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« DHOST Theories: Lagrangian contains second-order derivatives
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Introduction: EFT approach

» Efficient way to study a perturbation around fixed background

» Effective Field Theory of Inflation/Dark Energy Cheung et al. 08, Gubitosi et al.
12, and many others

ds? = — dt* + a(t)zdxidxi

®(7) spontaneously breaks time diffeomorphism b= it

S = Jd“x —g L[t;N,K,CR, ...]

The action is invariant under 3d diff. ds® = — N2dt* + hy(N'dr + dx')(N'dt + dx’)
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e.g. Schwarzschild—dS, Schwarzschild—FRW

A. Single EFT that works on both cosmological and black hole regimes: DE + BH
B. Accommodate the scordatura mechanism avoiding strong coupling problem
around stealth solutions e.g. DHOST or Horndeski

The problem typically arises when ¢, = 0 since Ey; ~ ¢

o Similar work on the EFT with timelike scalar profile (Khoury et al. 22)

 The EFT of perturbations on a black hole background with spacelike scalar profile
(Franciolini et al. 18, Hui et al. 2)
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* Timelike scalar solution on Schwarzschild background Mukohyama 05

Stealth solution I.e. non-trivial scalar profile on a metric of GR

S = Jd“x —¢ P(X) T2 = P(Xy)g,, P'(X,) = 0

The solution is ®(7) = 4/—X|, 7 with constant X|,

r
ds® = — drv* + =dp* + r’dQ’
r

2/3
(e, p) = 13 Bw - r)]

Lemaitre coordinates s

— 0"® :timelike everywhere



Formulation of the EFT

« EFT action in unitary gauge: 0@ = ()

ds* = — N°dt* + h(dx' + N'dr)(dx' + N'dr)

o 0,® D5
’ —(00)? :
\/ ( _gTT(I)Z
07 = — 1/N? K =h°V n
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EFT action in unitary gauge: 0® = () /@0y -y
ds* = — N*dr* + hj(dx' + N'dr)(dx' + N'dr) 07 = — 1/N2 K, =hoV n,

. ®(7) breaks 7-diffeo. spontaneously

S — [d4X\ / _g F(R/,waﬁ’ gTT, Kﬂya Vy’ T)

This action is invariant under 3d diffeo and valid for generic background
geometries
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Formulation of the EFT

 On a generic background metric:

ogt=g"—g"(r,x) O0K!' = KI/ — IZ’Z(T, X;) 5(3)R,’f = (3)R,’f — (3)1_3’,;‘(1, X;)
e Naive EFT action

M? 1 1 1
S = Jd% [—g [T* f@ R+ A7) — c(z) g7 + —m; (7)(5g7)* + 5M22(7)5K2 + uz(1)6g" R + ...

2 A

They do not transform as a scalar under spatial diffeo.
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Formulation of the EFT

 Each term is not independent — They satisfy a set of consistency relations:

The chain rule for F

d d 057 _ Ok
S L F

—F T, X;) = —F TT, K, (3)I€,T = F T ,
ox! (. %) dx? (8 )BG 5 ox!

Apply the same to an , FK , F@)R etc. = Non-trivial relations among EFT parameters

0 _ d 3 .
_F(Taxi)z_F(gffaKa()IeaT) =F_+F i

ot dar ¢ S ot
BG

The relations involving 7-derivatives are trivially satisfied

-+ Fop

0CR

ox!

* Imposing these relations ensures 3d diff. invariance of the action

_ o
+F,

- =+ ...
ox?
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o EFT action up to second order: y = {7,x;}

5= [atey=[

1 TT\2
5 ()(68™)

—f(y)R AQY) —c(0)g" — P(y)K — a”(y)o' — fo(Y)l” +

1 3 T 1 2 2 1 2 U U 1 (3)
+5M1 (y)og" " oK + EMz (y)oK~“ + 5M3 (V)oK 0K, + 5M4(y)5K5 R

1 1 1 1
+5M5(y)5K/j§(3P” o Hi 2(y)8g" 6 R + S ()SPR* + 3 (1S RISORY +



Formulation of the EFT

» EFT action up to second order: y = {7, x;}

S = Jd‘*x\/fg

M,% Iy 2
—- IR = AQ) = c0)g™ = BOIK = a{ (Vo = v/ (ry + —m3()(5g™)

1 3 T 1 2 2 1 2 U U 1 (3)
+5M1 (y)og* oK + EMz (V)oK + Y ;(VOK} 0K, + 5M4(y)5K5 R

1 1 1 |
+=My(SKLSOR, + =i (138" 6CR + — i (16R + (SRR + .

