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Topics of interest
• The QCD Phase diagram 

➡ The existence/location of the QCD 
critical point 

➡ The nature of the chiral transition in 
the chiral limit and the role of the chiral 
anomaly 

➡ QCD in external fields (constant 
magnetic background field, imaginary 
chemical potential) 

• The QCD equation of state (EoS) 
➡ Isentropic EoS as input for 

hydrodynamic calculations 
➡ The relevant degrees of freedom at 

low and high temperatures, thermal 
modifications of hadrons

hadron gas

quark-gluon-plasma
critical 

end-point

nuclear matter

µB
<latexit sha1_base64="PmEOSlt1SIv7pELGe6NwF7psHvY="></latexit><latexit sha1_base64="+TtEwJC1Rlf7m7hJfWPbarvyCUc="></latexit><latexit sha1_base64="+TtEwJC1Rlf7m7hJfWPbarvyCUc="></latexit><latexit sha1_base64="h3xikdgTYaDCwyPMLBrbc2NUwmQ="></latexit>

T
<latexit sha1_base64="019AAC0LvAXdwr/TZ3n37VxIYM0="></latexit><latexit sha1_base64="LOGInkq/JAml53aHcoCm7D1wUFo="></latexit><latexit sha1_base64="LOGInkq/JAml53aHcoCm7D1wUFo="></latexit><latexit sha1_base64="JGCpr17smAzBMljUI19bd6x+u4U="></latexit> Conjecture:

physical 
point

1st 
order

1st 
order

crossover

mu,d
<latexit sha1_base64="PUjPCs/Y0DvHkluI4stEPGb5jDA="></latexit>

1
<latexit sha1_base64="W+F3cypyJzXhYZuOep3eTWwhILE="></latexit>0

<latexit sha1_base64="E0hSJgFSyUZQCTL7ZjzEV2ZSUJc="></latexit>

m
s

<latexit sha1_base64="SxyfxEaWxF69tYsxyZQvW2c2nLo="></latexit>

0 <latexit sha1_base64="E0hSJgFSyUZQCTL7ZjzEV2ZSUJc="></latexit>
1 <latexit sha1_base64="W+F3cypyJzXhYZuOep3eTWwhILE="></latexit>

mtri
s

<latexit sha1_base64="wcWQPEQ5l4mfgi/QnMbtEgv7scw="></latexit>

Nf = 2
<latexit sha1_base64="gARw8ifKg073GGAHWdJAeftMnl0="></latexit>

N
f
=
3

<latexit sha1_base64="AI8I92/yEQTltLFNsHQFU+Iddg8="></latexit>

Pisarski, Wilczek (1984)



Topics of interest
• The QCD Phase diagram 

➡ The existence/location of the QCD 
critical point 

➡ The nature of the chiral transition in 
the chiral limit and the role of the chiral 
anomaly 

➡ QCD in external fields (constant 
magnetic background field, imaginary 
chemical potential) 

• The QCD equation of state (EoS) 
➡ Isentropic EoS as input for 

hydrodynamic calculations 
➡ The relevant degrees of freedom at 

low and high temperatures, thermal 
modifications of hadrons

0

156

FAIR@GSI

hadron gas

quark-gluon-plasma

nuclear mattervacuum

RHIC@BNL

µB

T
 [

M
eV

]

NICA@JINR

freeze-out

10

up to µB ' 2T results for the pressure at low temperature are well described by a Taylor series truncated at NNLO,
while at higher temperature NNLO corrections are small even at µB ' 3T . This also is the case for nB/T 3, although
the NNLO correction is large at low temperatures and, at present, does not allow for a detailed quantitative analysis
of the baryon-number density in this temperature range.

It also is obvious that the Taylor series for the pressure and nB/T 3 in the temperature range up to T ' 180 MeV
are sensitive to the negative contributions of the 6th order expansion coe�cient. The occurrence of a dip in the sixth
order expansion coe�cient of the pressure has been expected to show up on the basis of general scaling arguments for
higher order derivatives of the QCD pressure in the vicinity of the chiral phase transition [24]. It may, however, also
reflect the influence of a singularity on the imaginary chemical potential axis [25] (Roberge-Weiss critical point [26])
on Taylor series of bulk thermodynamic observables in QCD. Even with improved statistics it thus is expected that
the wiggles, that start to show up in the expansion of pressure and net baryon-number density above µB/T ' 2 (see
Fig. 4) and reflect the change of sign in the sixth order expansion coe�cient, will persist. Getting the magnitude of
the dip in �B

6

/�B
2

at T ' 160 MeV under control in future calculations thus is of importance for the understanding
of this non-perturbative regime of the QCD equation of state in the high temperature phase close to the transition
region. This also indicates that higher order corrections need to be calculated in order to control the equation of state
in this temperature regime.
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Figure 4. The µB-dependent contribution to the pressure (left) and the baryon-number density (right) in the case of vanishing
electric charge and strangeness chemicals potential for several values of the baryon chemical potential in units of temperature.
The di↵erent bands show results including Taylor series results upto the order indicated.

B. Net strangeness and net electric charge densities

For vanishing strangeness and electric charge chemical potentials the corresponding net strangeness (nS) and net
electric charge (nQ) densities are nonetheless non-zero because the carriers of these quantum numbers also carry
baryon number. The ratios of number densities are given by
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, X = Q, S . (28)

In a hadron resonance gas the ratios nS/nB and nQ/nB are independent of the baryon chemical potential and,
irrespective of the value of µ̂B , these ratios approach �1 and 0, respectively, in the T ! 1 limit. One thus may
expect that these ratios only show a mild dependence on µ̂B , which indeed is apparent from the results of the NNLO
expansions shown in Fig. 5.

