ]s and s[· · · ]t); (iii) zero ßips and a factor of 1/N 2

(coming from contributions of the type s[· · · ]s). See Eq. (3.14) to appreciate the factors of
1/N . We note that real emissions never reduce the number of ßips by which the amplitude
and its conjugate differ. We will present the explicit rules corresponding to these real
emission contributions below but Þrst we consider subleading virtual corrections.
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where the colour ßow transition matrix elements can be expressed as

! (n)
!" = N

e! W ( n )
! ! e! W ( n )

"

W (n)
! ! W (n)

"

"

!

i,k c.c. in !
j,l c.c. in !

"
�i �j W (n)

ij + ø�k
ø�l W

(n)
kl ! �i ø�l W

(n)
il ! ø�k�j W (n)

kj

#
� i,l c.c. in "

k,j c.c. in "
(3.46)

and
W (n)

! = ! ln V (n)
! = N

!

i,j c.c. in !

�i ø�j W (n)
ij . (3.47)

This source of subleading correction contributes when� and ⌧ are identical or differ by a
single ßip. In the latter case (one ßip), we include a factor of2Re

$
! (n)

!"

%
and the other

factor of 1/N comes from the scalar product matrix. In the former case there are three
possibilities. SpeciÞcally, we may include either one or two factors of! (in either the
amplitude or the conjugate amplitude) in such a way as to undo the effect of a one or
two-ßip real emission (see below for the rules for including real emissions), these contribute
to the dark orange and green boxes in the Þgure. Or else we may include a factor of|! (n)

" ! |
2

in the case that the two ßips (one from each! ) cancel each other out (green boxes).
At this order we also need to include corrections which are suppressed by1/N 2 and

are proportional to s · s (light orange boxes) in the virtual evolution operator. This term is
diagonal in colour and

VNLC ,#
n |�#=

⇢
(n)

N 2 |�# , where ⇢
(n) = N

!

i<j

(�i ! ø�i )(�j ! ø�j )W (n)
ij . (3.48)

As discussed above, we must also consider subleading corrections to real gluon emission.
Recall that the 1/N 2 corrections arise when⌧ and � differ by at most two ßips. In this
case, we are to include contributions where the gluon is emitted off either colour line ci or
øck in the amplitude (ci and øck are colour connected in�\n), and either colour line cl or øcj

in the conjugate amplitude (cl and øcj are colour connected in⌧\n). Evolving towards the
hard process, we are to combine the dipoles(i, n ) and (n, k) in �, and (l, n ) and (n, j ) in ⌧ ,
leaving behind dipoles(i, k ) and (l, j ). The corresponding factor is

�i �l !
(n)
i

"
!

(n)
l

#"
+ ø�k

ø�j !
(n)
k

"
!

(n)
j

#"
! �i ø�j !

(n)
i

"
!

(n)
j

#"
! ø�k�l !

(n)
k

"
!

(n)
l

#"
, (3.49)

which comes from the Þrst two lines in Eq. (3.14). Notice that a potential 1/N contribution
arising when� and ⌧ differ by only one ßip vanishes because of the Þrst bullet point in the
list above Eq. (3.13), i.e. contributions of the type t[· · · ]t require � and ⌧ to differ by two
ßips4. If � and ⌧ differ by one ßip and the gluon connects to itself in⌧ but not in �, then
we should combine the dipoles(i, n ) and (n, k) in � and include a factor of

!
"
�i !

(n)
i ! ø�k !

(n)
k

# !

j

(�j ! ø�j )
"
!

(n)
j

#"
, (3.50)

4Recall we are ignoring any off-diagonality due to the hard scattering matrix in the way we count flips.
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A single insertion of a perturbation ⌃�0� comes with a factor of (↵sN)/N relative to the
leading contribution and it results in a single flip, and hence an additional 1/N suppression
via the scalar product matrix. This flip can undo that induced by a previous real emission
of the type s[· · · ]t or t[· · · ]s. However, since this will require the action of a single s

operator, it re-introduces the additional factor of 1/N . Thus, both of these fixed-order
contributions, when combined with the all-order summation of contributions from �, are
suppressed by (↵sN)/N2

⇠ 1/N
2 relative to the leading contributions. These contributions

are illustrated by the dark orange boxes in Figure 6. A similar reasoning applies to the
contribution of a single ⇢ perturbation (light orange boxes), which contributes at the same
order ↵s/N ⇠ 1/N

2 since it generates zero flips.
We finally need to consider two insertions of ⌃�0� combined in such a way that the net

number of flips is zero or two. The zero-flip case is clearly proportional to ↵
2
s and hence

contributes a (↵sN)2/N2 correction (green boxes). The two-flip case can also contribute at
this order provided it compensates a t[· · · ]t two-flip real emission, i.e. so the net result is
that the amplitude and its conjugate differ by zero flips and there is no suppression from the
scalar product matrix. These two contributions should therefore be included along with the
contributions discussed above. However, contributions from the diagonal below the green
boxes lead to a factor of (↵sN)2/N4, which means they are beyond the next-to-leading
colour approximation.

These corrections to soft-gluon evolution can be considered as fixed-order corrections
to the leading-N rules, though these need to be extended to include the possibility that the
permutations � and ⌧ need no longer be equal. This means we should update the rules at
the end of Section 3.2 as follows.

• For a pair of evolution operators VnAnV
†
n multiply by V

(n)
�

⇣
V

(n)
⌧

⌘⇤
, i.e. include a

factor of the virtual amplitude exponentiated for each colour connected pair of legs
in �, and each colour connected pair in ⌧ .

• For a virtual gluon insertion ! nAn + An! †
n, include a factor w

(n)
� +

⇣
w

(n)
⌧

⌘⇤
, where

w
(n)
� =

X

i,j c.c. in �

�i�̄j

⇣
�
(n)
ij

+ �
(n)
ji

⌘
. (3.44)

• Real emission operators, DnAn�1D
†
n, only contribute if the emitted gluon is con-

nected to the same, identically connected, colour line in � and ⌧ , as otherwise the
operation of merging the emitting dipoles would alter the number of flips by which �

and ⌧ differ.

We will now present the rules to compute the first 1/N
2 corrections to the leading

colour trace. For the virtual contributions we need to consider the next-to-leading colour
approximation for the evolution operator, which (using the notation in [28]) is

VLC+NLC
n |�i = V

(n)
� |�i �

1

N

X

⌧

�#transpositions (⌧,�),1⌃
(n)
�⌧ |⌧i , (3.45)
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dipole ßips at next-to-leading colour

Systematically sum colour 
enhanced terms

1

�

⌃

⇢1

�2

�3

⌃�

⌃�2

⌃2�

⌃2

⇢�2

⇢�

⌃3

⇢⌃�

⇢⌃

⇢
21

⇢
2�

⇢
2⌃

⇢
31

⇢⌃2

(0 flips) ! 1 ! (↵sN )n

(1 flip) ! ↵s ! (↵sN )n

(0 flips) ! ↵sN " 1 ! (↵sN )n

(t[...]t|0 flips)r

(t[...]t|0 flips)r " 1 t[...]s|1 flip ! N " 1

(t[...]t|0 flips)r

(t[...]t|0 flips)r " 1 t[...]s|1 flip ! N " 1

(t[...]t|0 flips)r " 1 s[...]s|0 flips ! N " 2

(0 flips) ! ↵
2
s ! (↵sN )n (t[...]t|0 flips)r

(t[...]t|0 flips)r " 1 t[...]t|2 flips ! 1

virtuals reals

↵
0
s ↵

1
s ↵

2
s ↵

3
s

N 3

N 2

N 1

N 0

N " 1

N " 2

N " 3

(2 flips) ! ↵
2
s ! (↵sN )n (t[...]t|0 flips)r " 1 t[...]t|2 flips

Figure 6 : The counting of next-to-leading colour contributions. We aim to perform a
resummation in all powers of the tÕHooft coupling! sN ! 1. In the set of boxes shown we
count, for the virtual evolution operator, increasing powers of! s from left to right, and
decreasing powers ofN from top to bottom, with N 0 in the middle row. The e! ect of r
real emissions is indicated in the rightmost column of the Þgure and any1/N suppression
due to the scalar product matrix is indicated by the number of ßips. See the text for more
details.

Subleading colour contributions may result in di! erences between the colour in the
amplitude and that in the conjugate amplitude. To keep track of this, we will count the
number of colour reconnections (or transpositions or ßips or swings) by which the two
colour structures di! er. It turns out that pure 1/N corrections can only originate from
interference contributions in the hard process matrix. We will ignore subleading colour
contributions from this source in what follows, though they could easily be included. The
most important subleading colour contributions due to real emission are suppressed by a
power of 1/N 2 relative to the leading contribution and they originate as a result of the
following three possibilities: (i) two colour ßips accompanied by no explicit factor of1/N
(coming from contributions of the type t [á á á]t ); (ii) one ßip and a factor of 1/N (coming
from contributions of the type t [á á á]s and s[á á á]t ); (iii) zero ßips and a factor of 1/N 2

(coming from contributions of the type s[á á á]s). See Eq. (3.14) to appreciate the factors of
1/N . We note that real emissions never reduce the number of ßips by which the amplitude
and its conjugate di! er. We will present the explicit rules corresponding to these real
emission contributions below but Þrst we consider subleading virtual corrections.
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Expanding around Large-N

[Angeles, De Angelis, Forshaw, PlŠtzer, Seymour Ð JHEP 05 (2018) 044]
Our aim is to organize contributions to the cross section in terms of a series of leading

powers in N , to extract both the large-N limit as well as corrections to it. To this end we
introduce the operation

Leading(l )
! " [A ] =

l!

k=0

A !"

"
"
"
1/N k

! # transpositions (! ," ),l ! k , (3.16)

where the notation
A !"

"
"
"
1/N k

(3.17)

indicates to pick those terms in A !" which are suppressed by a factor of1/N k with re-
spect to the leading power present inA !" . Contributions to the trace of A then all yield
an enhancement or a supression by the same power ofN by virtue of either an explicit
suppression inA !" or by picking up a subleading element in the scalar product matrix. In
other words, if A ! A 0 + A 1/N + ... is an operator in the space ofn colour lines, then

Tr
#
Leading(l ) [A ]

$
" N n! l . (3.18)

We are speciÞcally interested in traces originating from soft-gluon evolution:

Tr[ V nA nV  
n ] where V n = exp
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i,j

! (n)
ij T i áT j

'

( , (3.19)
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n ] where ! n =
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ij T i áT j , (3.20)

and !