+ Matching with F :



Formulation of the EFT

o EFT action up to second order: y = {7,x;}

5= [atey=[

1 TT\2
5 ()(68™)

—f(y)R AQY) —c(0)g" — P(y)K — a”(y)o' — fo(Y)l” +

1 3 T 1 2 2 1 2 U U 1 (3)
+5M1 (y)og" " oK + EMz (y)oK~“ + 5M3 (V)oK 0K, + 5M4(y)5K5 R

1 1 1 1
+5M5(y)5K/j§(3P” o Hi 2(y)8g" 6 R + S ()SPR* + 3 (1S RISORY +

+ Matching with F :

VU v

M:fy)=2Fsp  A(QY) =—F+ F K + Fap <(3)R + EKZ — 56" ) F o8 + F 6t + FuF

_ 4 _ _ _
c(y) = = Fyo py) = — Fg— EF@)RK a,(y) = — ov T 2F R0, r,(y) = — Fr;;



Formulation of the EFT

o Consistency relations among EFT parameters:

= 1 D I % 1 = —U 1/ = 1%
0;A + g70.c — EM,%@P(),. f+ gK(M,%Kai f+30.,) — Ea’j(M,%aﬂdi f—20al) + oyt ~0

1 1 _ 1 1 _ ]
0,c +my0,8" + E(Mf + 3115,1;//)(91.1( + Ezfﬂaiz;/; (ui + ghﬁgﬂ)aﬁk 5 3,07 ~ 0




Formulation of the EFT

o Consistency relations among EFT parameters:

—~TT 1 203D I 2 1 — U 2 =U U =1 .U
0N+ 870 = —MOROf + - KOMKO,f +30,) = S5L(M3540,f = 20,!) + FL0jz, = 0

U 2071 UV

1 1 _ 1 1 _ ]
0,c +my0,8" + E(Mf + ghﬁfﬂ)ail( + 5,1'; 06" + (ui + ghﬁgﬂ)aﬁ)fe 5 AL o ~ ()

 EFT corresponding to Horndeski theories:



Formulation of the EFT

o Consistency relations among EFT parameters:

—~TT 1 203D I 2 1 — U 2 =U U =1 .U
0N+ 870 = —MOROf + - KOMKO,f +30,) = S5L(M3540,f = 20,!) + FL0jz, = 0

1 1 _ 1 1 _ ]
0,c +my0,8" + E(Mf + 3115,1;//)(91.1( + Ezfﬂaiz;/; (ui + ghﬁgﬂ)aﬁk 5 3,07 ~ 0

 EFT corresponding to Horndeski theories:
2

M 1
5 = Jd“x\/—g T*f(y)R — A(Y) — (g™ = PWK —a,(y)o, — v, (W), + Emzz()’)@g”)z
1 1 1
+5M13(y)5g”5[{ + 17 (y)8g"6VR — > TN(6K* — 5K!6K?) + 1y (6KSVR/2 — 5KY6PRY)

1 ) 3
5 MD:6gT8KY + A(y): (687 6V RY 12 — 5KSKY/3)



Formulation of the EFT

o Consistency relations among EFT parameters:

—~TT 1 203D I 2 1 — U 2 =U U =1 .U

1 1 _ 1 1 _ ]
0,c +my0,8" + E(Mf + ghﬁfﬂ)ail{ + Eﬂfﬂal&/j (ui + ghﬁgﬂ)aﬁ)}e 5 3,07 ~ 0

 EFT corresponding to Horndeski theories:
4 Mi T7T U U U U 1 2 TT\2
5= 1d"x /-8 N JOIR — A(y) — c(v)g™ — POWK — a,(V)o, — v, (W), + 5 ()(6g™)
1 1 |
3 TT 2 77 (3 2 2 U ~ 3 3)pur
+5M1 (y)6g 76K + SHi (y)0g 6P R — > TN(6K* — 5K!6K?) + 1y (6KSVR/2 — 5KY6PRY)

| - . . .
VS ATT S H Ve SaTTSGpu i~ 1 Dictionary w/ quadratic HOST theories
Zil(y)ﬂég oK, + A0y )/“‘(5g 0-R, 12 — 0KoK,13) see S. Mukohyama, K. Takahashi and VY 22



Static Spherically Symmetric case

e Background metric: ds? = — dz? + [1 — A(r)]dp? + r’dQ?
dﬂz = d@z + SiIl2 9d¢2 dS2 — A(F)dtz | er | I"Zdﬂz
B(r)
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Static Spherically Symmetric case

e Background metric: ds? = — dz? + [1 — A(r)]dp? + r’dQ?

d
2 = — A(PdR + —— + 12402
B(r)

2
dQ? = dO? + sin’ Odgh* J

e Background scalar: ®(7) = u*c = X=-u*

o Shift- and Z,-symmetries: ® - ® + const. and ® - — O

tadpo]e = Jd4x\/_ [ “R — A(y) —c(y)g** E(Y)K — Of(T)IZ/IjK,I;



Static Spherically Symmetric case

e Background metric: ds? = — dz? + [1 — A(r)]dp? + r’dQ?