For µQ = µS = 0 non-vanishing electric charge and strangeness densities only arise due to a non-zero baryon-
chemical potential. In the low temperature HRG phase nQ and nS thus only receive contributions from charged
baryons or strange baryons, respectively. The ratios nQ/nB and nS/nB thus are sensitive to the particle content in
a hadron resonance gas and a comparison with PDG-HRG and QM-HRG is particularly sensitive to the di↵erences
in the baryon content in these two models. It is apparent from Fig. 5 that at low temperatures the QM-HRG model
provides a better description of the lattice QCD results than the PDG-HRG model.

[p(T, µB) � p(T, 0)]/T 4
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Highlighting some results 

• Universal scaling towards the chiral 
limit of (2+1)-flavor QCD 

➡ Consistency with an O(4) critical point 
in the chiral limit is found 

➡ The chiral transition temperature is 
estimated to                         MeVTc = 132+3
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• The chiral crossover of (2+1)-flavor QCD 
at physical quark masses 

➡ New estimate of the pseudo critical 
temperature                                    MeV 

➡ The curvature of the pseudo critical line

B
2 = 0.012(4)
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Figure 1: Left: Chiral order parameter C⌃
0 (T ) = ⌃(T, µB,Q,S = 0). The inset shows derivative of C⌃

0 with respect to temperature T . Middle:
Disconnected chiral susceptibility C�

0 (T ) ⌘ �(T, µB,Q,S = 0). Right: Susceptibility, �⌃(T, µB,Q,S = 0), of the chiral order parameter.
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Figure 2: Continuum extrapolations of pseudo-critical temperatures
Tc(0) ⌘ Tc(µB,Q,S = 0), defined using criteria listed in Eq. (7). The
solid gray band depicts the continuum-extrapolated result Tc(0) =
(156.5± 1.5) MeV (see text for details).

each case, the gauge field configurations were separated by
10 rational hybrid Monte-Carlo trajectories of unit length.
The fermionic operators were calculated using the stan-
dard stochastic estimator technique; more details about
these computations can be found in Ref. [10].

As discussed in Sec. 2.3, determinations of Tc(0), X
2

and X
4 involve computing derivatives of the basic chiral

observables and their Taylor coe�cients with respect to
the temperature. To compute these derivatives, we in-
terpolated the basic observables in T between the com-
puted data via the following procedure. For each observ-
able several [m,n] Padé approximants were used for N
(> m + n) computed data, and N was varied by leaving
out data away from the crossover region. Statistical error
of each Padé approximant was estimated using the boot-
strap method; the bootstrap samples for each computed
data were drawn from a Gaussian distribution centered
around the mean value of the data and with a standard
deviation equal to the 1� statistical error of that data. The
final T -interpolation for each observable was obtained by
weighted averaging over all the Padé approximants where
the weight for an approximant was determined using the
Akaike information criterion [29, 30]. This procedure gave
reliable results for all the required T -derivatives, especially
for T in the vicinity of the chiral-crossover [10].

We assumed that for all observables the leading dis-

cretization errors are of the type a2 / 1/N2
⌧ . Extrapola-

tions to the continuum limit a ! 0 were carried out by
fitting data at di↵erent N⌧ to a function linear in 1/N2

⌧

and extrapolating it to N⌧ ! 1 limit. The error on
each continuum-extrapolated result was obtained using the
above described bootstrap method. For all observables
we found that 1/N2

⌧ -fits were satisfactory. To check the
systematics of our continuum extrapolations, we used fits
including higher order 1/N4

⌧ corrections, as well as car-
ried out the extrapolation procedure using an alternative
T -scale determined using the Sommer parameter r1; all
results were found to be consistent within our errors [10].

4. Results

4.1. Zero chemical potential: Tc(0)

In Figs. 1 and 3, we show all observables used for the
determination of pseudo-critical temperatures as defined
in Eq. (7) for lattices with N⌧=6, 8, 12, and 16. The re-
sults of the temperature interpolations, obtained following
the procedure described in Sec. 3, are shown by the cor-
responding solid bands. Using the interpolated results,
and applying the definitions in Eq. (7), we obtained 5
values of Tc(0) for N⌧=6, 8, and 12. These results are
shown in Fig. 2. Since we have not computed C⌃

2 and
C�

2 for N⌧=16, we only show results for the other 3 def-
initions of Tc(0). On coarser lattices, di↵erent definitions
resulted in di↵erent values of Tc(0). These di↵erences pro-
gressively reduce with increasingly finer lattice spacing.
Results of Tc(0) for each of the definitions were separately
extrapolated to the continuum (see Sec. 3 for details).
The continuum-extrapolated results for all 5 definitions
of Tc(0) were all consistent with each other within errors.
We took an unweighted average of all the 5 continuum re-
sults, and added the statistical errors of each continuum-
extrapolation in quadrature to quote our final result for
the chiral crossover temperature at zero chemical poten-
tials Tc(0) = (156.5 ± 1.5) MeV. It is an interesting fact
that continuum results for di↵erent pseudo-critical tem-
peratures coincide within a couple of MeV. However, if
the value of T 0

c [12] is significantly di↵erent from Tc(0),
then, based on the scaling properties of TG,�

c (0), it is nat-
ural to expect more dispersion among the values of Tc(0).
Coincidence of di↵erent pseudo-critical temperatures for

