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Computa6onal	Framework
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LaVce	ac6on	and	parameters

-improved	Wilson	quarks;	tree-level	Lüscher-Weisz	gauge	ac6on	
Six	values	of	the	laVce	spacing:		 	
Pion	masses	and	volumes:			

O(a)
a ≈ 0.035 − 0.1 fm

mmin
π ≈ 135 MeV, mπL ≥ 4
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Calcula6onal	Framework
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Simula6on	code

openQCD	code	suite;  
							 http://luscher.web.cern.ch/luscher/openQCD/index.html

Twisted-mass	determinant	reweigh6ng		

Hasenbusch	mass	factorisa6on	

Boundary	condi6ons	in	6me:	open,	SF,	periodic

Single	quark	flavours	simulated	using	the	Ra6onal	HMC	(RHMC)	algorithm	

Nested	hierarchical	integrators	for	Molecular	Dynamics	equa6ons	

Variety	of	solvers:	SAP-GCR,	CGNE,	MSCG	

Plain	C	code	(ISO	C89);	parallelisa6on	via	MPI	

Extension	to	include	AVX-512	vector	instruc6ons

Other	extensions	/	deriva6ves:			openQCD-FASTSUM; openQxD		—		QCD+QED	simula6ons

http://luscher.web.cern.ch/luscher/openQCD/index.html
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Compu6ng	Plagorms	and	Code	Performance
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Cluster	architectures:				JUWELS,	SuperMUC,	Hazel	Hen,	MOGON-II,…	

BlueGene/Q:				JUQUEEN

JUQUEEN @ JSC
72 %

Other
1 %

LLNL	(US)
8,0	%

Kraków
2,2	%

MOGON-II	@	Mainz
4,3	%

CINECA
2,6	%

SuperMUC	@	LRZ
5,9	%

Hazel	Hen	@	HLRS
4,1	%

Total	CPU	usage	(gauge	ensembles): 
1.36		Gcore-hrs

assuming		0.527	kg	CO2	/	kWh		yields

≈		4300	tons	of	CO2

Carbon	footprint

• 1.10	Gcore-hrs	on	BG/Q	systems;								5	W/core	

• 0.263	Gcore-hrs	on	cluster	systems;	10	W/core	

8.13	GWh

(excluding	calcula6on	of	observables…)
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Final	result:		 		—		dominates	FLAG	2019	es6mate	and	PDG	valueα(5)
MS(mZ) = 0.11852(84)

Research	Highlights

6

Running	coupling:		αs(q) [Bruno	et	al.,	Phys	Rev	Le5	119	(2017)	102001]

Strong	coupling:	fundamental	parameter	of	the	Standard	Model	
ALPHA	Collabora6on:	determina6on	of	 	via	step	scaling	/	finite-volume	scheme	
Express	running	scale	in	terms	of	low-energy	quan6ty:		

αs

fπK ≡ 2
3 ( fK + 1

2 fπ)
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Fig. 38 α
(5)
MS

(MZ ), the coupling constant in the MS scheme at the Z
mass. Top: Lattice results, pre-ranges from different calculation meth-
ods, and final average. Bottom: Comparison of the lattice pre-ranges

and average with the nonlattice ranges and average. The first PDG 18
entry gives the outcome of their analysis excluding lattice results (see
Sect. 9.10.4)

using aµ up to 1.5 and αeff up to 0.4, but one would ideally
like to be significantly below that. Accordingly we choose
to not simply perform weighted averages with the individual
errors estimated by each group. Rather, we use our own more
conservative estimates of the perturbative truncation errors
in the weighted average.

In the following we repeat aspects of the methods and
calculations that inform our estimates of the perturbative
truncation errors. We also provide separate estimates for αs
obtained from step-scaling, the heavy-quark potential, Wil-
son loops, and heavy-quark current two-point functions to
enable a comparison of the different lattice approaches; these
are summarized in Table 61.

• Step-scaling
The step-scaling computations of PACS-CS 09A [81] and
ALPHA 17 [79] reach energies around the Z -mass where
perturbative uncertainties in the three-flavour theory are
negligible. Perturbative errors do enter in the conversion
of the "-parameters from three to five flavours, but suc-
cessive order contributions decrease rapidly and can be
neglected. We form a weighted average of the two results
and obtain αMS = 0.11848(81).