2
402 = d6? + sin? 0dep> ds? = — A+ 4 2ao?

B(r)

e Background scalar: ®(7) = u*c = X=-u*

o Shift- and Z,-symmetries: ® - ® + const. and ® - — O

tadpo]e = Jd4x\/_ [ “R — A(y) —c(y)g** E(Y)K — Of(T)IZ/IjK,I;

* Stealth Schwarzschild—dS solution in shift and Z, symmetric DHOST:

r. A
A)=1—-——= — ?Crz (Motohashi and Minamitsuji 19, Achour and Liu 19)
r
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Application: Odd-parity sector

» Metric perturbations (no scalar): 0g,, = 8,, — 8, 08, = 08, = 68,,=0

5gz'a — Z rzho,fm(fa p)Eab vbem(Ha ¢) égpa — Z rzhl,fm(Ta p)Eab vbljfm(ea ¢)
C,m .m

59 = Z P2y (T PIEEV 1 Vi) Y0 )
£.m



Application: Odd-parity sector
» Metric perturbations (no scalar): 0g,, = 8,, — 8, 08, = 08, = 68,,=0
6g. = Z rzho,fm(f, PME®’V,Y, (0, ) 08 pq = Z thlfm(f, PME’V,Y, (0,)
£ m £ m

a=1{0,¢}
58 = Y Iy p(T. PEEY Vi Y0, )
£.m
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» Metric perturbations (no scalar): 0g,, = 8,, — 8, 08, = 08, = 68,,=0
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Application: Odd-parity sector

» Metric perturbations (no scalar): 0g,, = 8,, — 8, 08, = 08, = 68,,=0

5gz'a — Z rzho,fm(fa p)Eab vbem(Ha ¢) 5gpa — Z rzhl,fm(fa p)Eab vbljfm(ga ¢)
£,m A £, m *

-

Epsilon tensor on S, |

59 = Z P2y (T PIEEV 1 Vi) Y0 )
£.m

a = {6’, ¢} QCovariant 2 ‘

» Gauge transformation: x* —- x*+¢¥ = h, =0

» Only one physical degree of freedom — (/, i;) aren’t physical
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 The odd EFT action up to second order:
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Application: Odd-parity sector

 The odd EFT action up to second order:

M? - _ 1
Sodd = Jd“x\/—g [T*R — A(Y) — c()g™ — PK — a(t)KLK! + —M3(y)5K! 6K

2

e Quadratic Lagrangian with A(r) # B(r) :
p. = 0in shift and Z, DHOST

L, = plhg + poh? + pal(fy — aphO)z + 24,0 o] (Takahashi and Motohashi 21)

+ Integrate out (hy, h;) and introduce y: 5 = 57" — 5,(0, )" — 53

2 _ )2 2 _ )2 . i (pi+Dy. \ 2%
Slz—(] . p: s2=(J P s3=(j°=2)p; |1 +—— - —P3 ) — P3| —
D> D1 P2 P1P2

JP=L(E+ 1) Py =Py — (P3Py) —P3Pf



Application: Odd-parity sector

5 2 2.2
7 Epp 52 M, Py

 Radial sound speed: ¢, =— = T -
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Application: Odd-parity sector

| % 2
» Radial sound speed: ¢, = o 2 ia” + P
[8ecl 51 Mz+Ms  j° =2




Application: Odd-parity sector

. 8pp 8 M, rpi
* Radial sound speea: cg = = = 4 -
‘gTT‘ 31

2

5 r

e Angular sound speed: ¢, = lim ——-
P e |8l s MR+ M




Application: Odd-parity sector

| g S M2 7'2 2
 Radial sound speed: C,% = _pp —= = 5 - > T =
‘gTT‘ 51 M* T M3 J 2

£-dependent when p, # 0|

2 M

o : r 53 *

» Angular sound speed: ¢ = lim ——— N YE
(~o | 8| JoS1 My + M;

« Regge-Wheeler eq. in (¢, r) coordinates:



