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Form Factor

Form Factor: On-shell matrix elements of composite operators

<p'[Olp >
Gauge boson form factor Fermion form factor
< g(p)|G,G"|g9(p) > < e(p")|yutle(p) >

Higgs production Drell-Yan




Sudakov Form Factor

[ Sudakov, Sen, Sterman, Collins, Magnea]

Large ¢° = (p + p’)? behaviour of form factors

SUDAKOV: < e(p")|[Yyutle(p) >
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sen: QCD Leading and subleading logs exponentiate:

2 \ " 2
Is In” | L , 2v < n
872 m?

< q(p")|Yyutpla(p) >
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Infrared divergences

[ Bloch, Nordsieck, Kinoshita,: Lee, Nauenberg]

Quantum Field Theories with massless (even almost) particles
encounter two kinds of infrared divergences:

Soft :

Soft divergences arise due to the presence of
massless gauge bosons.

Collinear :

Collinear divergences arise when atleast two massless particles
become collinear to each other
- Collinear gauge fields
- When the hard scale of the process is much larger than
mass of the matter fields,



Electron-Positron annihilation

Inclusive hadroproduction in Electron-Positron scattering
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Infrared divergences

[ Bloch, Nordsieck, Kinoshita,: Lee, Nauenberg]

IntheLimit k —p (ps or pp) Mg, My << Q

Real emission

1 1

(p+ k)2 ~ 2p0k0 (1 — cos )

L)
- 7
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kY =0 Soft divergence

Virtual

cost) — 0 Collinear divergence



Infrared divergences

[ S Weinberg]

“In (Yang-‘Mi[fs tﬁeory) a soﬁ Joﬁoum (gluon) emitted from an external
[ine can itseﬁc emit a Joair cf Soﬁ cﬁargecf massless Joam’cfes, which
themselves emit scff Joﬁo‘ams (gluons), and so on, Euiﬂing up a

cascade @C cht massless Joam’cfes each (f which contributes an

infm-recf o{i\/ergence.

The elimination of such comyﬁ’catwf inter[ocﬁing infm-reaf cﬁvergences
would cermin[y be a Herculean task, and migﬁt not even be Joossiﬁfe. 7

S. Weinﬁerg, CPﬁyS. Rev. 140B (1965)



Sudakov Form Factor

One loop on-shell form factor

Soft Collinear
I Pallk or ppllk

/ d*k 1 .
(2m)* k2((pa + k)% —m?)((py — k)2 —m?)

Tll defined



Virtual effect

One loop on-shell form factor
d4k 1 ,
) > OO 2(o)

/ (27)* k2((pa + k)2 = m?)((pp — k)? —m?

Summing to all orders in g~ 2
1 —g° (oo) + %94 (oo) — %96 (oo) + .- = exp(—g°0)

Probability to happen this is ZERO
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Real emission

Real photon emission: . ”, p
0 = o gl k)

/ A4k 5+ (k2)
(2m)* ((pa + k)* —m?)((pp — k)* — m?)

Summing multiple emissions p2 =p} =m? << ¢

1+ g%00 + g*oo+ - -

Probability grows uncontrollably

i+ Weinberg Fear"”



Indistinguishable states

[ Bloch, Nordsieck, Kinoshita,: Lee, Nauenberg]

We know that the detectors are not sensitive to photons below
certain energy Es (soft ones)

Below this energy the Detector can not distinguish
these two processes when the gluons are soft/collinear

Indistinguishable
when soft or collinear

Sum their contributions and
it is finite but dependent on Es !
2



IR contribution

[ Bloch, Nordsieck,Yannie, Suura]

If the detector is not sensitive to photons below
certain energy Es (soft ones)

exp{~2n (£) Joxp {+ 20 (%) } (2£)"

Probability with no energy loss is Zero
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Infrared Safety

[ Bloch, Nordsieck, Kinoshita,: Lee, Nauenberg]

Physical processes that happen at Long distances are responsible
for these divergences.

Long distance physics is associated to configurations that are
experimentally indistinguishable

Measurable quantities are not sensitive to soft and Collinear
divergences

14



Infrared Safety

[ Bloch, Nordsieck, Kinoshita,: Lee, Nauenberg]

Bloch and Nordsieck Theorem

Soft Singularities cancel between real and virtual processes
when one adds up all states which are indistinguishable by
virtue of the energy resolution of the apparatus.

ol (o0 (4)) e ()

Kinoshita, Lee and Nauenberg Theorem

Both soft and collinear singularities cancel when the
summation is carried out among all the mass degenerate
states.
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Infrared Safety

[ Kulish, Fadeev]

Alternate formalism in QED was proposed by
Kulish and Fadeev:

Evolution operator can be factorised into Asymptotic
and Regular ones

Fock states are dressed with soft photons giving
Coherent states.