#

Tr
#
D #

nA n! 1

)
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n

*   $
where D #

n =
!

i

##,(n)
i T i , (3.21)

where $ refers to all other quantum numbers of the emission, and it is understood that
+

# ##,(n)
i (##,(n)

i )" = 0 .

3.2 Leading contributions

For the leading contributions of the virtual evolution operators we Þnd
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and c.c. here means colour connected, i.e.

!

i,j c.c. in "

xij =
!

i,j

xij ! ci " ! 1 (øcj ) . (3.24)
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Figure 3 : An example to illustrate colour-ßow evolution. In this case, we consider the
leading-colour contribution, with one real emission and one virtual correction, to[! |A |" ].
The vertical dashed lines indicate that it is possible to read o! the colour-ßow map at any
time during the evolution. See the text for the corresponding rules.

Also, we have deÞned
W

(n)
ij =

!
⌦(n)

ij + ⌦(n)
ji

"
. (3.25)

For single gluon exchange,

Leading(0)! "

#
! nA n + A n!  

n

$
= ! N #!"
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i,j c.c. in "

$i ø$j r
(n)
ij Leading(0)! " [A n ] , (3.26)

with
r
(n)
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%(n)

ij + %(n)
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"
. (3.27)

And the emission contribution is

Leading(0)! "
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D nA n�1D  
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$
= #!"
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$i ø$j R
(n)
ij Leading(0)! \ n," \ n [A n�1] (3.28)

where
R

(n)
ij = ! 2Re

!
&(n)

i

!
&(n)

j

" ⇤"
. (3.29)

We are now able to compute traces in the leading-N limit. We must sum over diagonal
colour ßow contributions, i.e. A"" . For each colour ßow," , we multiply by N raised to
the number of colour lines present in the colour ßow" . Notice that the number of possible
colour ßows at this level of approximation is equal to the number present at the level of the
hard process plus the number of real emissions. Each of the contributionsA"" can then
be computed by a set of recursive rules that correspond to working inwards from the outer
matrices (multiplied from the left and right) towards the hard matrix in between. The rules
are as follows:
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Re-derive BMS equation: Prototype of constructing a dipole shower
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Algorithmic Framework

[De Angelis, Forshaw, PlŠtzer Ñ 2018 É]

origins in
[PlŠtzer Ð EPJ C 74 (2014) 2907]

CVolver library implements 
numerical evolution in 
colour space

Full evolution needs to sample 
colour ßows differently in 
amplitude and conjugate 
amplitude, and account for 
differences in virtual evolution 
at the amplitude level.

Weights are complex during 
evolution.
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Algorithmic Framework

[De Angelis, Forshaw, PlŠtzer Ñ 2018 É]

  

CVolver evolution algorithm

[De Angelis, Forshaw, Plätzer – 2018 ...]
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Algorithmic Framework

[De Angelis, Forshaw, PlŠtzer Ñ 2018 É]

! !

CVolver evolution algorithm

Importance sampling in colour space rules:

Enumerate and address permutations with fixed cycle length:

[De Angelis, Forshaw, Plätzer – 2018 ...]
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Collinear Subtractions

where ni = qi/(S · qi ), n = k/(S · k) and S is any time-like four-vector, which we choose to

satisfy S2 = 1. The soft divergence is now isolated from the eikonal term, which is singular

only in the collinear limits ni,j · n ! 0. The collinear divergences can be subtracted. We

want the ordering variable to become independent of the other parton’s direction in the

collinear limit, such that the entire collinear divergence can be moved into a jet factor that

is trivial in colour space.

We choose to re-write the virtual evolution as lnV ab = lnW ab + lnK ab, where
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and colour conservation can now be used to obtain
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This factor contains the ordering variable in terms of a single emitter direction, which is

the limiting case of the dipole-type definition in each collinear limit, i.e. K2(pi , pj , k) !

K2(pi ; k) as ni · n ! 0. Given the Lorentz invariance of the virtual evolution and the

integration measure we can choose S = (1,~0).

In the case of energy ordering, we obtain the following for the subtracted soft evolution:
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where the angular integral can be performed using the same integral that gives rise to

angular ordering. And for the collinearly divergent factor:
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There is no need for ✓ij since this simply enforces that the emitted gluon should have energy

smaller than
*

1

2
pi · pj in the ij zero momentum frame, which is automatically satisfied

since a < E < b.

Now let us consider the case of transverse momentum ordering. This can be imple-

mented through

K2(pi , pj ; k) = (k(ij )! )2 =
2 pi · k k · pj

pi · pj
, (2.38)
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where ni = qi/(S · qi), n = k/(S · k) and S is any time-like four-vector, which we choose to

satisfy S2 = 1. The soft divergence is now isolated from the eikonal term, which is singular

only in the collinear limits ni,j · n ! 0. The collinear divergences can be subtracted. We

want the ordering variable to become independent of the other parton’s direction in the

collinear limit, such that the entire collinear divergence can be moved into a jet factor that
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This factor contains the ordering variable in terms of a single emitter direction, which is

the limiting case of the dipole-type definition in each collinear limit, i.e. K2(pi, pj , k) !
K2(pi; k) as ni · n ! 0. Given the Lorentz invariance of the virtual evolution and the

integration measure we can choose S = (1,%0).
In the case of energy ordering, we obtain the following for the subtracted soft evolution:
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where the angular integral can be performed using the same integral that gives rise to

angular ordering. And for the collinearly divergent factor:
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There is no need for $ij since this simply enforces that the emitted gluon should have energy

smaller than
*

1
2pi · pj in the ij zero momentum frame, which is automatically satisfied

since a < E < b.

Now let us consider the case of transverse momentum ordering. This can be imple-

mented through

K2(pi, pj ; k) = (k(ij)
! )2 =

2 pi · k k · pj
pi · pj

, (2.38)
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where ni = qi / (S áqi ), n = k/ (S ák) and S is any time-like four-vector, which we choose to
satisfy S2 = 1. The soft divergence is now isolated from the eikonal term, which is singular
only in the collinear limits ni,j án ! 0. The collinear divergences can be subtracted. We
want the ordering variable to become independent of the other partonÕs direction in the
collinear limit, such that the entire collinear divergence can be moved into a jet factor that
is trivial in colour space.

We choose to re-write the virtual evolution as lnV ab = ln W ab + ln K ab, where
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and colour conservation can now be used to obtain
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This factor contains the ordering variable in terms of a single emitter direction, which is
the limiting case of the dipole-type deÞnition in each collinear limit, i.e. K 2(pi , pj , k) !
K 2(pi ; k) as ni án ! 0. Given the Lorentz invariance of the virtual evolution and the
integration measure we can chooseS = (1 ,%0).

In the case of energy ordering, we obtain the following for the subtracted soft evolution:
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where the angular integral can be performed using the same integral that gives rise to
angular ordering. And for the collinearly divergent factor:
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There is no need for$ij since this simply enforces that the emitted gluon should have energy

smaller than
*

1
2pi ápj in the ij zero momentum frame, which is automatically satisÞed

sincea < E < b .
Now let us consider the case of transverse momentum ordering. This can be imple-

mented through

K 2(pi , pj ; k) = ( k(ij )
! )2 =

2 pi ák k ápj

pi ápj
, (2.38)

Ð 13 Ð

and
K 2(p; k) ! 2p ák (2.39)

where the similarity sign refers to any function which approaches unity in the limit pák " 0.
Making the minimal choice, the full evolution becomes
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where ! = k2
! / (2S ápi )2. This is the same as the subtraction prescription we introduced

in the last section, with the only di ! erence being that the lower limit on the z integral is
(approximately) equal to ! in that case. Finally, using colour conservation we can compute
ln V ab # ln K ab and get

ln W ab
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, (2.42)

where the second line illustrates the equivalence with the subtraction scheme presented
in the previous section (recall we are ignoring recoil in this section). The approximately-
equal-to sign is because we neglect terms suppressed by powers ofk2

! . As expected, this
Þnite term is the same as the energy ordering case in equation (2.36). The form factor
exp(ln W ) captures all of the truly wide-angle soft-gluon physics and is essentially the same
as the Þfth form factor introduced by Dokshitzer & Marchesini [41].

2.4 A local recoil prescription

Next we will show how a more sophisticated recoil prescription (than (2.13) and (2.14)) can
be implemented. The recoil we choose is based on the one in [42, 43], but extended to work
with colour o! -diagonal evolution. The dipole recoil is itself based on Catani-Seymour
dipole factorisation and furthers the work in [44] so that recoil can be implemented in a
dipole parton shower. As a result, this recoil scheme shares similarities with the spectator
recoil prescriptions used in modern dipole showers such asPythia and Dire [8, 11]. The
idea is not to present a deÞnitive recoil prescription but rather to illustrate how one can be
implemented in our algorithm. To that end, we calculate F ij and Rcoll

ij . We also provide
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where the second line illustrates the equivalence with the subtraction scheme presented
in the previous section (recall we are ignoring recoil in this section). The approximately-
equal-to sign is because we neglect terms suppressed by powers ofk2

! . As expected, this
Þnite term is the same as the energy ordering case in equation (2.36). The form factor
exp(ln W ) captures all of the truly wide-angle soft-gluon physics and is essentially the same
as the Þfth form factor introduced by Dokshitzer & Marchesini [41].