4
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FIG. 2. Quark mass (left) and volume (right) dependence of the chiral susceptibility on lattices with temporal extent N⌧ = 8.
The left hand figure shows results for several values of the quark masses. The spatial lattices extent N� is increased as the light
quark mass decreases: N� = 32 (H�1 = 20, 27), 40 (H�1 = 40), 56 (H�1 = 80, 160). The right hand figure shows results for
three di↵erent spatial lattice sizes at H = 1/80. Black symbols mark the points corresponding to 60% of the peak height.

tional to H, we then find for the pseudo-critical temper-
atures,

TX(H,L) = T 0
c

✓
1 +

✓
zX(zL)

z0

◆
H1/��

◆

+cXH1�1/�+1/�� , X = �, 60 . (8)

The universal functions, zX(zL) may directly be
determined from the ratio of scaling functions,
f�(z�, zL)/fG(z�, zL) = 1/� and f�(z60, zL)/f�(zp, zL) =
0.6, respectively. The finite-size scaling functions
fG(z, zL), f�(z, zL) have been determined for the 3-d,
O(4) universality class in Ref. [19].

We will present here results on T� and T60 obtained
in lattice QCD calculations [20]. We calculated the chi-
ral order parameter M and the chiral susceptibility �M

(Eqs. 2 and 3) in (2 + 1)-flavor QCD with degenerate
up and down quark masses (mu = md). For our lattice
QCD calculations, performed with the Highly Improved
Staggered Quark (HISQ) action [21] in the fermion sec-
tor and the Symanzik improved gluon action, the strange
quark mass has been tuned to its physical value [22]
and the light quark mass has been varied in a range
ml 2 [ms/160 : ms/20] corresponding to Goldstone pion
masses in the range 58 MeV<⇠m⇡<⇠163 MeV. At each
temperature we performed calculations on lattices of size
N3

�N⌧ for three di↵erent values of the lattice cut-o↵,
aT = 1/N⌧ , with N⌧ = 6, 8 and 12. The spatial lat-
tice extent, N� = L/a, has been varied in the range
4  N�/N⌧  8. For each N⌧ we analyzed the volume
dependence of M and �M in order to perform controlled
infinite volume extrapolations.

Results — In Fig. 2 (left) we show results for �M on
lattices with temporal extentN⌧ = 8 for 5 di↵erent values
of the quark mass ratio, H = ml/ms, and the largest
lattice available for each H. The increase of the peak
height, �max

M , with decreasing H is apparent. This rise is
consistent with the expected behavior, �max

M ⇠ H1/��1+
const., with � ' 4.8; however a precise determination of
� is not yet possible with the current data.

In Fig. 2 (right) we show the volume dependence of

�M for H = 1/80 on lattices with temporal extent N⌧ =
8 and for N�/N⌧ = 4, 5 and 7. Similar results have
also been obtained for N⌧ = 6 and 12. We note that
�max
M decreases slightly with increasing volume, contrary

to what one would expect to find at or close to a 1st or
2nd order phase transition. Our current results, thus, are
consistent with a continuous phase transition at Hc = 0.

Using results for �M and M we constructed the ra-
tios H�M/M for di↵erent lattice sizes and several values
of the quark masses. This is shown in Fig. 3 (left) for
the lightest quark masses used on the N⌧ = 12 lattices,
H = 1/80. The intercepts with the horizontal line at 1/�
define T�(H,L). For H = 1/80 and each of the three
temporal lattice sizes we have results for three di↵erent
volumes on which we can extrapolate T�(H,L) to the in-
finite volume limit. We performed such extrapolations
using (i) the O(4) ansatz given in Eq. 8 as well as (ii)
an extrapolation in 1/V . The latter is appropriate if,
for large L, the volume dependence predominantly arises
from regular terms and the former is appropriate close to
or in the continuum limit, if the singular part dominates
the partition function. In the former case we use the ap-
proximation z�(zL) ⇠ z5.7L , which parametrizes well the
finite-size dependence of T� in the scaling regime [19].
The resulting fits are shown in Fig. 3 (middle). We note
that results for fixed H tend to approach the infinite vol-
ume limit more rapidly than 1/V , which is in accordance
with the behavior expected from the ratio of finite-size
scaling functions. The resulting continuum limit extrap-
olations in 1/N2

⌧ based on data for (i) all three N⌧ values,
as well as (ii) N⌧ = 8 and 12 only, are shown as horizontal
bars in this figure. An analogous analysis is performed
for H = 1/40. Finally, we extrapolate the continuum re-
sults for T�(H,1) with H = 1/40 and 1/80 to the chiral
limit using Eq. 8 with z�(0) = 0. Results obtained from
these extrapolation chains, which involve either an 1/V
or O(4) ansatz for the infinite volume extrapolation, and
continuum limit extrapolations performed on two di↵er-
ent data sets, lead to chiral transition temperatures T 0

c

in the range (128-135) MeV. The resulting values for T 0
c

HotQCD, PRL 123 (2019)

Tpc = 156.5 ± 1.5
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B
2 B

4 S
2 S

4 Q
2 Q

4 I
2 I

4 B,f
2 B,f

4

⌃ 0.015(4) -0.001(3) 0.018(3) 0.001(3) 0.027(4) 0.004(5) 0.023(3) 0.004(4) 0.012(2) 0.000(2)
� 0.016(5) 0.002(6) 0.015(4) 0.007(5) 0.031(4) 0.011(9) 0.028(3) 0.006(6) 0.012(3) 0.000(4)
Average 0.016(6) 0.001(7) 0.017(5) 0.004(6) 0.029(6) 0.008(1) 0.026(4) 0.005(7) 0.012(4) 0.000(4)