S-matrix elements between these Coherent states
give IR finite results.

16



Sterman-Weinberg Jet 1n QCD

[ Sterman, Weinberg]

Any event in electron-positron collision containing

Two cones of opening angle J that contain
all the energy of the event, excluding
atmost ¢ fraction of the total.

.......

Infra-red Safe

daCr o
= O (l — n._) 1 log € log 6')

-
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Infrared divergences

[ Yennie, Frautschi, Suura, Weinberg]

Eikonal approximation: o

2o . glk)
O Oz
g(k)
. u ’
alpw) g\ ps)

a p,LL a
gs T My

p-k+ e

Universal current Born amplitude

Infrared divergences FACTORISE
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Infrared divergences

[ Yennie, Frautschi, Subram; Weinberg]

Phase space integrals Diverge

dk
/ . L M ic — 00
Loop integrals Diverge !
2 a Pp a p,u * 2
‘M|S,C ~ (gST D L —I-ZG) (gST D ]f—I-ZE) ‘MO’
Yy 1gs TOBH % i
g B-k+e

Wilson Line Captures IR:

Ws(00,0) = P exp [z'gs /00 B, A*(AB) d/\] g — ph
0

19



Sudakov Equation (K+G Egn.)

[Sen, Sterman, Moch, Vogt, Vermaseren; Ravindran; Magnea]

7 s

d=4+¢
1 1 Q2 i
2 2 2 R )\ R
—InF2 as,Q°, nu,€) = = [ as, + G3 €
RG invariance poles No poles
d 2 d 2
M%m[(g(a& Z—gve) — _:uR d:LLR GB( S—R /;—R 6) — _AA(GJS(ILLQR))

Cusp (soft) Anomalous dim.

L 7 Upto 3 loops



Single Pole mystery

[Ravindran, Smith, van Neerven; Moch et. al.]

UV Anomalous dim.

Cﬁai — Z SjCﬁ,j%] <1

J

\—

G i(e) =2

(B -

k
5z)+f32+0;32 Z gﬁz

k=1

~

_J

Collinear Anomalous dim.

Casimir Duality

Soft Anomalous dim.

Upto 3 loops



Form Factor

[Moch, Vogt, Vermaseren,VR, Smith, v Neerven]

Gluon form factor Quark form factor

< g(")|G5,,G*"|g(p) > < q(p")[byula(p) >

Anomalous dimension

Yas Vg UV
Cr

Ag =54 Cusp
Cr

fo = o fo Soft

B, B, Collinear
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Multi-loops and Multi-legs

23



Catani’s proposal

[ Yennie, Frautschi, Subram; Weinberg]

UV Renormalised on-shell QCD amplitudes

IMn(G, {p})>

Universal Infrared Structure

24



Catani’s proposal

[S. Catani]

Universal IR Subtraction Operator
Up to Two loop |

1- 210 - (2’ 10(0)] [Ma(e, (5})

2T 2T _ \
IR Finite
- R EESAE) 0= Ty (Kra) 10w
5190 (199 + 2) + BR @

Colour matrices satisfy  22; Ti[Mn(e{p})) =



Catani’s proposal

[Catani]

Upto Two loop |

1= 5110 - (52) 1O©| IMa(e, (o)

Universal IR Subtraction Operators
depend only on
Process independent

Scﬁ and Collinear

ﬂnomafous Dimensions



Sterman’s proof using factorisation

On_she” QCD GmPIITUde |n COIOr' bGSléGi Sterman, M Tejeda-Yeomans]

2
M[{f'f]‘i} (ﬂj, %’O‘S(Nz),f) =

N
\ / —aE ; > )
: | OQJ}"O&*’Q’ZM;}_
: p— P
/ \ - 'O—QL{QE’JQQQRU
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Renormalisation Group for IR

[Sterman]

Factorisation of IR singularities: .
IR singular

2

Di - Dy 9 Di - Dj 9 Pi-P; H 2
M ( 7(18(“ )7€> =2 7048(,u )76 X H 9 7CV3(:LL )
112 p3 d p2 ol

Introduces Arbitrary Factorisation Scale pr
Amplitudes are independent of this scale

Renormalisation Group Invariance (RGE)




Three loop conjecture i1n QCD

[Becher, Neubert, Gardi, Magnea]

Matrix valued solution

Pi-p;
Z( Qj,ozs(u?:),e> = Pexp
oy

HF AN Di.D;i
o _F( ja s)\)
|5 (% a<>}

Conjecture for IR anomalous dimension in QCD

Di-pole Soft +Collinear

Only Di-pole part Depends on Kinematics



Casimir Duality

P Casimir Duality s
> ﬁ ’ "
@ < p.

