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  Plan
• Form Factors in Gauge Theories

• Infrared Structure
• Soft
• Collinear

• Multi-leg, Multi-loop amplitudes

• K+G equation
• Catani’s proposal

• Factorisation and Resummation

• Casimir Duality

• UV from IR 



3

 Form Factor
Form Factor :   On-shell  matrix elements of composite operators 

< e(p0)| �µ |e(p) >< g(p0)|Ga
µ⌫G

µ⌫a|g(p) >

Gauge boson form factor Fermion form factor

< p0|O|p >

Higgs production Drell-Yan 
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 Sudakov Form Factor

< e(p0)| �µ |e(p) >

Large q2 = (p+ p0)2 behaviour of form factors

Sudakov:
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Sen:      QCD Leading and subleading logs exponentiate:
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[ Sudakov, Sen, Sterman, Collins, Magnea]

< q(p0)| �µ |q(p) >



Soft : 
         Soft divergences arise due to the presence of  
         massless gauge bosons. 
   
Collinear : 
       Collinear divergences arise when atleast two massless particles 
         become collinear to each other 
                    - Collinear gauge fields 
                    - When the hard scale of the process is much larger than  
                       mass of the matter fields,  
  

[ Bloch, Nordsieck, Kinoshita,: Lee, Nauenberg]

Quantum Field Theories  with massless (even almost) particles 
encounter  two kinds of infrared divergences:

 Infrared divergences
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 Electron-Positron annihilation

Inclusive hadroproduction in Electron-Positron scattering 
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hadrons

Born

Virtual

Real emission
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�h(s) = �B(s)
h
1 + as(µ

2
R)�

(1)(s) +O(a3s)
i
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k ! p (pa or pb)

[ Bloch, Nordsieck, Kinoshita,: Lee, Nauenberg]

ma,mb << Q

 Infrared divergences

In the Limit

Real emission

Virtual
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“In (Yang-Mills theory) a soft photon (gluon) emitted from an external
line can itself emit a pair of soft charged massless particles, which 
themselves emit soft photons (gluons), and so on, building up a
cascade of soft massless particles each of which contributes an
infra-red divergence. 

The elimination of such complicated interlocking infra-red divergences 
would certainly be a Herculean task, and might not even be possible. ”  
 
                                    S. Weinberg, Phys. Rev. 140B (1965)

 Infrared divergences
[ S Weinberg]
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 Sudakov Form Factor

k ! 0

Soft Collinear

Ill defined

One loop on-shell form factor 

Z
d4k

(2⇡)4
1

k2((pa + k)2 �m2)((pb � k)2 �m2)
! 1

pa||k or pb||k

(p� k)2 = 0,

p2a = p2b = m2 << q2
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 Virtual effect

Probability to happen this is ZERO

One loop on-shell form factor 

1� g2
⇣
1

⌘
+

1

2!
g4
⇣
1
⌘
� 1

3!
g6
⇣
1

⌘
+ · · ·

Summing to all orders in g^2

= exp(�g21)

Z
d4k

(2⇡)4
1

k2((pa + k)2 �m2)((pb � k)2 �m2)
! 1

p2a = p2b = m2 << q2
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 Real emission

Probability grows uncontrollably 

Real photon emission: 

Summing multiple emissions

1 + g21+ g41+ · · ·

Z
d4k

(2⇡)4
�+(k2)

((pa + k)2 �m2)((pb � k)2 �m2)
! 1

p2a = p2b = m2 << q2

“Weinberg Fear”
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 Indistinguishable states

Below this energy the Detector can not distinguish  
these two processes when the gluons are soft/collinear

Sum their contributions and  
it is finite but dependent on Es !  

We know that the detectors are not sensitive to photons below  
certain energy Es (soft ones) 

Indistinguishable 
when soft or collinear 

[ Bloch, Nordsieck, Kinoshita,: Lee, Nauenberg]
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 IR contribution

If the detector is not sensitive to photons below  
certain energy Es (soft ones) 

Probability with no energy loss is Zero

[ Bloch, Nordsieck,Yannie, Suura]
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 Infrared Safety 

  

Physical processes that happen at Long distances are responsible 

for these divergences.


Long distance physics is associated to configurations that are 
experimentally indistinguishable  

Measurable quantities are not sensitive to  soft and Collinear 
divergences 

[ Bloch, Nordsieck, Kinoshita,: Lee, Nauenberg]
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 Infrared Safety 
Bloch and Nordsieck Theorem 

Soft Singularities cancel between real and virtual processes  
when one adds up all states which are indistinguishable by  
virtue of the energy resolution of the apparatus. 

Kinoshita, Lee and Nauenberg Theorem 

Both soft and collinear singularities cancel when the  
summation is carried out among all the mass degenerate 
states. 

 

[ Bloch, Nordsieck, Kinoshita,: Lee, Nauenberg]



16

 Infrared Safety 
  

Alternate formalism in QED was proposed by 
Kulish and Fadeev: 

Evolution operator can be factorised into Asymptotic 
and Regular ones 

Fock states are dressed with soft photons giving 
Coherent states. 

S-matrix elements between these Coherent states 
give IR finite results. 
  

[ Kulish, Fadeev]
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 Sterman-Weinberg Jet in QCD 

Any event in electron-positron collision containing 

         Two cones of opening angle     that contain  
         all the energy of the event,  excluding  
         atmost        fraction of the total.  

[ Sterman, Weinberg]

Infra-red Safe

�

✏
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gsT
a pµ
p · k + i✏

Mµa
0

Eikonal approximation:

 Universal current                                Born amplitude

Infrared divergences  FACTORISE 

[ Yennie, Frautschi, Suura, Weinberg]

 Infrared divergences
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Phase space integrals Diverge 

Loop integrals Diverge 

[ Yennie, Frautschi, Subram; Weinberg]

Z
dk0
k0

|M |2s,c ! 1

|M |2s,c ⇡ (gsT
a pµ
p · k + i✏

) (gsT
a pµ

p · k + i✏
)⇤|M0|2

 Infrared divergences

Wilson Line Captures IR:



µ2
R

d

dµ2
R

K�
� (âs,

µ2
R

µ2
, ✏) = �µ2

R
d

dµ2
R

G�
�(âs,

Q2

µ2
R

,
µ2
R

µ2
, ✏) = �A�

�(as(µ
2
R))

[Sen, Sterman, Moch, Vogt, Vermaseren; Ravindran; Magnea]

 Sudakov Equation (K+G Eqn.) 

RG invariance  poles No poles

Cusp (soft) Anomalous dim.

F
�
� =< �|O�

|� >

Casimir Duality 
Upto 3 loops

d = 4 + "

Aq =
CF

CA
Ag



[Ravindran, Smith, van Neerven; Moch et. al.]

Collinear Anomalous dim.

UV Anomalous dim.

Soft Anomalous dim.

