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Introduction: Covariant approach
• The most general scalar-tensor theories without the Ostrogradski ghost

    : (Beyond) Horndeski Theories

L2 = G2(Φ, X)

Horndeski 74, Deffayet et al. 11, Zumalacárregui 
and García-Bellido 14, Gleyzes et al. 14

L3 = G3(Φ, X) □ Φ

Φμ ≡ ∇μΦ
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• DHOST Theories: Lagrangian contains second-order derivatives  
of a scalar field Langlois and Noui 15,  Langlois 17
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• Effective Field Theory of Inflation/Dark Energy

ds2 = − dt2 + a(t)2dxidxi

Cheung et al. 08, Gubitosi et al. 
12, and many others

 spontaneously breaks time diffeomorphism Φ(t)

S = ∫ d4x −g L[t; N, Ki
j ,

(3)R, …]

ds2 = − N2dt2 + hij(Nidt + dxi)(Njdt + dxj)The action is invariant under 3d diff.

• Efficient way to study a perturbation around fixed background



Introduction: EFT approach

SEFT = ∫ d4x −g[ M2
*

2
f(t)R − Λ(t) − c(t)g00 +

m2
2(t)
2

(δg00)2 −
m3

3(t)
2

δg00δK − m2
4(t)δ𝒦2

• EFT of Dark Energy in unitary gauge:  δΦ(t) = 0

+
m̃2

4(t)
2

δg00(3)R −
m2

5(t)
2

δg00δ𝒦2 −
m6(t)

3
δ𝒦3 − m̃6(t)δg00δ𝒢2 −

m7(t)
3

δg00δ𝒦3]

δ𝒦2 ≡ δK2 − δKμ
ν δKν

μ

δ𝒢2 ≡ δKμ
ν

(3)Rν
μ − δK(3)R/2

δg00 = 1 + g00 δKμ
ν = Kμ

ν − Hδμ
ν

δ𝒦3 ≡ δK3 − 3δKδKμ
ν δKν

μ + 2δKν
μδKμ

ρ δKρ
ν
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around stealth solutions e.g. DHOST or Horndeski

The problem typically arises when  since   cs → 0 ENL ∼ cs
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Introduction: Motivation
Is it possible to formulate an EFT of perturbations on an inhomogeneous 
background with timelike scalar profile?

e.g. Schwarzschild—dS, Schwarzschild—FRW 

• The EFT of perturbations on a black hole background with spacelike scalar profile 
(Franciolini et al. 18, Hui et al. 2)

A. Single EFT that works on both cosmological and black hole regimes: DE + BH

B. Accommodate the scordatura mechanism avoiding strong coupling problem 

around stealth solutions e.g. DHOST or Horndeski
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Mukohyama 05• Timelike scalar solution on Schwarzschild background 

Stealth solution i.e. non-trivial scalar profile on a metric of GR 

S = ∫ d4x −g P(X)

The solution is  with constant Φ(τ) = −X0 τ X0

P′ (X0) = 0TΦ
μν = P(X0)gμν

ds2 = − dτ2 +
rs

r
dρ2 + r2dΩ2

r(τ, ρ) = r1/3
s [ 3

2
(ρ − τ)]

2/3

Lemaitre coordinates uμ = − ∂μΦ : timelike everywhere

-constantτ
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ds2 = − N2dτ2 + hij(dxi + Nidτ)(dxj + Njdτ) gττ = − 1/N2

S = ∫ d4x −g F(Rμναβ, gττ, Kμν, ∇ν, τ)

•  breaks -diffeo. spontaneously Φ̄(τ) τ

This action is invariant under 3d diffeo and valid for generic background 
geometries   

Kμν ≡ hσ
μ ∇σnν
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They do not transform as a scalar under spatial diffeo.
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Dictionary w/ quadratic HOST theories

see S. Mukohyama, K. Takahashi and VY 22
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B(r)
+ r2dΩ2dΩ2 = dθ2 + sin2 θdϕ2

