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Abstract. We demonstrate that the method of interleaved resampling in the context of parton showers
can tremendously improve the statistical convergence of weighted parton shower evolution algorithms. We
illustrate this by several examples showing significant statistical improvement.

1 Introduction

Event generators are indispensable simulation tools for
understanding high energy collisions in particle physics.
A core part of the event generators are parton showers
where hard scattering events, calculated perturbatively,
are dressed up with more and more partons in an iter-
ative manner, typically starting from some high energy
scale Q and evolving down towards smaller and smaller
scales until an infrared cuto↵ Q0 is reached.

Branchings within the parton shower evolution occur
with a rate P (q, z, x), which determines the probability
density of the dynamic variables associated to the branch-
ing. These are the scale q, additional splitting variables
z, and additional variables x on which a certain type of
branching depends. The latter can be collections of dis-
crete and continuous values. Branchings are ordered in
decreasing scale q in the evolution interval Q to Q0. The
probability for a certain splitting not to occur between
the scales Q and q is given by the so-called Sudakov form
factor �P (q|Q, x),

�P (q|Q, x) = exp

 
�
Z Q

q
dk

Z
dz P (k, z, x)

!
. (1)

The density for the dynamic variables describing an indi-
vidual branching which is to occur below a scale Q of a
previous branching (or an initial condition set by the hard
process), is then given by

dSP (q|Q, z, x)

dq dz
= �P (Q0|Q, x)�(q �Q0)�(z � z0)

+�P (q|Q, x)P (q, z, x)✓(Q� q)✓(q �Q0), (2)

where �P (Q0|Q, x)�(q � Q0)�(z � z0) represents events
which did not radiate until they reached the cut-o↵ scale
Q0, and z0 is an irrelevant parameter associating fixed
branching variables to the cuto↵ scale, where no actual

branching will occur. Di↵erent branching types x1, . . . , xn,
with a total rate given by

Pn
i=1 P (q, z, xi), can be drawn

algorithmically using the competition algorithm (see e.g.
[1, 2]), which we will not discuss in more detail in this
letter.

An individual splitting kernel P (q, z, x) cannot gener-
ally be integrated to an invertible function, which would
allow to draw from dSP using sampling by inversion, so
what is typically done is to find an overestimate R(q, z, x)
(s.t. R(q, z, x) � P (q, z, x) for all q, z, x), which can be
integrated to an invertible function. Equating the normal-
ized integrated splitting kernel to a random number r 2
(0, 1) and solving for q then generates a new scale q with
the distribution for R(q, z, x), and it can be proved that
accepting the proposed branching variables with proba-
bility P (q, z, x)/R(q, z, x) generates the desired density
P (q, z, x) instead [1–5].

In practice, in the case of a positive definite splitting
kernel P (q, z, x) with a known overestimate R(q, z, x), the
algorithm to draw from dSP then is given by Alg. 1. This

Algorithm 1 The Sudakov veto algorithm, defined using
an overestimate R such that R(q, z, x) � P (q, z, x) for all
q, z, x.

Q0  Q
loop

r  rnd
if r  �R(Q0|Q0, x) then

return Q0

else
solve r = �R(q|Q0, x) for q
select z in proportion to R(q, z, x)
return q with probability P (q, z, x)/R(q, z, x)

end if
Q0  q

end loop
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emission Integrates to one regardless of form of P and cutoff!

Positive P with known overestimate 
allows to use standard veto algorithm, 
including e.g. adaptive methods in 
Herwig with the ExSample library.
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Colour Matrix Element Corrections

Dipole branching algorithms can be 
supplemented by correction factors for 
real emission, but still lack virtual 
contributions beyond leading-N.

Different from amplitude level evolution.

[Plätzer, Sjödahl – JHEP 1207 (2012) 042]
[Plätzer, Sjödahl, Thoren – JHEP 11 (2018) 009]Correct real emission by exact colour correlations, 

obtain iterative corrections by amplitude evolution.