Table 1: Continuum-extrapolated values of second- (X
2 ) and fourth-order (X

4 ) Taylor coe�cients, defined in Eq. (8), of pseudo-critical
temperature Tc(µX=B,Q,S,I) obtained from the chiral order parameter ⌃(T, µX) and the disconnected chiral susceptibility �(T, µX). Also

listed are the continuum-extrapolated values of B,f
2 and B,f

4 for thermal conditions resembling the freeze-out stage of relativistic heavy-ion
collisions, i.e., µQ(T, µB) and µS(T, µB) fixed by strangeness-neutrality and isospin-imbalance of the colliding heavy-ions. The last row is
obtained from unweighted average of the first two rows.

expressions for s1,3(T ) and q1,3(T ) were obtained in terms
of the Taylor coe�cients of the pressure. Explicit expres-
sions for s1,3(T ) and q1,3(T ) can be found in Ref. [24]. By
Taylor expanding ⌃(T, µB , µQ, µS) (�(T, µB , µQ, µS)) in

powers of µi
Bµ

j
Qµ

k
S (i + j + k  4) and by using the ex-

pansions for µQ,S(T, µB), we obtained the expansions for
⌃(T, µB) (�(T, µB)) up to O(µ4

B). As before, by invoking

Eq. (9), expressions were obtained for B,f
2,4 .

Continuum-extrapolated results for B,f
2 and B,f

4 are

given in Tab. 1. B,f
2 came out to be same as B

2 and S
2

within errors, and B,f
4 was found to be consistent with

zero. On our N⌧=8 lattices, where we analyzed half a
million gauge configurations at all T , we also computed
µ6
B corrections to the chiral observables. The order-by-

order µB corrections to � are shown in Fig. 3 (top-right)
at µB=300 MeV and for nS = 0, nQ = 0.4nB . In the
vicinity of T f

c (µB), di↵erence between µ4
B and µ2

B correc-
tions are clearly significant; but µ6

B and µ4
B corrections are

consistent within our errors. This shows that up to µ4
B the

expansion of T f
c (µB) is controlled till µB . 2Tc(0). The

phase boundary of QCD for nS = 0, nQ = 0.4nB is shown
in Fig. 4; also shown are the chemical freeze-out points
extracted from heavy-ion collision experiments at various
collision energies [5, 34], the line of constant energy density
✏(T, µB) = ✏(Tc(0), 0) = 0.42(6) GeV/fm3 [24], and the
line of constant entropy density s(T, µB) = s(Tc(0), 0) =
3.7(5) fm�3 [24].

5. Discussions and summary

The value of Tc(0) reported in this work compares quite
well with the previous results from the HotQCD collab-
orations [6, 17], but the present result is about 6 times
more accurate than the previous continuum-extrapolated
result [6]. Compared to that of Ref. [6], use of 100-500
times more gauge configurations for N⌧ = 6, 8, 12 in the
present study resulted in the 6 times more accurate de-
termination of the continuum-extrapolated Tc(0). Our
present value of Tc(0) also is compatible with the chiral
pseudo-critical temperatures reported by other groups [35,
36]. It is pertinent to note that all our calculations were
carried out within a finite-size box of about 5 fm3 in the
vicinity of Tc(0); finite-size corrections might increase the
value of Tc(0) by an amount commensurate to our present
error on that quantity [37]. B

2 determined in the present

work is about a factor 2 larger than that reported previ-
ously in Ref. [38]. Our present value of B

2 also is about
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Figure 4: The phase boundary of 2 + 1 flavor QCD, with the con-
straints nS = 0 and nQ = 0.4nB , is compared with the line of

constant energy density ✏ = 0.42(6) GeV/fm3 and the line of con-
stant entropy density s = 3.7(5) fm�3 [24] in the T -µB plane. Also,
shown are the chemical freeze-out parameters extracted from grand
canonical ensemble based fits to hadron yields within 0-10% central-
ity class for the ALICE [5] experiment and 0-5% centrality class for
the STAR [34] experiment.

a factor 2 larger than the B
2 estimated using the curva-

ture of the chiral critical temperature along the light quark
chemical potential directions [19], but is consistent, within
errors, with the same reported in Ref. [39]. In contrast
to Ref. [19], Ref. [39] used the much improved HISQ dis-
cretization. This clearly suggests that the discrepancy be-
tween the present result and that estimated from Ref. [19]
arises mostly due to the use of improved HISQ discretiza-
tion in the present study. On the other hand, B

2 reported
in this work is, within errors, compatible with those ob-
tained in more recent works of Refs. [36, 40–42], obtained
from analytic continuations from purely imaginary µB . It
is also similar with that obtained in Ref. [22] from Tay-
lor expansion of chiral order parameter for µB > 0, µQ=0
and µS=µB/3, in contrast to our choice of µB > 0 and
µQ=µS=0. Our value of B,f

2 is quite similar to that
reported in Ref. [43], determined from analytic contin-
uations from purely imaginary µ. Moreover, the phase
boundary in the T -µI plane that can be obtained using our
I
2,4 is quite similar to that determined in Ref. [44] from

lattice QCD computations performed directly at µI > 0,
µB=µS=0.
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Highlighting some results 

• The pressure expansion up to  
➡ NNLO calculation of Skewness and 

Kurtosis 
➡ NLO calculation of Hyper-skewness 

and Hyper-kurtosis

O(µ8
B)

<latexit sha1_base64="VCFvAK2uD8Fh13z+WXweiEL4yCQ="></latexit>

3

N⌧ = 8 N⌧ = 12

T[MeV] #conf. T[MeV] #conf.