• Background metric:   ds2 = − dτ2 + [1 − A(r)]dρ2 + r2dΩ2

• Background scalar:         Φ̄(τ) = μ2τ ⇒ X̄ = − μ4

• Shift- and -symmetries:   and  Z2 Φ → Φ + const . Φ → − Φ

Stadpole = ∫ d4x −g[ M2
⋆

2
R − Λ(y) − c(y)gττ − β̃(y)K − α(τ)K̄μ

νKν
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• Stealth Schwarzschild—dS solution in shift and  symmetric DHOST: 
 (Motohashi and Minamitsuji 19, Achour and Liu 19)

Z2

A(r) = 1 −
rs

r
−

Λc

3
r2

f = 1
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R − Λ(y) − c(y)gττ − β̃(y)K − α(τ)K̄μ

νKν
μ +

1
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M2
3(y)δKμ

ν δKν
μ]

• Quadratic Lagrangian with  :A(r) ≠ B(r)

ℒ2 = p1h2
0 + p2h2

1 + p3[(
·h1 − ∂ρh0)2 + 2p4h1∂ρh0]

• Integrate out  and introduce :(h0, h1) χ ℒ2 = s1
·χ2 − s2(∂ρχ)2 − s3χ2

j2 ≡ ℓ(ℓ + 1)

s1 = −
( j2 − 2)p2

3

p̃2
s2 =

( j2 − 2)p2
3

p1
s3 = ( j2 − 2)p3 [1 +

p3p2
4

p̃2
− ( p1 + p̃2

p1p̃2

·p3)
⋅

− p3 ( p4

p̃2 )
⋅

]

 in shift and  DHOST

(Takahashi and Motohashi 21)
p4 = 0 Z2

p̃2 ≡ p2 − (p3p4)⋅ − p3p2
4
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| ḡττ |
s2

s1
=

M2
⋆

M2
⋆ + M2

3
+

r2p2
4

j2 − 2• Radial sound speed:

-dependent when ℓ p4 ≠ 0

• Angular sound speed: c2
θ = lim

ℓ→∞

r2
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• Formulated the EFT on an inhomogeneous background with 

• Studying odd-sector with the EFT and shift- and - symmetries

Φ̄(τ)
Z2

• Determine a spectrum of quasi-normal modes in both sectors

• Study a dynamics of even-parity perturbations

• Generalize our EFT to a stationary and axisymmetric black hole 

• Apply the same procedure to EFT of vector-tensor theories 

   (Work in progress w/ K. Aoki, M. A. Gorji, S. Mukohyama, & K. Takahashi)

Conclusions

Future directions

https://arxiv.org/search/hep-th?searchtype=author&query=Aoki%2C+K


Backup



Relevant scales of the EFT 

E ≡ max{ | (3)R̄ |1/2 , | (3)R̄μ
ν

(3)R̄ν
μ |1/4 , | K̄ | , | K̄μ

νK̄ν
μ |1/2 , | (3)R̄μ

νK̄ν
μ |1/3 }

Define an energy scale E in a region of interest

It captures a relevant scale of background geometry e.g.  for flat FRW caseE ∼ H

Let  be a cutoff and  be a Lorentz breaking scale e.g.  and  for EFT of DE Λ⋆ μ Λ⋆ ∼ Λ3 μ ∼ Λ2

We assume  and μ ≫ Λ⋆ E < Λ⋆

f ∼ 𝒪(1) , Λ ∼ 𝒪(M2
⋆E2) , β ∼ α ∼ 𝒪(M2

⋆E) , γ ∼ 𝒪(M2
⋆)

m4
2 ∼ 𝒪(M2

⋆E2) , M3
1 ∼ 𝒪(M2

⋆E) , M2
3 ∼ 𝒪(M2

⋆) , μ2
1 ∼ 𝒪(M2

⋆)

M4 ∼ M5 ∼ 𝒪(M2
⋆EΛ−2

⋆ ) , μ2 ∼ μ3 ∼ 𝒪(M2
⋆Λ−2

⋆ )



Decoupling limit action for π
Neglect the mixing with gravity   no need to solve for  and ⇒ N Ni

S = ∫ d4x −g[ M2
⋆

2
f(y)R − Λ(y) − c(y)gττ +

1
2

m4
2(y)(δgττ)2 +

1
3!

m4
3(y)(δgττ)3]