 Single Pole mystery

C�
�,i =

X

j

sjC
�
�,j , j < i

Casimir Duality 

Upto 3 loopsfq =
CF

CA
fg
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 Form Factor

< g(p0)|Ga
µ⌫G

µ⌫a|g(p) >

Gluon form factor Quark form factor

< q(p0)| �µ |q(p) >

 Anomalous dimension

Cusp

Soft

 Collinear 

�q, �g
UV

Bq, Bg

Aq =
CF

CA
Ag

fq =
CF

CA
fg

[Moch, Vogt, Vermaseren,VR, Smith, v Neerven]
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Multi-loops and Multi-legs 

A
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UV Renormalised on-shell QCD amplitudes 

 

[ Yennie, Frautschi, Subram; Weinberg]

 Catani’s proposal

Universal Infrared Structure



 Catani’s proposal
Universal IR Subtraction Operator 

 

IR Finite

Up to Two loop ! 

Colour matrices satisfy 

[S. Catani]



 Catani’s proposal

Universal IR Subtraction Operators 
depend only on 

Process independent   

Soft and Collinear
Anomalous Dimensions

Upto Two loop ! 
[Catani]
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….

…. ….

….

….

….

n

 Sterman’s proof using factorisation
On-shell QCD amplitude in color basis: 

Collinear HardSoft

[G. Sterman, M Tejeda-Yeomans]
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µf
d

dµf
Z
 
pi.pj
µ2
f

,↵s(µ
2
f ), ✏

!
= �Z

 
pi.pj
µ2
f

,↵s(µ
2
f ), ✏

!
�

 
pi.pj
µ2
f

,↵s(µ
2
f )

!

 Renormalisation Group for IR

IR singular

Introduces Arbitrary Factorisation Scale

Factorisation of IR singularities:

 Renormalisation Group Invariance (RGE)

Amplitudes are independent of this scale
µF

[Sterman]



Z
 
pi.pj
µ2
f

,↵s(µ
2
f ), ✏

!
= Pexp

"
�
Z µ2

f

0

d�

�
�
⇣pi.pj

�
,↵s(�)

⌘#

 Three loop conjecture in QCD
Matrix valued solution

Conjecture for IR anomalous dimension in QCD

Di-pole  
Soft  

Soft +Collinear  

Only Di-pole part Depends on Kinematics

[Becher, Neubert, Gardi, Magnea]
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 Casimir Duality  

Cusp Anomalous Dimension Soft Anomalous Matrix

�q =
CF

CA
�gAq =

CF

CA
Ag

Casimir Duality

Upto 3- loops in QCD!
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 Multi-parton amplitude  

 Anomalous dimension

Cusp

Soft Matrix

 Collinear 

�q, �g
UV

Bq, Bg

�q =
CF

CA
�g

Aq =
CF

CA
Ag
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Z
 
pi.pj
µ2
f

,↵s(µ
2
f ), ✏

!
= Pexp

"
�
Z µ2

f

0

d�

�
�
⇣pi.pj

�
,↵s(�)

⌘#

 Three loop conjecture 

�i(↵s) are independent of sij
All order Conjecture of QCD:

S(x) are dependent on sij at three loop level

Three loop non-planar in N = 4 SYM

Breakdown of Conjucture  

known
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Universality of IR structure 
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 Form Factor

< g(p0)|Ga
µ⌫G

µ⌫a|g(p) >

Gluon form factor Quark form factor

< q(p0)| �µ |q(p) >

 Anomalous dimension

Cusp

Soft
 Collinear 

Bq, Bg

[Moch, Vogt, Vermaseren,VR, Smith, v Neerven]

Universal independent of Operators, depends only external legs

Aq, Ag

fq, fg
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 Multi-parton amplitude  

 Anomalous dimension

Cusp

Soft Matrix

 Collinear Bq, Bg

Aq, Ag

�q, �g
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fi(z)

• Elastic scattering cross section with i-th parton

• Probability of finding i-th parton with momentum 
fraction z of proton 

• Does not depend on the future course of action of  
the i-th parton - Process Independent

• Does not depend on the details of the target  
    proton - Target Independent

d�DIS(P, q) =
X

i

Z 1

x
dzfi(z)d�̂i(zP, q)

Parton Distribution Function (PDF)

           DIS:  Naive Parton Model
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�P (x,Q2) =
X

i=q,q,g

Z 1

x

dz

z
Ci

�
z,Q2, µ2

R, µ
2
F

�
fi/P

⇣x
z
, µ2

F

⌘

- Factorisation ScaleµF

µR- Renormalisation Scale

           DIS:  QCD Factorisation

Higher Order QCD corrections: 

Mass factorization: IR finite Coefficient function
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�(q2, ⌧) = �0(µ
2
R)

Z
dz

z
�ab

⇣⌧
z
, µ2

F

⌘
�ab(q

2, µ2
F , z)
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�ab(µ
2
F , z) =

Z
dy

y
fa(y, µ

2
F )fb

✓
z

y
, µ2

F

◆
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Drell-Yan (DY) / Higgs  boson production in Hadron 
collisions 

Partonic flux

          Drell-Yan Process



39

For Drell-Yan process: 
           

Soft singularities and final state collinear singularities   
   go away after summing up degenerate final states

Initial state Collinear singularities remain  as poles in 

Higher Radiative corrections in QCD are IR singular

✏
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Dimension Regularisation:
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⌧
�H(⌧, q2) = �0(q

2, µ2
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          Mass Factorisation
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Renormalised PDF:

RG invariance

RG equation

      DGLAP evolution Equation

finite
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Collinear  
Renormalisation Group Equation

Alatarelli-Parisi (DGLAP) Evolution Equation

Leading OrderIn QCD perturbation

Altarelli-Parisi Evolution Equation
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DGLAP  kernel  satisfies RGE
[Moch, Vogt, Vermaseren]

Collinear Anomalous Dim.

Cusp Anomalous Dim Ac.

Altarelli-Parisi Splitting functions.
� is available up toO(a4s)

Pcc

�
z
�
= 2

"
Ac

D0(z) +Bc�(1� z) + Cc log(1� z) +Dc

#

+O((1� z)) .
<latexit sha1_base64="HYvU4efUl+yZzaezhWT1dkaMDPg="></latexit><latexit sha1_base64="HYvU4efUl+yZzaezhWT1dkaMDPg="></latexit><latexit sha1_base64="HYvU4efUl+yZzaezhWT1dkaMDPg="></latexit><latexit sha1_base64="HYvU4efUl+yZzaezhWT1dkaMDPg="></latexit>

D0(z) =

✓
1

1� z

◆

+
<latexit sha1_base64="mTE1wjX/6Xd03iVQ6PYdIuMemMU="></latexit><latexit sha1_base64="mTE1wjX/6Xd03iVQ6PYdIuMemMU="></latexit><latexit sha1_base64="mTE1wjX/6Xd03iVQ6PYdIuMemMU="></latexit><latexit sha1_base64="mTE1wjX/6Xd03iVQ6PYdIuMemMU="></latexit>

     Altarelli-Parisi Evolu0on Equa0on

�cc(z, µ
2
F , ") = C exp

 
1

2

Z µ2
F

0

d�2

�2
Pcc(�

2, z, ")

!

