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Outline

• Basis Light-front Quantization approach

• Application to 𝜋/𝐾
• Valence Fock section only |𝑞#𝑞⟩
• With one dynamical gluon 𝑞#𝑞 + 𝑞#𝑞𝑔

• Observables sensitive to valence contribution in 𝜋/𝐾

• Summary and Future Plan
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Hamiltonian Formalism

• Schrödinger equation universally describes different physics：
𝐻 𝜓 = 𝐸|𝜓〉

Nonrelativistic, few-body Nonrelativistic, many-body Relativistic, many-body

atom nucleus hadron

• Wave func9ons encode full informa9on of the system

Neutron – proton densityProton density

9Be

Adapted from Yang Li’s talk



t ≡ x02 HAMILTONIAN DYNAMICS 19

Figure 1: Dirac’s three forms of Hamiltonian dynamics.

The two four-volume elements are related by the Jacobian J (x̃) = ||∂x/∂x̃||, particularly
d4x = J (x̃) d4x̃. We shall keep track of the Jacobian only implicitly. The three-volume
element dω0 is treated correspondingly.

All the above considerations must be independent of this reparametrization. The
fundamental expressions like the Lagrangian can be expressed in terms of either x or x̃.
There is however one subtle point. By matter of convenience one defines the hypersphere
as that locus in four-space on which one sets the ‘initial conditions’ at the same ‘initial
time’, or on which one ‘quantizes’ the system correspondingly in a quantum theory. The
hypersphere is thus defined as that locus in four-space with the same value of the ‘time-
like’ coordinate x̃0, i.e. x̃0(x0, x) = const. Correspondingly, the remaining coordinates
are called ‘space-like’ and denoted by the spatial three-vector x̃ = (x̃1, x̃2, x̃3). Because
of the (in general) more complicated metric, cuts through the four-space characterized
by x̃0 = const are quite different from those with x̃0 = const. In generalized coordinates
the covariant and contravariant indices can have rather different interpretation, and one
must be careful with the lowering and rising of the Lorentz indices. For example, only
∂0 = ∂/∂x̃0 is a ‘time-derivative’ and only P0 a ‘Hamiltonian’, as opposed to ∂0 and P 0

which in general are completely different objects. The actual choice of x̃(x) is a matter
of preference and convenience.

2D Forms of Hamiltonian Dynamics

Obviously, one has many possibilities to parametrize space-time by introducing some
generalized coordinates x̃(x). But one should exclude all those which are accessible by a
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Advantages:

• Frame-independent wave functions

• Simple vacuum structure

• No square root in Hamiltonian 𝑃%

• Not just a coordinate transformation.

• New theory !!!

Light-front Quantization
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Equal time quantization Light-front quantization

[Dirac, 1949]



Basis Light-front Quan1za1on
• Nonperturbative eigenvalue problem

𝑃%| ⟩𝛽 = 𝑃(%| ⟩𝛽
• 𝑃%: light-front Hamiltonian
• | ⟩𝛽 : mass eigenstate
• 𝑃(%: eigenvalue for | ⟩𝛽

• Evaluate observables for eigenstate
𝑂 ≡ 𝛽 /𝑂 𝛽

• Fock sector expansion
• Eg.

• Discretized basis
• Transverse: 2D harmonic oscillator basis:Φ),*

+ 𝑝⃗& . 
• Longitudinal: plane-wave basis, labeled by 𝑘. 
• Basis truncation: 

∑, 2𝑛, + 𝑚, + 1 ≤ 𝑁*-., 
∑, 𝑘, = 𝐾. 

𝑁*-. , 𝐾 are basis truncation parameters.

⟩|𝝅 = 𝑎 ⟩|𝑞'𝑞 + 𝑏 ⟩|𝑞'𝑞𝑔 + 𝑐 ⟩|𝑞'𝑞𝑔𝑔 + 𝑑 ⟩|𝑞'𝑞𝑞'𝑞 +. . . .

5Large 𝑁*-. and 𝐾 : High UV cutoff & low IR cutoff

[Vary et al, 2008]



Application to 
Light Mesons



⟩|𝝅/𝑲 = ⟩|𝑞,𝑞 +⋯



PDF with QCD Evolu8on

[Lan, Mondal, Jia, Zhao, Vary, PRL122, 172001(2019)]

HLF=

• Diagonalizing HLF LF wavefunctions         PDFs

Pion PDF Valence u PDF Kaon/Pion

8Agree with experimental results



The moments of pion valence quark PDF

[Lan, Mondal, Jia, Zhao, Vary, PRD101,034024(2020)]

𝒙 @ 4 GeV2 Valence Gluon Sea

BLFQ-NJL 0.489 0.398 0.113

[Ding et. al., BSE model 2019’] 0.48(3) 0.41(2) 0.11(2)
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Agree with other results



[S. D. Drell and T.-M. Yan, PRL (1970)]
[T. Becher et al, JKEP07(2008)030]; [P. C. Barry et al, PRL121(2018)152001]
[C. Anastasiou et al, PRL91(2003)182002]

Pt
W

C
W
W

Agree with experimental data (FNAL E615, 326, 444, & CERN NA3, WA-039).

