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The SIS and DIS Overall Landscape vs W
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! DIS: community definition of W > 2 GeV with Q2 > 1 GeV2 (Global PDF Fits more restrictive)

! SIS: Shallow Inelastic Scattering is non-resonant meson production with W >  MN + mp

! We cannot experimentally separate non-resonant from resonant meson production.  We 
practically define SIS as inclusive meson production with W < 2.0 GeV. 

! However, the majority of contemporary studies in n-nucleus interactions have been of 
Quasielastic and 1 p (mainly D) production.  

! So we define “SIS” as meson (pion) production the unexplored kinematic region:                          
1.5 < W < 2.0 GeV.   This is the definition used in MINERvA SIS analyses.

! SIS/DIS significance for DUNE  - 45 % of nµ CC events have W > 1.5 GeV.

C. Bronner- 2018
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Let’s bring in Q2 that actually determines true DIS

! “Safe” DIS region chosen for (nCTEQ) Global QCD fits for determining PDFs.
! “Safe” suggests minimizing non-perturbative (1/Q2) effects (more coming soon).
! This Safe DIS region ≈ out of reach for modern neutrino experiments.

! For example, MINERvA ME loses another factor of 8 events going from blue to red above! 3
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How do we use information from the safe DIS region 
to predict behavior in the SIS region?
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5: Safe DIS region  (W>3.5 GeV, Q2 > 4 GeV2)

W = 3.5 G
eV

4 GeV2

! Can we start with the measured n-A scattering in the “safe DIS” region to 
gain an understanding/prediction of what to expect in the SIS region?

! Possibility 1: Quark-Hadron Duality (DIS à SIS)
! Possibility 2: High Q,W (DIS) Perturbative QCD à

Lower Q,W (SIS) non-Perturbative QCD 
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FIG. 9. NuTeV measurement of F2(x,Q
2) (solid circles) compared with previous ν-Fe results; CCFR (open circles) and

CDHSW (triangles). The data are corrected to an isoscalar (iron) target and for QED radiative effects as described in the text.
The curve show the NuTeV model.
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H. Deden et al., Charge-changing interactions 273 

A = f 2 X F l ( X ) d x / f F 2 ( x ) d x  , B:fxf3(x) dx/fx f 2 ( x )  d x  . 

In this experiment the ratio R 1 = 0.38 -+ 0.02, and if this ratio applies also in the 
scaling region, we obtain the previously quoted limits [I ], 1 > A > 0.87 and 0.90 
> B > 0.85. The first result is consistent with the Callan-Gross relation 2 x F  1 = F 2 
for spin ~- constituents, which is strongly supported by the SLAC-MIT experiments 
[4]. We therefore assume 2 x F  1 = F 2 in what follows. If  we integrate (3) the dif- 
ferential cross sections become 

dcruN,v-N G 2 M E  
d ~  - 3 ~  [2~2N(x) + xF~3N(x)] ' (4) 

d a u N ' v ~ N G 2 M E I f F ~ N x t  dy - ~- (x) d [ 1 - ( 1 ; B ) ( y - ~ y 2 ) ]  , (5) 

STRUCTURE FUNCTIONS FOR EVENTS IN THE SCALING REGION q 2 >  1 GeV 2 
W 2 > 4 GeV 2 

/ 
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Fig. 1. (a) The scaling func t ion  F~N(x) computed  from the neutr ino and ant ineutr ino differen- 
• • 2 2 2 2 tlal cross sections, for the cut  q > I GeV , 14/ > 4 GeV , where W = final state hadron  mass. 

The solid curve 3.6 F~2N(x) is a fit to the  SLAC electron-nucleon scattering data, where the  
factor 3.6 comes from the quark model.  The dashed curve indicates the modif icat ion due to 
Fermi smearing and measuremen t  errors. (b) The interference term xF~N(x) computed  f rom 
the data  in the scaling region. The curve is that  calculated using quark/ant iquark  distr ibution 
funct ions  obtained from empirical fits [ 14] to electron scattering data. 
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uncertainties. Numerical values of these measurements are available in Ref. [28].

11

First (early 70’s) Gargamelle (CF3Br) 
measurement  of F2 and xF3 (650 n
and 1050 n) for initial neutrino 
verification of scaling then 
recently discovered at SLAC.

NuTeV (Fe) measurement 
(3 million n and n events) of F2
compared to CCFR (Fe) 
and CDHSW (Fe).

CHORUS (Pb) measurement 
(1.5 million n and n events) 
of F2 compared to CCFR (Fe) 
and CDHSW (Fe).

Let’s first review status of Experimental Data in the “safe” region 
Deep-Inelastic Scattering (DIS)

Neutrinos have been using DIS to study the structure of the nucleon for 
50 years (> 15 major experiments)!

F2

EPJ manuscript No.
(will be inserted by the editor)

From Gargamelle to MINERvA: Exploring the
structure of the nucleon with neutrinos
Jorge G. Morf́ın,a

Fermi National Accelerator Laboratory, Batavia, Illinois 60510, USA

Abstract. Neutrino scattering experiments have been exploring the
structure of the nucleon with Deep-Inelastic Scattering for over 50
years. Although hints of nucleon structure were available using CERN’s
first neutrino beam in the 1960’s, the study actually started quan-
titatively in the early 1970’s with the Gargamelle heavy liquid bub-
ble chamber that produced first neutrino confirmation of scaling. This
study of nucleon structure continued with both bubble chambers and
more massive electronic detectors that, with higher-energy neutrino
beams and Q2 reach, examined the breaking of this scaling while test-
ing Quantum Chromodynamics. A significant factor when including
neutrino explorations of nucleon structure in the overall picture is that
to gather significant statistics neutrino experiments have had to use
heavier nuclear targets. It has been experimentally demonstrated that
the structure of the nucleon in the nuclear environment is indeed dif-
ferent than the free nucleon structure. Understanding this modified
structure has played an important part in the experimental and theo-
retical exploration of nucleon structure by neutrinos and is one of the
important goals of the on-going MINERvA experiment at Fermilab.

1 Introduction

Deep Inelastic Scattering (DIS) experiments have been essential in studying the struc-
ture of the nucleon and have provided the experimental foundation for describing this
structure, the ”structure functions”. Early work on electron-nucleon/nucleus scatter-
ing led to the discovery of the scaling property of these structure functions that
demonstrated the existence of point-like constituents within the proton as in the par-
ton model. The parton model was proposed by Richard Feynman in the late 1960’s
[1] to describe high energy hadron collisions and was applied to electron-proton as
well as neutrino-proton deep inelastic scattering by Bjorken and Paschos [2,3].

The implicit assumption in the parton model is that the lepton scatters incoher-
ently from the parton constituents and the scattering can be described in a factorized
form, an important achievement of the parton model. The physical cross section,
which is di�cult to calculate directly, has been factored into a term that can be cal-
culated in perturbation theory (at least for the isolated/free nucleon) and a term that
can be extracted from experiment, the parton distribution function (PDF).

a e-mail: morfin@fnal.gov

%0*����������FQKT�T�����������������
3FQPSU�OVNCFS��'&3.*-"#�16#��������/%
	BDDFQUFE


Eur.Phys.J.ST 230 (2021) 24,
4221-4241
MINERvA-doc-30806,

Compatibility of neutrino DIS data and its impact on nuclear parton
distribution functions, (nCTEQ) K.F. Muzakka et al. e-Print 2204.13157:

https://arxiv.org/abs/2204.13157


Fine, we have a good start with global safe DIS results for neutrino.
Now let’s start the study of the DIS       SIS Transition!

Possibility 1: Quark – Hadron Duality
! Quark–hadron duality is a general feature of strongly interacting landscape

" How does the physics (language) of quark/gluons from DIS meet the physics of 
nucleons/mesons (pions) of SIS  à quark-hadron duality

! In the 70’s Bloom and Gilman defined duality by studying structure functions from 
e-N scattering and noting that the leading QCD formulation of DIS is 
approximately equal to the average over resonance production.

! Quark-hadron duality originally studied and 
confirmed in e-N scattering – what does 
duality “look like” ?  (Jlab e-proton Study) 

! is known as the Nachtmann variable
! Important for treating low Q2/higher-x data (later)…)

! How about a quantitative test of “duality”? 
6
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Scaling variables for duality

The most general scaling variable includes target mass correstion and finite quark
mass

ξB =
Q2 +

q

Q4 + 4m2
qQ2

2mNν(1+
p

1+Q2/ν2)
Barbieri, Ellis, Gaillard, Ross

Nachmann scaling variable ξ

ξ = lim
mq→0

ξB =
2Q2/2mNν

(1+
p

1+Q2/ν2)
=

2x
(1+

q

1+ 4m2
Nx2/Q2)

Expanding ξ in powers of 1/Q2 at high Q2 gives the variable 2mNν+m2
N

Q2 , found
emperically in 1970 by Bloom and Gilman and used in their pioneer work on duality

1
ξ
≈
1
x

„

1+
m2
Nx2
Q2

«

=
2mNν +m2

N
Q2

At very high Q2, neglectingm2
N/Q2, we get ξ ≈ 2x

1+1 = x - Bjorken variable
(see Melnitchouk, Ent, Keppel, Phys.Rep. 406)
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FIG. 5: Comparison of the Rein-Sehgal structure functions at Q2 = 0.4, 1 and 2 GeV2 with the appropriate scaling functions
at Q2

DIS=10 GeV2. In the first row xF1, F2 and xF3 structure functions for CC neutrino-proton scattering are plotted. In the
second row the structure functions for CC neutrino-neutron scattering are shown.

In the quantitative analysis we define ratios of two integrals over the resonance region:

R
(

f,Q2
R; g,Q

2
D

)

=

∫ ξmax

ξmin

dξ f(ξ, Q2
R)

∫ ξmax

ξmin

dξ g(ξ, Q2
D)

. (40)



Quantitative test of Quark-Hadron Duality:
Ratio of integrals over a finite   interval

e - Nucleon
! Ratio of the strength of the SIS to DIS region.  Ideal Duality I = 1.0 .

! F2
eN (  ) for values of Q2 indicated on spectra compared to LO DIS QCD fit at Q2 = 

10 GeV2. Value of integral I(Q2).  Duality works well for eN scattering!

7

⌫A Interactions: SIS and DIS M. S. Athar and J. G. Morf́ın

This in turn would allow us to relate DIS structure functions to resonance form factors.

Some three decades later there was considerable accumulation of charged lepton DIS

studies at multiple laboratories with nucleon structure functions well measured over a

broad range in x,Q2. Many experimental tests had proclaimed the success of QCD, and

a new examination of duality with Je↵erson Lab resonant production experiments was

begun. An early Je↵erson Lab 6 GeV era (E00-116??) measurement [4] showed that

duality was clearly observed Figure 1 with an indication that for Q2  0.5GeV 2 the

data resembles a valence like curve. The experimental and theoretical study of duality

proceeded relatively smoothly for e-N and even for e-A interactions and there is now

visual evidence that duality holds for F p

2 , F
p

1 , F
p

L
, F n

2 , F
D

2 , FC

2 , F Fe

2 and FAu

2 .

Duality HOLDS in electron–nucleon scattering!
What does that mean?

◆ If you take F2 determined from a QCD fit to DIS data and extrapolate down in ξ
- a form of xBj that compensates for low-Q phenomena.  The extrapolation runs 
approximately through the middle of the resonances.

41

UGent.eps

Fep, en
2 : Duality HOLDS in electron–nucleon scattering

Duality holds for both proton and deuteriuim targets (=for neutron target)
Niculescu, PRL85

JLAB: recent experimental data on F2 of
the reactions ep � eX , eD � DX in the
resonance region

solid curve — global fit to the world’s DIS
data by NMC collaboration

The data at various values of Q2 and W
average to a smooth curve if expressed
in terms of �.

Olga Lalakulich (Ghent University, Belgium) Duality in Neutrino Reactions NuInt 07 5 / 22

UGent.eps

Scaling variables for duality

The most general scaling variable includes target mass correstion and finite quark
mass

�B =
Q2 +

q

Q4 + 4m2
qQ2

2mN�(1+
p

1+Q2/�2)
Barbieri, Ellis, Gaillard, Ross

Nachmann scaling variable �

� = lim
mq�0

�B =
2Q2/2mN�

(1+
p

1+Q2/�2)
=

2x
(1+

q

1+ 4m2
Nx2/Q2)

Expanding � in powers of 1/Q2 at high Q2 gives the variable 2mN�+m2
N

Q2 , found
emperically in 1970 by Bloom and Gilman and used in their pioneer work on duality

1
�

� 1
x

„

1+
m2
Nx2
Q2

«

=
2mN� +m2

N
Q2

At very high Q2, neglectingm2
N/Q2, we get � � 2x

1+1 = x - Bjorken variable
(see Melnitchouk, Ent, Keppel, Phys.Rep. 406)

Olga Lalakulich (Ghent University, Belgium) Duality in Neutrino Reactions NuInt 07 6 / 22
UGent.eps

Scaling variables for duality

The most general scaling variable includes target mass correstion and finite quark
mass

�B =
Q2 +

q

Q4 + 4m2
qQ2

2mN�(1+
p

1+Q2/�2)
Barbieri, Ellis, Gaillard, Ross

Nachmann scaling variable �

� = lim
mq�0

�B =
2Q2/2mN�

(1+
p

1+Q2/�2)
=

2x
(1+

q

1+ 4m2
Nx2/Q2)

Expanding � in powers of 1/Q2 at high Q2 gives the variable 2mN�+m2
N

Q2 , found
emperically in 1970 by Bloom and Gilman and used in their pioneer work on duality

1
�

� 1
x

„

1+
m2
Nx2
Q2

«

=
2mN� +m2

N
Q2

At very high Q2, neglectingm2
N/Q2, we get � � 2x

1+1 = x - Bjorken variable
(see Melnitchouk, Ent, Keppel, Phys.Rep. 406)

Olga Lalakulich (Ghent University, Belgium) Duality in Neutrino Reactions NuInt 07 6 / 22Figure 1. Comparison of the series of resonances measured by E00-116(??) at
the indicated Q2 compared to the extrapolated DIS measurement from the NMC
collaboration at 10 GeV 2

However, with the much more precise Je↵erson Lab data, there should be an

improved method to test duality precisely. A possible solution is to quantify the degree

to which duality is satisfied by defining the ratio of integrals over structure functions

from the resonance and DIS regions:

I|(Q
2, Q2

DIS) =

R
⇠max

⇠min
d⇠FRES

j (⇠, Q2)
R

⇠max

⇠min
d⇠FDIS

j (⇠, Q2
DIS)

(1)

The integrals use the Nachtmann variable (xBjorken ⌘ x) ⇠(x,Q2) = 2x

1+
p

1+4x
2
M

2
/Q

2

and the integration over the resonance region is defined as typically Wmin = M + m⇡

and Wmax = 2.0 GeV. For perfect quark-hadron duality the value of I would be 1.0.