134.64 1,275,380 134.94 256,392

140.45 1,598,555 140.44 368,491

144.95 1,559,003 144.97 344,010

151.00 1,286,603 151.10 308,680

156.78 1,602,684 157.13 299,029

162.25 1,437,436 161.94 214,671

165.98 1,186,523 165.91 156,111

171.02 373,644 170.77 144,633

175.64 294,311 175.77 131,248

TABLE I. Number of gauge field configurations on lattices
of size 323 ⇥ 8 and 483 ⇥ 12 used in the analysis of up to
8th order Taylor expansion coe�cients. The values of the
gauge coupling as well as the strange and light quark mass
parameter at these temperature values are taken from [25],
where also details on the statistics available on the 243 ⇥ 6
lattices are given. All configurations are separated by 10 time
units in RHMC simulations [25].

Staggered Quark (HISQ) [23] discretization scheme for
(2 + 1)-flavor QCD with a physical strange quark mass
and two degenerate, physical light quark masses. Here
we extend these calculations by increasing the number
of gauge field configurations generated on lattices of size
323⇥8 and 483⇥12 by a factor 3-5 in the transition region
and at least a factor 2 at other values of the temperature.
This allows us to calculate up to 8th order cumulants
of net baryon-number, net strangeness and net electric-
charge fluctuations, including also their correlations, at
vanishing values of the chemical potentials. These cumu-
lants provide expansion coe�cients in Taylor series for
net baryon-number cumulants �B

n (T, ~µ). We calculate
NLO expansions for 5th and 6th order cumulants and ob-
tain NNLO results for 3rd and 4th order cumulants. In
the case of 1st and 2nd order cumulants, i.e. the mean
and variance of net baryon-number distributions, we even
obtain NNNLO results. The set of gauge field ensembles,
which has been used in this analysis, and the number of
gauge field configurations per ensemble on lattices with
temporal extent N⌧ = 8 and 12 are summarized in Ta-
ble I.

Results for up to 8th order diagonal net baryon-number
susceptibilities, �B

n ⌘ �B
n (T, 0), are given in Fig. 1. For

the quadratic fluctuations, �B
2 , we also show results for

lattices with temporal extent N⌧ = 6, which already had
been used in [7]. For the 8th order cumulant, �B

8 , we
only show our results for N⌧ = 8 as statistical errors
on the N⌧ = 12 data are still too large. The bands
shown in these figures give a continuum extrapolation
for �B

2 (T ) using data from calculations for three di↵er-
ent lattice spacings (aT = 1/N⌧ ) and a continuum es-
timate for �B

4 (T ) based on N⌧ = 8 and 12 data sets.
For �B

6 (T ) and �B
8 (T ) we only show spline interpolations
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FIG. 1. Cumulants of net baryon-number fluctuations from
second to eighth order (top to bottom) evaluated at µB = 0
on lattices of size N3

�⇥N⌧ with N� = 4N⌧ . For further details
see text.

of the data obtained on the 323 ⇥ 8 lattices. Results
for these cumulants, obtained from calculations within a
non-interacting hadron resonance gas (HRG) model that
use resonances from the particle data tables [26] (PDG-
HRG) as well as additional resonances calculated within
the Quark Model [27, 28] (QM-HRG) are given by lines.

HotQCD, arXiv:2001.08530

9

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8

   200 62.4      54.4 39 27

RB
nm(Tpc)

 RB
12(Tpc)

dashed lines:
joint t to
STAR data for
RP

31, RP
42

sNN
1/2 [GeV]:

STAR preliminary: open symbols

NNLO, RB
31(Tpc)

RB
42(Tpc)

STAR 2020: Rp
31

Rp
42

FIG. 10. The cumulant ratios (bands) RB
31(T, µB) ⌘

SB�
3
B/MB and RB

42(T, µB) ⌘ B�
2
B versus RB

12(T, µB) ⌘
MB/�

2
B on the pseudo-critical line calculated from NNLO

Taylor series. Data are results on cumulant ratios of net
proton-number fluctuations obtained by the STAR Collab-
oration [18]. Also shown are preliminary results obtained atp
s
NN

= 54.4 GeV [20]. Dashed lines show joint fits to the
data as described in the text.

In Fig. 10 we show lattice QCD results up to RB
12 =

0.75, which corresponds to µB = Tpc(µB) ' 154.5 MeV.
The width of the bands shown in the figure reflect the
error on Tpc(µB) as given in Eq. 1 as well as the error
on the NNLO and continuum limit estimates for RB

31 and
RB

42. Note that the upper end of these error bands cor-
respond to the lower temperature, i.e. T = 155 MeV at
µB = 0 and T ' 152.5 MeV at µB/T = 1.

Also shown in this figure are results for the skewness
and kurtosis ratios of net proton-number fluctuations ob-
tained by the STAR Collaboration [18, 20]. These ratios
are plotted versus the measured ratio of mean over vari-
ance of net proton-number fluctuations, which is taken
as a proxy for the net baryon-number cumulant ratio4

RB
12.
As the experimentally determined skewness ratio of

net proton-number fluctuations has a rather weak de-
pendence on RP

12 and also the QCD result for RB
31 has

a weak dependence on RB
12, it obviously is not of much

importance for the comparison of data and lattice QCD
calculations whether RP

12 equals RB
12 or only is a proxy

within say (10-20)%. More relevant is the question to
what extent the magnitude of RP

31 is a good approxima-
tion5 for RB

31. A direct comparison between RP
31 and RB

31,

4 In a non-interacting HRG with vanishing strangeness and
electric-charge chemical potential the mean over variance of net
proton-number fluctuations and net baryon-number fluctuations
are identical. In the case of a strangeness neutral (nS = 0
with nQ/nB = 0.4), non-interacting HRG, however, the latter is
about 10% smaller.

