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Perturbative Cross Section

The main focus of this workshop is to calculate the pQCD cross sections as precise as possible, thus

we have a pretty integral Bare PDE
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Error of the factorization
(Cannot be beaten by calculating higher and higher order.)

and here the MSbar parton in parton renormalised PDF is
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Statistical Space

Introducing the statistical space we can represent the QCD density operator as a vector

Bare PDFs for both incoming hadrons
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state sums and integrals
QCD density operator

Describes the fully exclusive
. . | | . partonic final states.
The physical cross section is RG invariant as well as the

QCD density operator and the bare PDF.
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Statistical Space

A vector in the statistical space can be translated as
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An operator in the statistical space corresponds to a direct products of the corresponding quantum
operators:
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When operators act on a state we have
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PQCD Cross Sections

ZN, D. Soper, Phys.Rev. D98 (2018) no.1, 014034

Subtractions

Singularities cancel each other here /
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Unitary Shower Operator

Here we focus on the the unitary shower
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Here we are interested only at first order level:

Imaginary part of the

Real emissions 1-loop contributions
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Inclusive splitting operator

Unitary condition tells us:
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Evolution Equation

The shower operator obeys the following integral equation:
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This is not a diagonal operator and it is
impossible to diagonalise when we have
~0(10) partons.

Let’s define a systematic approximation!



LC+ Approximation

ZN, D. Soper, JHEP06 (2012) 044

The real splittings are described by
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The index [ always represents the emitter parton and the emitted parton can be collinear only with 1.

The inclusive splitting operator is
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We need an approximation (only in the color space) that
» can handle color interference contributions
s as minimal approximation as possible
% is exact in the collinear and soft-collinear regions
- makes some harm only in the wide angle soft region
> Hreserves unitary



LC+ Approximation

We insert a projection only on the spectator side
t{ctm) — C(L,m+ D)th[{chm )
<{Cl}m‘tk — <{C’}m|tk0(l, m + 1)]L

The operator C(I, m+1) is defined by its action on the basis states:
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) {¢}mt1) ifl and m + 1 are color connected in {¢}.m,41
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0 otherwise

(In string basis | and m+1 are color connected when they are next to each other along the fermion line.)

In the inclusive splitting operator, the color simplifies a lot:
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LC+ Approximation

In LC+ approximation every basis state is eigenstate of the inclusive splitting operator
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and we have Sudakov factor instead of Sudakov operator
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Based on this we can define the LC+ parton shower and its evolution equation is
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Beyond LC+

ZN, D. Soper, Phys.Rev. D99 (2019) no.5, 054009

Now we can define the operators of the soft wide angle emissions

With these the full shower is

T d,u2
U(us, i) =ULC+(M3,M?)+/ — U3, 1) [AH(1?) — AV ()| U (1P, )
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One can expand this in terms of the soft wide angle operators at a given order. In principle this
Is what we want, but this form is not efficient for implementation.
Let’s try something else:

N (13, 13) = X (5, 7)) NF (3, 17)
N ——

Hopefully it is simple enough to
deal with it perturbatively.
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Beyond LC+

The evolution equation is

»
U(ps, ut) = X (3, p) N (13, 13) +/ M—A; (3, 1) [HF (1) + AH ()] X (17, p )N (0, 13)
w3

When we iterate this equation we can control the number of AH operator insertions.

The X operator obeys its evolution equation:

Mld
X2, 12) = 1 — / O ) NV (1, i) AV () N (i )

“2

It is not Immediately obvious but this operator depends only pure soft contributions
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and the soft Sudakov factor is
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It is rather simple and can be

computed “quasi-analytically’. 12



Beyond LC+

Expanding the shower operator in terms of AH and AV operators, we can write

| 0([%H(p2i' AV (u?)]?)

Uk i) = U (g i)+ PG i)+ U9z +
L O([AH (u2)" AV (u2)])

This expansion is systematic and the unitary condition is satisfied term by term,

(1| (i, ) = (1

and for the corrections

(U™ (u3,p43) =0  for k=1,2,3,...

We can test this numerically!
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Unitary Test

LC+ contribution A 4+ B =1 contributions A + B = 2 contributions
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Rapidity Gap Survival

ZN, D. Soper, arXiv:1905.07176

1.0 \ \

0.8 1< y12 < 2]
0’6\
0.4

S 0.3 — NLO p = 2pr
—LC+

021 — AH, AVge 1
T AH) AVReaviw

1.0 —

2<yi2 <3

0.8
0.6

0.4

0.2 |-

3<yi2 <4

4 <yi2<5d

1.0
0.8

0.6
0.4

0.2

0.1

\
50 60

\ \
100 200 300 400 500
DT [GGV]

|
80

R=04

15



0.9
0.8

£10.2]/ f10.7]

0.7

1.2
1.1

1.0
0.9

£10.2]/£10.7]

0.8

1.4
1.3
1.2

1.1
1.0

0.9

£10.2]/ £10.7]

Rapidity Gap Survival

— Lt
| — AH, AVRe R
— AH) AVReaviW
| | | | | | | |
{ { { [ ] [ I I
B 3 <yi2 < 4[]
—— 1 | j j
u O <yi2 <6
i I I 1 1 1 i
50 60 &80 100 200 300 400 500
PT [GGV]