• Potential computations
Brambilla 10 [742], ETM 11C [741] and Bazavov 12
[740] give evidence that they have reached distances
where perturbation theory can be used. However, in addi-
tion to ", a scale is introduced into the perturbative pre-
diction by the process of subtracting the renormalon con-
tribution. This subtraction is avoided in Bazavov 14 [80]
by using the force and again agreement with perturba-
tive running is reported. Husung 17 [681] (unpublished)

studies the reliability of perturbation theory in the pure
gauge theory with lattice spacings down to 0.015 fm and
finds that at weak coupling there is a downwards trend
in the "-parameter with a slope #"/" ≈ 9α3

s . While
it is not very satisfactory to use just Husung 17 to esti-
mate the perturbative error, we do not have additional
information at present. Further studies are needed to bet-
ter understand the errors of αs determinations from the
potential.
Only Bazavov 14 [80] satisfies all of the criteria to enter
the FLAG average for αs . Given the findings of [681]
we estimate a perturbative error of #"/" = 9(αmin

s )3

with αmin
s ≈ 0.19 the smallest value reached in [80].

This translates into #αMS(MZ ) = 0.0014. A differ-
ent way to estimate the effect is to take the actual dif-
ference of the "-parameters estimated in Nf = 0 by
Brambilla 10 [742] and Husung 17 [681]: #"/" ≈
(0.637 − 0.590)/0.637 = 0.074 or #αMS(MZ ) =
0.0018. We use the mean of these two error estimates
together with the central value of Bazavov 14 and obtain
αMS = 0.1166(16).

• Small Wilson loops
Here the situation is unchanged as compared to FLAG 16.
In the determination of αs from observables at the lattice
spacing scale, there is an interplay of higher-order pertur-
bative terms and lattice artifacts. In HPQCD 05A [753],
HPQCD 08A [754] and Maltman 08 [82] both lattice
artifacts (which are power corrections in this approach)
and higher-order perturbative terms are fitted. We note
that Maltman 08 [82] and HPQCD 08A [754] analyze
largely the same data set but use different versions of
the perturbative expansion and treatments of nonper-
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Hadronic	contribu6ons	to	the	muon	(g − 2)μ [Gérardin	et	al.,	Phys	Rev	D	100	(2019)	014510]

Discrepancy	of	 	between	SM	predic6on	and	experiment:			 	

Theory	error	dominated	by	hadronic	contribu6ons	
Determine	HVP	and	HLbL	contribu6ons	in	laVce	QCD

≈ 3.5σ aexp
μ − aSM

μ = (26.9 ± 7.3) ⋅ 10−10µ µ
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Must	control	infrared	regime	of	vector	correlator	
Quan6fy	finite-volume	correc6ons	
Evaluate	quark-disconnected	contribu6ons	
Include	isospin-breaking	effects

0

0.004

0.008

0.012

0.016

0 0.5 1 1.5 2 2.5 3 3.5 4

t [fm]

Gconn(t)
˜K(t)/mµ

Light
Strange (×6)
Charm (×6)

m⇡ ⇡ 135 MeV, 963 · 192

<latexit sha1_base64="N/4W4sAm46/EFSJtTuz9y7LO0yw="></latexit>



Hartmut	Wittig

Research	Highlights

7

Hadronic	contribu6ons	to	the	muon	(g − 2)μ [Gérardin	et	al.,	Phys	Rev	D	100	(2019)	014510]
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Must	control	infrared	regime	of	vector	correlator	
Quan6fy	finite-volume	correc6ons	
Evaluate	quark-disconnected	contribu6ons	
Include	isospin-breaking	effects
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µ = (720.0 ± 12.4 ± 9.9) · 10�10
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Hadronic	contribu6ons	to	the	muon	(g − 2)μ [Gérardin	et	al.,	Phys	Rev	D	100	(2019)	034520]

Discrepancy	of	 	between	SM	predic6on	and	experiment:			 	

Theory	error	dominated	by	hadronic	contribu6ons	
Determine	HVP	and	HLbL	contribu6ons	in	laVce	QCD

≈ 3.5σ aexp
μ − aSM

μ = (26.9 ± 7.3) ⋅ 10−10

Pion	pole	dominates	light-by-light	scawering	

Compute	transi6on	form	factor		 	
Compare	with	result	from	dispersion	theory	

π0 → γ*γ*
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Nucleon	structure	observables

Axial,	tensor	&	scalar	charges:	nucleon	 -decay,	constraints	on	contact	interac6ons	(BSM	physics)			
Moments	of	parton	distribu6ons	func6ons,	helicity	/	transversity	moments	
Electromagne6c,	axial	and	strangeness	form	factors	

⇒			“Proton	radius	puzzle”,	 -nucleon	interac6ons,	weak	charge	of	the	proton

β

ν

Since the data at the smallest source-sink separation
is already extremely precise, the most effective
way to achieve this would be to include additional
measurements for the larger source-sink separations
such that effective statistics are comparable for each
source-sink separation. We expect such an increase
in statistics to greatly improve the simultaneous fits.
On the one hand, it will lead to a much better
determination of the excited-state-to-excited-state
term in Eq. (27), which will lead to even more
stable fits and smaller statistical errors. On the other
hand, it will allow us to further increase the value of
tfit and possibly even to drop the smallest source-
sink separation entirely, which should lead to an
additional reduction of the systematic error arising
from excited-state contamination.