Cusp Anomalous Dimension  Soft Anomalous Matrix

Upto 3- loops in QCD!



Multi-parton amplitude

UV
Cusp
Soft Matrix

Collinear
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Three loop conjecture

All order Conjecture of QCD:.

v*(as) are independent of s;;

known
o (L) (L)
1 I Je Ye 4 (L) 7
= D, — D I A L)
42“ [L2e2 B PR P +L

Three loop non-planar in N’ =4 SYM

AL = AR — ¢

S(x) are dependent on s;; at three loop level

AP = 7 fate foae [TITYTETE S(2)
+TZT’{T5T§S(1/x)],

AP = O faefese Y. {TE T TITS.

i=1...4
1<j<k<4

v Breakdown of Conjucture

32



Universality of IR structure

33



Form Factor

[Moch, Vogt, Vermaseren,VR, Smith, v Neerven]

Gluon form factor Quark form factor

< g(")|G5,,G*"|g(p) > < q(p")[byula(p) >

Anomalous dimension

Ao A Cusp
T 1s Soft
By, By Collinear

Universal independent of Operators, depends only external legs
34



Multi-parton amplitude

Aqa Ag CUSP

- I Soft Matrix

B, B, Collinear

35



DIS: Naive Parton Model

: 1
o { doP15(Pg) =) / dzf;(2)dé:(2P, q)
—— .~ - Elastic scattering cross section with i-th parton

* Does not depend on the details of the target
proton - Target Independent

fi(#z)  Parton Distribution Function (PDF)

+ Probability of finding i-th parton with momentum
fraction z of proton

- Does not depend on the future course of action of
the i-th parton - Processstndependent



DIS: QCD Factorisation

Higher Order QCD corrections:

Scattere«

L t q q
Lepton / eP on
) q

o

PDF & > F i

=={fi/n)=m=

Mass factorization: IR finite Coefficient function

L dz X
O'P<$,Q2> = Z / ?Cz (ZyQQMuQR?:u%’) fz/P (;,M%)
i=q,q,9 "%
M F- Factorisation Scale

1t r- Renormalisation Scale -



Drell-Yan Process

Drell-Yan (DY) / Higgs boson production in Hadron
collisions

38



Drell-Yan Process

For Drell-Yan process: o L
Dimension Regularisation:

n=4-+c¢

o Higher Radiative corrections in QCD are IR singular

o Soft singularities and final state collinear singularities
go away after summing up degenerate final states

© Initial state Collinear singularities remain as poles in €
39



Mass Factorisation

Hadronic Cross section:

o (7_7 q2) — 0'0(Q2, ,LL?:{)

A

fa(T) & &ab(Ta q27 :LL%{) & fb(T)

ttr - Renormalisation Scale

A

A 2 2 . . .
0ab(T,q", UR) Bare parton cross section Collinear Singular

fC(T)

Mass factorization

Bare parton distribution function

(]

6-ab(7-7 q27 MQR) — Fa’a(Ta M%’? 6) & |:Aa’b’ (Ta q27 M2R7 :u%’) ® Fb’b(Ta M%’?ED

Fab (7_7 :u%‘ 9 6)

Aab(Ta q27 M2R7 :u%‘)

< Altarelli - Parisi Splitting Kernel
< Collinear Singular
< Universal - Process Independent

Finite,; Coefficient function



Mass Factorisation

Renormalise PDF:

o™ (1,¢%) = 00(q?, u7)

T

fa(Ta ,LL%:) = Laa (7-7 ,LL%:) & fa’ (7-)

Finite Parton distribution functions

fa(Ta /’L%’) & Aa’b’ (7-7 q2, :u%ia ,LL%) & fb(T, :UJ%’)

Finite Coefficient functions

\
_OH(Ta q2) — O-O(q27M%{)/—fa(x17M%‘) _Aab(Z’QQ’M%’M%)
T L1 41 “
dxo - 2 T
®/x—2fb(552aﬂF)5 (Z_ mle)
J