1.0
0.9

0.8

0.7

1.3
1.2

1.1
1.0

0.9
0.8

l

[

| |

|
50 60

|
80 100 200

E.., =13GeV
y| < 4.4
R=0.20.4,0.7

300 400 500

16



Exponentiating the Phase Terms




Evolution Equation

The evolution equation is

Ulps, i) = X (13, Ml)NLC+(M27U%)+/ T U3, 12) [HOT (02) + AH(i)] X (1%, 1N (62, 112)

Ko

The X operator obeys its evolution equation:

,ul d ) LC _
X (M3, K1) =1 - / ui X (M3, U%) N 27 (p3, W2)[AVRe () + i7Vin (U2)]N ¥ (ug, p?)
,uz g
Can we exponentiate this term?
Here o
Vi (1) = —4mﬁ ((Ta-Th) @ 1] — 1 ® (Ty - T)])
and

to
N (g, t1) = exp {—/ dl Yyl )}
t1
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No-splitting Operator
Statistical space :,> Quantum space

N:(ta,t1) {p, f, ¢ etm = nltz b1, A{p, fIm ) {cIm { I nlta,tr, {p, [}m)

We have to compute the the no-splitting operator in the quantum space and that is

How messy is this?
g s S5
N(ty,t,{p,f}m)= Texp ! dt

T LC*(W@ fln)! 4" T, 4aT,

LC+ part
still diagonal in color space

> _
= :
) = | i : ,.E
= 2 N¢ 8_;
>
| o
A new state: '{C1}nm Original state:'{ C} m
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No-splitting Operator

Now, what happens when phase operator acts on the new state”

N |

Ta : Tb‘{cl}m> !{Cl}m ‘{C}m>

This is good! The phase operator rotates only in the 2 dimensional subspace.

Ta Tol{Catm) =Y Mutn|{Cut }m)

Exponentiating a 2x2 matrix is easy!

—
1 [ E| 1
. ~ r
| 2 N

, i
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No-splitting Operator

How about gluon incomings? For quark-gluon incoming partons we have a 4D subspace and the

corresponding 4x4 matrix is

In the most complicated case, gluon-gluon initiated process, we have to deal with a 14D subspace

and then we have

O O0!1'!'17 0 0 O
w 0 01!21!1!2 0 0 O
w1111 0 0 0 0 O
w1111 0 0 0 0 O
w 1 0 0 ON, 0 O
w 1 0 0 0O ON. O©

_,1» 0 1 0 0 0 ON.

2. 0 1 0O 0O O 0 O
w 0 0 1 0 0 o0 o0
w 0 0 1 0 0 o0 O
w 0 0 O 1 0 o0 O
w 0 0 O 1 0 0 O
# 0 0O O O 1 1 1

O 0 0O O 0O 0 O
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It is still easy to exponentiate numerically.
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Implementation

® DEDUCTOR is designed to do a better job with color, spin and resummation of large logarithms compared
to other shower generators.

® [ ambda, KT and angular ordering
® | C+ color treatment. It allows us to do color evolution at amplitude level
® Threshold log resummation
® Spin correlations are not yet computed
e [Fully exponentiated Glauber (Coulomb) gluon effects
e \Wide angle soft gluon effects perturbatively.
® Next version is available soon...
e NLO matching at density operator level

® [t is available from

http://www.desy.de/~znagy/deductor
http://pages.uoregon.edu/soper/deductor
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http://www.desy.de/~znagy/deductor
http://pages.uoregon.edu/soper/

Summary, Outlook

WE HAVE THEORY OF PARTON SHOWER ALGORITHM.

® Defined at all order level and derived from fixed order perturbation theory (with the help of

renormalization group).

® [tisimplemented at LO level.

e All the classical shower algorithm fit into this formalism.

BUT HOW GOOD IS IT AT SUMMING UP LARGE LOGARITHMS?

e .. staytuned!
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Shower Kernel

The generators of the unitary shower can be expanded in the coupling:

S(u?) = - S§u2) S (1) + 'sé_“z) SO (112) + a4

and the first order term is rather simple

| ” VW (12 2) %
=5W (WP = —5 FEADWO (W2, pd)F () + DOD(? pud) — ey
,LI/S $/4LS us_ H . /’LS ug: uZ *
| DX.0) 1E(,2)" DWY D©.1)
= % (1) |(gﬂ)!1(lu2)! F (1) |D (1%, p15) FLL(u2) + Im- (u 1E) 4
- M - /'[/ 1 1 ILL
& ¢ ) & > ) ey L
Real operator Integrated real operator Glauber gluon
all the quantum numbers of the - all the quantum numbers of the imaginary part of
emitted parton is resolved emitted parton is integrated out the virtual graphs

- it is not the contribution of the
virtual graphs

~ ||

Note, the first order kernel is independent of the real part of the virtual graphs.
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Shower Kernel

At second order level we are not that lucky. The shower kernel is much more complicated:

1 1 D@ (U2, 2 I DD (u2. p2 |
FS(Z) (HZ) - F (HZ) l(:lj'z Ms | D(l) (HZ) |(:112 Us F' 1(u2)
S : " Ms " Fs HZ=p?

C Ve R g) | v ( 2)! VO (2, pg)

| e | : | pg 2= 2

” S $ S uZ=p
1
+ VE), ST )

This is highly non-trivial operator and cancelation of all the singularities in the first term is rather
delicate.

Double real Double virtual
. 1+ P ! H &P
D@ (12,2) = DO (2, )+ UV, W) + DO D (4%, )
Real-virtual
and
Single real

1t P

D¢ (12, 12) = DEO (W2, 12)+ POV, )

Single virtual
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