[nCTEQ 2015]
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𝑚!𝑑"𝜎
𝑑𝑚𝑑𝑌

=
8𝜋𝛼"

9
𝑚"

𝑠
-
#$

𝑑𝑥%𝑑𝑥" /𝐶#$(𝑥%, 𝑥", 𝑠, 𝑚, 𝜇&)𝑓 ⁄# ((𝑥%, 𝜇&)𝑓 ⁄$ )(𝑥", 𝜇&)

[Lan, Mondal, Jia, Zhao, Vary, PRD101,034024(2020)]

Drell-Yan cross section
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'𝑢%&"$ = 𝑢%&"$ = 𝑑̅%&"$ = 𝑑%&"$ = 𝑠̅%&"$ = 𝑠%&"$
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Drell−Yan

𝜇0𝜇% 𝑋
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9
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1
9
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4
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1
9
𝑑̅%$𝑑!%' + 𝑑!%$ 𝑑̅%' + 𝑠̅%$𝑠%' + 𝑠%$𝑠̅%'

𝜎1!2 − 𝜎1"2~
4
9 K𝑢3

1𝑢32 −
1
9 𝑑̅3

1𝑑32
456 7 896:;8

~
3
9 K𝑢3

1𝑢32

Target with nucleus of A=2Z:

contribution from Valence

4𝜎1"2 −𝜎1!2 Contribution from Valence cancel out!

πN Drell-Yan cross section
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COMPASS++/AMBER

Proposal
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BLFQ-NJL result

• Only consider the valence Fock sector. 

• Smaller sea contribution compared to JAM global fit

• Valence Fock sector not enough?

⟩|𝜋 = ⟩|𝑞,𝑞 +⋯

13



⟩|𝝅/𝑲 = 𝑎 ⟩|𝑞,𝑞 + 𝑏 ⟩|𝑞,𝑞𝑔 +⋯

⟩|𝝅/𝑲 = ⟩|𝑞,𝑞 +⋯



0

⟩|𝑞$𝑞

⟨𝑞$𝑞|

⟨𝑞$𝑞𝑔|

⟩|𝑞$𝑞𝑔
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⟩|𝝅/𝑲 = 𝑎 ⟩|𝑞,𝑞 + 𝑏 ⟩|𝑞,𝑞𝑔 + 𝑐 ⟩|𝑞,𝑞𝑞,𝑞 +. . . .

Interaction Part of Hamiltonian

𝐻677 =
8!
"9:#

"

;
+

8!
"9:$#

"

<=;
+ 𝜅>𝑥 1 − 𝑥 𝑟?@

− A%

:#9:$#
" 𝜕; 𝑥 1 − 𝑥 𝜕; +𝑯𝐢𝐧𝐭

𝑯𝐢𝐧𝐭



⟩|𝜋 = 𝑎 ⟩|𝑞,𝑞 + 𝑏 ⟩|𝑞,𝑞𝑔 +⋯⟩|𝜋 = ⟩|𝑞,𝑞 +⋯

16[Lan, et al, in preparation ] 

𝑁<9= = 8, 𝐾<9= = 9,𝑀> = 0,𝑚( = 0.33 GeV,
𝑚) = 0.60 GeV, κ = 0.77 GeV, 𝑏 = 0.49 GeV,
α = 1.74 GeV, 𝑚* = 3.38 GeV, 𝑏𝑖𝑛𝑠𝑡 = 28 GeV

Pion PDF with high Fock sector



⟩|𝜋 = 𝑎 ⟩|𝑞,𝑞 + 𝑏 ⟩|𝑞,𝑞𝑔 +⋯⟩|𝜋 = ⟩|𝑞,𝑞 +⋯

With ⟩|𝑞K𝑞𝑔 , the contribution from sea quark increases, but still not enough?

17
⟩|𝜋 = 𝑎 ⟩|𝑞,𝑞 + 𝑏 ⟩|𝑞,𝑞𝑔 + 𝑐 ⟩|𝑞,𝑞,𝑞𝑞 +⋯

Ratio of cross section with high Fock sector

⟩|𝑞#𝑞𝑞#𝑞 sector is needed?