Use     gττ → gττ + 2gτμ∂μπ + gμν∂μπ∂νπ

Sπ = ∫ dτd3x̃ −g csc[( ·π2 − hij∂̃iπ∂̃jπ) + c2
s ( 1

c2
s

− 1) ·π( ·π2 − hij∂̃iπ∂̃jπ) +
8
3

m4
3c2

s

c
·π3]

where    and    xi = csx̃i
1
c2

s
≡ 1 +

2m4
2

c
ℒ2

ℒ3
∼ 1 ⇒ ECubic ∼

(csM2
⋆E2)1/4

1 − c2
s

Strong coupling scale above which  
becomes important compared to 

ℒ3
ℒ2



Dictionary e.g. Quartic Horndeski 
L4 = G4(Φ, X)R − 2G4X(Φ, X)(□Φ2 − ∇ν ∇μΦ∇ν ∇μΦ)

This can be rewritten as L4 = G4
(3)R + (2XG4X − G4)𝒦2 − 2 −XG4ΦK 𝒦2 ≡ K2 − KμνKμν = 2K2/3 − σμνσμν

Determine  and its derivatives e.g.F̄ F̄ = Ḡ4
(3)R̄ + (2ḡττ ·̄

Φ2Ḡ4X − Ḡ4)�̄�2 − 2 −ḡττ ·̄
ΦK̄Ḡ4Φ , F̄(3)R = Ḡ4

Use the matching we obtain

M2
⋆ f = 2Ḡ4 Λ = ḡττ ·̄

Φ2Ḡ4X((3)R̄ + 3�̄�2) + 2(−ḡττ)2 ·̄
Φ4Ḡ4XX�̄�2 − −ḡττ ·̄

ΦK̄Ḡ4Φ + 2(−ḡττ)3/2 ·̄
Φ3K̄Ḡ4ΦX

Applicable for any solution of Φ̄(τ)

c = −
·̄

Φ2Ḡ4X
(3)R̄ − 𝒢4�̄�2 −

1
−ḡττ

·̄
ΦK̄Ḡ4Φ + 2 −ḡττ ·̄

Φ3K̄Ḡ4ΦX β = −
8
3

ḡττ ·̄
Φ2K̄Ḡ4X + 2 −ḡττ ·̄

ΦḠ4Φ , αμ
ν = 4ḡττ ·̄

Φ2Ḡ4Xσ̄μ
ν

m4
2 =

·̄
Φ4Ḡ4XX

(3)R̄ + (3
·̄

Φ4Ḡ4XX + 2ḡττ ·̄
Φ6Ḡ4XXX)�̄�2 +

1
2(−ḡττ)3/2

·̄
ΦK̄Ḡ4Φ +

2
−ḡττ

·̄
Φ3K̄Ḡ4ΦX − 2 −ḡττ ·̄

Φ5K̄Ḡ4ΦXX

M3
1 =

8
3

K̄𝒢4 +
2

−ḡττ

·̄
ΦḠ4Φ − 4 −ḡττ ·̄

Φ3Ḡ4ΦX , M2
2 = 4ḡττ ·̄

Φ2Ḡ4X , M2
3 = − 4ḡττ ·̄

Φ2Ḡ4X , μ2
1 = 2

·̄
Φ2Ḡ4X , λμ

1 ν = − 4𝒢4σ̄
μ
ν



Schwarzschild solution

A(r) = B(r) = 1 −
rs

r

ḡττ = − 1 , K̄(τ, ρ) = −
3

2r(τ, ρ)
rs

r(τ, ρ)
, (3)R̄ = 0

r(τ, ρ) = r1/3
s [ 3

2
(ρ − τ)]