Available in Herwig 7.2, including collinear contributions.

amplitude |Mn+1i. Instead we see from eq. (3.3) that the relevant n+1-parton quantity, corresponding to
Mn ⌘ MnM†

n for emission from ĩj, k̃ is ⇠ Tk̃,nMnM†
nT

†
ĩj,n

. For gluon emission (final or initial), keeping
all contributions to the emission probability, and using the dipole factorization eq. (2.1) with the splitting
kernels eq. (2.6), we see that if we define

Mn+1 = �
X

i 6=j

X

k 6=i,j

4⇡↵s

pi · pj
Vij,k(pi, pj , pk)

T2
ĩj

Tk̃,nMnT
†
ĩj,n

, (6.1)

the matrix element square for n+ 1 particles can be written analogously to eq. (3.2) as

|Mn+1|2 = Tr (Sn+1 ⇥Mn+1) . (6.2)

Thus, when a phase space point has been selected for gluon emission, Mn could be updated according
to eq. (6.1). Note, however, that the overall normalization of Mn+1 is irrelevant, since when used in the
n + 2-version of eq. (5.3) to calculate the emission of n + 2 partons, Mn+1 enters in both the numerator
and denominator. Thus we could ignore any constant factor. In fact, for technical reasons, we only keep
the eikonal parts, ⇠ pi · pk/(pi · pj pk · pj), of eq. (6.1). Clearly the dropped hard collinear pieces should not
alter the subsequent emission of soft wide-angle radiation.

For the case of g ! qq, there is no interference between various possible emitters, and the amplitude
is symmetric in all final state gluons, meaning that Mn can be updated using only one term

Mn+1 = tĩj,nMnt
†
ĩj,n

, (6.3)

where tĩj,n represents the color space map corresponding to tgqq, i.e., the matrix where element ↵� is the
transition from basis vector � in the initial (smaller) basis, to basis vector ↵ in the final (larger) basis,
where the difference between the color structures is that the gluon ĩj has been contracted and replaced by
the qq-pair i, j, giving one or two new basis vectors. The possible recoil partners used to set up the gluon
splitting into quarks are picked using eq. (5.1) with the g ! qq splitting kernel, but with color matrix
element corrections as for gluon emission. While this choice is ad-hoc in this case, it has the advantage of
nicely fitting into the dipole picture. In the collinear limit, where the splitting becomes relevant, we can
use color conservation eq. (2.5), to observe that the sum over the kernels using different spectators is indeed
collapsing to the expected collinear splitting function.

Note that the same update of Mn+1, eq. (6.3), and the same recoil strategy, is applied irrespectively of if
the splitting gluon is final or initial. The only difference is thus, as for the gluon emission case, the standard
convolution with the PDFs for initial parton splitting rates. If we have an initial state quark (antiquark)
which evolves backwards into a gluon going into the parton distribution function and an antiquark (quark)
which is radiated, the shower has no interference with other diagrams, and the density matrix can be
updated according to

Mn+1 = Tĩj,nMnT
†
ĩj,n

, (6.4)

– 9 –

Two choices in the algorithm from [55] are: the acceptance probability (denoted ✏ in [55]) and the
overestimate proposal distribution (denoted R). These free choices were used to improve the convergence
of the algorithm, the details of the choices can be found in appendix A.

In total, to reproduce the radiation pattern in eq. (5.1), the shower steps given below are repeated until
Nmax emissions have been corrected or no emission is found above the cut-off scale µ.

1. The starting scale Q? is given by the hard scale. For the first emission, this is taken to be the Z mass
for LEP and the average transverse momentum of hard jets in the final state for LHC. For subsequent
emissions, Q? is given by the scale of the previous emission.

2. All processes for all pairs of partons compete with each other and a winning hardest scale is chosen.
For each dipole, ĩj, k̃, candidate emissions, ĩj, k̃ ! i, j, k at scales p?,ĩj,k, are chosen according to the
Sudakov form factor

� ln�ij,k(p
2
?,ij,k|Q2

?) =
↵s

2⇡

Z Q2
?

p2?,ij,k

dq2?
q2?

Z z+(q2?)

z�(q2?)
dz Pij,k(q

2
?, z; pĩj , pk̃) , (5.2)

where Pij,k, in accordance with eq. (5.1), is

Pij,k(p
2
?, z; pĩj , pk̃) = J (p2?, z; pĩj , pk̃)Vij,k(p

2
?, z; pĩj , pk̃)⇥

�1

T2
ĩj

hMn|Tĩj ·Tk|Mni
|Mn|2

(5.3)

and z±(p2?) follow from the phase space boundaries at fixed transverse momentum. If the color matrix
element correction is positive, the standard Sudakov veto algorithm is used (resulting in that the trial
emission always contributes a factor 1 to the event weight) and if it is negative, the modified weighted
veto algorithm is used (where the weight is, in general, multiplied by the weight in eq. (A.4)). The
winning emission defines the details of the kinematics and the recoil is absorbed by the spectator k̃

of the winning dipole, such that all partons are on-shell after the emission.