<latexit sha1_base64="mzyIXudCGOUKXIZYJrHJBQEA8SU="></latexit><latexit sha1_base64="mzyIXudCGOUKXIZYJrHJBQEA8SU="></latexit><latexit sha1_base64="mzyIXudCGOUKXIZYJrHJBQEA8SU="></latexit><latexit sha1_base64="mzyIXudCGOUKXIZYJrHJBQEA8SU="></latexit>

All order Solution:
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Coefficient func0on �(z, q2) =
1X

i=0

ais(µ
2
R)�

(i)(z, q2, µ2
R)

<latexit sha1_base64="JlkLtwj1R3buL9fPEJi1nKmmuzw="></latexit><latexit sha1_base64="JlkLtwj1R3buL9fPEJi1nKmmuzw="></latexit><latexit sha1_base64="JlkLtwj1R3buL9fPEJi1nKmmuzw="></latexit><latexit sha1_base64="JlkLtwj1R3buL9fPEJi1nKmmuzw="></latexit>

          DY and Higgs production:

Drell-Yan Produc0on Higgs Produc0on



pb

   Inclusive Higgs produc0on
Anastasiou,Duhr, Dulat and Mistleberger (`19)
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DY/Higgs production cross section:

HardSoft + Virtual

�ab(q
2, µ2

i
, z) = �SV

ab
(q2, µ2

i
, z) +�H

ab
(q2, µ2

i
, z)

<latexit sha1_base64="I/kpJmfwFkvaargcaoSK2wkceG0="></latexit><latexit sha1_base64="I/kpJmfwFkvaargcaoSK2wkceG0="></latexit><latexit sha1_base64="I/kpJmfwFkvaargcaoSK2wkceG0="></latexit><latexit sha1_base64="I/kpJmfwFkvaargcaoSK2wkceG0="></latexit>

�(q2, ⌧) = �0(µ
2
R)

Z
dz

z
�ab

⇣⌧
z
, µ2

F

⌘
�ab(q

2, µ2
F , z)

<latexit sha1_base64="wd6Ls9aaswgCIkti3xTx2fcYkFU="></latexit><latexit sha1_base64="wd6Ls9aaswgCIkti3xTx2fcYkFU="></latexit><latexit sha1_base64="wd6Ls9aaswgCIkti3xTx2fcYkFU="></latexit><latexit sha1_base64="wd6Ls9aaswgCIkti3xTx2fcYkFU="></latexit>

�(1� zi)

⇣
ln(1�zi)
(1�zi)

⌘

+

          Soft+Virtual+Hard

Nielson PolyLogs

Next to next to….to soft

Next to SV
�NSV

ab (z) =
1X

k=0

CNSV
i logk(1� z)

<latexit sha1_base64="JNLzHckSeHvvFP0MkVUFDuwNXRI="></latexit><latexit sha1_base64="JNLzHckSeHvvFP0MkVUFDuwNXRI="></latexit><latexit sha1_base64="JNLzHckSeHvvFP0MkVUFDuwNXRI="></latexit><latexit sha1_base64="JNLzHckSeHvvFP0MkVUFDuwNXRI="></latexit>

�NnSV
ab (z) =

1X

k=1

dk(1� z)k

<latexit sha1_base64="8blVXPeX8PyvJuEL09+1xdFpZ9c="></latexit><latexit sha1_base64="8blVXPeX8PyvJuEL09+1xdFpZ9c="></latexit><latexit sha1_base64="8blVXPeX8PyvJuEL09+1xdFpZ9c="></latexit><latexit sha1_base64="8blVXPeX8PyvJuEL09+1xdFpZ9c="></latexit>
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Mellin Moment:

z ! 1
<latexit sha1_base64="6ja/+1GRAIL/WlnZO/Z+Gx1l19s="></latexit><latexit sha1_base64="6ja/+1GRAIL/WlnZO/Z+Gx1l19s="></latexit><latexit sha1_base64="6ja/+1GRAIL/WlnZO/Z+Gx1l19s="></latexit><latexit sha1_base64="6ja/+1GRAIL/WlnZO/Z+Gx1l19s="></latexit>

N ! 1
<latexit sha1_base64="BXcrIUdRsnnvqGNvxwNiKBN/IMw="></latexit><latexit sha1_base64="BXcrIUdRsnnvqGNvxwNiKBN/IMw="></latexit><latexit sha1_base64="BXcrIUdRsnnvqGNvxwNiKBN/IMw="></latexit><latexit sha1_base64="BXcrIUdRsnnvqGNvxwNiKBN/IMw="></latexit>

fN =

Z 1

0
dz zN�1f(z)

<latexit sha1_base64="PvgJ9e0g0CHnJJZ+OqNN+uK0duQ="></latexit><latexit sha1_base64="PvgJ9e0g0CHnJJZ+OqNN+uK0duQ="></latexit><latexit sha1_base64="PvgJ9e0g0CHnJJZ+OqNN+uK0duQ="></latexit><latexit sha1_base64="PvgJ9e0g0CHnJJZ+OqNN+uK0duQ="></latexit>

Threshold limit in N-Space in z-Space translates to

N ! 1
<latexit sha1_base64="BXcrIUdRsnnvqGNvxwNiKBN/IMw="></latexit><latexit sha1_base64="BXcrIUdRsnnvqGNvxwNiKBN/IMw="></latexit><latexit sha1_base64="BXcrIUdRsnnvqGNvxwNiKBN/IMw="></latexit><latexit sha1_base64="BXcrIUdRsnnvqGNvxwNiKBN/IMw="></latexit>

logk(1� z) =
logk N

N
+O

✓
1

N2

◆

<latexit sha1_base64="pQ9XaqCYRwgPt0WIcW2J6t6MMOE="></latexit><latexit sha1_base64="pQ9XaqCYRwgPt0WIcW2J6t6MMOE="></latexit><latexit sha1_base64="pQ9XaqCYRwgPt0WIcW2J6t6MMOE="></latexit><latexit sha1_base64="pQ9XaqCYRwgPt0WIcW2J6t6MMOE="></latexit>

     Mellin Moments and large N

✓
log(1� z)

1� z

◆

+

=
log2 N

N
�

logN

2N
+O

✓
1

N2

◆

<latexit sha1_base64="PUzkOzcBbkN5WFmhHMOEFeVV4es="></latexit><latexit sha1_base64="PUzkOzcBbkN5WFmhHMOEFeVV4es="></latexit><latexit sha1_base64="PUzkOzcBbkN5WFmhHMOEFeVV4es="></latexit><latexit sha1_base64="PUzkOzcBbkN5WFmhHMOEFeVV4es="></latexit>

Taking into account SV and NSV terms



�c
N =

Z 1

0
dz zN�1�c(z)

<latexit sha1_base64="QnRfeczL3YfCTf3hVVY2WiBIM3c="></latexit><latexit sha1_base64="QnRfeczL3YfCTf3hVVY2WiBIM3c="></latexit><latexit sha1_base64="QnRfeczL3YfCTf3hVVY2WiBIM3c="></latexit><latexit sha1_base64="QnRfeczL3YfCTf3hVVY2WiBIM3c="></latexit>

+ · · ·
<latexit sha1_base64="ydSrOazMnHrfuH1sdbiWRHpEeFA="></latexit><latexit sha1_base64="ydSrOazMnHrfuH1sdbiWRHpEeFA="></latexit><latexit sha1_base64="ydSrOazMnHrfuH1sdbiWRHpEeFA="></latexit><latexit sha1_base64="ydSrOazMnHrfuH1sdbiWRHpEeFA="></latexit>