5 Many caveats for a direct comparison between net baryon-
number fluctuations calculated in equilibrium thermodynamics
and net proton-number fluctuations measured in heavy ion col-
lisions have been discussed in the literature [10, 13]. The lattice

FIG. 11. The cumulant ratios RB
51(T, µB) and RB

62(T, µB)
vs. RB

12(T, µB) evaluated on the pseudo-critical line. Data are
preliminary results for the cumulant ratio RP

62 of net proton-
number fluctuations obtained by the STAR Collaboration atp
s
NN

= 200 GeV and 54.4 GeV for the (0-40)% centrality
class [20].

as shown in Fig. 10, suggests that freeze-out happens in
the vicinity but below the pseudo-critical temperature.
Although errors on experimental results for the kurto-

sis ratio RP
42 are large, they are thermodynamically con-

sistent with the data on the skewness ratio as pointed out
already in our earlier analysis [19]. This gets further sup-
port through recent high statistics6 data obtained by the
STAR Collaboration at

p
s
NN

= 54.4 GeV [20]. These
data are shown in Fig. 10 at RP

12 = 0.4672(2). For this
value of the beam energy the kurtosis ratio RP

42 is found
to be smaller than RP

31. The magnitude of this di↵erence,
RP

42 � RP
31 = �0.12(5), is in good agreement with the

corresponding lattice QCD result on the pseudo-critical
line. For the range RB

12 = 0.45(5), which corresponds to
µB = (80�100) MeV, or µB/T = 0.57(7), we find from a
fit to the di↵erence of RB

42 and RB
31, R

B
42�RB

31 = �0.08(3).
At these values of the baryon chemical potential (or for
RB

12 ' 0.5) the NNLO results for the skewness and kurto-
sis ratios, presented in the previous section, seem to su↵er
little from truncation e↵ects in the Taylor expansions.
Also shown in Fig. 10 with dashed lines is a joint

fit to the experimental data on RP
31 and RP

42 [18] forp
s
NN

� 19.6 GeV using a quadratic ansatz, already used
in Ref. [19],

RP
31 = S0 + S2

�
RP

12

�2
,

RP
42 = K0 +K2(R

P
12)

2 , (15)

QCD results shown in Fig. 10 thus may be considered only as
a starting point for a more refined analysis of the experimental
data that may take into account e↵ects arising from experimen-
tal acceptance cuts, the small size of the hot and dense medium,
non-equilibrium e↵ects etc.

6 Statistics at
p
s
NN

= 54.4 GeV is a factor 3.4 larger than atp
s
NN

= 200 GeV and a factor (17-30) larger than at the otherp
s
NN

data sets shown in Fig. 10.
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Lattice methods
• Generation of gauge ensembles with 

dynamical HISQ fermions 
➡ Rational HMC 
➡ Multi-scale Omelyan integrator 
➡ Hasenbusch mass preconditioning 
➡ Multiple pseudo-fermion fields  
➡ Et cetera … 

• Measurements (not necessary with 
HISQ, could be Domain Wall, … ) 

➡ Susceptibilities and cumulants: 
statistical noise method with deflation 

➡ Eigenvalue spectrum: Lanczos/
Kalkreuter-Simma 

➡ Hadronic correlation functions

Typical volumes

483 ⇥ 12

<latexit sha1_base64="Kfd948oUBegsaESml9lkY9BwT1Y="></latexit>

643 ⇥ 16

<latexit sha1_base64="QunmFV7fwJzEhlARg0gJtbDFtCI="></latexit>

Physical mass:

Lighter than physical:

563 ⇥ 8
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803 ⇥ 8
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Typical statistics

High order cumulants:

Chiral susceptibiliy:

O(106)
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per ensemble

O(104)
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per ensamble



Hardware and performance

• Developed massively parallel CPU 
(including KNL) and GPU code 

➡ For generation and measurements 
➡ Use C++/CUDA 
➡ Scales good on few GPUs/nodes 
➡ Gain performance with appropriate 

memory fetching, multi-rhs solver, 
vectorization on CPUs, …  

• Use existing libraries for some 

measurements  
➡ QUDA for the calculation of high order 

cumulants 
➡ Grid for Domain Wall on HISQ 

Probing QCD crossover with hyper-skewness & hyper-kurtosis Swagato Mukherjee

target machine: Summit
task # T-values total # conf. Summit node-hr

gauge-conf. generation 3 240K 0.36M

calculation of cumulants 3 240K 0.24M
grand total 0.60M

Table 1. Resource requirement, in million Summit-node-hr, for computations of up to 6th order cumulants of conserved charge
fluctuations on 643 ⇥ 16 lattices using 100K gauge configurations per temperature, generated using 2+1 flavors of HISQ with
physical quark masses.

for other hot-dense lattice QCD projects. These configurations will be archived in the storage
facilities of the computing centers operated by the US-based lattice QCD consortium, USQCD.
These will be made publicly available following USQCD policies.