2.4 A local recoil prescription

Next we will show how a more sophisticated recoil prescription (than (2.13) and (2.14)) can
be implemented. The recoil we choose is based on the one in [42, 43], but extended to work
with colour o! -diagonal evolution. The dipole recoil is itself based on Catani-Seymour
dipole factorisation and furthers the work in [44] so that recoil can be implemented in a
dipole parton shower. As a result, this recoil scheme shares similarities with the spectator
recoil prescriptions used in modern dipole showers such asPythia and Dire [8, 11]. The
idea is not to present a deÞnitive recoil prescription but rather to illustrate how one can be
implemented in our algorithm. To that end, we calculate F ij and Rcoll

ij . We also provide
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where ni = qi/(S · qi ), n = k/(S · k) and S is any time-like four-vector, which we choose to

satisfy S2 = 1. The soft divergence is now isolated from the eikonal term, which is singular

only in the collinear limits ni,j · n ! 0. The collinear divergences can be subtracted. We

want the ordering variable to become independent of the other parton’s direction in the

collinear limit, such that the entire collinear divergence can be moved into a jet factor that

is trivial in colour space.

We choose to re-write the virtual evolution as lnV ab = lnW ab + lnK ab, where
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and colour conservation can now be used to obtain
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This factor contains the ordering variable in terms of a single emitter direction, which is

the limiting case of the dipole-type definition in each collinear limit, i.e. K2(pi , pj , k) !

K2(pi ; k) as ni · n ! 0. Given the Lorentz invariance of the virtual evolution and the

integration measure we can choose S = (1,~0).

In the case of energy ordering, we obtain the following for the subtracted soft evolution:
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where the angular integral can be performed using the same integral that gives rise to

angular ordering. And for the collinearly divergent factor:
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There is no need for ✓ij since this simply enforces that the emitted gluon should have energy

smaller than
*

1

2
pi · pj in the ij zero momentum frame, which is automatically satisfied

since a < E < b.

Now let us consider the case of transverse momentum ordering. This can be imple-

mented through

K2(pi , pj ; k) = (k(ij )! )2 =
2 pi · k k · pj

pi · pj
, (2.38)
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Soft evolution Collinear evolution (tCol  
8)scale
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3 p3"

Figure 6 . A diagram illustrating factorised parton evolution. Red dashed lines represent the
emission of soft gluons and blue dotted lines represent collinear emissions. Circles represent the
hard scale from which the subsequent evolution proceeds. Loops (Sudakov factors) have not been
drawn.

where we have used÷C1 ! C1 ! C1 as it only acts on hard legs. We have also used the
commutators [V a,b(V col

a,b)! 1, V col
c,d] " 0 and [V a,b(V col

a,b)! 1, C j ] " 0, derived in the previous
section, andV c,a = V c,bV b,a. Notice in the above expressions the theta functions present
in ÷C1 and V tcol

q1 ! ,Q are always unity on hard legs as the ordering guarantees their argument
is satisÞed. We will now show that if (3.26) is true for A n, it is also true for A n+1 .
We begin by noting that from the Markovian way our algorithm evolves, we can write
A n+1 ! öA n(µ, q1 " ) where öA n(µ, q1 " ) is computed using our algorithm (as described in
(2.2)) however with the evolution initiated by öH (q1 " ) = D 1V q1 ! ,QH (Q)V  

q1 ! ,QD  
1 and

with the parton momentum indexed as 2, 3, 4, ... . From this we can use (3.26) to write

Tr A n+1 (µ) = Tr öA n(µ, q1 " ) =
n!

m=0

Tr
"

ötCol
 
m (µ, q1 " ) # ötCol m (µ, q1 " ) öA soft

n! m (µ, q1 " )
#

,

(3.28)

where öA soft
n! m (µ, q1 " ) are generated by the same algorithm asA soft

n! m (µ) however using
öH (q1 " ) as the initial condition. ötCol m (µ, q1 " ) are generated using the iterative relation
in (3.24) but with an initial condition ötCol 0(q" , q1 " ) = V tcol

q! ,q1 !
. Next we split apart

öH (q1 " ) as

öH (q1 " ) = S1V tcol
q1 ! ,QV soft

q1 ! ,QH (Q)V soft  
q1 ! ,QV tcol  

q1 ! ,QS 
1

+ ÷C1V tcol
q1 ! ,QV soft

q1 ! ,QH (Q)V soft  
q1 ! ,QV tcol  

q1 ! ,Q
÷C 

1. (3.29)

Using the commutation relations from Section3.1, we can move the collinear operators in

Ð 29 Ð

B 1
2

Col 5 Col  
5

H (Q)

Q

Q

Q

Q

Figure 3 . Illustrating hard-leg factorisation. Red dashed lines represent the emission of soft gluons
and collinear emissions are represented by blue dotted lines. Circles indicate the hard scale from
which subsequent evolution proceeds. Loops (Sudakov factors) have been neglected to avoid clutter.

!M (Q)|

(a) A term contributing to the right
evolution ( B 3

6).

!M (Q)|

(b) A term contributing to the right
evolution ( A soft

9 ).

Figure 4 . The right evolution (the evolution of the conjugate amplitude) of a hard process after
9 emissions. Red dashed lines represent the emission of soft gluons and collinear emissions are
represented by blue dotted lines. Loops (Sudakov factors) have been neglected to avoid clutter.

we will use variant B whenever an operator needs to be given an explicit deÞnition9. Let
us begin by simply stating the result:

! (µ) =
! "

n

#
n$

i =1

d" i

%
n"

m=0

n! m"

p=0

Tr
&

Col  
m (µ) ! Col m (µ) B p

n! m! p(µ)
'

. (3.1)

Figure 3 illustrates what is going on diagrammatically (it shows a contribution with n = 8,
m = 5 and p = 1). The collinear evolution operators for hard legs, which provide an
operator description of a jet function, are constructed iteratively according to

Col 0(q" ) = V col
q! ,Q,

Col m (q" ) = V col
q! ,qm !

Cm Col m! 1(qm " ) # (q" " qm " ),
(3.2)

9In the case of variant A, for the most part, all that must be done is exchange P ij and P! i ! j with the
overlined versions P ij and P ! i ! j .
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Colour Matrix Element Corrections

Dipole branching algorithms can be 
supplemented by correction factors for 
real emission, but still lack virtual 
contributions beyond leading-N.

Different from amplitude level evolution.

[PlŠtzer, Sjšdahl Ð JHEP 1207 (2012) 042]
[PlŠtzer, Sjšdahl, Thoren Ð JHEP 11 (2018) 009]Correct real emission by exact colour correlations, 

obtain iterative corrections by amplitude evolution.

Available in Herwig 7.2, including collinear contributions.

amplitude |M n+1 ! . Instead we see from eq. (3.3) that the relevant n + 1 -parton quantity, corresponding to

M n " M nM  
n for emission from ÷ij, ÷k is # T÷k,n M nM  

nT  
÷ij,n

. For gluon emission (Þnal or initial), keeping

all contributions to the emission probability, and using the dipole factorization eq. (2.1) with the splitting

kernels eq. (2.6), we see that if we deÞne

M n+1 = $
!

i != j

!

k!= i,j

4!" s

pi ápj

Vij,k (pi , pj , pk)
T 2

÷ij

T÷k,n M nT 
÷ij,n

, (6.1)

the matrix element square forn + 1 particles can be written analogously to eq. (3.2) as

|M n+1 |2 = Tr ( Sn+1 %M n+1 ) . (6.2)

Thus, when a phase space point has been selected for gluon emission,M n could be updated according

to eq. (6.1). Note, however, that the overall normalization of M n+1 is irrelevant, since when used in the

n + 2 -version of eq. (5.3) to calculate the emission ofn + 2 partons, M n+1 enters in both the numerator

and denominator. Thus we could ignore any constant factor. In fact, for technical reasons, we only keep

the eikonal parts, # pi ápk/ (pi ápj pk ápj ), of eq. (6.1). Clearly the dropped hard collinear pieces should not

alter the subsequent emission of soft wide-angle radiation.

For the case ofg & qq, there is no interference between various possible emitters, and the amplitude

is symmetric in all Þnal state gluons, meaning thatM n can be updated using only one term

M n+1 = t ÷ij,n M nt 
÷ij,n

, (6.3)

where t ÷ij,n represents the color space map corresponding totg
qq, i.e., the matrix where element"# is the

transition from basis vector # in the initial (smaller) basis, to basis vector " in the Þnal (larger) basis,

where the di! erence between the color structures is that the gluon÷ij has been contracted and replaced by

the qq-pair i, j , giving one or two new basis vectors. The possible recoil partners used to set up the gluon

splitting into quarks are picked using eq. (5.1) with the g & qq splitting kernel, but with color matrix

element correctionsas for gluon emission. While this choice is ad-hoc in this case, it has the advantage of

nicely Þtting into the dipole picture. In the collinear limit, where the splitting becomes relevant, we can

use color conservation eq. (2.5), to observe that the sum over the kernels using di! erent spectators is indeed

collapsing to the expected collinear splitting function.

Note that the same update ofM n+1 , eq. (6.3), and the same recoil strategy, is applied irrespectively of if

the splitting gluon is Þnal or initial. The only di ! erence is thus, as for the gluon emission case, the standard

convolution with the PDFs for initial parton splitting rates. If we have an initial state quark (antiquark)

which evolves backwards into a gluon going into the parton distribution function and an antiquark (quark)

which is radiated, the shower has no interference with other diagrams, and the density matrix can be

updated according to

M n+1 = T÷ij,n M nT 
÷ij,n

, (6.4)
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Two choices in the algorithm from [55] are: the acceptance probability (denoted! in [55]) and the

overestimate proposal distribution (denotedR). These free choices were used to improve the convergence

of the algorithm, the details of the choices can be found in appendixA.

In total, to reproduce the radiation pattern in eq. ( 5.1), the shower steps given below are repeated until

Nmax emissions have been corrected or no emission is found above the cut-o! scaleµ.

1. The starting scaleQ! is given by the hard scale. For the Þrst emission, this is taken to be theZ mass

for LEP and the average transverse momentum of hard jets in the Þnal state for LHC. For subsequent

emissions,Q! is given by the scale of the previous emission.

2. All processes for all pairs of partons compete with each other and a winning hardest scale is chosen.

For each dipole, ÷ij, ÷k, candidate emissions,÷ij, ÷k ! i, j, k at scalesp! , ÷ij,k , are chosen according to the

Sudakov form factor

" ln ! ij,k (p2
! ,ij,k |Q2

! ) =
" s

2#

! Q2
!

p2
! ,ij,k

dq2
!

q2
!