Using this new measure of agreement with quark-hadron duality for eN scattering

the authors of reference [5] used the full GiBUU model [6] that has been shown to
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DIS=10 GeV2. In the first row xF1, F2 and xF3 structure functions for CC neutrino-proton scattering are plotted. In the
second row the structure functions for CC neutrino-neutron scattering are shown.

In the quantitative analysis we define ratios of two integrals over the resonance region:

R
(

f,Q2
R; g,Q

2
D

)

=

∫ ξmax

ξmin

dξ f(ξ, Q2
R)

∫ ξmax

ξmin

dξ g(ξ, Q2
D)

. (40)

Stress the importance
of including the 
non-resonant 
pion production!
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The leptonic current is defined as:

J µ
lepton = ū(k′)γµ(1− γ5)u(k). (2)

In the RS model the leptonic mass is set to be zero. In this limit

qµJ µ
lepton = 0. (3)

One can introduce the basis of three vectors of length ±1 orthogonal to qµ:

eµL =
1√
2
(0, 1,−i, 0),

eµR =
1√
2
(0,−1,−i, 0),

eµS =
1

√

Q2
(q, 0, 0, ν).

Correspondingly, the leptonic tensor can be decomposed as:

Lµν = kµk′ν + k′µkν − gµνk · k′ − iεµνκλkκk
′

λ = (4)

=
∑

α,β∈(S,L,R)

Mαβeµα(e
ν
β)

∗. (5)

When we calculate the contraction of the leptonic tensor with the hadronic tensor

Wµν =

(

−gµνW1 +
pµpν
M2

W2 − iεµναβpαqβ

2M2
W3

)

, (6)

(M is the nucleon mass) we find that

LµνWµν = Lµν
diagWµν , (7)

where

Lµν
diag = A2eµS(e

ν
S)

∗ +B2eµL(e
ν
L)

∗ + C2eµR(e
ν
R)

∗. (8)

A2, B2, C2 are Lorentz scalars which can be evaluated in the LAB frame:

A2 = Lµνe
µ
S(e

ν
S)

∗ =
Q2

2q2
(

(2E − ν)2 − q2
)

, (9)

B2 = Lµνe
µ
L(e

ν
L)

∗ =
Q2

4q2
(2E − ν + q)2, (10)

C2 = Lµνe
µ
R(e

ν
R)

∗ =
Q2

4q2
(2E − ν − q)2. (11)

SIS DIS

UGent.eps

Scaling variables for duality

The most general scaling variable includes target mass correstion and finite quark
mass

ξB =
Q2 +

q

Q4 + 4m2
qQ2

2mNν(1+
p

1+Q2/ν2)
Barbieri, Ellis, Gaillard, Ross

Nachmann scaling variable ξ

ξ = lim
mq→0

ξB =
2Q2/2mNν

(1+
p

1+Q2/ν2)
=

2x
(1+

q

1+ 4m2
Nx2/Q2)

Expanding ξ in powers of 1/Q2 at high Q2 gives the variable 2mNν+m2
N

Q2 , found
emperically in 1970 by Bloom and Gilman and used in their pioneer work on duality

1
ξ
≈
1
x

„

1+
m2
Nx2
Q2

«

=
2mNν +m2

N
Q2

At very high Q2, neglectingm2
N/Q2, we get ξ ≈ 2x

1+1 = x - Bjorken variable
(see Melnitchouk, Ent, Keppel, Phys.Rep. 406)

Olga Lalakulich (Ghent University, Belgium) Duality in Neutrino Reactions NuInt 07 6 / 22

UGent.eps

Scaling variables for duality

The most general scaling variable includes target mass correstion and finite quark
mass

ξB =
Q2 +

q

Q4 + 4m2
qQ2

2mNν(1+
p

1+Q2/ν2)
Barbieri, Ellis, Gaillard, Ross

Nachmann scaling variable ξ

ξ = lim
mq→0

ξB =
2Q2/2mNν

(1+
p

1+Q2/ν2)
=

2x
(1+

q

1+ 4m2
Nx2/Q2)

Expanding ξ in powers of 1/Q2 at high Q2 gives the variable 2mNν+m2
N

Q2 , found
emperically in 1970 by Bloom and Gilman and used in their pioneer work on duality

1
ξ
≈
1
x

„

1+
m2
Nx2
Q2

«

=
2mNν +m2

N
Q2

At very high Q2, neglectingm2
N/Q2, we get ξ ≈ 2x

1+1 = x - Bjorken variable
(see Melnitchouk, Ent, Keppel, Phys.Rep. 406)

Olga Lalakulich (Ghent University, Belgium) Duality in Neutrino Reactions NuInt 07 6 / 22

x



Now for Neutrinos – NO HIGH STATISTIC NUCLEON DATA –
must rely on models for n-n, n-p and n-N scattering

8

isospin

Now for Neutrinos
NO high-statistics Experimental Data available - turn to theory 

Use models for n-n and n-p scattering? 

11
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F νp, νn
2 : In neutrino–nucleon scattering duality does NOT hold for proton

and neutron targets separately

Low-lying resonances: F νn(res)
2 < F νp(res)

2 , DIS:F νn(DIS)
2 > F νp(DIS)

2

F νp(res−3/2)
2 = 3F νn(res−3/2)

2
F νp(res−1/2)

2 ≡ 0
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F νn(res)
2 : finite contributions from isispin-

3/2 and -1/2 resonances
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FIGURE 1. 
l 2 

Duality for the isoscalar nucleon Fj "^^ structure function calculated within GiBUU model. (Left) F2^ as a function 
of ^, for Q = 0.225,0.525,1.025 and 2.025 GeV (indicated on the spectra), compared with the leading twist parameterizations at 
Q^ = 10 GeV . (Right) Ratio if^ of the integrated F2^ in the resonance region to the leading twist functions. 

^ correspond to the second (1.40 GeV < W < 1.56 GeV) and the third (1.56 GeV < W < 2.0 GeV) resonance regions. 
The general picture shows a reasonable agreement with the duality hypothesis. 

In the right panel of Fig. 1, the ratio of the integrals if^, defined in (3), is shown not only for the whole structure 
function (resonance + 1-pion background), but also for the resonance contribution separately. 

For Q^ > 0.5 GeV^, the ratio if for the resonance contribution only is at the level of 0.85, which is smaller and 
flatter in Q^ in comparison with the results [6, 15] of the Dortmund group resonance model. The difference is due to the 
different parameterization of the electromagnetic resonance form factors used in the two models. The background gives 
a noticeable contribution and brings the ratio up to 0.95. The fact, that it is smaller than 1 is of no surprise, because 
additional nonresonant contributions like 2- and many-pion background are possible, but not taken into account here. 
They are the subject of coming investigations. 

The principal feature of neutrino reactions, stemming from fundamental isospin arguments, is that duality does not 
hold for proton and neutron targets separately. The interplay between the resonances of different isospins allows for 
duality to hold with reasonable accuracy for the average over the proton and neutron targets. We expect a similar 
picture emerges in neutrino reactions with nuclei. 

For neutrinoproduction, the structure function F2^ and the ratio / j ' ^ are shown in Fig. 2 for the resonance 
contribution only. The ratio is at the level of 0.7, which is (similar to the electron case) smaller than 0.8, which 
has been calculated within the Dortmund resonance model [6, 15]. Thus, one would expect a large contribution from 
the background. The role of the background in neutrino channel is under investigation now. 
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Duality for the isoscalar nucleon Fj '^^ structure function calculated within the GiBUU model. (Left) Fj^'^ as a function 
of ^, for Q = 0.225,0.525,1.025 and 2.025 GeV (indicated on the spectra), compared with the leading twist parameterizations at 
Q^ = 10 GeV . (Right) Ratio / j ' ^ of the integrated Fj^'^ in the resonance region to the leading twist functions. 
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Resonance estimates from Lalakulich, 
Melnitchouk and Paschos for n-n and 
n-p scattering.

Resonance estimates from GiBUU
Model for n-N scattering. 
DIS at 10 GeV2

RES
DIS

I >> 1 I << 1

n p n n

Strong suggestion here that for neutrinos: 
duality holds for isoscalar nucleon (F2

np + F2
nn)/2.

What does that imply for duality for nuclei with large neutron excess??

In general, for neutrinos the resonance structure functions for proton are much 
larger than for neutrons however DIS structure functions the situation is opposite.



Summary: Quark-Hadron Duality for e-N/A and n-N/A 

! F2 ep en: Qualitative and quantitative duality HOLDS in electron–nucleon scattering. 

! F2 np : In neutrino–nucleon scattering, duality seems to roughly holds for the average
nucleon but NOT individually for neutron and proton. 

! F2 eA : Different story, looks good but quantitative check in e–A not as good as e–n/p 

! F2 nA : Not at all clear how duality works here, particularly in nuclei with an excess 
number of neutrons. 

! In general, for neutrinos, the resonance structure functions for proton are much larger 
than for neutrons and in the case of DIS structure functions the situation is opposite. 

! Although to some extent model dependent, a general tendency is that DIS structure 
functions are much larger than the resonance contribution at lower W. 

! For neutrinos: not yet at all clear how duality should be applied!
9



Possibility 2 - High Q,W (DIS) Perturbative QCD à
Lower Q,W (SIS) non- Perturbative QCD

! The “Infinite Momentum Frame” or “DEEP Deep Inelastic Region” à
perturbative QCD region.  
! Certainly, does not describe the environment of our 1 - 10  GeV neutrino beams! How do we 

know we are there or at least getting close…?

! When we are in a region where M2x2/ Q2 terms are negligible, we are in the 
region of perturbative QCD (and Q2 evolution is given by pQCD).

! As Q2 gets smaller and/or xBj gets larger, we need to include    M2x2/ Q2

corrections to the theory. Often characterized as “1 / Q2 effects“ 

" TARGET MASS (TMC) - kinematic corrections due to non-negligible mass 
of targets. To be more precise the mass M of the target modifies the scattering 
kinematics and therefore the DIS structure functions. Applied to the theory!

" HIGHER TWIST (HT) – dynamic corrections due to parton-parton
correlations. HT corrections to DIS processes account for non-perturbative 
multiquark/parton interactions and are mainly extracted experimentally!

10



Language of non-perturbative QCD
! Target Mass Correction –TMCs were first calculated by Nachtmann yielding the 

“Nachtmann Variable”. This is only the first term in a full TMC expression:

à TMCs vanish, x à x,  when M2/Q2 → 0 as we want.

! TMC has been calculated for the nucleon. nCTEQ is at the paper stage of TMC for Nuclei!

! Higher Twist – HT effects are extracted experimentally by fitting data to a pQCD + HT: 
F2(x, Q2) = F2

pQCD(x, Q2) [ 1 + CHT(x) / Q2 ]

! Duality and Higher Twist - Can Duality further inform us about HT and TMC? 
Does duality holding for  e-N scattering  compared 
to LO, leading twist DIS suggest HT is minimal?

11
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Scaling variables for duality

The most general scaling variable includes target mass correstion and finite quark
mass

ξB =
Q2 +

q

Q4 + 4m2
qQ2

2mNν(1+
p

1+Q2/ν2)
Barbieri, Ellis, Gaillard, Ross

Nachmann scaling variable ξ

ξ = lim
mq→0

ξB =
2Q2/2mNν

(1+
p

1+Q2/ν2)
=

2x
(1+

q

1+ 4m2
Nx2/Q2)

Expanding ξ in powers of 1/Q2 at high Q2 gives the variable 2mNν+m2
N

Q2 , found
emperically in 1970 by Bloom and Gilman and used in their pioneer work on duality

1
ξ
≈
1
x

„

1+
m2
Nx2
Q2

«

=
2mNν +m2

N
Q2

At very high Q2, neglectingm2
N/Q2, we get ξ ≈ 2x

1+1 = x - Bjorken variable
(see Melnitchouk, Ent, Keppel, Phys.Rep. 406)
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Quantitative test of Quark-Hadron Duality:
Ratio of integrals over a finite   interval

e - Nucleon
! Ratio of the strength of the SIS to DIS region.  Ideal Duality I = 1.0 .

! Using Giessen fit to e-N scattering – F2
eN (  ) for values of Q2 indicated on 

spectra compared to LO DIS QCD fit at Q2 = 10 GeV2. Value of integral I(Q2).