3 Computational usage plan
3.1 Computational approach
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Figure 6. Performance of HotQCD HISQ gauge field gener-
ation software on Summit, for 643 ⇥ 16 and 483 ⇥ 12 lattices.
Wall-time in minutes is for generating one gauge field configu-
ration, separated by 10 RHMC trajectories of unit length.

In this project we will carry out lattice QCD com-
putations with two degenerate light quarks and a
heavier strange quark. The numerical investiga-
tions utilize the Highly Improved Staggered Quark
discretization scheme in the fermion sector [35].
In the gluon sector a Symanzik improved gauge
action is used that eliminates discretization er-
rors of O(a2) at the tree level. All quark masses
have been tuned to their physical values using
zero temperature calculations performed by us in
the past [36, 37]. This discretization scheme is
known to have the smallest taste breaking effects
at non-vanishing lattice spacing among the stag-
gered type quark actions [36, 38]. The gauge field configurations are generated by using a rational
hybrid Monte-Carlo (RHMC) algorithm [39] with a three-scale integrator [40], which naturally profits
from the Hasenbusch trick [41]. The integrator is of Omelyan type on the largest scale, and uses
leapfrog on the two smaller ones. The inverter is a multi-shift Conjugate Gradient (CG).
Once the gauge field configurations have been generated, up to 6th order cumulants are needed to
be computed for each of these gauge field configuration. These computations involve computations
of the inverse of the Dirac matrices, D, and its derivatives up to 6th order with respect to the chemi-
cal potentials. This requires the calculation of operators like Tr[D�1DiD�1D j..], where Di denotes the
ith derivative of D with respect to a quark chemical potential. These O(20) basic operators then get
combined to construct all relevant 6th order cumulants of {B,Q, S } fluctuations. This requires multiple
inversions of the large sparse matrix, D�1, which we do using CG algorithm. The CG inverter is opti-
mized for the inversion of sparse fermion matrices using several right hand sides [42, 43]. This inverter
give about a 4-fold increase in speed over the single right hand side inverter. Furthermore, the inverter
uses deflation as a pre-conditioner, which reduces the number of conjugate gradient steps in the ma-
trix inversion by a factor 5-8, depending on the number of eigenvectors for small eigenmodes that one
can afford to store. For this purpose we calculate O(200) of the lowest eigenvalues D, and deflate the
Krylov space to be explored by the CG inverter from the eigenspace of the corresponding eigenvectors
by means of a Galerkin projection. The low-lying eigenvalues and the corresponding eigenvectors are
calculated using restarted Lanczos algorithm. To estimate the traces of the inverse of fermion matrices
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that enter the set of relevant observables we use stochastic estimators. This requires O(1000) matrix
inversions with different sources on identical gauge field configurations, which introduces a high degree
of parallelism in our analysis.

3.2 Software performance
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Figure 7. Multi-GPU performance of HotQCD multi-right-hand-
side HISQ conjugate gradient inverter on Summit for a 963 ⇥16
lattice.

We have developed a highly optimized multi-GPU
HISQ code for the Summit supercomputer, we
completely restructured and rewrote our older
single-GPU HotQCD code base for the Titan ma-
chine. This software suite is well-tested, and has
been used extensively during our large-scale pro-
duction campaign on Summit with our previous
INCITE-2019 allocations. This software suite is
based on C++, CUDA, OpenMP and MPI. The
code base makes use of many modern features
from C++ 11 and later, e.g., function objects. A
new kernel can be added by just defining a func-
tion object that carries out the required computation. Everything else, e.g., calling the Kernel, memory
allocation, communications between GPUs, overlaying computation and communication etc. will be
done automatically. The code can be run on a single or multiple GPUs. The parallelization over multiple
GPUs is handled with MPI. Communication between the GPUs can be done via the CUDA peer-to-peer
protocol, or by using CUDA-aware MPI. The later then also works if the program is distributed over
multiple nodes. Performance of our RHMC and cumulant computation part of the code are shown in
Figure 6 and Figure 7, respectively. For the proposed 643 ⇥ 16 lattice generation performance of the
HotQCD code for 4 GPUs is about 84% of the ideal scaling, and that for measurements is about 90%
for 2 GPUs.

3.3 Use of resources requested
3.3.1 Computing time requirements

The resource requirements quoted in Table 1 are based on the benchmarks, presented in Section 3.2,
of HotQCD software on Summit for 643 ⇥ 16 lattices with physical quark masses:

– Generation of one gauge-configuration, separated by 10 RHMC trajectories of unit length, takes
⇠ 1.5 Summit-node-hr.

– Measurements of all the operators needed for up to 6th order cumulants on each gauge-configuration
takes ⇠ 1 Summit-node-hr.

The proposed calculations will be carried out using lattices of size 643 ⇥ 16. Since the lattice extent
along none of the directions is a multiple of 3, it would be impossible to sub-divide the lattice over a
numbers of GPUs which are multiples of 3, each having the same local sub-volume. As in the case
of most lattice QCD codes, our code does not allow use of different sub-volumes on different GPUs.
For the proposed lattice size it is best to use a local sub-volume which is a multiple of a power of 2.
Thus, we propose to use two streams per node, once running with 4 GPUs and the other with the
remaining 2. Since we need to generate 80K gauge configurations, i.e. about 800K RHMC trajectories
per temperature, this can only be achieved through many independent streams of gauge generations
for each temperature. For each temperature we will use 200 independent gauge generation streams,
with each stream generating about 4000 RHMC trajectories. On a single Summit node we will generate
2 streams, one running using 4 GPUs and the other 2 GPUs. All 600 generation streams combining 3
temperatures will be tied together through intra-node OpenMP and inter-node MPI into one single job
of 300 Summit nodes. Each cumulants measurement job for a single configuration will run on 2 GPUs,
measuring 3 configurations on a node. By doing a simultaneous measurements on 3000 configurations,
ALCC 2020-21: Project Narrative 9