DGLAP evolution Equation

Altarelli-Parisi Evolution Equation

A

Renormalised PDF: Ja (7'7 M%’) = l'gar (7'7 M%’) R far (T)

Afo (T
RG invariance [ fa(2 ) _ 0
dus
4 ; | )
RG equation i Ja(T 1) = 5 Pow (T, 15) © for (7, 1)
HE
\_ J
. . . . lp ( 2>_(F_1( 2)® 2LF< 2))
AP Splitting functions: 5 Paa (s i) = THE) SRR g a AR )

finite
42



Altarelli-Parisi Evolution Equation

Collinear
Renormalisation Group Equation

Alatarelli-Parisi (DGLAP) Evolution Equation

a 1 ‘ £ : dC 1)7 %"ﬂ (s [)! %5 (Xs ; ‘
. ) ! (I,ll-z) — O_/ Z TS T\¢ T\¢ b ({,pz).
dlog ,.l" g 27{ JI i=0.d S Pg} %, (¥g ng %, (g g

In QCD perturbation

Leading Order
Py, p®) = dM (1) Py (x),

k:O Ra ; Ra M
’?IQ FE’IQ
43 Ry W’"“"“‘gii:z:"




Altarelli-Parisi Evolution Equation

DGLAP kernel satisfies RGE

d [Moch, Vogt, Vermaseren]

2 > 1 2 2
ﬂFdﬂ%F(z,uF,E) = 2P(z,ﬂp) QT (z,4%,¢)

I'is available up to O(a?)
Altarelli-Parisi Splitting functions.

P..(z) =2|ADy(2) + B°6(1 — z) + Clog(1 — 2) + D° Do(z) ( 1 )
1 —
. +O((1—2)). a
Cusp Anomalous Dim Ac.

Collinear Anomalous Dim.

: 1 [HE )2
All order Solution:  Tec(z ui.e) =Cexp <2/0 Achc(AQ,z,s)>

44



DY and Higgs production:

Coefficient function A(z¢%) Za DAY (2,67, uF,)

Drell-Yan Production Higgs Production

+
A
. ) Real-virtual Double virtual
Trlple virtual
squared real
q ‘g"g' S
q
—+— 0
g Dm}ble real Triple ceal
g virtual

45



Inclusive Higgs production

Anastasiou,Duhr, Dulat and Mistleberger (" 19)
6(2) = 69 (2) + aS&NLO(j+ o2 NNLO () + 267350 (2) + O(ak)

)
% LHC
PDF4LHC.0 |
20 PP =>HX : A

W=y € [my/4,my]

LO |15.054 14.8% | T T
NLO | 38.2416.6% |

NNLO | 45.1 4+ 8.8% e
N3LO | 45.2+1.9% pb S

8 9 10 1 12 1

7
Vs mev




Soft+Virtual+Hard

DY/Higgs production cross section:
o(a) = oolu) [ C

Aab(q27 /%27 Z) —

Nielson PolylLogs

Soft + Virtual

_ =yt /ldy log" ™" (y) log” (1 — zy)
(n—1)!p! Jy Y

e Next to SV ~
ANV (2) =) OV ogh(1 - 2)

(ln(l—zi)) =0
(1—27;) _|_
e Next to next to...to soft

47 AJ@\@”SV(Z) = de(l . Z)k
k=1




Mellin Moments and large N

Mellin Moment:

1
= [ N

Threshold limi# — 1 in z-Space translates toN.— oo in N-Space

N — oo Taking into account SV and NSV terms

log(1 — 2) _ log® N ~ logN Lo 1
1 -2 n N 2N N?2

log® N 1
logh(1 — 2) = ARG (—)

N N?

48



N-Space structure

Sterman, Catani, Trentedue

Mellin moment of CFs

[ N = /01 dz zN_lAC(z)]

InN-Space N — co We can predict tower of log N s

log N
v =1+ ag [C%log2N+cilogN—|—c(1)—|—d% O?V | (9(1/]\7)}
log® N
+a§[cglog4N+---+c3+d§ OgN +---+O(1/N)}
4.
o . 2 om_110g”" " N
+a?[cnnlogn]\f+---—|—dnn_ N + --+(’)(1/N)}

aslog N is of order "one’ when @5 isverysmall

Spoils the trucation of the series



Soft+Virtual

Soft plus Virtual

1 —z

- log” (1 —
Agg/(z) — 5a,bAa,55(1 — Z) + 0up Z Aa,Dj ( og ( Z))
_|_

Perturbatively Calculable

Aas = Z agAgfg
k

Aa,Dj — Z agAg,C)Dj
k

7=0

Sensitive to Soft and Collinear parsons

1 1
(p+ k)2  2pOkO0 (1 — cos)