�c
N = 1 + as

h
c21 log

2 N + c11 logN + c01 + d11
logN

N
+O(1/N)

i

<latexit sha1_base64="7SfwAM7bKZS6RmIBiMMI3D6wb5M="></latexit><latexit sha1_base64="7SfwAM7bKZS6RmIBiMMI3D6wb5M="></latexit><latexit sha1_base64="7SfwAM7bKZS6RmIBiMMI3D6wb5M="></latexit><latexit sha1_base64="7SfwAM7bKZS6RmIBiMMI3D6wb5M="></latexit>

+a2s

h
c42 log

4 N + · · ·+ c02 + d32
log3 N

N
+ · · ·+O(1/N)

i

<latexit sha1_base64="4NdAp8gZSHLKsWgR/LhHmlcYZ7o="></latexit><latexit sha1_base64="4NdAp8gZSHLKsWgR/LhHmlcYZ7o="></latexit><latexit sha1_base64="4NdAp8gZSHLKsWgR/LhHmlcYZ7o="></latexit><latexit sha1_base64="4NdAp8gZSHLKsWgR/LhHmlcYZ7o="></latexit>

+ans

h
c2nn log2n N + · · ·+ d2n�1

n
log2n�1 N

N
+ · · ·+O(1/N)

i

<latexit sha1_base64="eAce83hn0peSkUdOfSKnrJYEESU="></latexit><latexit sha1_base64="eAce83hn0peSkUdOfSKnrJYEESU="></latexit><latexit sha1_base64="eAce83hn0peSkUdOfSKnrJYEESU="></latexit><latexit sha1_base64="eAce83hn0peSkUdOfSKnrJYEESU="></latexit>

as logN
<latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit><latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit><latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="MKZSujLuVqO7KkjPxhT7aq4wLl0="></latexit><latexit sha1_base64="TOFvSF7ZPOf3t4kjcPEinHCzU1g="></latexit><latexit sha1_base64="cTKb7ZQ6hdl4gF9Iuhjn3STDVcU="></latexit><latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit><latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit><latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit><latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit><latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit><latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit>

is of order `one`  when             is very small 
 

     N-Space structure 

Mellin moment of CFs

N ! 1
<latexit sha1_base64="BXcrIUdRsnnvqGNvxwNiKBN/IMw="></latexit><latexit sha1_base64="BXcrIUdRsnnvqGNvxwNiKBN/IMw="></latexit><latexit sha1_base64="BXcrIUdRsnnvqGNvxwNiKBN/IMw="></latexit><latexit sha1_base64="BXcrIUdRsnnvqGNvxwNiKBN/IMw="></latexit>

In N-Space 

as
<latexit sha1_base64="+qax/r0e3RINIjr3+XFUz/jwYNM="></latexit><latexit sha1_base64="+qax/r0e3RINIjr3+XFUz/jwYNM="></latexit><latexit sha1_base64="+qax/r0e3RINIjr3+XFUz/jwYNM="></latexit><latexit sha1_base64="+qax/r0e3RINIjr3+XFUz/jwYNM="></latexit>

Spoils the trucation of the series

We can predict tower of log N s

Sterman, Catani, Trentedue
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�SV
ab (z) = �ab�a,��(1� z) + �ab

1X

j=0

�a,Dj

 
logj(1� z)

1� z

!

+
<latexit sha1_base64="FeOyEnWTnEjGD+ZJLgaXms0LSyY="></latexit><latexit sha1_base64="FeOyEnWTnEjGD+ZJLgaXms0LSyY="></latexit><latexit sha1_base64="FeOyEnWTnEjGD+ZJLgaXms0LSyY="></latexit><latexit sha1_base64="FeOyEnWTnEjGD+ZJLgaXms0LSyY="></latexit>

Soft plus Virtual

�a,� =
X

k

aks�
(k)
a,�

<latexit sha1_base64="ktiqWR+CdL0eVZh6Y3UTodcHV8Q="></latexit><latexit sha1_base64="ktiqWR+CdL0eVZh6Y3UTodcHV8Q="></latexit><latexit sha1_base64="ktiqWR+CdL0eVZh6Y3UTodcHV8Q="></latexit><latexit sha1_base64="ktiqWR+CdL0eVZh6Y3UTodcHV8Q="></latexit>

�a,Dj =
X

k

aks�
(k)
a,Dj

<latexit sha1_base64="kFIHimvVTa5FunAsx02FacBsWFQ="></latexit><latexit sha1_base64="kFIHimvVTa5FunAsx02FacBsWFQ="></latexit><latexit sha1_base64="kFIHimvVTa5FunAsx02FacBsWFQ="></latexit><latexit sha1_base64="kFIHimvVTa5FunAsx02FacBsWFQ="></latexit>

Perturbatively Calculable Sensitive to Soft and Collinear parsons

Soft and Collinear regions are Universal

Divergences are controlled by Soft and Collinear  
 Anomalous dimensions - ex: Cusp A,  collinear B, soft-f etc

RGE in IR sector allows for All Order Prediction 

          Soft+Virtual

k0 ! 0 Soft
<latexit sha1_base64="pMjqbY9KyR7Dfxef5coLctY38og="></latexit><latexit sha1_base64="pMjqbY9KyR7Dfxef5coLctY38og="></latexit><latexit sha1_base64="pMjqbY9KyR7Dfxef5coLctY38og="></latexit><latexit sha1_base64="pMjqbY9KyR7Dfxef5coLctY38og="></latexit>

cos ✓ ! 1 Collinear
<latexit sha1_base64="sBSM+WM3uesVyPUcTJggb7sypEw="></latexit><latexit sha1_base64="sBSM+WM3uesVyPUcTJggb7sypEw="></latexit><latexit sha1_base64="sBSM+WM3uesVyPUcTJggb7sypEw="></latexit><latexit sha1_base64="sBSM+WM3uesVyPUcTJggb7sypEw="></latexit>
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Resums threshold logarithms in large N  

Sterman (`87),Catani,Trentedue `89

     Sterman-Catani-Trentedue
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1

z
�̂ab(") = �0

X

a0b0

�T
aa0(µ2

F , ")⌦
✓
1

z
�a0b0(µ

2
F , ")

◆
⌦ �b0b(µ

2
F , ")

<latexit sha1_base64="Sjcr/deHeFjTS+1cu2dy+7aXcE8="></latexit><latexit sha1_base64="Sjcr/deHeFjTS+1cu2dy+7aXcE8="></latexit><latexit sha1_base64="Sjcr/deHeFjTS+1cu2dy+7aXcE8="></latexit><latexit sha1_base64="Sjcr/deHeFjTS+1cu2dy+7aXcE8="></latexit>

Begin with Mass factorised cross section

For Drell-Yan process: 
           

�̂qq̄

z�0
= �T

qq ⌦
�qq

z
⌦ �qq̄ + �T

qq ⌦
�qg

z
⌦ �gq̄ + · · ·

<latexit sha1_base64="ReIFbcoLhFtqt6lvnJ8362ieCMI="></latexit><latexit sha1_base64="ReIFbcoLhFtqt6lvnJ8362ieCMI="></latexit><latexit sha1_base64="ReIFbcoLhFtqt6lvnJ8362ieCMI="></latexit><latexit sha1_base64="ReIFbcoLhFtqt6lvnJ8362ieCMI="></latexit>

Diagonal Channel: 

�̂sv+nsv
qq̄

z�0
= �T

qq ⌦�sv+nsv
qq̄ ⌦ �q̄q̄ .