! z+ (q2
! )

z" (q2
! )

dz Pij,k (q2
! , z; p÷ij , p÷k) , (5.2)

where Pij,k , in accordance with eq. (5.1), is

Pij,k (p2
! , z; p÷ij , p÷k) = J (p2

! , z; p÷ij , p÷k)Vij,k (p2
! , z; p÷ij , p÷k) #

" 1
T 2

÷ij

$M n|T ÷ij áT k|M n%

|M n|2
(5.3)

and z± (p2
! ) follow from the phase space boundaries at Þxed transverse momentum. If the color matrix

element correction is positive, the standard Sudakov veto algorithm is used (resulting in that the trial

emission always contributes a factor1 to the event weight) and if it is negative, the modiÞed weighted

veto algorithm is used (where the weight is, in general, multiplied by the weight in eq. (A.4)). The

winning emission deÞnes the details of the kinematics and the recoil is absorbed by the spectator÷k

of the winning dipole, such that all partons are on-shell after the emission.

3. If no scale above the cut-o! µ was found, the shower terminates.

4. If this is the emission Nmax , the leading Nc shower will continue showering the event, otherwise the

density operator is updated as will be described in section6.

If Nmax emissions have been corrected, the leadingNc shower continues with the color structure given

by the large Nc ßow associated with emissions from the selected emitters, as discussed in section3. The

leading Nc shower then continues until reaching the cut-o! scaleµ. Finally, the event may, or may not, be

hadronized. If the hadronization is performed it starts from the leadingNc color ßow.

6 Evolution of the density operator

The parton shower starts from the hard matrix element |M n%. However, after emission, the resulting

ÒdipoleÓ color structure from eq. (3.3) cannot, within our framework, be cast into the form of some new

Ð 8 Ð



Colour Matrix Element Corrections vs Full Colour

[Holguin, Forshaw, PlŠtzer Ð arXiv:2003:06399]

1 Introduction

Over recent years much attention has been devoted to the development of parton showers
with Ôfull colourÕ evolution [2Ð7]. The study of these has multiple motivations: most im-
portantly, reducing theoretical uncertainties in parton showers will be crucial for precision
phenomenology at future colliders. Currently, parton showers provide some of the largest
sources of uncertainty in experimental analyses, e.g. [8]. There has also been a growth in
interest towards developing tools for the formal resummation of observables sensitive to the
complexity of the non-abelian structure of the strong interaction, speciÞcally observables
with non-global or super-leading logarithms [9Ð14]. These will play an important role in
advancing parton shower algorithms. In this context, a widely available Ôfull colourÕ parton
shower would be a powerful tool.

In this letter we comment on the formalism for resumming complex colour structures
employed recently in [1]. A similar approach was previously put forward by one of the
present authors and collaborators [3, 5]. The authors of [1] describe their formalism as
being capable of producing Ònumerical resummation at full color in the strongly ordered
soft gluon limit.Ó We will examine this claim in what follows.

Let us be clear on what we mean by leading and sub-leading colour. A general observ-
able can be written

! (L ) =
!!

n=0

(Nc! s)n
n+1!

m=0

Cn,m (L ) , (1.1)

where L is some large logarithm. The coe" cients Cn,m can be expanded:

Cn,m = C(0)
n,m" #$%

LC !

+
1

Nc
C(1)

n,m
" #$ %

NLC !

+
1

N 2
c

C(2)
n,m

" #$ %
NNLC !

+ ... (1.2)

and a Ôfull colourÕ shower should be able to compute all of theC(i )
n,m at a stated logarithmic

accuracy.1 We will show that the formalism of [1] generally fails to compute the NNLC!

terms, even in the strongly-ordered soft gluon approximation. Note also that, for many
observables, the NLC! term vanishes, so that the dominant sub-leading colour corrections
occur at NNLC! . It is also important to appreciate that the colour expansion deÞned in
Eq. (1.2) is very weak in its ambition. Just as in the case of logarithmic resummation,
more ambitious would be to perform a resummation of towers ofenhanced corrections. In
which case an expansion of the form of Eq. (1.2) would be exponentiated.

2 Summary of the new Ôfull colourÕ parton shower

We will brießy summarize the algorithm advocated in [1] and we largely follow their no-
tation. The amplitude for an n-parton hard process is|M n! and |mn+ k! is the amplitude

1Or in a speciÞed kinematic limit, e.g. the strongly-ordered soft gluon limit.
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Figure 6 : The counting of next-to-leading colour contributions. We aim to perform a
resummation in all powers of the tÕHooft coupling! sN ⇠ 1. In the set of boxes shown we
count, for the virtual evolution operator, increasing powers of! s from left to right, and
decreasing powers ofN from top to bottom, with N 0 in the middle row. The effect of r
real emissions is indicated in the rightmost column of the Þgure and any1/N suppression
due to the scalar product matrix is indicated by the number of ßips. See the text for more
details.

Subleading colour contributions may result in differences between the colour in the
amplitude and that in the conjugate amplitude. To keep track of this, we will count the
number of colour reconnections (or transpositions or ßips or swings) by which the two
colour structures differ. It turns out that pure 1/N corrections can only originate from
interference contributions in the hard process matrix. We will ignore subleading colour
contributions from this source in what follows, though they could easily be included. The
most important subleading colour contributions due to real emission are suppressed by a
power of 1/N 2 relative to the leading contribution and they originate as a result of the
following three possibilities: (i) two colour ßips accompanied by no explicit factor of1/N
(coming from contributions of the type t[· · · ]t); (ii) one ßip and a factor of 1/N (coming
from contributions of the type t[· · · ]s and s[· · · ]t); (iii) zero ßips and a factor of 1/N 2

(coming from contributions of the type s[· · · ]s). See Eq. (3.14) to appreciate the factors of
1/N . We note that real emissions never reduce the number of ßips by which the amplitude
and its conjugate differ. We will present the explicit rules corresponding to these real
emission contributions below but Þrst we consider subleading virtual corrections.
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after dressing with k soft gluons. Real emissions are accounted for recursively according to

!mn+ k|mn+ k" = !mn+ k! 1| ! n+ k! 1(1) |mn+ k! 1" = !M n| ! n(...! n+ k! 2(! n+ k! 1(1)) ...) |M n" ,
(2.1)

where

! n (! ) = #
n!

i,j =1
i "= j

T i ! T j ! ij , ! ij =
sij

siqsqj
(2.2)

and sij = 2pi ápj in terms of the momenta of the partons i and j . The radiation pattern
for a single emission,q, is then determined by

d" n+ k+1

" n+ k
= d ! +1 8#$s

!mn+ k| ! n+ k(1) |mn+ k"
!mn+ k|mn+ k"

, (2.3)

where d! +1 is a phase-space measure and parametrises the momentum map from a state of
n + k partons to a state of n + k + 1 partons. Its details are not needed for our discussion.
Virtual corrections are encoded via a no-emission probability, i.e. via a typical parton-
shower cross-section-level Sudakov factor, deÞned thoughunitarity as

" t

t !

d%2
ij

" n+ k

"
d" n+ k+1

d%2
ij

" (%2
ij , t) = 1 # " (t#, t), (2.4)

where %2
ij = ! ! 1

ij plays the role of the ordering variable. This equation has the solution

" (k) (t#, t) =
n+ k#

i,j =1
i "= j

" ij (t#, t), (2.5)

where

" ij (t#, t) = exp

$

#
" t

t !

d%2
ij

%2
ij

"
8#d! +1

d%2
ij

$s
!mn+ k| T i T j |mn+ k"

!mn+ k |mn+ k"

%

, (2.6)

is the no-emission probability for a single dipole (i, j ). The overall no-emission probability
dresses the real emission matrix elements deÞned in Eq. (2.1) according to

!mn+ k; t|mn+ k; t" = " (k) (t, t k )..." (1) (t2, t1)" (0) (t1, Q2) !mn+ k|mn+ k" , (2.7)

where t i is the ordering variable associated with thei th emission andQ2 is the hard scale.

3 The problem with Sudakovs

In this section we show that deÞning Sudakov factors throughcross-section-level unitarity
gives rise to two compounding errors in colour. The Þrst error is in the computation of loops,
the second is in the computation of the interplay between loops and real emissions. These
errors make the inclusion of Coulomb terms impossible, since they always appear as a pure

Ð 2 Ð

Colour matrix element corrections reconsidered.

Cross-section unitarity is not sufÞcient to produce correct subleading-N virtual evolution.plays the role of the leading colour part of the Sudakov and! s"V the sub-leading colour
part. The result is that

Tr norm
!
eV "

= eTr norm (V ) +
#

n! 2

O
!
! n

s N n" 2
c (Tr norm "V 2 ! (Tr norm "V )2)

"
. (3.5)

The important di ! erence arises because (Trnorm "V )n "= Tr norm ("V n ) for n # 2. From this
argument it is clear that errors will occur, starting with th e computation of NNLC! .

Now let us now give a physical interpretation of the error by expanding Eq. (3.2) to
O(! 2

s). The O(! 2
s) term corresponds to dressing a general hard process at Þxedorder with

two strongly ordered soft loops. The correct amplitude is

n#

i,j =1
i #= j

$ t

t !
d#2

ij

$
8$d" +1

d#2
ij

! s

n#

k,l =1
k#= l

$ t

! 2
ij

d#2
kl

$
8$d" +1

d#2
kl

! s

$ Tr norm (T i áT j T k áT l ) %mn+ k ; t|mn+ k; t&. (3.6)

Now, we can expand# (k) (t$, t) %mn+ k; t|mn+ k ; t&to the same order. We Þnd

1
2

n#

i,j =1
i #= j

$ t

t !
d#2

ij

$
8$d" +1

d#2
ij

! s Tr norm (T i áT j )
n#

k,l =1
k#= l

$ t

t !
d#2

kl

$
8$d" +1

d#2
kl

! s

$ Tr norm (T k áT l ) %mn+ k; t|mn+ k ; t&. (3.7)

These two expressions are only equal whenn + k ' 3 because the colour matrices are then
proportional to identity matrices. However, for multiplic ities of coloured partons greater
than 3 they di! er by NNLC! pieces. This error occurs because writing a matrix element
in the form of Eq. (3.7) implicitly assumes that [T i áT j , T i áT k] ( 0, which is only correct
up to NLC ! terms. For example, consider the case ofe+ e" ) qøqg1g2 (for which the NLC !

term is zero). To illustrate the point consider the limit tha t both gluons were emitted from
the quark. In this limit a NNLC ! error emerges due to the non-vanishing of

! 2
sTr norm (T q áT g1 T g1 áT g2 ) ! ! 2

sTr norm (T q áT g1 ) Tr norm (T g1 áT g2 )

= ! 2
s
N 6

c + 3N 4
c ! 14N 2

c + 2
4N 2

c (N 2
c ! 1)2 =

(Nc! s)2

4

%
1

N 2
c

+
5

N 4
c

+ ...
&

. (3.8)

Similar errors arise from other emission topologies. The non-vanishing commutator is also
the reason why Coulomb terms do not cancel and, as a result, underpins the origin of
super-leading logarithms [9].