K0 — 0 Soft

cos — 1 Collinear

e Divergences are controlled by Soft and Collinear
Anomalous dimensions - ex: Cusp A, collinear B, soft-f etc

® Soft and Collinear regions are Univgrsal

® RGE in IR sector allows for All Order Prediction



Sterman-Catani-Trentedue

SUMMATION OF LARGE CORRECTIONS TO SHORT-DISTANCE
HADRONIC CROSS SECTIONS

George STERMAN*
Institute for Advanced Study, Princeton, NJ 08540, USA

| xNl
AN(Qz)Nfoo exp(Qj(; dx —

Sterman ('87),Catani, Trentedue 89

RESUMMATION OF THE QCD PERTURBATIVE SERIES FOR
HARD PROCESSES

S. CATANI

Istituro Nazionale di Fisica Nucleare, Sezione di Firenze, Dipartimento di Fisica,
Universita di Firenze, I-50125 Florence, Italy

L. TRENTADUE

Dipartimento di Fisica, Universita di Parma, INFN, Gruppo Collegato di Parma,
I-43100 Parma, Italy

1 o dk2
[E0 (o (1 - )0%))
Q

3 \ 1_
2 [l (1-00Y)

+ O(as(asln N)").

(3.25)

Resums threshold logarithms in large N
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Factorisation: Diagonal

Begin with Mass factorised cross section

1. 1
_Uab o OOZF :qu ® (gAa’b’(M%’ag)) ®Fb’b(:u%’7€)

Z
a’b’

For Drell-Yan process:

; Ay, A
Diagonal Channel: 10 @~ @y + 15, ® —L @Tyg+---
oy

In(1—2z;
In the threshold limit z ->1 , keeping only ( r(lg_zj)) ) N 0(1 — z) SV

10gk(1—z7;), k=000 next to SV

O/\_CS]\C%—FHSV - N dr'opping
207 =L'gq ® Bgg ®lgq - (1—2)% k=1

Remarkably Simple form !



Threshold Factorisation

Master Formula

(g%, Wi 1, 2,€) = Clog (Ac(q?, iy T, 2))

S ) )
\Ifc(q2,,LL2R,,LL%,Z,€) — (hl (ZUV,C(&87N27U2R75)> +IH‘FC(&87U27Q27 )} > ( Z)
+2<I>C(as,,u g%, z, 5) — QCIHFCC(CLS,,LL 13, 2, 5)

\__ "~

J Fw Form Factor

D Zuv,e(1R) UV Renormalisation const
] ®°(¢%,2)  Soft+next to soft distribution fnS,. = C exp (QCIDC)

0 .2 Altarelli-Parisi kernel
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Solution to K+G/Sudakov Equation

Solution to K+G equation for O (as, q°, p°, €)
P = P + PG
sV Matrix element
> q2(1 — 2)2 2 1€ ~cli
Py = Zla ( 102 ) Se(l z) s(v)(g)
NSV

Phase Space

®® = IR Divergent part + Finite part

IR Div cancels with rest ->Finite part = (I);(Z)

54



Structure of SV and NSV

O%(z) = Py (2) + Phsv (2)

log"(1 — 2)
D5y (2) < 1— 2 >+ , 0(1—2) SV
Pirsy(2) log" (1 — z) k=01,..- NsV
Drop (1—2)*  a=1,--:
Properties:
P, = (%) oY, To all orders in the coupling

" Maximally non-abelian”

Beaks down beyond second order!
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Integral Representation

Integral representation:

Ac(q®,z) = C5(q®) Cexp (2‘11%((12,2)) 7

Exponent:

C (2 1 qz(l_z>2 d>‘2 / 2 c 2 2
Uolfo)=g | S Pela).2)+ Qlald(-27).2
H

2
F

Co  Process dependent constant

, Process independent (Universal):
Pee(2) svensy part of Alatarell-Parisi splitting
function

Q°(z) Process dependent function

56



Perturbative predictions

Ac(z) — CeXp (Qc(q27M%7M%7275)>

e=0
= logh(1 —
— Y A%, <Og1(z Z)> FASS(1— 2) SV
k=0 +
c k
+ZALJ< log™ (1 — 2) NSV
k=0
Perturbative expansion: A=Y dl ACJ,,S)
1=0

Predictive Power:

Lower order results decide " " Certain *° higher order SV and NSV terms to all
orders

57



All order perturbative predictions

All order exponentiation can predict to all orders from lower orders:

D <log’;<1—z>>
- +

Ac(z) = Cexp (\Ifc(q27 Wy s 2, 6))

e=0

o L, =log(l — 2)
=) al AV(z)
i—0
GIVEN PREDICTIONS
70 7O e 7™ A0 A0 AP
Dy, Dy, 0 D3, D, D5, Dy D(2i-1), D2i-2)
Ll LO L3 LS L(ZQi—l)
Dy, Dy, D3, Dy D(2i-3), D(2i-4)
12,11, 9 Lt ¥
Dy, D1, 0 D(2i-5), D(2i-6)
R I
Dy, Dy, D(2i-(2n-1))s Di2i-2n)
D 5

ol



Fourth order prediction

Vogt,Moch et al,
DeFlorian et al, Das et al

4th order QCD prediction for Drell-Yan production

123904 805376 45056

x log®(1 — x) + (— o CiC% — o ———C%C4 + 9088CT + o nCECA

139520
27

4
nCh — 236 2CF + 30726,C3C 4 + 20480{201;) log®(1 — z)

4th order QCD prediction for Higgs production in gluon fusion

4096 98560 7168
Agl) = (— _CA> 10g7(1—$)—|— ( 9 CA_ TnfCA> log (1—27)

208240 , 174208 . 4096 ,

C5 + 23552C2C'A> log®(1 — ).
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Structure of NSV logs

Structure of Next to SV terms

log N
N

log® N
N

Af\,:1—|—as[cflog2N+c}10gN—|—c?—I—d% +(’)(1/N)}

+a§[c§10g4N+~-+c3+d§ +°~+C’)(1/N)}

10g2n_1 N
N

+a” [ci“ log”” N + -+ +d*" 1 +-~+O(1/N)}

aslog N isof order “one’ when  isvery
small at every order 1/N

k
Can one resume terms of the form 108" N  to all orders
N

60



Resummation of NSV logs

Using z-space Integral representation

Ac(q®,z) = C§(q®) Cexp (2‘11%012, z)) :

L g
Melli t where C%<q2>z>2 / 7Pl )+Qc(as(q2(1z)2),z)]
ellin momen 2

1
A5 (¢°) :/0 dz 2V "TAL(¢?, 2)

C’g(q2) e\Ijsv N(q w)+ansv N(q 7w)

where, ) =~
Ve, v =g1(w)log N + > aZ gnir(w) Already known!
n=0

k
[mw Zzhnk as log™ N ] New Result
n=0 k=0

w =2 as(u%) Bolog N
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Integration By Parts (IBP)

[ Tkachov, Chetyrkin]

& Generalization of Gauss’s theorem in d dimension.

& Within dimensional regularization, all integrals in d dimension are
well-defined and convergent.

4

the integrand must be zero at boundary
(necessary condition for convergence)

& to make it free from Lorentz index

l
0 vk
| [ D4k =0
/izl “oN” (D"l"l...D,,’#lm>

kai Pi



IBP at one-loop

. . Consider

k pl -->
I(n):/de ! {n=1,2,...}
Dy Dy DY, o

k-pl-|p2-p3 K-pl

Do = k%, Dy = (k — p1)%2. D13 = (k — p; — p3)2,
Diag = (k — py — pg — p3)? .

<-- p3 k-pl-p2 QZ -

fH
0= [ D
/ (DO Dl D )

IBP = —(n—l—‘3)) I(n)+nsZ(n+1)
T(n+1) = —d_g”: 3) I(n)
Master Integral _(n (d—5) (d—
9 _ (—1)n (d—(n+3))...(d=5) (d—4) (1)

n! sn




Lorentz Invariance

Gehrmann, Remiddi]

& Under Lorentz transformation of external momenta

v

Py — vy +0p; =p; +whp with wl = —wy

the integrals are invariant i.e.

0
8pj’f

L(pi) = L(pi + 0pi) = L(pi) + w,, Zpﬁ-‘ L(pi)

J

& from which the identity can be derived

3, 9,
E —— —DPiy,—= | L(p;) =0
(p.’l,# 8p;{ Pj, 8])?) (pi)

J



Differential egns. for Integrals

Simplest Integral :

1
I:/D%
k? (k —p1 — p2)?

Satisfies differential equation |

l [ —4
4 7_=9;
ds12 2512

A linear homogeneous differential equation to solve, so

(d—4)

1 =0C (812) 2