<latexit sha1_base64="OirUyVZ+DNTUQkSqTL4TC13lsJQ="></latexit><latexit sha1_base64="OirUyVZ+DNTUQkSqTL4TC13lsJQ="></latexit><latexit sha1_base64="OirUyVZ+DNTUQkSqTL4TC13lsJQ="></latexit><latexit sha1_base64="OirUyVZ+DNTUQkSqTL4TC13lsJQ="></latexit>

In the threshold limit  z -> 1  , keeping only 
⇣

ln(1�zi)
(1�zi)

⌘

+
�(1� zi)

logk(1� zi), k = 0, · · ·1
<latexit sha1_base64="JCT5K/KqOv7HafrRx/A3/M89rdM="></latexit><latexit sha1_base64="JCT5K/KqOv7HafrRx/A3/M89rdM="></latexit><latexit sha1_base64="JCT5K/KqOv7HafrRx/A3/M89rdM="></latexit><latexit sha1_base64="JCT5K/KqOv7HafrRx/A3/M89rdM="></latexit>

(1� zi)
k, k = 1, · · ·1

<latexit sha1_base64="m9ZMv4RSQCtVnYIymQiPcs/rABc="></latexit><latexit sha1_base64="m9ZMv4RSQCtVnYIymQiPcs/rABc="></latexit><latexit sha1_base64="m9ZMv4RSQCtVnYIymQiPcs/rABc="></latexit><latexit sha1_base64="m9ZMv4RSQCtVnYIymQiPcs/rABc="></latexit>

dropping

SV

next to SV

Remarkably Simple form !

          Factorisation: Diagonal



53

 c
�
q2, µ2

R, µ
2
F , z, "

�
=

 
ln

✓
ZUV,c

�
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<latexit sha1_base64="jO5PJmVnS1mPGb0k/tOsLusY45g="></latexit><latexit sha1_base64="jO5PJmVnS1mPGb0k/tOsLusY45g="></latexit><latexit sha1_base64="jO5PJmVnS1mPGb0k/tOsLusY45g="></latexit><latexit sha1_base64="jO5PJmVnS1mPGb0k/tOsLusY45g="></latexit>

Sc = C exp
�
2�c

�
<latexit sha1_base64="sIUl+41FrIyJwcHeHaLOTSGrHzs="></latexit><latexit sha1_base64="sIUl+41FrIyJwcHeHaLOTSGrHzs="></latexit><latexit sha1_base64="sIUl+41FrIyJwcHeHaLOTSGrHzs="></latexit><latexit sha1_base64="sIUl+41FrIyJwcHeHaLOTSGrHzs="></latexit>

Master Formula

 

 

 
 
�c(q2, z)

<latexit sha1_base64="n0otQ4BGC+hYK52FeE2z80/58xo="></latexit><latexit sha1_base64="n0otQ4BGC+hYK52FeE2z80/58xo="></latexit><latexit sha1_base64="n0otQ4BGC+hYK52FeE2z80/58xo="></latexit><latexit sha1_base64="n0otQ4BGC+hYK52FeE2z80/58xo="></latexit>

�cc(µ
2
F , z)

<latexit sha1_base64="IdoxkFnJH/3xeHc0YLvyoSIGRWA="></latexit><latexit sha1_base64="IdoxkFnJH/3xeHc0YLvyoSIGRWA="></latexit><latexit sha1_base64="IdoxkFnJH/3xeHc0YLvyoSIGRWA="></latexit><latexit sha1_base64="IdoxkFnJH/3xeHc0YLvyoSIGRWA="></latexit>

F̂c(Q
2)

<latexit sha1_base64="r8i/nIKRMc3/0CJEWtaNAEl9MdE="></latexit><latexit sha1_base64="r8i/nIKRMc3/0CJEWtaNAEl9MdE="></latexit><latexit sha1_base64="r8i/nIKRMc3/0CJEWtaNAEl9MdE="></latexit><latexit sha1_base64="r8i/nIKRMc3/0CJEWtaNAEl9MdE="></latexit>

ZUV,c(µ
2
R)

<latexit sha1_base64="irmqXZoIEeWO+MMDVdIFRyT/Pr8="></latexit><latexit sha1_base64="irmqXZoIEeWO+MMDVdIFRyT/Pr8="></latexit><latexit sha1_base64="irmqXZoIEeWO+MMDVdIFRyT/Pr8="></latexit><latexit sha1_base64="irmqXZoIEeWO+MMDVdIFRyT/Pr8="></latexit>

UV Renormalisation const

Form Factor

Soft+next to soft distribution fn.
Altarelli-Parisi kernel

 c(q2, µ2
R, µ

2
F , z, ") = C log

�
�c(q

2, µ2
R, µ

2
F , z)

�
<latexit sha1_base64="kDY/Q8QV6ggxLH24iRRrmjo/ecg="></latexit><latexit sha1_base64="kDY/Q8QV6ggxLH24iRRrmjo/ecg="></latexit><latexit sha1_base64="kDY/Q8QV6ggxLH24iRRrmjo/ecg="></latexit><latexit sha1_base64="kDY/Q8QV6ggxLH24iRRrmjo/ecg="></latexit>

          Threshold Factorisation
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�c = �c
A + �c

B
<latexit sha1_base64="w4Ic5d98DTOl2xfsZNJL4GDZjCo="></latexit><latexit sha1_base64="w4Ic5d98DTOl2xfsZNJL4GDZjCo="></latexit><latexit sha1_base64="w4Ic5d98DTOl2xfsZNJL4GDZjCo="></latexit><latexit sha1_base64="w4Ic5d98DTOl2xfsZNJL4GDZjCo="></latexit>

Solution to K+G equation for  �c(âs, q
2, µ2, ")

<latexit sha1_base64="D0eqn9cdBLnONACGI84Eg1h3hko="></latexit><latexit sha1_base64="D0eqn9cdBLnONACGI84Eg1h3hko="></latexit><latexit sha1_base64="D0eqn9cdBLnONACGI84Eg1h3hko="></latexit><latexit sha1_base64="D0eqn9cdBLnONACGI84Eg1h3hko="></latexit>

SV  
�c

A =
1X

i=1

âis

⇣q2(1� z)2

µ2

⌘i "
2
Si
"

⇣ i"

1� z

⌘
�̂c(i)
SV (") ,

<latexit sha1_base64="DfIgRQc7y/4IE5/ZKU+3Cs+iKLo="></latexit><latexit sha1_base64="DfIgRQc7y/4IE5/ZKU+3Cs+iKLo="></latexit><latexit sha1_base64="DfIgRQc7y/4IE5/ZKU+3Cs+iKLo="></latexit><latexit sha1_base64="DfIgRQc7y/4IE5/ZKU+3Cs+iKLo="></latexit>

�c
B =

1X

i=1

âis

✓
q2(1� z)2

µ2

◆i "
2

Si
"'