10

⌫A Interactions: SIS and DIS M. S. Athar and J. G. Morf́ın

This in turn would allow us to relate DIS structure functions to resonance form factors.

Some three decades later there was considerable accumulation of charged lepton DIS

studies at multiple laboratories with nucleon structure functions well measured over a

broad range in x,Q2. Many experimental tests had proclaimed the success of QCD, and

a new examination of duality with Je↵erson Lab resonant production experiments was

begun. An early Je↵erson Lab 6 GeV era (E00-116??) measurement [4] showed that

duality was clearly observed Figure 1 with an indication that for Q2  0.5GeV 2 the

data resembles a valence like curve. The experimental and theoretical study of duality

proceeded relatively smoothly for e-N and even for e-A interactions and there is now

visual evidence that duality holds for F p

2 , F
p

1 , F
p

L
, F n

2 , F
D

2 , FC

2 , F Fe

2 and FAu

2 .

Duality HOLDS in electron–nucleon scattering!
What does that mean?

◆ If you take F2 determined from a QCD fit to DIS data and extrapolate down in ξ
- a form of xBj that compensates for low-Q phenomena.  The extrapolation runs 
approximately through the middle of the resonances.

41
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Fep, en
2 : Duality HOLDS in electron–nucleon scattering

Duality holds for both proton and deuteriuim targets (=for neutron target)
Niculescu, PRL85

JLAB: recent experimental data on F2 of
the reactions ep � eX , eD � DX in the
resonance region

solid curve — global fit to the world’s DIS
data by NMC collaboration

The data at various values of Q2 and W
average to a smooth curve if expressed
in terms of �.
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Scaling variables for duality

The most general scaling variable includes target mass correstion and finite quark
mass

�B =
Q2 +

q

Q4 + 4m2
qQ2

2mN�(1+
p

1+Q2/�2)
Barbieri, Ellis, Gaillard, Ross

Nachmann scaling variable �

� = lim
mq�0

�B =
2Q2/2mN�

(1+
p

1+Q2/�2)
=

2x
(1+

q

1+ 4m2
Nx2/Q2)

Expanding � in powers of 1/Q2 at high Q2 gives the variable 2mN�+m2
N

Q2 , found
emperically in 1970 by Bloom and Gilman and used in their pioneer work on duality

1
�

� 1
x

„

1+
m2
Nx2
Q2

«

=
2mN� +m2

N
Q2

At very high Q2, neglectingm2
N/Q2, we get � � 2x

1+1 = x - Bjorken variable
(see Melnitchouk, Ent, Keppel, Phys.Rep. 406)
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the indicated Q2 compared to the extrapolated DIS measurement from the NMC
collaboration at 10 GeV 2

However, with the much more precise Je↵erson Lab data, there should be an

improved method to test duality precisely. A possible solution is to quantify the degree

to which duality is satisfied by defining the ratio of integrals over structure functions

from the resonance and DIS regions:

I|(Q
2, Q2

DIS) =

R
⇠max

⇠min
d⇠FRES

j (⇠, Q2)
R

⇠max

⇠min
d⇠FDIS

j (⇠, Q2
DIS)

(1)

The integrals use the Nachtmann variable (xBjorken ⌘ x) ⇠(x,Q2) = 2x

1+
p

1+4x
2
M

2
/Q

2

and the integration over the resonance region is defined as typically Wmin = M + m⇡

and Wmax = 2.0 GeV. For perfect quark-hadron duality the value of I would be 1.0.

Using this new measure of agreement with quark-hadron duality for eN scattering

the authors of reference [5] used the full GiBUU model [6] that has been shown to
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FIG. 5: Comparison of the Rein-Sehgal structure functions at Q2 = 0.4, 1 and 2 GeV2 with the appropriate scaling functions
at Q2

DIS=10 GeV2. In the first row xF1, F2 and xF3 structure functions for CC neutrino-proton scattering are plotted. In the
second row the structure functions for CC neutrino-neutron scattering are shown.

In the quantitative analysis we define ratios of two integrals over the resonance region:

R
(

f,Q2
R; g,Q

2
D

)

=

∫ ξmax

ξmin

dξ f(ξ, Q2
R)

∫ ξmax

ξmin

dξ g(ξ, Q2
D)

. (40)
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FIG. 5: Comparison of the Rein-Sehgal structure functions at Q2 = 0.4, 1 and 2 GeV2 with the appropriate scaling functions
at Q2

DIS=10 GeV2. In the first row xF1, F2 and xF3 structure functions for CC neutrino-proton scattering are plotted. In the
second row the structure functions for CC neutrino-neutron scattering are shown.

In the quantitative analysis we define ratios of two integrals over the resonance region:

R
(

f,Q2
R; g,Q

2
D

)

=

∫ ξmax

ξmin

dξ f(ξ, Q2
R)

∫ ξmax

ξmin

dξ g(ξ, Q2
D)

. (40)

Stress the importance
of including the 
non-resonant 
pion production!
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The leptonic current is defined as:

J µ
lepton = ū(k′)γµ(1− γ5)u(k). (2)

In the RS model the leptonic mass is set to be zero. In this limit

qµJ µ
lepton = 0. (3)

One can introduce the basis of three vectors of length ±1 orthogonal to qµ:

eµL =
1√
2
(0, 1,−i, 0),

eµR =
1√
2
(0,−1,−i, 0),

eµS =
1

√

Q2
(q, 0, 0, ν).

Correspondingly, the leptonic tensor can be decomposed as:

Lµν = kµk′ν + k′µkν − gµνk · k′ − iεµνκλkκk
′

λ = (4)

=
∑

α,β∈(S,L,R)

Mαβeµα(e
ν
β)

∗. (5)

When we calculate the contraction of the leptonic tensor with the hadronic tensor

Wµν =

(

−gµνW1 +
pµpν
M2

W2 − iεµναβpαqβ

2M2
W3

)

, (6)

(M is the nucleon mass) we find that

LµνWµν = Lµν
diagWµν , (7)

where

Lµν
diag = A2eµS(e

ν
S)

∗ +B2eµL(e
ν
L)

∗ + C2eµR(e
ν
R)

∗. (8)

A2, B2, C2 are Lorentz scalars which can be evaluated in the LAB frame:

A2 = Lµνe
µ
S(e

ν
S)

∗ =
Q2

2q2
(

(2E − ν)2 − q2
)

, (9)

B2 = Lµνe
µ
L(e

ν
L)

∗ =
Q2

4q2
(2E − ν + q)2, (10)

C2 = Lµνe
µ
R(e

ν
R)

∗ =
Q2

4q2
(2E − ν − q)2. (11)

SIS DIS

UGent.eps

Scaling variables for duality

The most general scaling variable includes target mass correstion and finite quark
mass

ξB =
Q2 +

q

Q4 + 4m2
qQ2

2mNν(1+
p

1+Q2/ν2)
Barbieri, Ellis, Gaillard, Ross

Nachmann scaling variable ξ

ξ = lim
mq→0

ξB =
2Q2/2mNν

(1+
p

1+Q2/ν2)
=

2x
(1+

q

1+ 4m2
Nx2/Q2)

Expanding ξ in powers of 1/Q2 at high Q2 gives the variable 2mNν+m2
N

Q2 , found
emperically in 1970 by Bloom and Gilman and used in their pioneer work on duality

1
ξ
≈
1
x

„

1+
m2
Nx2
Q2

«

=
2mNν +m2

N
Q2

At very high Q2, neglectingm2
N/Q2, we get ξ ≈ 2x

1+1 = x - Bjorken variable
(see Melnitchouk, Ent, Keppel, Phys.Rep. 406)
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Possibility 2 – Applied!
Extrapolating from DIS to SIS - from pQCD to non-pQCD

" Start with a familiar attempt. As we just heard, Bodek-Yang model keeps Duality in mind by 
extending GRV LO DIS PDFs for W > 2 GeV, Q2  > 0.8 GeV2 down in Q2 and W into the SIS region.
! They include Target Mass Correction (TMC) and Higher Twist (HT) effects by replacing xBj with xW an 

enhanced TMC term to account for both TMC and HT….

! Now, a more rigorous extrapolation to SIS transition, non-pQCD region. The first nCTEQ
global fit of nuclear ratios into the SIS transition region: e-Print: 2012.11566 [hep-ph]:

! Adding higher–x, lower Q Jefferson Lab (eA) nuclear ratio measurements to perform a 
global fit:

! e/µ nuclear ratios F2A/F2D and sA/sD for  W > 1.7 GeV, Q2 > 1.69 GeV

30

EMC region and Fermi smearing

16

Moving to valence region
Q > 2,W > 3.5

Q > 1.3
W > 1.7

nCTEQ15

nCTEQ15HIX

16

16

Moving to valence region
Q > 2,W > 3.5

Q > 1.3
W > 1.7

nCTEQ15

nCTEQ15HIX

16

How do we use information from the safe DIS region 
to predict behavior in the SIS region?

5

Q2 �n plane: Not exactly to the scale
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DIS region
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+m π
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<1 GeV
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-N Scattering
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(4) Soft DIS region
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2

Soft
DIS region is also nothing but the SIS region
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5: Safe DIS region  (W>3.5 GeV, Q2 > 4 GeV2)

W
 = 3.5 G

eV

4 GeV2

! Can we start with the measured n-A scattering in the “safe DIS” region to 
gain an understanding/prediction of what to expect in the SIS region?

! Possibility 1: Quark-Hadron Duality (DIS à SIS)
! Possibility 2: High Q,W (DIS) Perturbative QCD à

Lower Q,W (SIS) non-Perturbative QCD 

https://arxiv.org/abs/2012.11566


1/ Q2 Corrections Entering the nCTEQ Global Fit
(also improved CJ15 Deuteron for ratios F2A/F2D and sA/sD )

e-Print: 2012.11566 [hep-ph]

13

! TMC - Schienbein et al. Review of Target Mass Corrections: e-Print: 0709.1775 [hep-ph]
Kretzer-Reno - Target Mass Corrections to Electro-Weak Structure Functions e-Print: hep-
ph/0307023 [hep-ph]

! HT – Accardi et al (CJ15) - Constraints on large-x PDFs, eprint:1602.03154 [hep-ph]. 
Qiu-Sterman - QCD and re-scattering in nuclear targets, eprint: hep-ph/0111002. 

e/µ=A scattering HT correction factor for nuclei 
as a function of x at Q2 = 4.0 GeV2 :

A Review of Target Mass Corrections 6

Figure 2. The Nachtmann variable ξ as a function of the Bjorken scaling variable x,
for Q2 = 1, 2, 4 and 10 GeV2. For reference, a dotted line is shown for the limiting
case ξ = x.

At large values of Q2, ξ ∼ x. As Fig. 2 shows, however, for Q2 less than a few times the

target mass of ∼ 1 GeV, ξ can deviate significantly from x, especially at large x values.

The Nachtmann variable appears naturally in the OPE, as we outline below. The full

details of the notation, including parton masses, appear in Appendix A.
We can write any generic inclusive lepton–nuclear scattering cross section as a

combination of a hadronic tensor Wµν and a leptonic tensor Lµν :

dσ ∼ Wµν Lµν ,

where the hadronic tensor is given in terms of a product of hadronic currents,¶

Wµν ≡
1

2π

∫
d4z eiq·z 〈N |[Jµ(z), Jν(0)]|N〉

= − gµνW1 +
pµpν

M2
W2 − iεµνρσ

pρqσ

M2
W3

+
qµqν

M2
W4 +

pµqν + pνqµ

M2
W5 . (4)

The structure functions Wi depend on x and Q2, as well as the target mass M . The

hadronic tensor can be related to the discontinuity of the virtual forward Compton

scattering amplitude Tµν via

Wµν =
1

π
disc Tµν . (5)

¶ In this work, we will focus on the unpolarized results. For TMC effects on the polarized structure
function see Refs. [43–45], and references therein.

A Review of Target Mass Corrections 22

1.2

1.4

1.6

1.8

2.0

1.0
0.2 0.4 0.6 0.8 1.00

X

1 25 1255Q  (GeV  )2 2

F      / F2 2
TMC (0)

X

1 25 1255

0.2 0.4 0.6 0.8 1.00

1.2

1.4

1.6

1.8

2.0

1.0

Q  (GeV  )2 2

F      / F3 3
TMC (0)

Figure 7. Ratio of the F2 and F3 structure functions with and without target mass
corrections (FTMC

i /F (0)
i , i = 2, 3) vs. x for Q2 = {1, 5, 25, 125} GeV2.

6.2. Non-leading Terms in the Master Equations

The non-leading (second and third) terms in Eqs. (22)–(24) constitute a small correction

to the leading term. Since the evaluation of the convolution integrals is quite time-
consuming, it is useful to have an upper bound for the size of these terms. We can

rewrite Eq. (23) as:

FTMC
2 (x, Q2) =

x2

ξ2r3
F (0)

2 (ξ)
[
1 +

6µx

r

ξ2h2(ξ)

F (0)
2 (ξ)

+
12µ2x2

r2

ξ2g2(ξ)

F (0)
2 (ξ)

]

with µ = M2/Q2. The structure function F (0)
2 appearing in the integrals in Eqs. (18)

and (20) is a decreasing function of x or ξ (see e.g. Fig. 10 below). Consequently,

F (0)
2 can be evaluated at the lower integral limit, giving h2(ξ) < (F (0)

2 (ξ)/ξ)(1 − ξ) and
g2(ξ) < F (0)

2 (ξ)(− ln ξ − 1 + ξ). One then arrives at the following inequality:

FTMC
2 (x, Q2) <

x2

ξ2r3
F (0)

2 (ξ)
[
1 +

6µxξ

r
(1 − ξ) +

12µ2x2ξ2

r2
(− ln ξ − 1 + ξ)

]
.