The second error compounds the Þrst. Let us now consider the evolution of an ampli-
tude to a new scale whilst emitting a single gluon:

'
mn+ k+1 ; t$$|mn+ k+1 ; t$$(

=
$ t!

t !!
d#2

$
8$d" +1

d#2 ! s %mn+ k ; t| e"
! t

t ! d! 2
! 4! d ! +1

d" 2 " s! n + k (1) ! n+ k(1)

$ e"
! t

t ! d! 2
! 4! d ! +1

d" 2 " s!  
n + k (1) |mn+ k; t&. (3.9)
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breaks for weak-counting NNLC effects

Compare to Òexponent countingÓ

after dressing with k soft gluons. Real emissions are accounted for recursively according to

!mn+ k|mn+ k" = !mn+ k! 1| ! n+ k! 1(1) |mn+ k! 1" = !M n| ! n(...! n+ k! 2(! n+ k! 1(1)) ...) |M n" ,
(2.1)

where

! n (! ) = #
n!

i,j =1
i "= j

T i ! T j ! ij , ! ij =
sij

siqsqj
(2.2)

and sij = 2pi ápj in terms of the momenta of the partons i and j . The radiation pattern
for a single emission,q, is then determined by

d" n+ k+1

" n+ k
= d ! +1 8#$s

!mn+ k| ! n+ k(1) |mn+ k"
!mn+ k|mn+ k"

, (2.3)

where d! +1 is a phase-space measure and parametrises the momentum map from a state of
n + k partons to a state of n + k + 1 partons. Its details are not needed for our discussion.
Virtual corrections are encoded via a no-emission probability, i.e. via a typical parton-
shower cross-section-level Sudakov factor, deÞned thoughunitarity as

" t

t !

d%2
ij

" n+ k

"
d" n+ k+1

d%2
ij

" (%2
ij , t) = 1 # " (t#, t), (2.4)

where %2
ij = ! ! 1

ij plays the role of the ordering variable. This equation has the solution

" (k) (t#, t) =
n+ k#

i,j =1
i "= j

" ij (t#, t), (2.5)

where

" ij (t#, t) = exp

$

#
" t

t !

d%2
ij

%2
ij

"
8#d! +1

d%2
ij

$s
!mn+ k| T i T j |mn+ k"

!mn+ k |mn+ k"

%

, (2.6)

is the no-emission probability for a single dipole (i, j ). The overall no-emission probability
dresses the real emission matrix elements deÞned in Eq. (2.1) according to
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the second is in the computation of the interplay between loops and real emissions. These
errors make the inclusion of Coulomb terms impossible, since they always appear as a pure

Ð 2 Ð

[Hoeche, Reichelt Ð arXiv:2001.11492v1]



Numerics with CVolver

[De Angelis, Forshaw, PlŠtzer Ñ in progress]
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Geometric & Baryonic Reconnection

Rapididy based colour reconnection

Colour singlets not only from qøq but also from qqqstates

But, baryonic clusters would typically be much heavier

Mijk + Mlmn > Mil + Mjm + Mkn

would always/often be reconnected into mesonic clusters.
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New model uses geometric measure 
instead of Ôstring lengthÕ and introduces 
baryonic degrees of freedomRapididy based colour reconnection

ÒClosenessÓ of quarks not based on invariant mass but on
proximity in momentum space.

Consider other quarksÕ movement based on their rapidity in
reference clustersÕ CM frame.
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Plain colour reconnection model [R¬ohr, Gieseke, Siodmok, EPJC C72 (2012)]

If MC + MD < MA + MB accept alternative cluster conÞguration
with probability preco

Important for hadron collision to restore colour pre-conÞnement
(works pretty well at LEP)
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A New View on Colour Reconnection

[Gieseke, Kirchgaesser, PlŠtzer, Siodmok Ñ JHEP 11 (2018) 149]
[Kirchgaesser, PlŠtzer Ñ work in progress]

In terms of the colour ßow basis introduced earlier, the action of the evolution operator
can be summarised in iterating so-called colour reconnectors [16] which, once per action,
will swap two indices of the permutation labelling the speciÞc colour ßow, and introduce
longer sequences of transpositions when exponentiated. If the colour ßows in a basis tensor
can be considered to indeed represent physical colour singlet systems, than the evolution
operator can be expected to be the basic object describing the physics of colour reconnection
at the amplitude level. We shall use this observation as a starting point for our model
investigation.

4 The General Algorithm and Baryonic Reconnections

The speciÞc conÞguration we obtain from a pre-conÞning parton evolution as discussed in
Sec.2, with a universal cluster mass spectrum, can be seen as driven by a cross section
resulting from an amplitude which has been dominated by a colour structure|! ! corre-
sponding to the assignment of clusters identiÞed in the Þnal state,

d" " |H ({ p} , Q2, { M 2
ij } )|2 |H ({ p} , Q2, { M 2

ij } )! # H ! ({ p} , Q2, { M 2
ij } )|! ! . (4.1)

In this case we assume that the logarithms ofQ2/M 2
ij have been summed by the parton

shower evolution with M 2
ij " 2pi ápj " Q2

0, e! ectively corresponding to a veto of radiation
o! dipoles with masses around the shower infrared cuto! Q2

0 and we view the initial step
of colour reconnection as an evolution in colour space to scales of orderµ2 below the
initial cluster masses and the parton shower infrared cuto! . To this extend we identify
M 2

ij = 2pi ápj , and we use

U
!
{ p} , µ2, { M 2

ij }
"

= exp

#

$
%

i != j

T i áT j
#s

2$

&
1
2

ln2 M 2
ij

µ2 $ i$ ln
M 2

ij

µ2

' (

) (4.2)

as an Ansatz for the evolution. The starting point for colour reconnection of a cluster
conÞguration represented through a colour structure|! ! is then to consider the overlap
between the evolved amplitude and a new colour structure|" ! to constitute a reconnection
amplitude,

A ! " " = %" |U
!
{ p} , µ2, { M 2

ij }
"

|! ! . (4.3)

Here we have removed the partial amplitude for the colour ßow we start to evolve, as it
will only an overall normalisation which is irrelevant for the reconnection probability, which
we now take to be

P! " " =
|A ! " " |2

*
# |A ! " #|2

, (4.4)

where %runs over all possible colour ßows.

4.1 Baryonic Colour Reconnections

In [15] the concept of colour reconnection to baryonic clusters has been investigated and
proven to be central to the description of baryon production at hadron colliders. In the

Ð 6 Ð

framework of our perturbatively inspired colour reconnection we can also accommodate for
such reconnections provided that there are at least three clusters, or colour ßows, to be
considered. It is then possible to associate a baryon/anti-baryon pair to a colour structure
which has been suitably anti-symmetrized in three fundamental and three anti-fundamental
indices
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The normalisation constant is taken to reproduce the normalisation of a single mesonic
conÞguration,

#Bijk |Bijk ! = N 3 , N 2
B = 3!

%
1 "

3
N

+
2

N 2

&
=

4
3

. (4.6)

This allows us to deÞne abaryonic reconnection amplitude

A ! ! B ijk " ÷" ijk = #Bijk | $ #÷" ijk |U
'
{ p} , µ2, { M 2

ij }
(

|#! , (4.7)

where ÷" ijk denotes the permutation with the colour and anti-colour indices corresponding
to the baryonic system removed,

|÷" ijk ! =

"
"
"
"
"

1 á á á n \ i, j, k
" (1) á á á" (n) \ øi, øj, øk

#

. (4.8)

The generalised reconnection probability is then

P! ! " =
|A ! ! " |2

N!
, P! ! B ijk " ÷" ijk =

|A ! ! B ijk " ÷" ijk |2

N!
(4.9)

with
N! =

)

#

|A ! ! #|2 +
)

#

)

i<j<k

|A ! ! B ijk " ÷#ijk |2 . (4.10)

We also consider the possibility of evolving an already existing Baryon, for which we
introduce ÕunbaryonizingÕ reconnection amplitudes

A B ijk " ÷" ijk ! ! = ##|U
'
{ p} , µ2, { M 2

ij }
(

|Bijk ! $ |÷" ijk ! . (4.11)

These allow us to quantify how relevant such an evolution step would be for a high-mass
baryonic system, which would not have entered the reconnection dynamics any more in the
case of the models considered before.

5 A Two-Cluster Sandbox

The goal of this Section is to gain an analytical insight into colour reconnection from soft
gluon evolution. In order to do so we study the simplest possible situation of the evolution
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Figure 5 : Histogram of the ! Y values for the quark anti-quark pairs of the original clusters
that were reconnected and the! Y value of the quark anti-quark pairs of the reconnected
clusters. (a) RAMBO Phase space. (b) UA5 phase space with random colour connections.

Figure 6 : The average baryonic reconnection probabilities for the RAMBO and UA5
phase space option with original and random initial colour connections.

colour connections. In both Þgures we see that colour ßows resulting in clusters consisting
of quark anti-quark pairs which are closer in rapidity are clearly preferred. Again the e" ect
is more pronounced for the UA5 model with random initial colour connections.