(i)
c (z, ")

<latexit sha1_base64="vaLXV6GxHxTqX7GxLOCHT2ACiWk="></latexit><latexit sha1_base64="vaLXV6GxHxTqX7GxLOCHT2ACiWk="></latexit><latexit sha1_base64="vaLXV6GxHxTqX7GxLOCHT2ACiWk="></latexit><latexit sha1_base64="vaLXV6GxHxTqX7GxLOCHT2ACiWk="></latexit>

NSV Phase Space

Matrix element

�c
<latexit sha1_base64="1HNfJRZDkxKtRJ1cdbQ4FoPFZ9Q="></latexit><latexit sha1_base64="1HNfJRZDkxKtRJ1cdbQ4FoPFZ9Q="></latexit><latexit sha1_base64="1HNfJRZDkxKtRJ1cdbQ4FoPFZ9Q="></latexit><latexit sha1_base64="1HNfJRZDkxKtRJ1cdbQ4FoPFZ9Q="></latexit> =   IR Divergent part  +     Finite  part 

  
   Finite part =  IR Div cancels with rest -> �c

f (z)
<latexit sha1_base64="QilPonKHsW8NPU1MG46KvLXAJn8="></latexit><latexit sha1_base64="QilPonKHsW8NPU1MG46KvLXAJn8="></latexit><latexit sha1_base64="QilPonKHsW8NPU1MG46KvLXAJn8="></latexit><latexit sha1_base64="QilPonKHsW8NPU1MG46KvLXAJn8="></latexit>

     Solu0on to K+G/Sudakov Equa0on
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logk(1� z)

1� z

!

+
<latexit sha1_base64="nGA4GyHi2nLcNbU7pzhT3wFKzM8="></latexit><latexit sha1_base64="nGA4GyHi2nLcNbU7pzhT3wFKzM8="></latexit><latexit sha1_base64="nGA4GyHi2nLcNbU7pzhT3wFKzM8="></latexit><latexit sha1_base64="nGA4GyHi2nLcNbU7pzhT3wFKzM8="></latexit>

�(1� z)
<latexit sha1_base64="au0L34kdpv2rs4Bl8K50bFemtHg="></latexit><latexit sha1_base64="au0L34kdpv2rs4Bl8K50bFemtHg="></latexit><latexit sha1_base64="au0L34kdpv2rs4Bl8K50bFemtHg="></latexit><latexit sha1_base64="au0L34kdpv2rs4Bl8K50bFemtHg="></latexit>

{
<latexit sha1_base64="rCQzFYgiXYXN6nheIrUzLjhYS5s="></latexit><latexit sha1_base64="rCQzFYgiXYXN6nheIrUzLjhYS5s="></latexit><latexit sha1_base64="rCQzFYgiXYXN6nheIrUzLjhYS5s="></latexit><latexit sha1_base64="rCQzFYgiXYXN6nheIrUzLjhYS5s="></latexit>

}
<latexit sha1_base64="V6wWi85p5KWYqfe8krMk+WTnid0="></latexit><latexit sha1_base64="V6wWi85p5KWYqfe8krMk+WTnid0="></latexit><latexit sha1_base64="V6wWi85p5KWYqfe8krMk+WTnid0="></latexit><latexit sha1_base64="V6wWi85p5KWYqfe8krMk+WTnid0="></latexit>

,
<latexit sha1_base64="srGfeGy5PUw30zfuaAXHvv8AHVI="></latexit><latexit sha1_base64="srGfeGy5PUw30zfuaAXHvv8AHVI="></latexit><latexit sha1_base64="srGfeGy5PUw30zfuaAXHvv8AHVI="></latexit><latexit sha1_base64="srGfeGy5PUw30zfuaAXHvv8AHVI="></latexit>

SV  

logk(1� z)
<latexit sha1_base64="XxXEJp692Ew8zd4VidkThhTeVBY="></latexit><latexit sha1_base64="XxXEJp692Ew8zd4VidkThhTeVBY="></latexit><latexit sha1_base64="XxXEJp692Ew8zd4VidkThhTeVBY="></latexit><latexit sha1_base64="XxXEJp692Ew8zd4VidkThhTeVBY="></latexit> k = 0, 1, · · ·

<latexit sha1_base64="BsxSrQ8GcfLNHXAptdsbQZsbFBA="></latexit><latexit sha1_base64="BsxSrQ8GcfLNHXAptdsbQZsbFBA="></latexit><latexit sha1_base64="BsxSrQ8GcfLNHXAptdsbQZsbFBA="></latexit><latexit sha1_base64="BsxSrQ8GcfLNHXAptdsbQZsbFBA="></latexit>

{
<latexit sha1_base64="rCQzFYgiXYXN6nheIrUzLjhYS5s="></latexit><latexit sha1_base64="rCQzFYgiXYXN6nheIrUzLjhYS5s="></latexit><latexit sha1_base64="rCQzFYgiXYXN6nheIrUzLjhYS5s="></latexit><latexit sha1_base64="rCQzFYgiXYXN6nheIrUzLjhYS5s="></latexit>

NSV 

�c
SV (z)

<latexit sha1_base64="UFezShZo3U+ahgh+qDsD9S7z2sM="></latexit><latexit sha1_base64="UFezShZo3U+ahgh+qDsD9S7z2sM="></latexit><latexit sha1_base64="UFezShZo3U+ahgh+qDsD9S7z2sM="></latexit><latexit sha1_base64="UFezShZo3U+ahgh+qDsD9S7z2sM="></latexit>

�c
NSV (z)

<latexit sha1_base64="MK/KUqTISd1U6Jhs6PW3Hw7G+3Y="></latexit><latexit sha1_base64="MK/KUqTISd1U6Jhs6PW3Hw7G+3Y="></latexit><latexit sha1_base64="MK/KUqTISd1U6Jhs6PW3Hw7G+3Y="></latexit><latexit sha1_base64="MK/KUqTISd1U6Jhs6PW3Hw7G+3Y="></latexit>

�c(z) = �c
SV (z) + �c

NSV (z)
<latexit sha1_base64="pmCtiNkIGn+6dUvnfL5HWe7o7rs="></latexit><latexit sha1_base64="pmCtiNkIGn+6dUvnfL5HWe7o7rs="></latexit><latexit sha1_base64="pmCtiNkIGn+6dUvnfL5HWe7o7rs="></latexit><latexit sha1_base64="pmCtiNkIGn+6dUvnfL5HWe7o7rs="></latexit>

(1� z)↵
<latexit sha1_base64="avmlD4eLVyi+CmWy1QWpQwigQgY="></latexit><latexit sha1_base64="avmlD4eLVyi+CmWy1QWpQwigQgY="></latexit><latexit sha1_base64="avmlD4eLVyi+CmWy1QWpQwigQgY="></latexit><latexit sha1_base64="avmlD4eLVyi+CmWy1QWpQwigQgY="></latexit>

}
<latexit sha1_base64="V6wWi85p5KWYqfe8krMk+WTnid0="></latexit><latexit sha1_base64="V6wWi85p5KWYqfe8krMk+WTnid0="></latexit><latexit sha1_base64="V6wWi85p5KWYqfe8krMk+WTnid0="></latexit><latexit sha1_base64="V6wWi85p5KWYqfe8krMk+WTnid0="></latexit>