3. If no scale above the cut-off µ was found, the shower terminates.

4. If this is the emission Nmax, the leading Nc shower will continue showering the event, otherwise the
density operator is updated as will be described in section 6.

If Nmax emissions have been corrected, the leading Nc shower continues with the color structure given
by the large Nc flow associated with emissions from the selected emitters, as discussed in section 3. The
leading Nc shower then continues until reaching the cut-off scale µ. Finally, the event may, or may not, be
hadronized. If the hadronization is performed it starts from the leading Nc color flow.

6 Evolution of the density operator

The parton shower starts from the hard matrix element |Mni. However, after emission, the resulting
“dipole” color structure from eq. (3.3) cannot, within our framework, be cast into the form of some new

– 8 –
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Negative P or unknown overestimate 
requires weighted veto algorithm, with 
in principle arbitrary proposal kernel 
and veto probability.

2 Jimmy Olsson, Simon Plätzer and Malin Sjödahl: Resampling Algorithms for High Energy Physics Simulations

algorithm is statistically perfect in the sense that it pro-
duces the correct distribution using only (positive) unit
weights. In case of splitting kernels of indefinite sign, or in
an attempt to include variations of the splitting rate P at-
tached to a fixed sequence of branching variables, weights
di↵erent from unity are unavoidable, see [2,5–8] from some
of these applications.

Especially when extending parton showers to include
corrections beyond leading order [9–11] as well as sub-
leading Nc e↵ects, and in attempts to perform the evo-
lution at the amplitude level [8, 12–18], negative contri-
butions to the splitting rates arise. These contributions
require the weighted Sudakov veto algorithm, Alg. 2 in
order to be included in the simulation.

Algorithm 2 The weighted Sudakov veto algorithm
from [7], starting with an initial non-zero weight w0 and
a scale Q. Here SR can be any density according to which
we can generate branching variables, not necessarily de-
fined by an overestimate of the target splitting kernel P .
The acceptance probability, 0 < ✏ < 1 may in principle
depend on the splitting variables, but for the purpose of
this letter we will treat it as a constant, though this is not
a conceptual limitation.

Q0  Q,w  w0

loop
A trial splitting scale and variables, q, z, are generated
according to SR(q|Q0, z, x), for example using Alg. 1.
if q = Q0 then

There is no emission and the cut-o↵ scale Q0 is returned
while the event weight is kept at w.

else
if rnd ✏ then

The trial splitting variables q, z are accepted, and

w  w ⇥ 1
✏
⇥ P (Q0, z, x)

R(Q0, z, x)
. (3)

else
The emission is rejected, and the algorithm continues
with

w  w ⇥ 1
1� ✏

⇥
✓
1� P (q, z, x)

R(q, z, x)

◆

Q0  q. (4)

end if
end if

end loop

While the weighted Sudakov veto algorithm can be
shown to correctly account for negative contributions, an
issue with this algorithm and in general with weighting
procedures, is largely varying weight distributions which
accumulate multiplicatively during the simulation of an
event, especially in presence of the competition algorithm.
In [8] the weight degeneration was partly reduced by only
keeping event weights down to the winning scale in the

competition step. This greatly reduced the weight spread-
ing, but did not fully resolve the issue, in the sense that
incorporating yet more emissions with negative weights
would have produced unmanageable weights.

Approaching the parton shower precision era, we ex-
pect the issue of negative or varying weights to be a severe
obstacle that has to be overcome, preferably by more gen-
eral methods than to case by case monitor weights and ad-
just weighting algorithms. We therefore suggest to utilize
the method of resampling [19,20] in the context of Monte
Carlo event generators. We introduce the new method in
this letter as follows: In section 2, we introduce the basics
of the resampling method, while a benchmark example,
illustrating the resampling power by comparing the pro-
posed approach to a simplified parton shower is given in
section 3. We also show the e�ciency of resampling by tak-
ing a more realistic parton shower [21] with unit weights,
destroying its statistical convergence beyond recognition
using the weighted Sudakov algorithm, Alg. 2, and recov-
ering good statistical convergence using the resampling
method. Finally we make an outlook and discuss improve-
ments in section 4.

2 Resampling

The key idea behind resampling is to, rather than reweigh1

N weighted events, select n events among the N weighted
ones in proportion to their weights. This is done in an in-
terleaved procedure which is supposed to keep the weight
distribution as narrow as possible at each intermediate
step. After each weight change (in our case induced by
the shower), all selected events are assigned the weight
N/n and are further evolved separately.2 It is important to
mention that this method will introduce correlated events;
some of them will be duplicated or have partly identical
evolution history. The number n of selected events may
well be chosen equal to the number N of events, but can
also be chosen di↵erently.