6.2 Baryonic reconnections

Within the context of our model a baryonic colour ßow can be introduced as explained
in Sec.4.1. In Fig. 6 the average baryonic reconnection probability for both phase space
algorithms is shown. Depending on the phase space algorithm we employ to sample the
initial conÞgurations, the average baryonic reconnection probability ranges between 2%
and 12%. The Þrst striking observation is that the probability rises with the number of
clusters considered. The more clusters in an event, the more likely it is to Þnd a candidate
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Figure 7 : Histogram of baryonic reconnection probabilities for three, four and Þve cluster
evolution where the quark kinematics was sampled with the RAMBO phase space algo-
rithm.

for baryonic reconnection. For RAMBO kinematics the initial colour conÞguration has no
e! ect on the average reconnection probability. For the UA5 phase space it strongly depends
on the initial colour conÞguration. Since the original UA5 cluster conÞguration already is
in a state where the quarks are colour connected to their closest neighbours in phase space
the probability for reconnection into a di ! erent mesonic state is suppressed, which raises
the probability to end up in a baryonic state. If the quarks are randomly connected the
average baryonic reconnection probability is suppressed since the probability for mesonic
reconnection is high. Also the more clusters we consider, the higher the probability is
to Þnd a candidate for baryonic reconnection. Now we proceed to study the three, four
and Þve cluster evolution with the RAMBO phase space in detail. The distribution of the
reconnection probabilities is shown in Fig.7. The baryonic reconnection probability tends
to prefer lower values with a pronounced peak at zero. The tail towards higher values in
the distribution might indicate some preferred kinematic conÞgurations for the evolution
into a baryonic state. With only one possible baryonic conÞguration, the three cluster
evolution is convenient to analyse and to extract a kinematic dependence.

In Fig. 8 the probability to evolve into a baryonic state with respect to the sum of
average" R values of the quarks and anti-quarks that would constitute a baryonic cluster,
(! " RB "+ !" R øB ")/ 2 is shown, where" R is deÞned as the distance between the constituent
quarks in the y # ! plane

" R =
!

(" ! )2 + ( " y)2. (6.1)

and we deÞne!" RB, øB " as

! " RB, øB " = ( " R12,ø1ø2 + " R13,ø1ø3 + " R23,ø2ø3)/ 3 , (6.2)

where the subscripts (1, 2, 3), (ø1, ø2, ø3), denote the quarks(anti-quarks) inside the baryonic(anti-
baryonic) clusters. The median shows a rising probability with lower (! " RB " + !" R øB ")/ 2
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Thank you!



QCD Coherence

Resummation of observables which
globally measure deviations from n-jet limit.

Use for analytic resummation and basis of 
parton shower algorithms.



QCD Coherence

Parton branching algorithm: 

Formulates iterative structure of 
contributions to cross sections. 
Could mean iterative structure of 
amplitudes or Ôdensity operatorsÕ.

Parton shower:

Numerical implementation of a 
parton branching algorithm. Used to 
solve evolution equations stemming 
from a parton branching algorithm.



Non-global Observables

No global measure of deviation from jet conÞguration:
Coherent branching fails, full complexity of amplitudes strikes back.

Even with a dipole approach 1/N effects possibly become comparable to subleading 
logarithms, and intrinsically 10% effects. Cannot ignore in the quest for higher precision.



Parton Showers from Amplitude Evolution

[Forshaw, Holguin, PlŠtzer Ð arXiv:2003:06400]

Combine insight from soft evolution, large-N expansions and collinear subtractions:

¥ Can we reproduce existing algorithms as well-deÞned limits of amplitude evolution?
¥ Can we use this to obtain an ideal combination of coherent and dipole branching?

In this paper, it better suits our purposes to work with the PB algorithm expressed
as an evolution equation, i.e. working di! erentially in the ordering variable, q! . Broadly
speaking, qn ! is the transverse momentum of thenth parton and it is a function of the
n-parton phase-space. The precise deÞnition ofqn ! is context dependent and is given in
Appendix A.1. The evolution equation is

q!
! A n(q! ; { p} n )

! q!
= ! ! n (q! ) A n(q! ; { p} n ) ! A n(q! ; { p} n ) !  

n (q! )

+
!

dRn D n(qn ! ) A n" 1(qn ! ; { p} n" 1) D  
n (qn ! ) q! " (q! ! qn ! ).

(2.3)

It is from this equation that we will derive generalised dipole and angular ordered showers.
The phase-space measure for thenth parton emitted in the cascade is variously written

as
d3qn

2Eqn

=
q2

n ! dqn !

2qn !
dS(qn )

2 =
#2q2

n !

2$s
d" n . (2.4)

We typically parametrise the evolution so that real emissions use the phase-space measure
d" n and loops d lnqn ! dS(qn )

2 . From eachA n we can compute the di! erential nH + n parton
cross section:

d%n(µ) =

"
n#

i =1

d" i

$

Tr A n(µ), (2.5)

where µ is either an infra-red regulator that should be taken to zero or the shower cut-o!
scale. We will focus one+ e" hard matrix elements, in which case observables are computed
using

# (µ; { p} 0, { v} ) =
! %

n

d%n(µ) u({ p} n , { v} ), (2.6)

where u({ p} n , { v} ) is a measurement function for an observable deÞned by the set of pa-
rameters { v} .1 The formula for processes involving incoming hadrons is given in Appendix
A.1.1.

2.2 Angular ordered shower

In this section we give an overview of the derivation of an angular ordered shower, starting
from Eq. (2.3). The unabridged derivation is given in Appendix A.2. Angular ordering
is derived after averaging over the azimuth of each emitted parton, as measured rela-
tive to their parent parton (and neglecting all subsequent azimuthal correlations). After
performing this averaging in Eq. (2.3), the colour structures can be greatly simpliÞed (a
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In this paper, it better suits our purposes to work with the PB algorithm expressed
as an evolution equation, i.e. working di! erentially in the ordering variable, q! . Broadly
speaking, qn ! is the transverse momentum of thenth parton and it is a function of the
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Start from amplitude evolution equations



Collinear Subtractions & Angular Ordering

[Forshaw, Holguin, PlŠtzer Ð arXiv:2003:06400]1. The D n operators in Eq. (2.3) describe the emission of soft gluons from dipoles (via
eikonal currents) and the emission of hard-collinear partons. The probability for the
emission of a soft gluon is partitioned as

ni n ánj n

ni n án nj n án
= Pi n j n + Pj n i n , where 2Pi n j n =

ni n ánj n ! ni n án
ni n án nj n án

+
1

ni n án
,

ni n = pi n /E i n and n = qn/E qn , and E is an energy in the event zero-momentum
frame. Note that Pi n j n only has a pole when the emission is parallel toi n . When
integrated, this term gives rise to a theta function that enforces angular ordering.

2. We average over the emitted partonÕs azimuth,"...#1,...,n , such that (for some quantity
f )

"f #1,...,n =
!

d! n

2"
...

!
d! 1

2"
f (! 1, ..., ! n ).

The relevant angles are deÞned in Figure2. We use this operation on both sides of
Eq. (2.3) and spin-average, see AppendicesA.2 and B for details. It is at this point
we see that"Pi n j n #n $ ! (#j n ,i n ! #n,i n ).

3. We perform a change of variables,qn ! % $n,j n = 1 ! cos#n,j n , so as to make the
angular ordering explicit. We merge the soft and hard-collinear emission kernels;
expressing them in terms of collinear splitting functions. We also must sort out recoil
so that the longitudinal component of the total momentum in a 1 % 2 splitting is
conserved. Finally, using kinematic variables deÞned in the event zero-momentum
frame2 allows us to saturate the ! (#j n ,i n ! #n,i n ) angular ordering constraint for
emissions originating from the primary hard partons (which are anti-parallel to each
other). For all other emissions, it is necessary to approximate! (#j n ,i n ! #n,i n ) & 1.
This approximation (which corresponds to strong ordering in angles) is equivalent
to assuming the angle of the current emission is smaller than the opening angle

2i.e. for e+ e! ! qøq, zn = ÷pi n án/p i n án and n is chosen so that n||Pøq for all emissions in the quark jet
and vice versa for the anti-quark jet.

! in,j n

! n,j n

i n

j n

" n

Figure 2 . The angles used to derive angular ordering by azimuthal averaging.! n is the azimuth
that is averaged over. In some equations two azimuths are present, in these situations we give! n

a second index, e.g.! n,j n . Angular ordering corresponds to#i n ,j n > #n,j n .
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of the coupling [20], e.g. to compute thrust at NLL [ 19]). Moreover, modern angular
ordered showers retain information on the hard-process, leadingNc colour ßows by
working in the dipole frames of initially colour-connected partons. This improves the
approximation for hard processes with greater than two hard jets, since it is then only
required to assume! (! j n ,i n ! ! n,i n ) " 1 for emissions from partons other than the
primary hard partons. During the subsequent evolution, traditional angular ordered
showers lose the information on QCD colour ßows4, while dipole showers retain it
to all orders at leading Nc. We will exploit this in our dipole shower construction.
Appendix A.2 and A.3 give more details on this point.

¥ The shower does not yet fully conserve energy and momentum. Rather it only
conserves energy-momentum longitudinal to a jet. Accounting fully for energy-
momentum conservation is formally sub-leading in many observables. However, it
is phenomenologically important and necessary for shower unitarity. Furthermore,
if total energy-momentum conservation is handled incorrectly it can spoil the NLL
accuracy of a shower for some observables [10]. We will return to this in Section 3.