2/3

ds2 = − dτ2 + [1 − A(r)]dρ2 + r2dΩ2



Gauge transformation

• Under   andxμ → xμ + ϵμ ϵτ = ϵρ = 0 , ϵa = ∑
ℓ,m

Ξℓm(τ, ρ)Eab ∇̄bYℓm(θ, ϕ)

h0 → h0 − ·Ξ , h1 → h1 − ∂ρΞ , h2 → h2 − 2Ξ

• Choose    Ξ = h2/2 ⇒ h2 = 0



Parameters p’s
• Quadratic Lagrangian from EFT with  and  and shift symmetries:A(r) = B(r) Z2

p3 ≡
(M2

⋆ f + M2
3)r4

2 1 − A

• Integrate out  :(h0, h1)

h0 = −
∂ρ(p3χ)

p1
h1 =

(p3χ)⋅ + p3p4 χ
p̃2

p1 ≡
1
2

( j2 − 2)r2 1 − A (M2
⋆ + M2

3) p2 ≡ − ( j2 − 2)
r2M2

⋆

2 1 − A
+ (p3p4)⋅

ℒ2 = p1h2
0 + p2h2

1 + p3[(
·h1 − ∂ρh0)2 + 2p4h1∂ρh0]

p4 ≡
B

A(1 − A) ( A′ 

2
+

1 − A
r ) α + M2

3

M2
⋆ + M2

3

ℒ2 = p1h2
0 + p̃2h2

1 + p3[−χ2 + 2χ( ·h1 − ∂ρh0 − p4h1)]

p̃2 ≡ p2 − (p3p4)⋅ − p3p2
4



Parameters s’s
ℒ2 = s1

·χ2 − s2(∂ρχ)2 − s3χ2

s1 =
j2 − 2

2 1 − A

(M2
⋆ + M2

3)2r6

( j2 − 2)M2
⋆ + (M2

⋆ + M2
3)r2p2

4
s2 =

(M2
⋆ + M2

3)r6

2(1 − A)3/2

s3 = j2 (M2
⋆ + M2

3)r4

2 1 − A
+ 𝒪( j0)

s1 > 0 , c2
ρ > 0 , c2

θ > 0

• The absence of ghost and gradient instabilities require:

M2
⋆ + M2

3 > 0 , M2
⋆ > 0



 in  and coordinatesℒ2 (t, r)− (t̃, r)−
dt =

1
A

dτ −
1 − A

A
dρ• We use dr = −

B(1 − A)
A

dτ +
B(1 − A)

A
dρ

ℒ2 = a1(∂t χ)2 − a2(∂r χ)2 + 2a3(∂t χ)(∂r χ) − s3χ2

a1 =
s1 − (1 − A)2s2

A3B(1 − A)
a2 =

B(1 − A)
A

(s2 − s1) a3 =
(1 − A)s2 − s1

A

• Remove the crossed term by t̃ = t + ∫
a3

a2
dr r → rand

All the parameters are explicitly independent of t

ℒ2 = b1(∂t̃ χ)2 − b2(∂r χ)2 − s3χ2 b1 = a1 +
a2

3

a2
with

and

b2 = a2and



Dipole perturbations (ℓ = 1)
•  trivially vanishes by definition in terms of spherical harmonicsh2

• Setting  is an incomplete gauge fixing since one is still free 
to choose  up to an arbitrary function of 

∂ρΞ = h1 ⇒ h1 = 0
Ξ τ

• Setting  in  leads to a loss of indep. Eqns of motionh1 = 0 ℒ2

• Eqns of motion for  and :h0 h1

∂ρ[p3(
·h1 − ∂ρh0)] + ∂ρ(p3p4h1) = 0 [p3(

·h1 − ∂ρh0)]⋅ − (p3p4)⋅h1 − p4p3∂ρh0 = 0

• Setting  givesh1 = 0 ·C1(τ) + p4C1(τ) = 0 where p3∂ρh0 = C1(τ)



• For constant :p4 h0 = 2C2e−p4τ ∫ dρ
∂ρr

(M2
⋆ + M2

3)r4

A
B

Dipole perturbations (ℓ = 1)

h0 = −
2C2

3
e−p4τ

(M2
⋆ + M2

3)r3• For :A = B

• For  (as a check):p4 = 0 h0 = −
J

4π(M2
⋆ + M2

3)r3

Angular momentum of 
slowly rotating BH

Dipole perturbations correspond to the angular momentum of slowly rotating BH
e.g. Expanding Kerr metric up to linear order in J gives   #Jdtdϕ

• For  and/or : A ≠ B M2
3 ≠ const . a rotating BH doesn’t belong to Kerr family, 

even at the linear level