Computing time in the past
• Computing time on own Hardware 

➡ Bielefeld:  
➡ 2006-2011 APEnext (5TFlops) 
➡ 2011-2019 GPU-Cluster 500 TFlops,  
➡ Since 2019 GPU-Cluster 3PFlops   

➡ CCNU: 
➡ Since 2018 GPU-Cluster 6PFlops 

• Computing time in the US 
➡ Applications via INCITE, ALCC and 

USQCD on Titan, Summit, Cori, JLab-
Cluster 

• Computing time in the EU 
➡ Applications via PRACE, Gauss-Alliance 

and NIC on JUWELS, Pitz Daint, 
Marconi

Typical resource 
mixture in the EU

TIER 3 (local): 46%
TIER 1 (national): 18%
TIER 0 (PRACE): 36%



Future directions

• High order cumulants need a factor 10 

more statistics  

• Electric charge fluctuations are very 

sensitive to the light pion spectrum  
➡ Need finer lattices 
➡ Need larger volume 

➡ More chiral actions 

• Scaling studies require smaller quark 
masses and larger spacial volumes  

4th order: 963 ⇥ 16
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6th order: 483 ⇥ 8
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m//ms=1/320: 803 ⇥ 8
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1203 ⇥ 12
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Probing QCD crossover with hyper-skewness & hyper-kurtosis Swagato Mukherjee

QCD results [27, 28, 29, 30].
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Figure 5. Contribution of �++ baryons to QCD thermodynam-
ics for various lattice spacings, compared with the expectation
from hadron resonance gas (HRG) model (HotQCD prelimi-
nary); the yellow band indicates the QCD chiral crossover tem-
perature.

Previously, we have also suggested and demon-
strated how novel combinations of non-Gaussian
cumulants can be used to probe the interactions
and degrees of freedom in the vicinity of the QCD
crossover [31, 32, 33, 34]. To obtain an accurate
and reliable

p
s $ {T, µB} mapping, it is an ab-

solute necessity that the refined HRG models are
exhaustively validated against and constrained by
these QCD results for different quantum number
channels. Figure 5 shows an example of the lat-
tice spacing dependence of the contribution of the
�++ baryons to the QCD thermodynamics, con-
structed out of the non-Gaussian correlations of
the net baryon and net charge fluctuations. The
figure also exemplifies how far off the simple HRG
model expectation is from the QCD calculations in the vicinity of the QCD transition.

2.3 Research plan
Presently, in all our lattice QCD calculations: (i) Controlled continuum extrapolations have been carried
out for up to 2nd order cumulants, with at least 3 lattice spacings, corresponding to lattices with temporal
extents N⌧ = 8, 12, 16. (ii) ‘Continuum estimates’ based only on 2 lattice spacings, N⌧ = 8, 12, have been
used for 3rd to 6th order cumulants. It turns out that for accurate computations of the non-Gaussian
fluctuations of conserved charges in the vicinity of the QCD transition demands use of quite fine lattice
spacings in order to make extrapolations to continuum limit well-controlled. A clear example of this can
been seen in Figure 5 from the N⌧-dependence of the results, particularly, in the vicinity of the QCD
crossover. The underlying reason for such cut-off dependence is, like all state-of-the-art high-statistics
hot-dense lattice QCD calculations with a physical spectrum of up, down, and strange quarks performed
today, our calculations also use the so-called staggered fermion discretization scheme, albeit a highly
improved one [35]. Lattice QCD calculations with staggered fermions are relatively faster, but have the
disadvantage that for any non-zero value of the lattice spacing the light pion spectrum is distorted by the
so-called taste-symmetry violation. This give rise to an average pion mass (the so-called root-mean-
square pion mass), which is higher than the physical one, and approaches the physical pion mass value
only in the limit of vanishing lattice spacing. It is, thus, clear that controlled continuum extrapolations of
non-Gaussian cumulants demands high-statistics computations with finer lattices with temporal extents
N⌧ � 16. Thus, the objective of this proposal is to complete this program by finishing the computations
for the finest N⌧ = 16 lattices by increasing the statistics from the current O(20K) gauge configurations
per temperature to a total of O(100K), i.e. up to a level where statistical errors becomes somewhat
comparable to that for the coarser lattices. We plan to begin this computing campaign by focusing
on three temperatures just below the QCD crossover, T ' 155, 150, 145 MeV. Computing resources
required to accomplish this research plan are summarized in Table 1.

2.4 Dissemination of results
– Final results related to the various physics aspect discussed before will be published in high-impact

peer-reviewed journals.
– Final results, as well as preliminary results will be presented in various highly-prestigious interna-

tional conferences, such as Quark Matter, Lattice, CPOD etc..
– Final results, as well as preliminary results will be also published as conference proceedings.
– The project will generate a wealth of valuable lattice QCD gauge configurations that will be useful
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723 ⇥ 12
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Exascale readiness

• The number of ensembles is huge  
➡ Set of parameters is large 
➡ Large statistics enables splitting the 

run in                   streams 
➡ Combine many runs into big jobs 

O(1000)
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Conclusion

• A factor 10 increase in computing time 

can be very well justified