¥ We averaged the azimuthal dependence of the matrix elements. However, this ig-
nores possible azimuthal dependence of the observable. Really one should compute!
|M n|2 u({ p} n , { v} )

"
1,...,n . It is therefore important to ask whether

!
|M n|2 u({ p} n , { v} )

"
1,...,n "

!
|M n|2

"
1,...,n #u({ p} n , { v} )$1,...,n

is a good approximation. In other words, are the azimuthal dependencies of the ma-
trix element and the observable correlated? This is clearly an observable dependent
statement. Despite this we can make some progress; we can remove the approxima-
tion and Þnd

!
|M n|2 u({ p} n )

"
1,...,n =

!
|M n|2

"
1,...,n #u({ p} n )$1,...,n

+
n#

m=1

" m (
!
|M n|2

"
1,...,n ) " m (#u({ p} n)$1,...,n ) Corm (

!
|M n|2

"
1,...,n , #u({ p} n )$1,...,n )

+ higher order correlations, (2.9)

where " n(x) =
$

#x2$n ! # x$2
n and Corn(x, y) =

#(x!" x#n )( y!" y#n )$n
! n (x)! n (y) . The Þrst order

correlation term (the second line of Eq. (2.9)) acts as a switch. If it is suppressed
relative to the uncorrelated term then all higher correlations will be too. If it is not
suppressed then higher order correlations may not be. In Appendix2.2 we show that
the higher order correlations are subdominant in the computation of NLL thrust. This
is because the observable is two-jet dominated5 and exponentiates, and so at NLL
accuracy" m (#u({ p} n)$1,...,n ) " 0. However, we also Þnd that the correlation term can

4Some azimuthal correlations due to colour correlations can be re-instantiated in coherent branching
algorithms [21, 22].

5Observables, such as thrust, for which the leading logarithms quantify small deviations from the two-jet
limit or, more generally, the n-jet limit in the case of n-jettiness [23]
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Collinear subtractions within a dipole?
Recall angular ordering and coherent branching:

Azimuthal average will result in angular ordering and simplify colour structures.

irrelevant for global observables at NLL
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Collinear subtractions within a dipole?
Recall angular ordering and coherent branching:

Azimuthal average will result in angular ordering and simplify colour structures.

of every other dipole, not just the opening angle of its parent dipole. This is the
familiar angular ordering used in both resummations [19, 20] and parton showers
when showering from ane+ e! ! qøq hard process [5]. Strong ordering in angles
simpliÞes the colour structures, so that all colour-charge operators can be reduced to
Casimir, i.e. CF for a quark and CA for a gluon. The simpliÞed colour reduces the
evolution equation to an evolution of matrix elements, |M n|2.

The Þnal result is

!
"

!
|M n(! )|2

"
1,...,n

"!
"

#
#

j n +1

#

!

#s

$

$
dz P!! j n +1

(z) $! on shell%n+1

!
|M n(! )|2

"
1,...,n +

#

!

#s

$
P!! j n

(zn )

& $! on shell%n

$
d4pj n %4(pj n # z! 1

n ÷pj n )
!
|M n! 1(! n,j n )|2

"
1,...,n ! 1 ! n,j n %(! # ! n,j n ). (2.7)

The angular ordering variable! n,j n = 1 # cos&n,j n . P!! j n
(zn ) are the usual collinear splitting

functions, e.g. Pqq(zn) = CF
1+ z2

n
1! zn

. Here we have used' j n to label the species of parton
j n and ' to label the speciesj n transitions to; if ' j n = q then ' = q and if ' j n = g then
' = q, g. zn is the momentum fraction of parton n, i.e. if we have a collinear splitting that
induces j n! 1 ! j n n then pj n " znpj n ! 1 and qn " (1 # zn)pj n ! 1 . ! on shell is a product of
theta functions that ensures each parton is integrated over the phase space corresponding
to a real particle (see SectionA.2.2). In the Þrst term, ! on shell is a function of ! , z and
the n-parton phase space. In the second term! on shell is a function of ! n,j n , zn and the
(n # 1)-parton phase space.

!
|M n(! ; { P1, ..., PnH , (z1, ! 1,j 1 ), ..., (zn , ! n,j n )} )|2

"
1,...,n is the

azimuthally averaged, squared matrix element for a hard process dressed withn strongly-
ordered partons with a unique branching topology; each emitted parton is speciÞed by a
pair (zm , ! m,j m ) and parton j m is the corresponding parent. The delta function enforces
longitudinal momentum conservation; |M n|2 depends on the momentum after the emission,
÷pj n , and |M n! 1|2 depends on the momentum before the emission,pj n .

Observables ine+ e! are computed after summing over emission topologies:

" (µ; { p} 0, { v} ) "
$ #

n

#

j 1,...,j n

%
n&

m=1

d! m,j m

! m,j m

dzi d( i

2$

'
!
|M n(µ)|2

"
1,...,n u({ p} n , { v} ), (2.8)

where µ should be taken to zero (or the shower cuto#) and for hadron-hadron collisions
see AppendixA.1.1.3

There are several noteworthy points involved in this derivation:

¥ In order to reduce the colour structures to being diagonal, we made the approximation
! (&j n ,i n # &n,i n ) " 1 for emissions from partons other than the two primary hard
particles. The approximation is generally only good to LL accuracy (though angular
ordered showers are able to go beyond this when combined with the CMW running

3 In the appendix, we sum over branching topologies:
!

j 1 ,...,j n

"
|M n |2

#
1,...,n

=
"
|M n |2

#
1,...,n

.
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includes momentum mapping and physical 
phase space boundaries for on-shell partons



Dipoles, Recoil & Partitioning

[Forshaw, Holguin, PlŠtzer Ð arXiv:2003:06400]

Colour in dipole shower evolution follows the BMS derivation.spectator scheme in AppendixC. Thus the evolution equation is
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&
q! %(q! " qn ! ). (A.48)

This is a modiÞed version of the equation for dipole evolution found in [11] that was shown
to reproduce BMS evolution [16]. It has been modiÞed to allow for the possibility of
kinematic recoil and to account for the phase-space e" ects from energy conservation.

By taking the leading colour limit, the colour evolution has been made diagonal. We
can trivially make the connection with squared spin-averaged matrix elements; for a given
colour ßow, &,

| öM (" )
n (q! )|2 |&$ %&| =

'
2" s

#

) n

Leading(0)
""

%
öA n(q! )

&
, (A.49)

where öM is a dimensionless, spin-averaged and leading-colour matrix element, up to global
factors of 2 and # which have been absorbed into the deÞnition of our phase-space mea-
sure18. Thus
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(A.50)

This is a generalised leading-colour dipole shower evolution equation with Þxed coupling.
Commonly one would introduce a running coupling with q! as its argument, allowing for
the computation of further NLLs. At this point this would be a simple extension. We
have omitted the running coupling as it does not e" ect our discussion. From this point on
we drop the carat denoting spin averaging, leaving it implicit that the equations are spin
averaged.

To manipulate our new dipole construction into the more usual form we now deÞne a
recoil function based on colour ßows:

Rdipole
i c
n

=
'

1
2

+ Asym i c
n i c

n n
(qn)

)
R i c

n
, (A.51)

18 The usual dimensionful matrix element is retrieved by multiplying with a factor
!

i n +1
2! ! 1q! 2

i n +1 " .
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Combination with collinear contributions: partition using coherent branching logic

A.3 Derivation of the dipole shower

In this section we will derive from Eq. (2.3) an evolution equation for a dipole shower for
Þnal-state coloured radiation in e+ e! . The extension to an initial state shower does not
add complexity but lengthens equations. To derive the dipole shower we will spin average
the evolution and make the leading colour approximation. To approximate the colour, we
express amplitude density matrices and colour charge operators in the colour-ßow basis.
We manipulate the colour-ßow basis using the mathematical machinery introduced in [11].

Before we begin the derivation let us look at Eq. (2.3) in more detail and apply some of
the knowledge we have gained from deriving an angular ordered shower. Angular ordering
is most powerful when applied to the two-jet limit in e+ e! , the mono-jet limit of DIS and
Drell-Yan. In these cases, angular ordering does not approximate the soft radiation pattern
at all. Instead, the soft radiation is colour diagonal. The diagonalisation of soft radiation
renders the conservation of momentum longitudinal to a jet unambiguous. Matching to
the angular ordered limit is su! cient to completely constrain the leading component of
momentum conservation in Eq. (2.3) (it must respect the partitioning deÞned by Pi n j n as
given in Appendix A.2). It is required that

Rsoft
i n j n

=
(q(i n j n )

n " )2

2E 2
n

(Pi n j n R i n + Pj n i n R j n )

=
(q(i n j n )
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4
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pi n áqn pj n áqn
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+
T ápi n
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pi n áqn

#
Ri n + ( i " j )

$
,

(A.39)

where T =
%

i n
pi n is a vector for projecting out the energy of a parton in the event ZMF

and whereEn is the energy ofqn in the ZMF. This can be rearranged to give

Rsoft
i n j n

=
Ri n + Rj n

2
+ Asym i n j n

(qn)Ri n + Asym j n i n
(qn)Rj n , (A.40)

Asymi n j n
(qn) =

&
T ápi n

4T áqn

(q(i n j n )
n " )2

pi n áqn
!

T ápj n

4T áqn

(q(i n j n )
n " )2

pj n áqn

'

. (A.41)

As previously stated in our discussions on angular ordering,

Rj n = ! 4(pj n ! z! 1
n ÷pj n )

(

i n #= j n

! 4(pi n ! ÷pi n ) + O(q" /Q ).

This recoil function is ready to use in Eq. (2.3).
Now, let us begin computing the leading colour evolution ofA n(q" ). We intend to

compute

Leading(0)
! " [A n(q" )] # A(0) ! "

n (q" ) |" $ %#| , (A.42)

whereA(0) ! "
n is the leading colour amplitude for colour ßows" and #, see [11, 33] for details

on this procedure. Term by term in Eq. (2.3) we can apply this operation and Þnd

Leading(0)
! "

)
! n (q" ) A n(q" ) + A n(q" ) !  

n (q" )
*

= 2 $(" )
n (q" ) ! ! " Leading(0)

! " [A n(q" )] ,

(A.43)
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q!
! |M (! )

n (q! )|2

! q!