Note that the resampling procedure will not alter the
flexibility of the simulation when it comes to predicting
arbitrarily many di↵erential cross sections in one run of
the program; in fact the appearance of correlated events
is also known in approaches using Markov Chain Monte
Carlo (MCMC) methods as explored for the hard process
cross sections in [22].

In the more commonly used reweighing procedure, events
with small weights are selected with a low probability;
however, if selected, they are assigned the same nominal
weight (typically 1) as other events. Using resampling, also
the large weights are kept under control. Instead of being
allowed to increase without limit, all event weights can
be kept at unity through duplication of events with large

1 This is typically referred to as ’unweighting’ in the context
of high energy physics event simulation.

2 The extension to an initially weighted sample of events
(where the weight average is not necessarily one) is trivial: save
the average event weight, and set (assuming N kept events)
each event weight to this average after finishing the simulation.



Weight distributions

[Olsson, Plätzer, Sjödahl — arXiv:1912.02436]

Weighted branching algorithms exhibit prohibitive 
weight distributions & convergence issues.

[Python shower by Hoeche & in-house sandbox code]



Resampling

[Olsson, Plätzer, Sjödahl — arXiv:1912.02436]

Resampling algorithms solve this issue, though 
strict event generator interpretation lost.



Resampling

[Olsson, Plätzer, Sjödahl — arXiv:1912.02436]Resampling can intervene at various intermediate 
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Fig. 1: Illustration of the di↵erent algorithms we consider as benchmark algorithms; we depict the algorithm as executed
in each shower instance. Each dSRi block corresponds to a proposal density for one of n competing channels, ✏ diamonds
depict the acceptance/rejection step with the weighting procedure of the Sudakov veto algorithm, and the selection
of the highest scale within the competition algorithm. Red dots indicate when the algorithm in each shower instance
is interrupted and resampling in between the di↵erent showers is performed. Depending on the resampling strategy,
events which reached the cuto↵ can be included in the resampling, or put aside as is done in our benchmark studies.
The left flow diagram corresponds to the benchmark example discussed, while the right flow diagram corresponds to
the implementation in the Python dipole shower. Re-entering after a veto step (the ’veto’ branches), will start the
proposal from the scale just vetoed. Note that in the first case (left), resampling is performed only after emission (or
shower termination), whereas in the second case, it is performed after each (sometimes rejected) emission attempt.

The result for the Durham y45 jet observable [31] is
shown in Fig. 3. The smooth curve in red gives the un-
altered result for the Durham y45 jet observable [31]; the
jagged blue curve represents the same parton shower with
equally many events, but where the weighted Sudakov al-
gorithm, Alg. 2, has been used. The resulting distribution
is so jagged and distorted that it appears incompatible at
first sight. Only when adding interleaved resampling, in-
between the emissions steps (in orange) is it clear that the
curves actually represent the same statistical distribution.
This beautifully illustrates the power of the resampling
method. To avoid oversampling, the resampling is turned
o↵ for events for which the shower has terminated.

We stress that, while the usage of the weighted Su-
dakov algorithm in the above examples is completely un-
motivated from a statistical perspective, since the default
starting curve already has optimal statistics, the resam-
pling procedure can equally well be applied in scenario
with real weight problems, coming for example from ap-
plying the weighted Sudakov algorithm in a sub-leading
Nc parton shower.

4 Conclusion and outlook

In this note we advocate to use the resampling method
for drastically improving the statistical convergence for

weighted
resampled
direct
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Fig. 2: Distribution of the scale of the 4th emission,
for sampling the distribution with the competition algo-
rithm splitting a into a sum across 10 di↵erent competing
channels, with red being the direct algorithm, blue the
weighted Sudakov algorithm and orange the resampled,
weighted Sudakov algorithm. The bands in the distribu-
tion reflect the minimum and maximum estimate encoun-
tered in 300 runs with di↵erent random seeds and thus
give a rough estimate of the width of the distribution of
estimates.



Points for discussion

Weighted (veto) algorithms seem to be inevitable in pushing showers to higher orders.
Essentially caused by breakdown of unitarity and/or indefinite splitting kernels.

Resampling is a very powerful method to stabilise sequential Monte Carlos over long time 
horizons. It is a way out of the convergence problems we have been struggling with in 
several applications.

Active field of research in statistics/applied mathematics, uncertainties, parallelisation, etc. 
are known and can be explored.

Shift in paradigm however required: 
No independent events anymore — can accept this for calculating distributions.



Thank you!