(59)

https://arxiv.org/abs/2012.11566
https://arxiv.org/abs/0709.1775
https://arxiv.org/abs/hep-ph/0307023


Effective Results for e/µ – A scattering PDFs
pQCD à non-pQCD for electroproduction

14

Resulting nPDFs have new behavior at high-x

29

fi
fNCTEQ15
i

(Log-Linear axis)

Nuclear PDFs for C 
at Q2 = 4 GeV2

Resulting nPDFs have new behavior at high-x

29

fi
fNCTEQ15
i

(Log-Linear axis)

nCTEQ15HIX (https://ncteq.hepforge.org)

! Comparing the nCTEQ15 (safe DIS) and nCTEQ15hix (lower W and Q) fits to 
the same expanded data set shows an improvement of 15% in c2 /Ndof for hix fit.

! Confirms that as long as TMC is applied, the contribution of HT for x < 0.7 and 
Q2 > 1.69 GeV2 is minimal for electroproduction!
! Further Jlab studies now show that with TMC applied, HT minimal for x < 0.7 and  

Q2 > 1.0 GeV2 for e/µ – A scattering.

! What about performing the extrapolated fits for Neutrinos?



To perform the extrapolated fits for Neutrinos we 
need MINERvA (ME) SIS and DIS Analyses

! SIS – 1.5 < W < 2.0 GeV – First Inclusive Cross sections in this 
restricted W region. ds/dpµ

t and ds/dpµ
z for both n and n 

completed, ds/dx and ds/dQ2 underway. 

! DIS – (W>2 GeV and Q2 > 1 GeV2):  ds/dx and ds/dEn in nuclear 
targets for nuclear ratios with both n and n

! DIS - (W>2 GeV and Q2 > 1 GeV2): ds/dxdy (maybe for En
regions) for n and n.  These expressions can be included directly in 
(nCTEQ) global fits to study higher-twist with neutrinos.

However….

15



Speaking of Higher Twist – what about HT  n - A?
Growing evidence suggesting HT for n - A is NOT the same as e-A

" From pQCD, with Q2 evolution proportional to 1/log(Q2/L2), extend into the non-pQCD
regime and consider 1/Q2 effects: TMC and HT:

! Gargamelle (CF3Br) & BEBC (Ne/H) SPS experiments, LO QCD & TMC applied:

" Alekhin and Kataev – Higher Twist from CCFR F2 and xF3

! That is CHT in neutrino scattering: 
smaller & negative!

34

TMC & HT Corrections

Subleading  corrections to leading twist 
structure function

M2/Q2

FTMC
2 ∼ F(0)

2 + M2

Q2 [ . . . ]

TMC:

HT:
Non-perturbative multi-quark interactions,  

theoretically not well understood, often 
parametrized and fitted

FA
2 → FA

2 [1 + CA
HT

Q2 ]
(often called dynamical higher-twist)

Volume 107B, number 6 PHYSICS LETTERS 31 December 1981 

with 

w = 1/(1 + 4M2x2/Q2) 1/2. (5) 

At Q2 the same form as (1) replacing x by  ~ is now as- 
sumed. 

If the structure functions were scaling in ~: 

F(~,  0 2) = F(~) ,  (6) 

then, eq. (4) should reproduce the Q2 dependence ex- 
hibited by  the data. As illustrated in fig. lb ,  this hypo- 
thesis well describes the observed behaviour. In these 
fits C is fixed as before. For  Q2 > 0.5 (GeV/c) 2, the 
two-parameter fit results in a 0 = 0.51 + 0.03 and 130 = 
3.45 + 0.15 and a X 2 per degree of  freedom ratio of  
23/25. The results for Q2 > 2 (GeV/c) 2 are very simi- 
lar and the predictions can not  be distinguished in the 
figure from those for Q2 > 0.5 (GeV/c) 2. 

If, in addition to target mass corrections, a twist- 
two Q2 dependence according to LO predictions is in- 
troduced,  the results obtained for a 0,/30 and A are 
displayed in table 3. The low fitted value for A shows 
again that the observed Q2 behaviour of  the structure 
functions can be explained by  target mass corrections, 
implying that the net effect of  the other Q2 depen- 
dences must be small. 

To study this further, final fits of  the data to the 

Table 3 
LO predictions with target mass corrections. 

Q2 ao /30 ALO X 2/ND 
(GeV/c) 2 (GeV) 

+0.02 > 0.5 0.51 +- 0.03 3.47 -+ 0.15 0.00_o.oo 23.1/24 
- ~, n,)+0-09 10 /19 >2.0 0.51 +0.03 3.60+-0-17 . . . .  -0.02 
_ n nA +0.24 6.9/14 > 5.0 0.52 + 0.04 3.67 +- 0.19 ".""-0.04 

f o r m :  

FNS(x,  Q2) = F~o(X, Q2, A) [1 + h4x/(1 - x ) Q  2] ,(7) 

with F~O corrected for target mass effects, have been 
performed with c~0,130, A and h 4 free in order to deter. 
mine a joint  confidence region in the A - h  4 plane. 
Fig. 2 shows the estimated 90% confidence level con- 
tours ~1. Since the correlations between A, h 4 and a 0 
are negligible the contours are obtained by fixing a 0 
at its best value and finding those values of/30, A and 
h 4 which make the least-squares function exceed its 
minimum by 6.25. I f  we are allowed to extrapolate 
perturbative QCD predictions down to Q2 = 0.5 

~1 The preliminary contours given in ref. [10] were obtained 
by fixing c~ o and/3 o from the CDHS data [ 11 ]. 
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Fig. 2. The 90% confidence level contours in the A-h 4 plane, after target mass corrections, for Q2 > 0.5 (GeV/c) 2 and Q2 > 2.0 
(GeV/c) 2 . 
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Table 3. Fits of the data with Q2 > 1 GeV 2 and no W cut to different forms of higher twist term 

Z 2 /NDF Form of higher twist term Ref. A~r~ ] 22 
HT(x, Q2) (MeV) (in GeV 2 or GeV 4 

as appropriate) 

a fl A, 

56.3/63-4 0 

46.4/63-5 

47.7/63-5 

53.0/63-5 
53.0/63-5 
53.2/63-5 
52.7/63-5 
51.8/63-5 

53.1/63-5 

51.8/63-5 
53.1/63-5 

]22/Q2 

]22x/Q2(1 - x ) = ] 2 2 / ( W 2 - m  2) [4, 20, 23, 48] 

]22 x2/Q4 (1 - x) 2 [20] 
]22 x3/W 2 [11] 
]22 x2/W,* [11] 
,u2x3/Q2(1 - x) [21] 
- 7 ]22 x~ w 2 (1 - x) [46] 
+ 509122 X2/W 2 
+ 70(]22 x / W  2 (1 -- x)) 2 
-- 7 ]22 x / W  2 (1 -- x) [46] 
+ 509 ]22 x3/W 2 
+70(]22x/W2(1 - - x ) )  2 

- 71~2x/W2(1 - x) [46] 
]22 x/Q2 (1 - x) [20, 21] 
but additive 

+36 
52_ 27 0 

+ 50 
110 45 --0.16 • 

^^+80 
uu_70 --0.41 • 

97__+53 --0.27 • 
101--+55 --2.2 • 
96•  --2.6 • 

108• --0.79 -+0.37 
128• --0.0032• 

0.87• 3.8• 0.95• 

0.94• 3.8• 1.10• 

1.05• 3.7• 1.03• 

0.91• 3.7• 0.95• 
0.90• 3.6• 0.97• 
0.90• 3.7• 0.96• 
0.91• 3.7• 0.96• 
0.92• 3.6• 0.97• 

97• --0.0~4• 0.89• 3.6• 0.97• 

129+63 0.050 ___0.022 0.93+0.06 3.6• 0.98+0.07 
950-53 --0.066 ___0.037 0.89_+0.05 3.6__+0.1 0.974-0.07 
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Fig. 2. Results of a fit to the x dependence of a general higher 
twist term of the form HT(x ,  Q2)=]22(x)/Q2; for this experiment 
(A) and a combination of EMC (]2p) and SLAC-MIT (ep) data 
(x )  [21]. The inner error bars correspond to Agg= 100 MeV and 
the total errors include the errors on A~rs (see (12)) summed in 
quadrature. The dashed line represents ]22(x)= -0.16 GeV 2 and the 
dotted line represents ]22 (x)= -0.41 x/(1 - x )  GeV 2 

the errors include the errors on A~s as given in (12). 
The two best fits from Table 3, #2 (x )=  - 0 . 1 6  GeV 2 
and ]A 2 (X)  = - -  0.41 x/(l - x) GeV 2, are superposed for 
comparison. 

Table 4 shows the effect on the preferred fit of 
varying the parameter•177 used at Q2=Q2.  The 
fits are almost completely insensitive to the parame- 
terisations of the sea and gluon distributions. This 

lack of sensitivity is general to all fits, both with and 
without higher twist terms and with and without low 
Q2 and low W 2 data. 

A more significant change in parameter•177 is 
to allow 74=0 in the parameter•177 of xF a, as has 
been done in some Q C D  analyses [12, 16]. This 
choice lowers A by 60 MeV and gives a marginally 
less negative higher twist term. However in this case 
there is no true minimum in •2 ;  for increasing 7, ~(2 
falls monotonically approaching a constant as 7 and 
ct become completely anti-correlated. The correlated 
change in #2 and A due to allowing ~ 0  is only 
one standard deviation and our conclusions remain 
essentially unchanged. 

All errors quoted represent the total error. The 
contribution of the systematic error to the total error 
on A and [A 2 ranges from 35% for W 2 >  10 GeV 2, 
to 39% for W 2 > 1.7 GeV 2. The largest systematic er- 
ror in our analysis comes from the unsmearing correc- 
tions discussed in Sect. 4. The sizes of these correc- 
tions are given in Table 1. If all points for which this 
correction is larger than 25% are dropped from the 
fits, the results remain essentially unchanged. 

In all fits, /~2 and A are anti-correlated. This is 
illustrated in Fig. 3 for the fit to the preferred higher 
twist term HT(x, Q2)=#2/Q2. There is no significant 
correlation between p2 and the other fitted variables. 
The second and third standard deviation contours 
illustrate the increasing asymmetry in the errors on 
A, as the lower bound on A tends to zero. This is 
a general feature of our fits. 
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Table 4. Variation of A~rs and ~2 with change of the parameterisation at Q2=Q2 when fitting a higher twist term of the form #2/Q2 
to the data with Q2> 1 GeV 2 and no Wcut 

#2 (GeV 2) A ~  (MeV) Z 2 / N D F  Comment  ct fl A, 

+ 5 0  
- -  0.16 -+_ 0.05 110 _ 45 46.4/63-5 s tandard 0.94 _ 0.06 3.8 + 0.1 1.10 ___ 0.10 

- 0.17 ___ 0.05 104 + 52 46.3/63-5 fig = 8 0.94 _+ 0.06 3.8 + 0.1 1.20 4- 0.10 
-0.14_+0.05 113+54  45.3/63-6 7g=9 0.91+0.07 3.8+0.1 --1.6 +3 .0  

Bs free = 2.6 4- 2.9 
--0.15 ___ 0.05 103 + 51 45.3/63-6 Bs free = 3.9 + 2.9 0.91 4- 0.06 3.8 4- 0.1 -- 2.9 + 3.0 
--0.15 +0.05 103 4- 51 47.2/63-5 /~s = 3.7 0.80_+0.06 3.9 +0.1 0.91 +0.08 
- -0 .16+0.05 124_+61 53.0/63-5 f l ,=6.9 1.00+0.06 3.9+0.1 1.30_+0.12 

-- 0.10 4- 0.05 52 4- 48 41.3/63-6 y free = 11 4-16 0.5 + 0.3 4.5 ___ 0.2 1.23 _ 0.09 

O. 
> 

- 0 . 0 5  
L9 
~. -o.1 

- 0 . 1 5  

- 0 . 2  

- 0 . 2 5  

- 0 . 3  

- 0 . 3 5  

- 0 . 4  
0 

l I I I I I I 

4 0  BO 120 160 2 0 0  2 4 0  2BO 

A ( McV /c  ) 
Fig. 3. The correlation between the parameters  Au-s and #2 for the 
higher twist term HT(x,  Q2)=#Z/Q2. The lines show the one, two 
and three s tandard deviation contours  

(iii) Comparison with previous low W 2 experiments 

Figure 2 also shows the results of an analysis done 
by the EMC [21] by combining their high W 2 #p 
data with low W 2 ep data from SLAC. The evident 
inconsistency between these results and ours may be 
due to the systematic problems inherent in combining 
data from different experiments in this way; or it may 
be due to real differences in the higher twist effects 
between weak and electromagnetic scattering [17, 23] 
and/or  between scattering off bound isoscalar nuc- 
leons (our analysis) and scattering off free protons 
(their analysis). 

The CDHS collaboration [20] combined their 
high W z v, `TFe data with low W 2 SLAC eD2 data 
without accounting for the difference in F2, then un- 
known, between heavy and light nuclei. Indeed, the 
EMC effect [22] predicts the trend of the x depen- 
dence of the discrepancy observed between the CDHS 
data and the SLAC data, which cannot therefore be 
confidently attributed to higher twist effects. 

There have been three previous structure function 
analyses using v and ,7 data at low W 2. All analyses 
were of bubble chamber data. 