! "
" s

#

!

i c
n +1

"
dq

(i c
n +1 ,i c n +1 )

! $(q
(i c

n +1 ,i c n +1 )
! " q! )

"
dz ! on shell P" i n " i n

(z) |M (! )
n (q! )|2

+
" s

#

" # $

j n

d4pj n

%
Rdipole

i c
n

P" i n " i n
(zn ) q! $(q(i c

n ,i c n )
n ! " q! )|M (! /n )

n" 1 (q(i c
n ,i c n )

n ! )|2, (2.10)

where % is a colour ßow and%/n is the same colour ßow but with the nth colour line
removed. We usei c

n to index the (anti-)colour line(s) of parton i in a Þnal state dressed
with n soft or collinear partons, i.e. if parton i is a quark it has a single colour line and
so i c

n = i q
n , if parton i is a gluon it will have a colour and an anti-colour line soi c

n = i g
n , i øg

n

respectively. i c
n is the (anti-)colour line connected to i c

n . Momenta with colour line indices
are the momenta of the partons associated to that colour line, i.e.pi c

n
= pi n . The shower

is ordered in dipolepT , deÞned as

(q(i c
n ,i c n )

n ! )2 =
2(pi c

n
áqn)(pi c n

áqn)

pi c
n

ápi c n

. (2.11)

The dipole splitting functions are

Pqq(zn) = CF
1 + z2

n

1 " zn
, Pgg(zn) =

CA

2
1 + z3

n

1 " zn
.

These splitting functions are related to those in the previous section according to
Pgg(z) = Pgg(z) + Pgg(1 " z), and Pqq(z) = Pqq(z). Note that to simplify Eq. ( 2.10) we
have omitted the possibility of g # qq transitions, which is sub-leading in colour and only
contributes a leading logarithm to single-logarithm, collinear-sensitive observables. In Ap-
pendix 2.3 we present Eq. (2.10) with this splitting included. Being explicit, we would
write the squared matrix element as

|M (! )
n (q! ; { P1, ..., PnH , (z1, q(i c

1 ,i c 1)
1 ! , &1), ..., (zn , q(i c

n ,i c n )
n ! , &n)} )|2.

As for the angular ordered shower, this is the squared matrix element for a hard process
dressed withn strongly-ordered partons with a unique branching topology, i.e. each emitted

parton is speciÞed by a triplet (zm , q(i c
m ,i c m )

m ! , &m ) and is emitted from the parton with colour
line i c

m . The dipole recoil function is given by

Rdipole
i c
n

=
#

1
2

+ Asym i c
n i c n

(qn)
%

Ri c
n
, (2.12)

where
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n

= $4(pj n " z" 1
n ÷pj n )

$

i n #= j n

$4(pi n " ÷pi n ) + O(q! /Q ), (2.13)
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and where
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Note, in the limit that qn is collinear to pi c
n
, Asymi c

n i c n
(qn) = 1 / 2. Thus, in this limit

Rdipole
i c
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" R i c
n
, as required. Our expression forRdipole
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n

should be compared to the recoil
function one would Þnd using Catani-Seymour dipole factorisation:
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Rdipole
i c
n

" RC.S.
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n

if we were to make the replacementT " pi c
n

+ pøi c n
. Observables are

computed after summing over emission topologies:

! (µ; { p} 0, { v} ) #
( #

n

#

!

#

i c
1 ,...,i c

n

)
n*

m=1

dq(i c
m ,i c m )

m !

q(i c
m ,i c m )

m !

dzi d! i

2"

+

|M (! )
n (µ)|2 u({ p} n , { v} ).

(2.16)

There are several noteworthy points involved in this derivation:

¥ This shower was built around preserving the beneÞcial features of an angular or-
dered shower. In fact, azimuthally averaging the dipole shower reinstates an angular
ordering. Angular ordered showers provide a su" cient framework to resum global
two-jet dominated observables up to#n

s L 2n" 1 terms with full colour. This will also be
achieved by the dipole shower presented here, Þxing much of the sub-leading colour
errors noted in [10].

¥ Traditional angular ordered showers fail to correctly compute #n
s L 2n" 1 logarithms

for n > 2 jet observables. This is because soft, wide-angle physics is miscalculated
because of the# ($j n ,i n ! $n,i n ) # 1 approximation, as previously discussed.6 It is
never necessary to make this approximation in the dipole shower since we can use
the underlying colour ßows to deÞne variables in the relevant dipole frame, for which
# ($j n ,i n ! $n,i n ) = 1 is always true. Thus we expect the dipole shower to have the
capacity to re-sum #n

s L 2n" 1 logarithms at leading colour.7

¥ In the soft limit the dipole shower generates iterative solutions to the BMS equation
[16] (the proof is as in Section 3 of [11]). This demonstrates that the shower computes
non-global logarithms at leading colour correctly.

6Modern implementations of angular ordered showers do use colour ßow information from the hard pro-
cess, allowing them to compute ! n

s L 2n ! 1 terms at leading colour for global n > 2 jet dominated observables
by deriving appropriate initial conditions from the respective large- N colour ßows of the hard process [5].

7Eq. (2.10) as it stands only provides a su! cient framework for this resummation. It is not yet su ! cient
in itself: one would need to enhance the shower with a running coupling and, possibly, higher order splitting
functions.
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Evolution now per colour ßow matrix element:

New dipole shower evolution, reduces to 
coherent branching upon azimuthal average 
and BMS evolution for large-angle soft.
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Recoil needs to be addressed separately.

¥ At this point in our theoretical development, the dipole shower does not completely
conserve energy and momentum. Rather it only conserves momentum longitudinal
to the emitting parton. Accounting for total energy-momentum conservation is not
needed to compute some observables to NLL accuracy, e.g. thrust. Regardless, it
is an important e! ect that if handled incorrectly can spoil the NLL accuracy of the
shower [10]. Addressing this is the focus of the next section.

3 Improving recoil in dipole showers

In this section we will address the problem of energy-momentum conservation in a dipole
shower, though our approach is simple to map onto an angular ordered shower. The
mechanism for energy-momentum conservation (or recoil scheme) we present lacks a formal
derivation. Rather it is inspired by the study of recoil by Bewick et al. [17]. Bewick et
al. analysed several approaches to recoil in angular ordered showers, reproducing some
of the Þxed-order checks of [10] and performing further numerical checks. They observed
that among the better performing recoil schemes are globally deÞned schemes; schemes
that redistribute momentum across an entire jet or event. From our perspective, a global

picn picn
zpicn + k! + O(k2)

(1 " z)picn

O(k! ) unbalanced momentum
pøicn

PJ
öPJ

Boost to ZMF to conserve energy
rescale momentum

÷PJ

Figure 3 . A summary of the dipole shower global recoil scheme (a scheme for energy-momentum
conservation). In words: A new particle is emitted which leaves some momentum unbalanced (in
the direction of the colour connected parton and in the plane transverse to the dipole); perform a
Lorentz boost to the new ZMF, and re-scale the jet momenta in such a way that the rescaling does
not change the k! of the emission. This leaves ann-parton ensemble with the same total energy
and total momentum as the n ! 1-parton ensemble.

Ð 11 Ð

the J th jet constructed from the n parton ensemblebefore the redistribution of momenta.
We place a hat on all intermediary kinematic variables (i.e. those after the emission but
before redistribution of momenta). We denote the 3-momentum of ÷PJ as ÷PJ = ! i c

n
! öPJ .

! µ
! is speciÞed by solving Eq. (3.2) and ! i c

n
is speciÞed by solving

Q =
n! 1!

J =1

"
÷P2

J + ÷P2
J =

n! 1!

J =1

! i c
n

"
(! öPJ )2 + öP2

J , (3.3)

which comes from requiringEbefore = Eafter = Q.
We will express this recoil scheme in terms of the shower kinematics and solve for÷PJ .

We use the following Sudakov decomposition for a 1! 2 (pi c
n

! öpi c
n

öqn) parton transition:

öqn = (1 " zn)pi c
n

+ k" +
(q(i c

n i c n )
n " )2

1 " zn

pi c n

2pi c
n

ápi c n

,

öpi c
n

= znpi c
n
, (q(i c

n i c n )
n " )2 = " k2

" , k" ápi c
n

= k" ápi c n
= 0 . (3.4)

We label the jet in which the splitting takes place as PJ emit , so that PJ emit = pi c
n
. From

Eq. (3.4):

öP2
J emit =

zn(q(i c
n i c n )

n " )2

(1 " zn)
+ k2

" , öPJ emit = PJ emit + k" +
(q(i c

n i c n )
n " )2

(1 " zn) 2pi c
n

ápi c n

p i c n
.

For all jets other than ÒJ emitÓ öPJ = PJ and öP2
J = 0. The Lorentz boost, ! µ

! (i c
n , i c

n ), can
now be found. The boost is in the direction ofp i c n

and is given by the boost velocity

! ZMF =
öPJ emit " PJ emit

#
J

"
öP2

J + öP2
J +

"
| öPJ emit " PJ emit |2 + k2

"

. (3.5)

Finally we must solve for ! i c
n

using Eq. (3.3),

! i c
n

=

# n! 1
J =1

"
P2

J + P2
J

# n! 1
J =1

"
(! öPJ )2 + öP2

J

. (3.6)

Note that in both the soft and collinear limits ! i c
n

! 1.
So now we have everything we need to compute÷PJ = ! i c

n
! öPJ . We can put this in

the dipole shower by introducing a recoil function

Ri c
n

= " 4
J

$
÷pi c

n
" zn ! i c

n
! (i c

n , i c
n )pi c

n

% &

j n #= i n

" 4
J

$
! i n ! (i c

n , i c
n )pj n " ÷pj n

%
, (3.7)

where " 4
J (f (pi c

n
)) is a delta function normalised against its Jacobi factor:

" 4
J (f (pi c

n
)) = " 4(pi c

n
" X ),

where X is the (unique) solution to f (X ) = 0. Note that in an implementation of the
algorithm there is never any need to invert the argument of the delta function to solve for
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Redistribute recoil globally, but per emission, 
inspired by HerwigÕs kinematic reconstruction.

recent discussion in:
[Bewick, Ferrario, Richardson, Seymour Ñ arXiv:1904:11866]

balance only 
longitudinal fractions

This scheme is free of the issues encountered 
for local dipole recoils.

[Dasgupta, Dreyer, Hamilton, Monni, Salam Ñ JHEP 09 (2018) 033]



Parton Branching at Amplitude Level

Formulate iterative structures quite generally, with the goal of systematically approximating 
the iteration, not Òiterating an approximationÓ. Similar in spirit to Nagy & Soper

Theoretical control Actual predictions

Guiding principle to 
incremental improvements

of existing algorithms.

Explore new methods 
and paradigms in their 

own right.

Non-global observables and accuracy for global 
observables both set the level of complexity.