↵ = 1, · · ·
<latexit sha1_base64="tae+uqhElcdeRN+sfmUh3iEkV5k="></latexit><latexit sha1_base64="tae+uqhElcdeRN+sfmUh3iEkV5k="></latexit><latexit sha1_base64="tae+uqhElcdeRN+sfmUh3iEkV5k="></latexit><latexit sha1_base64="tae+uqhElcdeRN+sfmUh3iEkV5k="></latexit>

Drop

�q
SV =

✓
CF

CA

◆
�g

SV
<latexit sha1_base64="bgNX7LQyQ5liKyvnt/xXpw+glXg="></latexit><latexit sha1_base64="bgNX7LQyQ5liKyvnt/xXpw+glXg="></latexit><latexit sha1_base64="bgNX7LQyQ5liKyvnt/xXpw+glXg="></latexit><latexit sha1_base64="bgNX7LQyQ5liKyvnt/xXpw+glXg="></latexit>

�q
NSV 6=

✓
CF

CA

◆
�g

NSV
<latexit sha1_base64="YDMCrSpipCdr2H+tK95PmnEmWo0="></latexit><latexit sha1_base64="YDMCrSpipCdr2H+tK95PmnEmWo0="></latexit><latexit sha1_base64="YDMCrSpipCdr2H+tK95PmnEmWo0="></latexit><latexit sha1_base64="YDMCrSpipCdr2H+tK95PmnEmWo0="></latexit>

To all orders in the coupling

Beaks down beyond second order!

Properties:

``Maximally non-abelian’’

�b
NSV 6= �q

NSV
<latexit sha1_base64="sgSAC0E9LG0lLA+8DqD4Qjp9nIQ="></latexit><latexit sha1_base64="sgSAC0E9LG0lLA+8DqD4Qjp9nIQ="></latexit><latexit sha1_base64="sgSAC0E9LG0lLA+8DqD4Qjp9nIQ="></latexit><latexit sha1_base64="sgSAC0E9LG0lLA+8DqD4Qjp9nIQ="></latexit>

}
<latexit sha1_base64="V6wWi85p5KWYqfe8krMk+WTnid0="></latexit><latexit sha1_base64="V6wWi85p5KWYqfe8krMk+WTnid0="></latexit><latexit sha1_base64="V6wWi85p5KWYqfe8krMk+WTnid0="></latexit><latexit sha1_base64="V6wWi85p5KWYqfe8krMk+WTnid0="></latexit>

    Structure of SV and NSV



56

�c(q
2, z) = Cc

0(q
2) C exp

 
2 c

D(q
2, z)

!
,

<latexit sha1_base64="h1eEcTiL6mv6ApRrAWVFg+WHgX4="></latexit><latexit sha1_base64="h1eEcTiL6mv6ApRrAWVFg+WHgX4="></latexit><latexit sha1_base64="h1eEcTiL6mv6ApRrAWVFg+WHgX4="></latexit><latexit sha1_base64="h1eEcTiL6mv6ApRrAWVFg+WHgX4="></latexit>

 c
D(q

2, z) =
1

2

Z q2(1�z)2

µ2
F

d�2

�2
P 0
cc(as(�

2), z) +Qc(as(q
2(1� z)2), z)

<latexit sha1_base64="hhuYczX6VbsGloi5xb3N1DFQxbU="></latexit><latexit sha1_base64="hhuYczX6VbsGloi5xb3N1DFQxbU="></latexit><latexit sha1_base64="hhuYczX6VbsGloi5xb3N1DFQxbU="></latexit><latexit sha1_base64="hhuYczX6VbsGloi5xb3N1DFQxbU="></latexit>

Cc
0

<latexit sha1_base64="JVJyH77+XAD05nGelm4zH/G4UoM="></latexit><latexit sha1_base64="JVJyH77+XAD05nGelm4zH/G4UoM="></latexit><latexit sha1_base64="JVJyH77+XAD05nGelm4zH/G4UoM="></latexit><latexit sha1_base64="JVJyH77+XAD05nGelm4zH/G4UoM="></latexit>

Process dependent constant 
Process independent (Universal):   
SV+NSV part of Alatarell-Parisi splitting 
function
Process dependent function Qc(z)

<latexit sha1_base64="3CHNyVkptd0Dc3i1DGD6ZwXJ9J0="></latexit><latexit sha1_base64="3CHNyVkptd0Dc3i1DGD6ZwXJ9J0="></latexit><latexit sha1_base64="3CHNyVkptd0Dc3i1DGD6ZwXJ9J0="></latexit><latexit sha1_base64="3CHNyVkptd0Dc3i1DGD6ZwXJ9J0="></latexit>

P 0
cc(z)

<latexit sha1_base64="5uiXVGt1OmSeIMSjFACXlxzRwQ8="></latexit><latexit sha1_base64="5uiXVGt1OmSeIMSjFACXlxzRwQ8="></latexit><latexit sha1_base64="5uiXVGt1OmSeIMSjFACXlxzRwQ8="></latexit><latexit sha1_base64="5uiXVGt1OmSeIMSjFACXlxzRwQ8="></latexit>

Integral representation:

Exponent:

     Integral Representa0on 
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�c(z) = C exp

✓
 c

�
q2, µ2

R, µ
2
F , z, "

�◆����
"=0

<latexit sha1_base64="7o+lTzsQA7b0saj/tV/wjJtCZfM="></latexit><latexit sha1_base64="7o+lTzsQA7b0saj/tV/wjJtCZfM="></latexit><latexit sha1_base64="7o+lTzsQA7b0saj/tV/wjJtCZfM="></latexit><latexit sha1_base64="7o+lTzsQA7b0saj/tV/wjJtCZfM="></latexit>

�c
J,k =

1X

i=0

ais�
c,(i)
J,k

<latexit sha1_base64="wVHzDLqGOXOihmBMLTv1hCW0FeY="></latexit><latexit sha1_base64="wVHzDLqGOXOihmBMLTv1hCW0FeY="></latexit><latexit sha1_base64="wVHzDLqGOXOihmBMLTv1hCW0FeY="></latexit><latexit sha1_base64="wVHzDLqGOXOihmBMLTv1hCW0FeY="></latexit>

Perturbative expansion: 

SV  

NSV 

     Perturba0ve predic0ons

=
1X

k=0

�c
D,k

 
logk(1� z)

1� z

!