(ii) We also plan to add additional ensembles, including
one with physical quark masses, in the near future.
This should allow us to further reduce the uncer-
tainty on the chiral extrapolation, and might help to
remedy the issue with fitting the chiral logarithm in
Eq. (31), particularly for gu−dA .

(iii) We are also working on computing the contributions
from disconnected quark loops in order to study the
isoscalar counterparts of the isovector quantities
considered here. This will also require the renorma-
lization of the corresponding singlet operators,
which may undergo mixing, adding a further level
of complexity.

Finally, we plan to extend our analysis beyond the case of
vanishing momentum transfer in order to study the iso-
vector (and eventually the isoscalar) form factors of the
nucleon. A study of the isovector electromagnetic and
axial-vector form factors is currently under way.
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APPENDIX: NONPERTURBATIVE
RENORMALIZATION

In this Appendix, we give further details of our renorm-
alization procedure, which follows closely that presented
for the case of the Nf ¼ 2 CLS ensembles in Ref. [64].

1. Setup

We employ the ensembles listed in Table XI, which we
fix to Landau gauge by minimizing

WðUÞ ¼
X

x

X

μ

tr½U†
μðxÞ þ UμðxÞ& ðA1Þ

FIG. 9. Comparison of our results for the twist-2 matrix elements
with other recent determinations (ETMC 17 [59], ETMC 15 [13],
RQCD 14 [60], LPHC 12 [17], and RBC/UKQCD 10 [58]).
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kaon. For a detailed discussion of the finite-volume
dependence, we refer to the Supplemental Material [28].
For the radii, we use the model-dependent ansatz of
[34,35], assuming the finite-volume dependence to be
same as for the pion form factor calculated in [36], again
replacing the pion with the kaon mass. Since our data for
the magnetic radius do not show the divergent behavior
expected from HBChPT (see Fig. 3), we amend the
expressions from [32] by the term c6. While this cancella-
tion of higher order terms was already found in Ref. [37],
we note that the convergence of HBChPT, the rate of which
strongly depends on the observable, is, in general, not
easily established.
For each of the variations of the z-expansion fit in the

previous section, we analyze the chiral behavior separately.
The chirally extrapolated values for the standard fit
procedure and the variations of the z-expansion fits
performed to assess systematic uncertainties are given in
Table II. We treat the difference of the central values for the
variations as an estimate for a (symmetric) systematic error.
In addition, we perform a fit including lattice artifacts or a
fit including finite-volume dependence to the standard z-
expansion fit. A simultaneous fit of the lattice spacing and
finite-volume dependence amounts to the determination of
four parameters from six data points for which the AICc
value is not defined. Therefore, we choose to perform
separate extrapolations in our analysis. The AICc values,
i.e., the Akaike information criterion [39] adjusted for small
sample size [40,41], for the fits including lattice spacing or
finite-volume effects, are larger by at least 24 in absolute
value compared to the minimumAICc (for the AICc values,
we use the maximum likelihood estimator for the sample
variance); i.e., the fits omitting Oða2Þ;Oðexp½−mKL$Þ are
favored. We therefore quote the fit without lattice artifacts
and finite-volume effects as our best value, using the
difference in the central value for the respective procedures
as a systematic error from finite lattice spacing and finite-
volume corrections. At the physical point, we find

ðr2EÞsphys ¼ −0.0046ð12Þð7Þð1Þð9Þð3Þð6Þ fm2; ð19Þ

μsphys ¼ −0.020ð5Þð0Þð2Þð11Þð1Þð3Þ; ð20Þ

ðr2MÞsphys ¼ −0.010ð6Þð2Þð5Þð7Þð0Þð2Þ fm2 ð21Þ

as our final estimate, where the first error is statistical and
the remaining errors come from the variations in the fitting
procedure given in Table II.
For the radii, our values are in good agreement with other

lattice determinations [34,35,42,43]. Our value for the
magnetic moment is again in good agreement with
[42,43]. The magnetic moment from [34,35] disagrees
with our estimate and with [42,43] by more than 2 standard
deviations, see Fig. 4. Our best estimate of the radii and
magnetic moment compare favorably to the available
experimental data, as can be seen from Fig. 5.
In summary, we have reported on our calculation of the

strange contribution to the electromagnetic form factors
obtained on six CLS Nf ¼ 2þ 1 OðaÞ-improved Wilson
fermion ensembles. For the calculation of the disconnected
contributions, we use the method of hierarchical probing,
which significantly reduces the statistical error. To deal
with excited-state contamination, we employ the summa-
tion method. We find agreement with plateau estimates for
large enough source-sink separations. The strange charge
radii and the strange magnetic moment are obtained on
each ensemble through model-independent z-expansion fits
and later extrapolated to the physical point. See the
Supplemental Material [28] for a summary of the extracted
form factors and z-expansion fits. Our results are compat-
ible with other lattice QCD studies and in good agreement
with experimental data. With the current set of ensembles,
the physical values for the strange charge radii and the
strange magnetic moment still have large relative statistical
errors. We aim to improve this by enlarging the number of
ensembles.