The BEBC + G G M  analysis [1, 4] covered a wide 
kinematic range by combining data from two different 
experiments using different beams and targets. How- 
ever, if EMC effects in structure functions are propor- 
tional to In A [48], the effect of the difference in tar- 
gets is small in this case. A small positive higher twist 
effect was found by fitting the form FLT(X, Q2)(1 
_]_//2 X/(1 --.X) QZ) t o  their non-singlet structure func- 
tion data at leading order. They obtained 

_ . + 1 5 8  
A = / 4 _  74 MeV, 

1~2 =0.25 +-0.14 GeV 2, z2 /NDF = 118/52 

for all data for which Q 2 > l  GeV 2 (lowest W 2 
= 1.2 GeV2). Applying our analysis method to their 
data (both singlet and non-singlet) gives 

A = 168 4- 77 MeV, 
~2 =0.09+-0.07, zZ/NDF = 158/63. 

There are three data points with very large Z 2 in this 
fit. Removing these gives 

A = 116+_77 MeV, 
~2 =0.13-t-0.08 GeV 2, z2 /NDF=97/60 .  

Restricting the data fitted to W 2 > 1.7 GeV 2 in order 
to exclude the unreliable low W region we obtain 

A = 249 _ 100 MeV, 
#2= - 0 . 2 8 + 0 . 1 7  GeV 2, z2 /NDF=92/57 .  

Although the Z 2 value remains large, these values of 
A and /~2 agree well with our corresponding result 
(entry 3 of Table 3) 

~ ^ + 8 0  
A = z v u _  70 MeV, 

].,t 2 = -0 .41  +0.12 GeV, z2/NDF = 48/58. 

CHT
CHT CHT

L(GeV) L (MeV)xBj

x = CHT (l±) 

= CHT (n) 

LT

Figure 1: The high-twist contribution to F2.

for the structure function F2. To perform the QCD evolution of F2 one is to involve into the
analysis the singlet and gluon distributions:

FLT
2 (x,Q) =

∫ 1

x
dz

[

C2,q(z)
x

z
(qNS(x/z,Q) + qPS(x/z,Q)) + C2,G(z)

x

z
G(x/z,Q)

]

, (10)

The distributions qPS(x,Q) and G(x,Q) were obtained by integrating the system

dxqPS

d lnQ
=

αs(Q)

π

∫ 1

x
dz

[

P PS
qq (z)

x

z
qPS(x/z,Q) + PqG(z)

x

z
G(x/z,Q)

]

(11)

dxG

d lnQ
=

αs(Q)

π

∫ 1

x
dz

[

PGq(z)
x

z
qPS(x/z,Q) + PGG(z)

x

z
G(x/z,Q)

]

(12)

with the boundary conditions

xqPS(x,Q0) = ηSx
bS(1− x)cS/AS, (13)

xG(x,Q0) = ηGx
bG(1− x)cG/AG, (14)

where

AS =
∫ 1

0
xbS(1− x)cSdx, (15)

AG =
1− < xQ(x) >

∫ 1
0 xbG(1− x)cGdx

. (16)

and < xQ(x) > is the total momentum carried by quarks.
In order to provide the straightforward way for the comparison of our results with the

analysis of Ref.[23], the initial reference scale Q2
0=9 GeV 2 was chosen. In addition to the

point-to-point correlation of the data due to systematic errors, the statistical correlations
between F2 and xF3 were also taken into account. Performing the trial fits we convinced
that adding the factor (1 + γx) to the reference expressions for the the gluon and singlet
distributions do not improve the quality of the fit. Also we fixed parameters γNS, bS and bG

6



Summary
Understanding the DIS to SIS Transition Region

! Extrapolating from DIS to the SIS Transition Region using Duality:

Additional study needed to understand how duality should be 
applied to neutrino scattering!

! Extrapolating from (safe) DIS (pQCD) to the SIS Transition Region 
(non-pQCD ) using additional 1/ Q2 contributions: 

Need completed MINERvA SIS and DIS analyses and better 
understanding of HT in neutrino scattering!

17



Extras

18



These nCTEQ cuts of Q2 > 4 GeV2, W> 3.5 GeV –
A Big Cut even for the MINERvA ME beam!

! BIG Gain if we can include lower Q2 and W events in the global analysis
! However we then need to then bring in additional lower Q2 effects in the fit.

" Target Mass Effects and Higher Twist

19

Simple MC Events without 

normalization992,258

173,703

137,274
22,327

90,019

Ahmad Dar

1.0

0.18

0.14
0.09 0.02

nCTEQ PDF
Cuts

Effect on ME sample size of 
cutting on Q2 and W 

Note: starting with
Q2 ≥ 1.0 GeV2



Overview of the Theoretical Picture for SIS/DIS
M. Sajjad Athar – Aligarh Muslim University, India – SA, JGM SIS/DIS Review

Huma Haider – More details Thursday WG2 Parallel 

! ! / ! ̄ -Nucleon Scattering 
" " -Nucleon Scattering: Shallow Inelastic Scattering 

» Resonant, non-resonant and interference contributions
" " -Nucleon Scattering: Deep-Inelastic Scattering

» Introduction of the structure functions and parton distribution functions
" DIS QCD Corrections

» NLO and NNLO Evolutions
» Target Mass Correction Effect – Important for low Q2 DIS and Transition to SIS
» Higher Twist Effect - Low Q2 transition from DIS pQCD to non pQCD

! ! /n -Nucleus Scattering : Deep-Inelastic Scattering Theory
" Aligarh-Valencia Formulation

» Fermi motion, binding and nucleon correlation effects
» Mesonic effect – virtual meson cloud associated with nucleons within the nucleus
» Shadowing, Antishadowing and EMC effects
» Isoscalarity Corrections 20



Theoretical Picture
Full Aligarh-Valencia formulation: d2s/dxdy vs experimental results

for En = 65 GeV on Iron

21
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Figure 15. Results of the di↵erential scattering cross section d2�
dxdy vs y, at di↵erent

x for ⌫µ induced reaction on iron target at E⌫µ = 65 GeV are shown. The results are
obtained by using (i) CTEQ6.6 [113] nucleon PDFs at NLO in the MS-bar scheme
(dotted line), (ii) MMHT nucleon PDFs [115] at NLO without (dashed line) and
with the HT e↵ect (renormalon approach: dashed-dotted line) as well as at NNLO
(solid line). The experimental points are the data from CDHSW [93] and NuTeV [96]
experiments. Here iron is treated as isoscalar target.

spectral function of Kulagin et al. [63] show small di↵erence even at low x and low Q2

for the nuclei under consideration and the di↵erence gradually becomes smaller with the

increase in x and Q2. Hence, it may be concluded that the nuclear structure functions

show very little dependence on the choice of spectral function.

For the ⌫l/⌫̄l scattering cross sections and structure functions high statistics

measurements have been made by CCFR [94], CDHSW [93], and NuTeV [96]

experiments by using iron as nuclear target. Experimentally, the extraction of structure

functions are done by using the di↵erential scattering cross sections measurements.

These experiments have been performed in a wide range of ⌫l/⌫̄l energies 20 
E⌫  350 GeV . Using Aligarh-Valencia formalism, Haider et al. [69] have studied

nuclear modifications for the ⌫l/⌫̄l induced processes on iron target and compared their

results with the available experimental data [93, 94, 96]. The theoretical results in

Fig.14, obtained by using the full model are compared with the available experimental

data [93, 94, 96]. These results di↵er from the experimental data in the region of low x

and low Q2, however, with the increase in x and Q2 they are found to be in reasonably

good agreement. It is important to point out that the additional uncertainty(due to

normalization) of ±2.1% has not been included in the NuTeV analysis [96] and the

experimental results also di↵er among themselves.

Moreover, the results obtained by using the CTEQ6.6 [113] (in the MS-bar

scheme) and MMHT [115] PDFs parameterizations are consistent. The numerical

results evaluated at NNLO using MMHT nucleon PDFs parameterization [115] for

Results using the full Aligarh nuclear model with nucleon PDFs at NLO from CTEQ 6.6 (dotted line) and 
MMHT (dashed line). Also MMHT with HT effect as well as at NNLO (solid line) are shown. The 
experimental points are the data from CDHSW      and NuTeV experiments.



Important to point out that along the way in the ‘80s EMC, 
with µ-A scattering, made a discovery with nuclear ratios 

that changed the scene dramatically!

! Ratio shows that for l± - A, the structure of the nucleon in the nuclear environment 
(F2(A)/A) not the same as the free nucleon and deviations are a function of xBj.
! PDFs of nucleons in the nuclear environment (nuclear nPDFs)  ≠  free nucleon PDFs!  

! Do neutrino interactions with nuclei show the same effect?
" Early hints of difference: n-A vs. l±A NCF in CTEQ global Nucleon PDF fits
" Address this question with nCTEQ studies but also studied by other groups):

» DeFlorian, Sassot, Stratmann and Zurita &    Paukkunen and Salgado & ….
22

Introduction

I Cross-sections in nuclear collisions are modified

FA
2 (x) 6= ZF p

2 (x) +NFn
2 (x)

Shadowing

Anti-shadowing

EMC-e↵ect

Fermi-motion

I Can we translate this modifications into universal nuclear PDFs?
2 / 36

Charged-lepton
Nuclear 

Correction 
Factor (NCF) Need NCFs to combine nuclear 

data with nucleon data in global 
fits to nucleon PDFs.



Determination of Neutrino (n/n) Nuclear Correction Factors
Original (≈2010) and Ongoing (2021) nCTEQ Fits

UPDATE: Compatibility of neutrino DIS data and its impact on nuclear 
parton distribution functions, K.F. Muzakka et al. e-Print 2204.13157: 
nCTEQ fit R = s(n - A); measured / s[n - (n+p); CTEQ6 PDFs] 

" Expanded data sets: Dimuon: CCFR & NuTeV and  DIS: 
CCFR, NuTeV. CDHSW,  CHORUS  (Q > 2 GeV, W> 3.5 GeV). 
(Minimal MINERvA Data survives this cut.)

" Improved treatment of cross experiment normalization 
uncertainties and the R denominator.

" Tension still exists between (l±A) and neutrino data.                                                                     
Tension maximal at x ≤  0.1, to lesser extent at higher x

! Confirm nCTEQ (≈2010) low-x conclusion                                         
but softened at higher x with more data sets! 
NuTeV still quite different than SLAC/NMC. 23
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Figure 18. Nuclear correction factor R for the structure function F2 in charged
current ⌫Fe scattering at a) Q2 = 5 GeV 2 and b) Q2 = 20 GeV 2. The solid
curve shows the result of the nCTEQ analysis of NuTeV di↵erential cross sections
(labeled fit A2), divided by the results obtained with the reference fit (free-proton)
PDFs; the uncertainty from the A2 fit is represented by the yellow band. Plotted
also are NuTeV data points of the average F2 to illustrate the consistency of the fit
with the input points. For comparison the correction factor from the Kulagin–Petti
model [80] (dashed-dot line), HKN07 [71] (dashed-dotted line), and the SLAC/NMC
parametrization, Figure 15 (dashed line) of the charged-lepton nuclear correction factor
are also shown. We compute this for {A = 56, Z = 26}.
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Figure 19. The same as in Figure 18 for ⌫Fe scattering.

and anti-neutrino - not the average of both - as shown in Figure 18 for ⌫–Fe and in

Figure 19 for ⌫̄-Fe.

Since the di↵erence between F2(⌫A) and F2(⌫̄A) is small, it was also possible to

combine the fitted nPDFs to form the individual values of the average of F2(⌫A) and

F2(⌫̄A) for a given x, Q2 to compare directly with the NuTeV published values of this

quantity. This was also performed by nCTEQ and results can be found in [81].

These studies by nCTEQ) [82] have shown that there may indeed be a di↵erence

between the `± A and the ⌫A nuclear correction factors. A new analysis by the HKN [83]

group also finds some inconsistencies between ⌫(⌫) and charged-lepton data. Most

recently, a direct comparison [84], not ratios, of F ⌫FeE

2 with F `±Fe

2 observed a clear

Page 26

Previous nCTEQ (≈ 2010): NuTeV and CHORUS DIS 
and NuTeV dimuon s for the strange sea

R = F2(n – Fe; measured) / F2[n - (n+p); PDFs]

NO compromise (c2 with tolerance) fit for
n (dominated by NuTeV) and e/µ results.

nCTEQ
SLAC/NMC

5 GeV2 20 GeV2

NCF(Fe)

https://arxiv.org/abs/2204.13157


Now Nucleus not Nucleon Qualitative look at Q-H Duality:
e-A results

24

Now Nucleus not Nucleon
Qualitative look at Q-H Duality: e A

◆ Now e-nucleus – individual resonances visible in e-P, somewhat 
less in e-D and mostly smeared out by e-Fe.   Curved line is from 
MRST global DIS fits with EMC effect for Fe applied.

9

December 3, 2010 20FNAL Seminar, Eric Christy

p

Fe

d

ξ = 2x / [1 + (1 + 4M2x2/Q2)1/2]

•Fermi motion in the nucleus 
accomplishes averaging in 
x, x.

=> Duality works even           
better in nuclei.

              Duality in NucleiDuality in Nuclei

Duality is also observed in the EMC effect!



Even more uncertain when talking of NUCLEI not NUCLEON-
Is the problem for Fe the neutron excess 

and/or models for Final State Interactions?

" In general, for neutrinos the resonance structure functions for proton are much larger 
than for neutrons and in the case of DIS structure functions the situation is opposite.

" Although to some extent model dependent, a general tendency is that DIS structure 
functions are much larger than the resonance contribution at lower W. 