+

+�c
� �(1� z)

<latexit sha1_base64="METnAcqKWkibdcoxszP8tvIvEjw="></latexit><latexit sha1_base64="METnAcqKWkibdcoxszP8tvIvEjw="></latexit><latexit sha1_base64="METnAcqKWkibdcoxszP8tvIvEjw="></latexit><latexit sha1_base64="METnAcqKWkibdcoxszP8tvIvEjw="></latexit>

+
1X

k=0

�c
L,k logk(1� z)

<latexit sha1_base64="zbSkjCOXOfFvC0cEyteF1B6g19c="></latexit><latexit sha1_base64="zbSkjCOXOfFvC0cEyteF1B6g19c="></latexit><latexit sha1_base64="zbSkjCOXOfFvC0cEyteF1B6g19c="></latexit><latexit sha1_base64="zbSkjCOXOfFvC0cEyteF1B6g19c="></latexit>

Predictive Power:   
Lower order results decide ``Certain `` higher order SV and NSV terms to all 
orders  
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�c(z) = C exp

✓
 c

�
q2, µ2

R, µ
2
F , z, "

�◆����
"=0

<latexit sha1_base64="7o+lTzsQA7b0saj/tV/wjJtCZfM="></latexit><latexit sha1_base64="7o+lTzsQA7b0saj/tV/wjJtCZfM="></latexit><latexit sha1_base64="7o+lTzsQA7b0saj/tV/wjJtCZfM="></latexit><latexit sha1_base64="7o+lTzsQA7b0saj/tV/wjJtCZfM="></latexit>

All order exponentiation can predict  to all orders from lower orders:

=
1X

i=0

ais �(i)
c (z)

<latexit sha1_base64="r2ZH+3/3GExe0wGFKhuXd6kQAVE="></latexit><latexit sha1_base64="r2ZH+3/3GExe0wGFKhuXd6kQAVE="></latexit><latexit sha1_base64="r2ZH+3/3GExe0wGFKhuXd6kQAVE="></latexit><latexit sha1_base64="r2ZH+3/3GExe0wGFKhuXd6kQAVE="></latexit>

Lz = log(1� z)
<latexit sha1_base64="cItZNUqWq0z0PnCPRzBYtndxAA4="></latexit><latexit sha1_base64="cItZNUqWq0z0PnCPRzBYtndxAA4="></latexit><latexit sha1_base64="cItZNUqWq0z0PnCPRzBYtndxAA4="></latexit><latexit sha1_base64="cItZNUqWq0z0PnCPRzBYtndxAA4="></latexit>

Dk =

 
logk(1� z)

1� z

!

+
<latexit sha1_base64="mK+ay9aQ004TbFlmlV+algHkZG0="></latexit><latexit sha1_base64="mK+ay9aQ004TbFlmlV+algHkZG0="></latexit><latexit sha1_base64="mK+ay9aQ004TbFlmlV+algHkZG0="></latexit><latexit sha1_base64="mK+ay9aQ004TbFlmlV+algHkZG0="></latexit>

     All order perturba0ve predic0ons
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4th order QCD prediction for Drell-Yan production

4th order QCD prediction for Higgs production in gluon fusion

     Fourth order predic0on

Vogt,Moch et al,  
DeFlorian et al, Das et al
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+ · · ·
<latexit sha1_base64="ydSrOazMnHrfuH1sdbiWRHpEeFA="></latexit><latexit sha1_base64="ydSrOazMnHrfuH1sdbiWRHpEeFA="></latexit><latexit sha1_base64="ydSrOazMnHrfuH1sdbiWRHpEeFA="></latexit><latexit sha1_base64="ydSrOazMnHrfuH1sdbiWRHpEeFA="></latexit>

�c
N = 1 + as

h
c21 log

2 N + c11 logN + c01 + d11
logN

N
+O(1/N)

i

<latexit sha1_base64="7SfwAM7bKZS6RmIBiMMI3D6wb5M="></latexit><latexit sha1_base64="7SfwAM7bKZS6RmIBiMMI3D6wb5M="></latexit><latexit sha1_base64="7SfwAM7bKZS6RmIBiMMI3D6wb5M="></latexit><latexit sha1_base64="7SfwAM7bKZS6RmIBiMMI3D6wb5M="></latexit>

+a2s

h
c42 log

4 N + · · ·+ c02 + d32
log3 N

N
+ · · ·+O(1/N)

i

<latexit sha1_base64="4NdAp8gZSHLKsWgR/LhHmlcYZ7o="></latexit><latexit sha1_base64="4NdAp8gZSHLKsWgR/LhHmlcYZ7o="></latexit><latexit sha1_base64="4NdAp8gZSHLKsWgR/LhHmlcYZ7o="></latexit><latexit sha1_base64="4NdAp8gZSHLKsWgR/LhHmlcYZ7o="></latexit>

+ans

h
c2nn log2n N + · · ·+ d2n�1

n
log2n�1 N

N
+ · · ·+O(1/N)

i

<latexit sha1_base64="eAce83hn0peSkUdOfSKnrJYEESU="></latexit><latexit sha1_base64="eAce83hn0peSkUdOfSKnrJYEESU="></latexit><latexit sha1_base64="eAce83hn0peSkUdOfSKnrJYEESU="></latexit><latexit sha1_base64="eAce83hn0peSkUdOfSKnrJYEESU="></latexit>

Structure of Next to SV terms

Can one resume terms of the form                 to all orderslogk N

N<latexit sha1_base64="mS+CMtLTFc6r2e/VOUoRqhgrLw4="></latexit><latexit sha1_base64="mS+CMtLTFc6r2e/VOUoRqhgrLw4="></latexit><latexit sha1_base64="mS+CMtLTFc6r2e/VOUoRqhgrLw4="></latexit><latexit sha1_base64="mS+CMtLTFc6r2e/VOUoRqhgrLw4="></latexit>

as logN
<latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit><latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit><latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="MKZSujLuVqO7KkjPxhT7aq4wLl0="></latexit><latexit sha1_base64="TOFvSF7ZPOf3t4kjcPEinHCzU1g="></latexit><latexit sha1_base64="cTKb7ZQ6hdl4gF9Iuhjn3STDVcU="></latexit><latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit><latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit><latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit><latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit><latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit><latexit sha1_base64="ZdKcVy14/RUOWjC7RXJaw1HaYec="></latexit>

is of order `one`  when       is very 
small at every order  1/N 

as
<latexit sha1_base64="+qax/r0e3RINIjr3+XFUz/jwYNM="></latexit><latexit sha1_base64="+qax/r0e3RINIjr3+XFUz/jwYNM="></latexit><latexit sha1_base64="+qax/r0e3RINIjr3+XFUz/jwYNM="></latexit><latexit sha1_base64="+qax/r0e3RINIjr3+XFUz/jwYNM="></latexit>

     Structure of NSV logs
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�c(q
2, z) = Cc

0(q
2) C exp

 
2 c

D(q
2, z)

!
,
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D(q

2, z) =
1

2

Z q2(1�z)2

µ2
F

d�2

�2
P 0
cc(as(�

2), z) +Qc(as(q
2(1� z)2), z)
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�c
N (q2) =

Z 1

0
dz zN�1�c(q

2, z)
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Using z-space Integral representation

where
Mellin moment 

= Cc
0(q

2) e 
c
sv,N (q2,!)+ c

nsv,N (q2,!)
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! = 2 as(µ
2
R) �0 logN
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sv,N = g1(w) logN +

1X

n=0

ans gn+1(w)
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nsv,N =

1

N

1X

n=0

nX

k=0

hnk(w) a
n
s log

k N
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where,
Already known!

New Result

      Resumma0on of NSV logs



 Integration By Parts (IBP)



Consider

IBP

Master Integral

 IBP at one-loop 



 Lorentz Invariance 



Satisfies differential equation

Simplest Integral :

 Differential eqns. for Integrals 