We thank H. Meyer, T. Harris, and G. von Hippel for
useful discussions and comments. This research is sup-
ported by the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation) through the SFB 1044 “The
low-energy frontier of the Standard Model”. K. O. is
supported by the DFG through Grant No. HI 2048/1-1.

FIG. 4. Comparison of our final values for the radii and
magnetic moments with LHPC [42], ETMC [43], and χQCD
[34,35], where the dark and light blue bands describe the
statistical error and the total error, including systematics, re-
spectively.

FIG. 5. Comparison of our standard fit, based on the z
expansion up to k ¼ 1, to the analysis of existing experimental
data [7]. The dark and light blue bands describe the statistical
error and the total error, including systematics, respectively.

PHYSICAL REVIEW LETTERS 123, 212001 (2019)

212001-5

[Djukanovic	et	al.,	Phys	Rev	Le5	123	(2019)	212001, 
	Harris	et	al.,	Phys	Rev	D	100	(2019)	034513]

Huge	numerical	effort:	high	sta6s6cs,	quark-disconnected	diagrams
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Flavour	physics

Determina6on	of	SM	parameters:	quark	masses,	CKM	matrix	elements	
Supports	experimental	programme	at	Belle-II,	LHC-b,	BESIII,	NA62:	searches	for	BSM	physics	
Leptonic	and	semi-leptonic	decays	of	heavy-light	mesons	
Leptonic	decays	of	quarkonia	and	final-state	resonances	
Mixed	ac6on	setup:	twisted	mass	Wilson	fermions	on	CLS	configura6ons
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Baryon-baryon	interac6ons

Does	a	bound	state	of	two	 	baryons	(H	dibaryon)	exist?			
Use	dis6lla6on	and	GEVP	to	determine	energy	levels		
Binding	energy	from	pole	in	the	scawering	amplitude	via	Lüscher	formalism	

Λ

[Francis	et	al.,	Phys	Rev	D	99	(2019)	074550]
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Simula6ons	with	dynamical	charm	quarks

Heavy	quarks:	must	control	laVce	artefacts		⟷		topology	freezing	
Pilot	study:		 	flavours	of	improved	Wilson	quarks	

Massive	renormalisa6on	and	improvement	scheme:		no		 		cutoff	effects	
Simulate	very	fine	laVce	spacings		 		without	topology	freezing

Nf = 3 + 1
O(amc)

(a ≃ 0.050, 0.045 fm)

[Höllwieser	et	al.,	arXiv:2002:02866]
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Gauge	ensemble	genera6on

Populate	regime	at	small	laVce	spacing	and  
near-physical	pion	mass	
Add	ensembles	with	larger	volumes	and/or	
periodic	boundary	condi6ons
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Extend	simula6ons	to	coarser	laVce	spacings?  
		→		modified	laVce	ac6on [Francis	et	al.,	arXiv:1911.04533]

Add	dynamical	charm	quark?	
Incorporate	QED?
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Gauge	ensemble	genera6on

150

200

250

300

350

400

450

0 0.002 0.004 0.006 0.008 0.01

3.85 3.7 3.55 3.46 3.4 3.34

physical

U103
H101

U102
H102

U101
H105
N101
S100
C101
D101

D150

B450

S400

N401

D450

H200
N202

N203

S201
N200

D200

N300

N302

J303

J500

J501

E250

E300

A653

A654

m
π
[M

eV
]

a2[fm2]

β Populate	regime	at	small	laVce	spacing	and  
near-physical	pion	mass	
Add	ensembles	with	larger	volumes	and/or	
periodic	boundary	condi6ons
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Gauge	ensemble	genera6on

ExisEng	set	of	 	ensembles:	

Future	default	laVce	size:			

Nf = 2 + 1
963 ⋅ 192

Change	la#ce	acEon:	
Add	dynamical	charm	and/or	use	exponen6ated	Clover	term	
Generate	a	new	set	of	ensembles; 
concentrate	on				mπ ≈ mphys

π , mπL ≈ 4 − 6

Require	factor	5–10	more	CPU	Eme	in	2020ff

Crucial: must make use of GPU architectures