! How duality should be applied with neutrinos is still an open question 25

Duality with n Fe Scattering

25

collaborations. It appears, that the resonance curves slide along the DIS curve, as one would expect from local duality, 
but lie below the DIS measurements. Hence, the computed structure functions do not average to the DIS curve. The 
necessary condition for local duality to hold is thus not fulfilled. 
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FIGURE 5. (color online) The computed resonance curves F2 ^"156 as a function of E,, calculated within Ghent(Ieft) and 
Giessen (right) models for Q^ = 0.2,0.45,0.85, 1.4, and 2.4 GeV^. The calculations are compared with the DIS data from 
Refs. [26, 27]. The DIS data refer to measurements at g ,̂̂ ^ = 7.94, 12.6 and 19.95 GeV^. 

The ratio /j ^^ defined in Eq.(3) is shown in Fig. 6. The curve for the isoscalar free nucleon case is also presented 
for comparison. For the Ghent group plot it is identical to that presented in Ref. [6] with the "fast" fall-off of the axial 
form factors for the isospin-1/2 resonances. For the Giessen group plot it is identical to that in the right panel of Fig. 1. 

Our results show, that for both the Ghent and the Giessen models 1) this ratio is significantly smaller than 1 for all 
Q^; 2) it is significantly smaller than the one for the free nucleon; 3) h is even lower than the corresponding ratio for 
electroproduction; 4) h slightly decreases with Q^. 

To summarize, within the two models, which implement elementary resonance vertices differently and treat nuclear 
effects differently, we obtain qualitatively the same effect, that the resonance structure functions are consistently 
smaller that DIS functions in the same region of Nachtmann variable B,. This is not what one would expect from 
Bloom-Gilman duality. Recall, that in this analysis for nuclei, we included the resonance structure functions, and 
ignore the background ones. To estimate their contribution and compare the results with the nucleon case would be 
one of the primary tasks of coming investigation. 

Further results of the Ghent model are given in [22]. 
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FIGURE 6. (color online) Ratio /^ ^^ defined in Eq. (3) for the free nucleon (dash-dotted line) and Fe calculated within 
Ghent(left) and Giessen(right) models. For Fe the results are displayed for two choices of the underlimit in the integral: 
W =\.\ GeV (solid line) and threshold (dotted line). For each of these two choices we have used two sets of DIS data in determining 
the denominator of Eq. (3). These sets of DIS data are obtained at Qrijs = 12.59 and 19.95 GeV . 
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collaborations. It appears, that the resonance curves slide along the DIS curve, as one would expect from local duality, 
but lie below the DIS measurements. Hence, the computed structure functions do not average to the DIS curve. The 
necessary condition for local duality to hold is thus not fulfilled. 
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FIGURE 5. (color online) The computed resonance curves F2 ^"156 as a function of E,, calculated within Ghent(Ieft) and 
Giessen (right) models for Q^ = 0.2,0.45,0.85, 1.4, and 2.4 GeV^. The calculations are compared with the DIS data from 
Refs. [26, 27]. The DIS data refer to measurements at g ,̂̂ ^ = 7.94, 12.6 and 19.95 GeV^. 

The ratio /j ^^ defined in Eq.(3) is shown in Fig. 6. The curve for the isoscalar free nucleon case is also presented 
for comparison. For the Ghent group plot it is identical to that presented in Ref. [6] with the "fast" fall-off of the axial 
form factors for the isospin-1/2 resonances. For the Giessen group plot it is identical to that in the right panel of Fig. 1. 

Our results show, that for both the Ghent and the Giessen models 1) this ratio is significantly smaller than 1 for all 
Q^; 2) it is significantly smaller than the one for the free nucleon; 3) h is even lower than the corresponding ratio for 
electroproduction; 4) h slightly decreases with Q^. 

To summarize, within the two models, which implement elementary resonance vertices differently and treat nuclear 
effects differently, we obtain qualitatively the same effect, that the resonance structure functions are consistently 
smaller that DIS functions in the same region of Nachtmann variable B,. This is not what one would expect from 
Bloom-Gilman duality. Recall, that in this analysis for nuclei, we included the resonance structure functions, and 
ignore the background ones. To estimate their contribution and compare the results with the nucleon case would be 
one of the primary tasks of coming investigation. 

Further results of the Ghent model are given in [22]. 
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Figure 9. Figure from [5]: Ratio I⌫Fe
2 for iron calculated within the Ghent [18] (left)

and Giessen [8](right) models. For Fe the results are displayed for two choices of the
lower limit of the numerator in the integral of Equation (1.1): W = 1.1 GeV (solid line)
and ”threshold” that takes into account the Fermi motion within the Fe nucleus (dotted
line). For each of these two choices they used two sets of DIS data in determining the
denominator of the integral I one at Q2

DIS = 12.59 and the other at 19.95 GeV2. The
ratio I⌫N

2 for the free nucleon (dash-dotted line) is shown for comparison

measurement of F2 was used, it was taken from higher-Q2 measurements. The important

feature was that no higher twist ”1 / Q2” e↵ects (REFER SA SECTION ON TWIST)

were included in the evaluation of the integral denominator of the ratio. This being

the case, the observation from Figure 2 that the agreement with duality is quite close

to complete is a suggestion that there are minimal additional higher twist e↵ects in

the DIS data or needed in the DIS theoretical expression as long as it is evaluated for

Q2 � 10GeV 2.

Considering these conclusions, it should be possible to learn about possible higher

twist e↵ects by observing violations of duality? Many experimentalists, constrained by

their experimental set-up to the lower Q2 edge of the DIS region, look at these higher

twist e↵ects as an unwelcome complication of the analysis. However increased knowledge

of higher twist contributions could provide better understanding of the transition from

perturbative to non-perturbative QCD. Accurate determination of the higher-twist

e↵ects should then be a goal of current and future analyses.

There have been several studies investigating the link between duality and higher

twist e↵ects [19, 20, 21, 22, 23]. In the earlier study [19] the authors emphasize the

ability to use duality to determine higher twist contributions from structure function

data in the resonance region by using moments (in x) of the structure function F2.

For example, in the integral over x of the structure function F2(x,Q
2), they are able to

determine that the ratio of the higher twist contribution to leading-twist contributions at

Q2 = 2 GeV 2 is order 10%. The ratio of higher- to leading-twist contributiuons grows

rather rapidly as the index of the moment increases thereby emphasizing higher and

higher x regions. In [22] the author examines the size of twist-4 e↵ects using moments

of the spin-dependent structure functions to suggest that higher twists are small for

Q2 � 1GeV 2.
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collaborations. It appears, that the resonance curves slide along the DIS curve, as one would expect from local duality, 
but lie below the DIS measurements. Hence, the computed structure functions do not average to the DIS curve. The 
necessary condition for local duality to hold is thus not fulfilled. 
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electroproduction; 4) h slightly decreases with Q^. 

To summarize, within the two models, which implement elementary resonance vertices differently and treat nuclear 
effects differently, we obtain qualitatively the same effect, that the resonance structure functions are consistently 
smaller that DIS functions in the same region of Nachtmann variable B,. This is not what one would expect from 
Bloom-Gilman duality. Recall, that in this analysis for nuclei, we included the resonance structure functions, and 
ignore the background ones. To estimate their contribution and compare the results with the nucleon case would be 
one of the primary tasks of coming investigation. 

Further results of the Ghent model are given in [22]. 
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line). For each of these two choices they used two sets of DIS data in determining the
denominator of the integral I one at Q2

DIS = 12.59 and the other at 19.95 GeV2. The
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2 for the free nucleon (dash-dotted line) is shown for comparison
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feature was that no higher twist ”1 / Q2” e↵ects (REFER SA SECTION ON TWIST)

were included in the evaluation of the integral denominator of the ratio. This being

the case, the observation from Figure 2 that the agreement with duality is quite close

to complete is a suggestion that there are minimal additional higher twist e↵ects in

the DIS data or needed in the DIS theoretical expression as long as it is evaluated for
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ability to use duality to determine higher twist contributions from structure function

data in the resonance region by using moments (in x) of the structure function F2.

For example, in the integral over x of the structure function F2(x,Q
2), they are able to
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(bottom) structure functions to the leading contributions in Eqs. (15) and (16), at
Q2 = 1, 4 and 10 GeV2. The solid curves represent the exact results, while the dotted
curves have been calculated using the approximate formulas in Eqs. (60) and (61).
A different line style appears to have been used in the black
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What does Q-H Duality “Look Like” Experimentally?
Early Jefferson Lab 6 GeV e-Nucleon Study
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Scaling variables for duality

The most general scaling variable includes target mass correstion and finite quark
mass
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Expanding ξ in powers of 1/Q2 at high Q2 gives the variable 2mNν+m2
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Q2 , found
emperically in 1970 by Bloom and Gilman and used in their pioneer work on duality
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1+1 = x - Bjorken variable
(see Melnitchouk, Ent, Keppel, Phys.Rep. 406)
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First Hall C data

  → Confirmed Bloom-Gilman 
observation in spectacular fashion.

  → Observed that data trace out a 
     valence-like curve when Q2 < 0.5

  → local duality is observed.

NMC 10 GeV2

So-called Nachtmann variable to  
account for Target Mass Effects

What is going
on here?

What does Quark-Hadron Duality “Look Like” Experimentally?
Jlab e-proton Study                EMC Effect in the e-A Resonance Region

DIS  Q2 = 10 GeV2  

⌫A Interactions: SIS and DIS M. S. Athar and J. G. Morf́ın

NUCLEI 

Recent electron scattering measurements at JLab have confirmed the validity of the Bloom-Gilman duality for proton, 
deuterium [2] and iron [3] structure functions. Further experimental efforts are required for neutrino scattering. Among 
the upcoming neutrino experiments, Minerva[16, 17,18] and SciBooNE[19,20, 21] aim at measurements with carbon, 
iron and lead nuclei as targets. 

One of the major issues for nuclear targets is the definition of the nuclear structure functions FA2 3-,. Experimentally 
they are determined from the corresponding cross sections, using Eq. (1). 

We follow the same procedure, using the GiBUU cross sections. So, at the first step the inclusive double differential 
cross section da/dQ^dv is calculated within the GiBUU model. The nucleon is bound in a mean field potential, which 
is parameterized as a sum of a Skyrme term term depending only on density and a momentum-dependent contribution 
of Yukawa-type interaction. Eermi motion of the bound nucleon and Pauli blocking are also considered (see [13] for 
details). 

Previous work [22] has used the analytical formulas for the nucleon structure functions, presented in [6], and directly 
apply nuclear effects to them. Nuclear effects are treated within the independent particle shell model, so that each 
bound nucleon in a nucleus occupies a nuclear shell a with a characteristic binding energy €„ and is described by 
the bound-state spinor ««. The four-momentum of the bound nucleon can be written as p^ = {mj^ — ea,p), thus the 
nucleon is off its mass shell. Both the bound-state spinor Ua{p) and the corresponding binding energies are computed 
in the Hartree approximation to the cr — ft) Walecka-Serot model. 

As shown in [22], this leads to the following definition of the nuclear structure functions 

^2{Q\V)=J^ d'p{2ja+l)na{pW2{Q\v,p' \P\' -PIQ' 

^l 
Pz 6 ' 
qz (p • q) 

(4) 

In Eig. 3, the results of Ghent and Giessen models for the resonance contribution to the F2 /A structure functions 
for a carbon target are shown for several Q^ values. They are compared to experimental data obtained by the 
BCDMS collaboration [23, 24] in muon-carbon scattering in the DIS region {Q^ - 30 - 50 GeV2). They are shown as 
experimental points connected by smooth curves. Eor different Q^ values, the experimental curves agree within 5% in 
most of the B, region, as expected from Bjorken scaling. 

When investigating duality for a free nucleon, we took the average over free proton and neutron targets, thus 
considering the isoscalar structure function. Since the carbon nucleus contains an equal number of protons and 
neutrons, averaging over isospin is performed automatically. Due to the Eermi motion of the target nucleons, the 
peaks from the various resonance regions, which were clearly seen for the nucleon target, are hardly distinguishable 
for the carbon nucleus. In general, the curves of the Giessen model are above those of the Gent model, especially (as 
it would be natural to expect) in the second and the third resonance regions. 
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FIGURE 3. (Color online) Resonance curves F | ^/12 as a function of ^, for Q^ = 0.45,0.85,1.4,2.4 and 3.3 GeV^ (indicated 
on the spectra), obtained within Ghent (left) and Giessen (right) models, compared with the experimental data [23, 24] in the DIS 
region at g ,̂̂ ^ = 30, 45 and 50 GeV^. 
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As expected from local duality, the resonance structure functions for the various g^ values slide along a curve, 
whose B, dependence is very similar to the scaling-limit DIS curve. However, for all B,, the resonance curves lie below 
the experimental DIS data. 

To quantify this underestimation, we now consider the ratio of the integrals of the resonance (res) and DIS structure 
functions, determined in Eq. (3) For electron-carbon scattering we choose the data set [24] at 2D/5 = 50 GeV^, 
because it covers most of the B, region. For nuclear structure functions, as it is explained in [22], the integration 
limits are to be determined in terms of the effective W variable, experimentally (see, for example, [25]) defined as 
W^ = m^ + Inif^v — Q^. For a free nucleon W coincides with the invariant mass W. For a nucleus, it differs from 
W due to the Fermi motion of bound nucleons, but still gives a reasonable estimation for the invariant mass region 
involved in the problem. 