COMPASS++/AMBER

Proposal

Valence contribution 

Our results agree well with data.
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Observables 
discriminating the valence
distribution between 𝝅/𝑲



𝜋± 𝑁
Drell−Yan

𝜇0𝜇% 𝑋

𝐾± 𝑁
Drell−Yan

𝜇0𝜇% 𝑋
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4
9
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1
9
𝑠̅%+𝑠%' + 𝑠!%+ 𝑠̅%' + 𝑑̅%+𝑑!%' + 𝑑%+𝑑̅%'

𝜎$*' − 𝜎$)'~
4
9 '𝑢!

$𝑢!' −
1
9 𝑑̅!

$𝑑!'
*,- . /0-)(/

~
3
9 '𝑢!

$𝑢!. 𝜎+*' − 𝜎+)'~
4
9 '𝑢!

+𝑢!.

KN Drell-Yan cross section

𝟑
𝟒
𝝈𝑲'𝑪 V𝝈𝑲)𝑪
𝝈𝝅'𝑪 V𝝈𝝅)𝑪

~ (𝒖𝒗𝑲/(𝒖𝒗𝝅

𝝈𝝅'𝑪 V𝝈𝑲)𝑪
𝝈𝝅'𝑪 V𝝈𝝅)𝑪

~ Z
[+

𝟒\𝒖𝒔𝑪(_,-V_,.)a\𝒅𝒔𝑪(c,-Vd,.)
𝟑\_,-_,𝑪
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Relations between cross sections and the valence PDFs 

The detail expressions for the cross sections

1

2

Jiangshan Lan



𝟑
𝟒
𝝈𝑲'𝑪V𝝈𝑲)𝑪
𝝈𝝅'𝑪V𝝈𝝅)𝑪

~(𝒖𝒗𝑲/(𝒖𝒗𝝅

21

BLFQ-NJL

1First relation

With decreasing the range of invariant mass of leptonic pair, our results tend 
to agree with extracted data.



Second relation

How much difference for < 𝑥3 > between valence u and valence s in the kaon?

Márcia’s reoprt

BLFQ-NJL

[Lan, Mondal, Jia, Zhao, Vary, 
PRD101,034024(2020)]

< 𝑥3? >:< 𝑥3@ > ~ 2: 3 < 𝑥3? >:< 𝑥3@ > ~ 7: 8

𝝈𝝅'𝑪V𝝈𝑲)𝑪
𝝈𝝅'𝑪V𝝈𝝅)𝑪

~ Z
[
+ 𝟒\𝒖𝒔𝑪(_,-V_,.)a\𝒅𝒔𝑪(c,-Vd,.)

𝟑\_,-_,𝑪
2

DSE: momentum carried by 𝑠̅A > 𝑢A
𝑢Aand 𝑢1 are almost same

BLFQ-NJL: momentum carried by valence 
quarks of pion and kaon are comparable
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𝝈𝝅'𝑪V𝝈𝑲)𝑪
𝝈𝝅'𝑪V𝝈𝝅)𝑪

~ Z
[
+ 𝟒\𝒖𝒔𝑪(_,-V_,.)a\𝒅𝒔𝑪(c,-Vd,.)

𝟑\_,-_,𝑪
2Second relation

BLFQ-NJL
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𝑢31 − 𝑢3A ~𝟎 within 0.2 < 𝑥 < 0.4

• Large difference between 𝑑31 and 𝑠3A

• Small difference between 𝑑31 and 𝑠3A
Second relation < 4/3
Second rela9on > 4/3



Conclusions

• Basis Light-front Quantization: nonperturbative approach to relativistic

bound states

• Light-front Hamiltonian          Wavefunction           Observables

• Systematically expandable by including higher Fock sectors

24

⟩|𝝅/𝑲 = 𝑎 ⟩|𝑞,𝑞 + 𝑏 ⟩|𝑞,𝑞𝑔 + 𝑐 ⟩|𝑞,𝑞𝑞,𝑞 +. . . .



Future Plans

• Meson: heavy quarkonia heavy-light meson     strange 
meson
• Baryon: nucleon      excited nucleon      baryons with 
𝑠, 𝑏, 𝑐 quarks…
• Expansion in Fock sectors: 

- Baryon = 𝑞𝑞𝑞 + 𝑞𝑞𝑞𝑔 + 𝑞𝑞𝑞𝑞#𝑞 +⋯
- Meson = 𝑞#𝑞 + 𝑞#𝑞𝑔 + 𝑞#𝑞𝑞#𝑞 +⋯
- Exotic hadrons = 𝑞#𝑞𝑞#𝑞 +⋯

• Evaluation of observables: FF, PDF, DY cross section, PDA, 
GPD, TMD, GTMD…
• Tremendous amount of possibilities…
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Thank you !