In particular, the resonance curves presented in all figures are plotted in the region from the pion-production 
threshold up to W = 2 GeV. For a free nucleon, the threshold value for 1-pion production (and thus the threshold 
value of the resonance region) is Wmin = ^min « 1 • 1 GeV. Bound backward-moving nucleons in a nucleus allow lower 
W values beyond the free-nucleon limits. The threshold for the structure functions is now defined in terms of v or W, 
rather than W. Hence, we consider two different cases in choosing the B, integration limits for the ratio (3). First, for a 
given Q^, we choose the B, limits in the same manner as for a free nucleon: 

^min = ^(W=1.6GeV,e2 ^max = ^ ( W = l . l G e V , e 2 (5) 

We refer to this choice as integrating "from 1.1 GeV". The integration limits for the DIS curve always correspond 
to this choice. As a second choice, for each Q^ we integrate the resonance curve from the threshold, that is from as 
low W as achievable for the nucleus under consideration. This corresponds to the threshold value at higher B, and is 
referred to as integrating "from threshold". With this choice we guarantee that the extended kinematical regions typical 
for resonance production from nuclei are taken into account. Since there is no natural threshold for the B,mm, for both 
choices it is determined from W = 1.6 GeV, as defined in Eq. (5). 

The results for the ratio (3) are shown in Fig. 4. The curve for the isoscalar free-nucleon case is the same as in 
Ref. [6] with the "GRV" parameterization for the DIS structure function. One can see that the carbon curve obtained 
by integrating "from threshold" lies above the one obtained by integrating "from 1.1 GeV", the difference increasing 
with Q^. This indicates that the threshold region becomes more and more significant, as one can see from Fig. 4. 
Recall, that the flatter the curve is and the closer it gets to 1, the higher the accuracy of local duality would be. 

Our calculations for carbon show that in the Ghent model the ratio is slightly lower than the free-nucleon value for 
both choices of the integration limits. In the Giessen model, the carbon ratio is at the same level as the free nucleon 
one or even higher. This is mainly due to the fact, that in Giessen model the structure function in second resonance 
region gets contributions from the 9 resonances, which were not present in Ghent model. 
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FIGURE 4. (Color online) Ratio defined in Eq.(3) for the free nucleon (dash-dotted line), and ^^C in Ghent (left) and Giessen 
(right) models. We consider the under limits determined hyW = 1.1 GeV (solid line) and by the threshold value (dotted line). 

For neutrino-iron scattering, the structure functions ¥2^^ are shown in Fig. 5. As for the electron-carbon results 
of Fig. 3, the resonance structure is hardly visible for both the Ghent and the Giessen model. The second resonance 
region is more pronounced in Giessen model because of the high mass resonances taken into account. The resonance 
structure functions are compared to the experimental data in DIS region obtained by the CCER [26] and NuTeV [27] 
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Figure 4. Figure from [5]: (Left) F eC
2 as a function of ⇠, for values of Q2 indicated

on the spectra, compared with the BCDMS DIS LO QCD parameterizations at Q2 =
30, 45 and 50 GeV2. (Right) Ratio IeC

2 of the integrated F2 in the resonance region
within the Giessen [8] model to the integral over the DIS LO QCD fit to BCDMS high
Q2 data. The results are displayed for two choices of the lower limit for the integral
of the numerator: W = 1.1 GeV (solid line) and ”threshold” that takes into account
the Fermi motion within the C nucleus (dotted line). For comparison, the ratio IeN

2

for the free nucleon (dash-dotted line)is shown. 4

GeV2), requiring W 2 > 1.2 GeV2 to exclude the region
very close to the quasielastic peak.

There are small di↵erences between the analyses of
the SLAC and JLab data which had to be addressed
to make a precise comparison. First, the SLAC and
BCDMS ratios were extracted as a function of x rather
than ⇠. Because the conversion from x to ⇠ depends on
Q2, we can only compare ratios extracted at fixed Q2

values. Thus, for E139 we use the “coarse-binned” ra-
tios, evaluated at fixed Q2, rather than “fine” x binning,
which were averaged over the full Q2 range of the exper-
iment. Coulomb corrections were applied in the analy-
sis of the JLab data [24], but not the SLAC data. The
SLAC data shown here include Coulomb corrections, de-
termined by applying an o↵set to the incoming and out-
going electron energy at the reaction vertex [24], due to
the Coulomb field of the nucleus. The correction fac-
tor is <0.5% for carbon, and (1.5–2.5)% for gold. The
JLab and SLAC ratios are corrected for neutron excess,
assuming �n/�p = (1 � 0.8⇠).

Figure 3 shows the cross section ratio of heavy nuclei
to deuterium for the previous SLAC E139 [15], E87 [25]
and BCDMS [26] DIS measurements, and for the JLab
E89-008 [7, 24] data in the resonance region. The size
and ⇠ dependence of nuclear modifications in the JLab
data agrees with the higher Q2, W 2 data for all targets.
Table I shows the ratios extracted from the JLab data.

The agreement of the resonance region data with the
DIS measurement of the EMC e↵ect, which directly mea-
sures the modification of quark distributions in nuclei, is
quite striking. There is no a priori reason to expect that
the nuclear e↵ects in resonance production would be sim-
ilar to the e↵ects in scattering from quarks. However, it
can be viewed as a natural consequence of the quantita-
tive success of quark-hadron duality [9, 12]. As seen in
Fig. 1, the structure functions for nuclei show little devi-
ation from pQCD, except in the region of the quasielastic
peak (and � resonance at low Q2). As Q2 increases, the
deviations from pQCD decrease as quasielastic scattering
contributes a smaller fraction of the cross section. In ret-
rospect, given the lack of significant higher twist contri-
butions, combined with the fact that any A-independent
scaling violations will cancel in the ratio, it is perhaps not
surprising that the resonance EMC ratios are in agree-
ment with the DIS measurements.

While it is di�cult to precisely quantify the higher
twist contributions with the present data, we can esti-
mate their e↵ect by looking at low W 2 and Q2, where
the higher twist contributions are much larger. At Q2 ⇡
2 GeV2 and W 2 ⇡ M2

�, the scaling violations (beyond
target mass corrections) for deuterium are as large as
50%, as seen in Fig. 1. However, if one takes the iron
and deuterium data from Ref. [7], averages the structure
function over the � region and then forms the EMC ra-
tio, the result di↵ers from the ratio in the DIS region by
less than 10%. The decrease in the e↵ect of higher twist
contributions is a combination of the fact that the con-
tribution are reduced when averaged over an adequate

FIG. 3: (Color online) Ratio of nuclear to deuterium cross
section per nucleon, corrected for neutron excess. The solid
circles are Je�erson lab data taken in the resonance region
(1.2 < W 2 < 3.0 GeV2, Q2 � 4 GeV2). The hollow diamonds
are SLAC E139 data, the crosses are the SLAC E87 data, and
the hollow squares are BCDMS data, all in the DIS region.
The scale uncertainties for the SLAC (left) and JLab (right)
data are shown in the figure. The curves show an updated
version [27] of the calculations from Ref. [28].

region in W 2 [9, 12], and cancellation between the higher
twist contributions in deuterium and iron. The same
procedure yields 2–3% deviations from the EMC ratio
if one looks in the region of the S11 or P15 resonances,
where the scaling violations in the individual structure
functions are smaller to begin with.

For the ratios in Fig. 3, we expect even smaller higher
twist e↵ects because the data is nearly a factor of two
higher in Q2 and is above the � except for the very
highest ⇠ points. At higher Q2, the higher twist con-
tributions in the individual structure functions become
smaller, while averaging over the resonance region be-
comes less important as the resonances become less
prominent. Thus, we expect that higher twist contri-
butions for these data will be smaller than the the 2–3%
e↵ect (<10% near the �) observed on the EMC ratio at
Q2 ⇡ 2 GeV2. If so, the higher twist corrections will
be small or negligible compared to the large statistical
uncertainty in previous measurements, and this data can
be used to improve our knowledge of the EMC e↵ect at
large ⇠.

Figure 5. Figure from [9] demonstrating the EMC e↵ect in the resonance region.
The solid circles are Je↵erson Lab data taken in the resonance region (1.2  W 2 
3.0GeV 2andQ2 = 4GeV 2 ) while all other data points are from DIS experiments.
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The solid red circles are Jefferson Lab 
data taken in the resonance region 

1.1 < W < 1.7 GeV  and Q2 = 4 GeV2.  
All other data points from DIS region.

Evidence for Duality?

Au

Fe

C



" Global Duality-on the average the resonances appear to oscillate around and slide 
down the DIS curve.  Similar results with the Sato-Lee model

" Local duality in n-N scattering is worse than in electron scattering: the ratio does not 
grow appreciably with Q2 27

UGent.eps

F νp, νn
2 : Duality HOLDS for the averaged structure functions
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Local duality in neutrino scattering looks better than in electron scattering:
the ratio does not grow appreciably with Q2

Olga Lalakulich (Ghent University, Belgium) Duality in Neutrino Reactions NuInt 07 11 / 22

From work of Olga Lalakulich - Local duality appears to holds for the averaged 
neutrino F2

N = (F2
n+F2

p) / 2 (to the 20% level) .  Introduce “two-component duality”
and resonances dual with valence quarks and non-resonant with sea quarks!!

UGent.eps

Duality for xF νN
3 structure function
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IνN3 (Q2) =

R ξmax
ξmin

dξ xF (res)
3 (ξ,Q2)

R ξmax
ξmin

dξ xF (LeadingTwist)
3 (ξ,Q2)

,

F νN
3 is generally more sensitive to the choice of the axial form factors

The accuracy of local duality about 30% is consistent with the estimated uncertainly of
the axial form factors

Olga Lalakulich (Ghent University, Belgium) Duality in Neutrino Reactions NuInt 07 15 / 22



Now for Neutrinos - our “favorite” Rein-Sehgal Model
n-n, n-p and n-N Resonances (J. Sobczyk et al.-NuWro) 

! Comparison to Rein-Sehgal structure functions for n, p and N at Q2 = 0.4, 1.0 and 
2.0 GeV2 with the LO DIS curve at 10 GeV2 .

" The I integral over the whole W region for the R-S model for resonances off neutron 
(dotted), proton (solid) and isoscalar (dashed).  Limited multi-pi resonances and ? non-
resonant pi.

28

⌫A Interactions: SIS and DIS M. S. Athar and J. G. Morf́ın
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FIG. 4: Uncertainties in (41) due to di�erent definitions of Q2
DIS. Solid line corresponds to (43) and dashed line to (44).
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FIG. 5: Comparison of the Rein-Sehgal structure functions at Q2 = 0.4, 1 and 2 GeV2 with the appropriate scaling functions
at Q2

DIS=10 GeV2. In the first row xF1, F2 and xF3 structure functions for CC neutrino-proton scattering are plotted. In the
second row the structure functions for CC neutrino-neutron scattering are shown.

In the quantitative analysis we define ratios of two integrals over the resonance region:

R
�
f, Q2

R; g, Q2
D

�
=

� �max

�min

d⇠ f(⇠, Q2
R)

� �max

�min

d⇠ g(⇠, Q2
D)

. (40)

Also does not hold for n and p individually 
when using the Rein-Sehgal Model for n-N Resonances

WARNING: R-S model questionable

44
UGent.eps

Similar results in the framework of Rein–Sehgal Model
Graczyk, Juszczak, Sobczyk, Nucl Phys A781 (19 reso-
nances included in the model)

P33(1232),
P11(1440), D13(1520), S11(1535),

P33(1600),
S11(1650), D15(1675), F15(1680)

Interplay between the resonances with different isospins:

isospin-3/2 resonances give strength to the proton struc-
ture functions, while isospin-1/2 resonances contribute to
the neutron structure function only

Olga Lalakulich (Ghent University, Belgium) Duality in Neutrino Reactions NuInt 07 10 / 22
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FIG. 7: Comparison of the Rein-Sehgal structure functions at Q2 = 0.4, 1 and 2 GeV2 with the appropriate scaling functions
at Q2

DIS=10 GeV2. In the first row the plots of the xF1, F2 and xF3 structure functions for CC neutrino-isoscalar target
scattering are presented. In the second row structure functions for NC neutrino-isoscalar target scattering are shown.

and we also separate valence and sea quark contributions to the DIS structure functions:

FDIS
j = Fj,sea + Fj,val. (46)

We calculate the following functions:

Rval
2 (Q2

RES , Q2
DIS) ⌘ R

�
F2,res, Q

2
RES ; F2,val, Q

2
DIS

�
. (47)

and

Rval
3 (Q2

RES , Q2
DIS) ⌘ R

�
xF3,res, Q

2
RES ; xF3,val, Q

2
DIS

�
. (48)

3. NUMERICAL RESULTS AND DISCUSSION

In the numerical analysis we confine ourselves to the case of neutrino interactions and leave out the antineutrino
ones.

In Figs. 5 – 7 we present a comparison of the scaling structure function with the RS structure functions calculated
at Q2

RES = 0.4, 1 and 2 GeV2. The Figs. 5 and 6 correspond to CC and NC reactions respectively with proton
structure functions in the upper row and neutron structure functions below.

In the case of the RS model for neutrino-proton CC reaction the � resonance contribution dominates overwhelmingly
over other resonances. One can see the typical manifestation of local duality: the sliding of the � peaks (calculated
at di↵erent Q2

RES) along the scaling function.
For neutrino-neutron CC reaction the resonance structure is much richer. The contributions from the � are usually

dominant but those from more massive resonances are also significant. In the figure with the F2 structure function
three peaks of comparable size are seen. The DIS contributions dominate over the RS ones in this case.

Figure 6. Figure from [12]: Comparison of the Rein-Sehgal structure functions at Q2

= 0.4, 1 and 2 GeV2 with the appropriate DIS scaling functions at Q2 = 10 GeV2. On
the left s Fn

2 vs ⇠ in the middle F p
2 vs ⇠ and on the right FN

2 vs ⇠.

nucleus interactions emphasized the problem facing the neutrino community in this

transition region. Since there are no recent or high-statistics experimental data

available, neutrino-nucleon and neutrino-nucleus scattering duality studies are by

necessity theoretical in their nature. Yet even the theoretical study of ⌫-N/A duality

is sparse with only only several full studies in the literature [10, 11, 12, 5]. This

is troublesome since modern ⌫ interaction simulation e↵orts can not then compare

their results with duality predictions for ⌫ A/N as they do for `± N interactions for

confirmation.

An early study [12] by the Wroclaw group used the Rein-Sehgal model for neutrino

nucleon resonance production, which is commonly used in current MC event generators.

The study suggested that within the original R-S model for ⌫-N scattering duality

is definitely not satisfied for neutron targets somewhat better for proton target and

best, although not great, for isoscalar targets but mainly in the vicinity of the � (local

duality) as shown in Figure 6. This reflects the fact that the �++ o↵ a proton dominates

the resonance region while in the DIS region ⌫ neutron scattering dominates the cross

section.

This group also noted that the R-S model treatment of the non-resonant

background, important for the quantitative evaluation of duality, is not very satisfactory.

For this reason they addressed the idea of two-component duality that was originally

proposed by Harari and Freund [13, 14]. It essentially relates resonance production

of pions with the valence quark component and non-resonant pion production with

the sea quark component of the structure functions. This concept was confirmed

via eN interaction[15] and, as earlier noted and seen in Figure 1, the F2 structure

function averaged over resonances at low values of ⇠( 0.3) behaves like the valence

quark contribution to DIS scaling. This suggests the very intriguing concept that

if overall duality is satisfied and the resonance contribution is dual to the valence

DIS contribution, then the non-resonant background could be dual to the sea quark

contribution. Then this duality could be used to provide a model for non-resonant
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background.

The conclusions of this extended duality analysis for CC ⌫N interactions is that,

as illustrated in Figure 7: for the whole resonance region (M +m⇡  W  2 GeV) and

for Q2 � 0.5GeV 2 duality is satisfied only for CC proton target reaction and at best to

the 20% level; there is also CC local duality in the vicinity of the � resonance for an

isoscalar target.

12

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2  2.5  3

F 2
 R

at
io

: R
ES

 to
 D

IS

Charged Current

proton
neutron

isoscalar

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2  2.5  3

F 2
 R

at
io

: R
ES

 to
 D

IS

Q2 [GeV2]

Neutral Current

proton
neutron

isoscalar

FIG. 9: The functions R2 for di�erent targets and reactions. The ratios are calculated for CC and NC structure functions in
the cases of proton (solid lines), neutron (dotted lines) and isoscalar target (dashed lines).

increased by a factor of ⇠ 1.55 and for proton by ⇠ 1.39. The di↵erence is caused by the overwhelming dominance
of the � excitation in the case of proton.

A characteristic feature of most of the plots of Rj(Q2
RES) is a presence of two qualitatively distinct behaviors. For

Q2
RES smaller then ⇠ 0.5 GeV2 the functions Rj vary quickly while for larger values of Q2

RES they become slowly
changing. This seems to correspond to predictions done in [5]. Our statements about the duality will apply only to
the region of Q2

RES � 0.5 GeV2.
In Figs. 9 and 10 the plots of R2 and R3 for proton, neutron and isoscalar targets are presented. In the case of CC

interaction the duality is seen on the proton target (accuracy  20%) but for the neutron and isoscalar targets the
duality is absent. In both cases the average strength of resonance structure functions amounts to only about a half
of the strength of DIS structure functions. The plots for the NC interactions are almost independent on the target
and in all the cases the DIS contributions are approximately two times as big as resonance ones. A di↵erent choice of
Q2

DIS , namely Q2
DIS = 20 GeV2 makes the values of R2,3 even lower (see Fig. 4).

The remaining plots address the question of two component duality. We concentrate on the case of the possible
duality between the resonance and valence quark contributions.

In Fig. 11 the plot of Rval
2 for the CC interactions is shown. We notice the good duality picture in the case of

proton target but a huge departure from duality in the case of neutron and isoscalar targets. It is worth noting that
this discrepancy is larger than one shown in Fig. 9 where the general (not two component) notion of duality was
discussed. The novel feature is the apparently singular behavior at low Q2

RES : Rval
2 rises quickly in contrast with R2

falling down when Q2
RES approaches zero.

The explanation of this follows from the Fig. 12 where the region of small Q2
RES was analyzed in more detail. We

notice that for Q2
RES approaching zero the valence quarks scaling function tends to zero while the resonance strengths

remains virtually unchanged.
Finally in Fig. 13 the analogous two-component duality analysis is done for Rval

3 . The discussion of xF3 seems to
be favorable for the two-component duality because in the DIS contribution on the isoscalar target there is no sea
quark contribution. We remind also that for the CC reaction on the proton the non-resonant contribution is absent.

Figure 7. Figure from [12]: The integral Equation (1.1) for CC interactions in the
R-S model for resonances o↵ proton (solid lines), neutron (dotted lines) and isoscalar
target (dashed lines).

Turning back to the analysis of the Giessen-Ghent group [6] that examined duality

with e N/A scattering. Using the GiBUU model in the resonance region (defined as

W < 2 GeV) with its emphasis on the importance of careful consideration of the non-

resonant contribution to the pion production model (determined by fitting to the data)

the value of the integral in Equation (1.1) even for the isoscalar nucleon is about 70%

as shown in Figure 8 consistent with the conclusions of the Wroclaw study. Again, in

general for neutrinos, the resonance structure functions for proton are much larger than

for neutron and in the case of DIS structure functions the situation is opposite. These

results are to some extent model dependent but a general tendency is that for larger W,

DIS structure functions are much larger than the resonance contribution at lower W.

This general conclusion should be kept in mind for consideration of simulation programs

treating the SIS region.

Quark-hadron duality in the case of neutrino nucleus interactions has been studied,

again theoretically, in [16]. The results as in Figure 9 from that reference suggest

problems with applying duality to this process, particularly for non-isotropic nuclei

such as Pb or even Fe or Ar. The Q2 along the abscissa in Figure 9 is the Q2 involved

in computing the limits ⇠min = ⇠(W1, Q
2) and ⇠max = ⇠(W2, Q

2) of the integration of

the numerator of I⌫Fe

2 . Refer to the figure caption for further details of the figure.

They observed that the computed resonance contribution to the leptonnucleus

structure functions is qualitatively consistent with the measured DIS structure functions.

Page 8

8

 0.9

 0.95

 1

 1.05

 1.1

 1.15

 0  0.5  1  1.5  2  2.5  3

Ra
tio

Q2 [GeV2]

10/5
10/20

FIG. 4: Uncertainties in (41) due to different definitions of Q2
DIS. Solid line corresponds to (43) and dashed line to (44).

 0
 0.2
 0.4
 0.6
 0.8

 1
 1.2
 1.4
 1.6
 1.8

 2

 0.2  0.3  0.4  0.5  0.6  0.7  0.8

xF1
p

 RS: Q2=0.4
 RS: Q2=1.0
 RS: Q2=2.0
DIS: Q2=10

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 1.8

 0.2  0.3  0.4  0.5  0.6  0.7  0.8

F2
p

 0

 0.5

 1

 1.5

 2

 2.5

 0.2  0.3  0.4  0.5  0.6  0.7  0.8

xF3
p

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.2  0.3  0.4  0.5  0.6  0.7  0.8
ξ

xF1
n

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 0.2  0.3  0.4  0.5  0.6  0.7  0.8
ξ

F2
n

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0.2  0.3  0.4  0.5  0.6  0.7  0.8
ξ

xF3
n

FIG. 5: Comparison of the Rein-Sehgal structure functions at Q2 = 0.4, 1 and 2 GeV2 with the appropriate scaling functions
at Q2

DIS=10 GeV2. In the first row xF1, F2 and xF3 structure functions for CC neutrino-proton scattering are plotted. In the
second row the structure functions for CC neutrino-neutron scattering are shown.

In the quantitative analysis we define ratios of two integrals over the resonance region:

R
(

f,Q2
R; g,Q

2
D

)

=

∫ ξmax

ξmin

dξ f(ξ, Q2
R)

∫ ξmax

ξmin

dξ g(ξ, Q2
D)

. (40)
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FIG. 10: The same as in Fig. 9 but for xF3 (ratio R3).
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FIG. 11: The plots of functions Rval
2 defined in Eq. 47. The computations are performed for the CC reactions for proton (solid

line) neutron (dotted line) and isoscalar targets (dashed line).

In Fig. 13 we see that two component duality is satisfied within ∼30% for the proton target but it is absent for
neutron and isoscalar targets. We notice also that contrary to what we have seen in the plots for Rval

2 now at low
Q2

RES all the curves tend to zero.
The explanation of this behavior follows from the Fig. 14. One can see that in the case of xF3 both the resonance

and valence quark structure functions fall down for Q2 approaching zero. The behavior of xF3 is the same as that
discussed in [19].
We do not present plots exploring the duality between the non-resonant part of the resonance model and the sea

quark contribution. No sign of two component duality is seen in this case.

F2 xF3

Q2Q2



How do we determine these nPDFs? - Global Fits

! Use experimental data at cross section level (DIS, DY, W/Z  etc.). 
! Parametrize proton in nuclear environment PDFs at initial scale Q0 = 1.3 GeV.

! Use DGLAP equation to evolve fi(x, Q) from Q0 to desired Q. 
! Calculate theory predictions corresponding to the data (DIS, DY, etc.).
! Calculate c2 function – compare data with correlated errors and theory. 
! Minimize c2 function with respect to parameters c0, c1 … c5 .

! A-dependent fit parameters ci(A) reduces to free proton PDF fit for A = 1.
! Calculations: 

! NLO in (leading twist) QCD including heavy quark mass effects (ACOT scheme) 
! Include Target Mass Corrections 

29

nCTEQ global analyses framework [PRD 93 (2016) 085037]

I PDFs for nucleus (A,Z)

f (A,Z)
i (x,Q) =

Z
A
fp/A
i (x,Q) +

A� Z
A

fn/A
i (x,Q)

(bound neutron PDF fn/A
i by isospin symmetry)

I Functional form of the bound proton PDF same as for the
free proton (CTEQ6M, x restricted to 0 < x < 1)

xfp/A
i (x,Q0) = c0x

c1(1� x)c2ec3x(1 + ec4x)c5 , i = uv, dv, g, . . .

d̄(x,Q0)/ū(x,Q0) = c0x
c1(1� x)c2 + (1 + c3x)(1� x)c4

I A-dependent fit parameters (reduces to free proton for A = 1)

ck ! ck(A) ⌘ ck,0 + ck,1
�
1�A�ck,2

�
, k = {1, . . . , 5}

I Calculations:
I NLO in QCD including heavy quark mass e↵ects (ACOT scheme),
I include Target Mass Corrections [PRD 69 (2004) 034002; J.Phys.G 35

(2008) 053101].
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Ci are A-dependent



DUNE – 45 % of nµ CC events have W>1.5 GeV
latest ND flux – GENIE 3  

! DUNE should have millions of events in this unexplored SIS region as well 
as a huge DIS sample for detailed hadronization and nPDF studies.

30
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Expected MINERvA Results
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Monday, October 17, 2022 at 13:43:32 Central Daylight Time

Page 1 of 2

Subject: Re: Inclusives: who does what
Date: Wednesday, July 13, 2022 at 11:16:02 AM Central Daylight Time
From: Nelson, Jeffrey
To: Jorge G Morfin

The minerva meeHng agenda is the great place to start.  Here’s the current working group.
 
Also worked on this in the past: Gian, Gilson, Joel, Anne, Maya, Dipak
 
Jeff
 

15:45 Inclusive Antineutrinos in Targets (1d) Anežka Klustová None

16:15 Inclusive Antineutrinos in Plastic (2d) Maria Mehmood None

09:00 DIS Neutrinos in Targets (2d) Zubair Ahmad Dar None

09:30 DIS Antineutrinos in Targets (1d) Vaniya Ansari None

10:00 DIS Neutrinos in Targets (1d) Amy Filkins None

13:50 Helium Update Christian Nguyen None

14:20 Machine Learning Multiplicity Luis Bonilla None

09:00 DIS Antineutrinos in Targets (2d) Sayeed Akhter None

09:30 Inclusive Antineutrinos in Targets (2d) Prameet Kumar Gaur None

09:30 SIS Analysis Update Adrian L. Sánchez

 
 
 
 

On 7/13/22, 11:43 AM, "Jorge G Morfin" <morfin@fnal.gov> wrote:
 
Hi Jeff,
 
       I want to make sure I credit everyone correctly in my talk on the phenomenology of DIS/SIS on
the Saturday of our upcoming MINERvA week.  Could you please send me that fine table you show of
who does what for the Inclusives group?
 
    Thanks,
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• LHC produces an intense and strongly collimated beam of highly energetic neutrinos of all
three flavors in the far-forward direction. A Forward Physics Facility (FPF) is created to
house a suite of experiments for the High Luminosity-LHC (HL-LHC) era.

FPF will measure high statistics CC and NC
neutrino-nucleon/nucleus cross sections on a
variety of nuclear targets during LHC Run 3
(2022 - 2024) and HL-LHC (2027 - 2036) era.
•DIS cross section measurements cover
uncharted energy region between the
accelerator and IceCube neutrino energies.

• Phase space covers 1000s of expected events
in the SIS/DIS transition (and Soft DIS) region
and would provide a unique opportunity to study
quark-hadron duality in the weak sector.V. Pandey

• Expected events for CC 𝜈! −"# 𝐴𝑟 scattering in FLArE-10 (10 ton LArTPC) 
during HL-LHC. Sum is order 100’s K nµ + nµ .  Pilot experiments for LHC3