Application: Odd-parity sector

5 2
0 Spp S2 M

» Radial sound speed: ¢, =-— = T -
‘gTT‘ 31

2

’ r

e Angular sound speed: ¢, = lim ——-
T oo |8l 2 MR

e Regge-Wheeler eq. in (¢, r) coordinates: ¥ =




Application: Odd-parity sector

5 2
0 Spp S2 M

» Radial sound speed: ¢, =-— = T -
‘gTT‘ 31

2

’ r

e Angular sound speed: ¢, = lim ——-
T oo |8l 2 MR

e Regge-Wheeler eq. In (£, r) coordinates: ¥ =
sfe g. in (z, 1) | AR

Y 0¥
— —C
012 " orZ
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Application: Odd-parity sector

5 2
0 Spp S2 M

» Radial sound speed: ¢, =-— = T -
‘gTT‘ 31

2

’ r

e Angular sound speed: ¢, = lim ——-
T oo |8l 2 MR

e Regge-Wheeler eq. In (£, r) coordinates: ¥ =
sfe g. in (z, 1) | AR

Y 0¥
— —C
012 " orZ

+ Veﬁ‘lI’ — O




Application: Odd-parity sector

5 2
) Spp S2 M

» Radial sound speed: ¢, =-— = T -
‘gm" 31

2

5 r

e Angular sound speed: ¢, = lim ——-
T oo |8l 2 MR




Application: Odd-parity sector

5 2
y Spp S2 M

» Radial sound speed: ¢, =-— = T -
‘gn" 31

2

’ r

e Angular sound speed: ¢, = lim ——-
T oo |8l 2 MR

(AB)1/4
NEE—— o T
'New time coord. due to | — —C 4 VefflP — ()
lthecrossed termin &£, | T4

—

i’zltortoijse ﬁzoordinate: = \ J'




Application: Odd-parity sector

8oy S
+ Radial sound speed: 2 =———=
‘gn" 51

7‘2

« Angular sound speed: ¢, = lim

{00 ‘gffl szl Mﬂz(+M32

'New time coord. |
lthe crossed term in &, | ™4
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Conclusions/Future directions

Conclusions

» Formulated the EFT on an inhomogeneous background with ®(7)
e Studying odd-sector with the EFT and shift- and Z,- symmetries

Future directions

 Determine a spectrum of quasi-normal modes in both sectors

o Study a dynamics of even-parity perturbations

* (Generalize our EFT to a stationary and axisymmetric black hole

* Apply the same procedure to EFT of vector-tensor theories
(Work in progress w/ K. Aoki, M. A. Gorji, S. Mukohyama, & K. Takahashi)


https://arxiv.org/search/hep-th?searchtype=author&query=Aoki%2C+K




Relevant scales of the EFT

Define an energy scale E in a region of interest
E = max{|CR|", |CRICR [, | K|, | KUK, 12, | CRUK 1T )

It captures a relevant scale of background geometry e.g. &£ ~ H for flat FRW case

Let A, be a cutoff and u be a Lorentz breaking scale e.g. A, ~ A;and u ~ A, for EFT of DE

We assume > A, and £ < A,
f~00), A~OMIE?), B~a~OME), y~ OM?)
m; ~ OMZE*), M}~ OME), M;~OM;), ui~ OM;)

M, ~Ms ~ OMZEN?) ,  py ~ s ~ O(MZAL?)



Decoupling limit action for =

Neglect the mixing with gravity = no need to solve for N and NV,

M? 1
— d4 — % R — A _ TT_l_ 51’1‘2 51‘1‘3
J Xy/ g[ > J(y) ) —c(y)g 2mz(y)( g") + P m3 (y)(68™)
Use g% — g"+2¢™0,n+ g"o o,
- .2 i~ [ 1 3 mg‘c2 3
S, = |dtd°X\/—g cc|\ 77— hP0mom ) + ;| — — 1 (7 —h‘fﬁﬂﬁﬂ)+— 7
c? 3 ¢
1 2m,
where x;=cX.and — =1 +
c2
&
2 1




Dictionary e.g. Quartic Horndeski

Ly = Gi(®,X)R — 2G,x(®, X)((OP* - V,V, P V" VD)

This can be rewritten as L, = G,°R + 2XG,x — G)K» — 20/ —XGpK ~ F>=K =K, K" =2K13~0,0"

Determine F and its derivatives e.g. F = G,®R + 2g7®*G,, — G) K, — 24/ —Z"DKG,y, Fop=G,

Use the matching we obtain

M;f=2G, A=g"®*G(CR+3H,) +2(—g)PCuxxH > — \/—8TDPKG g, + 2(—=57) D KG 0y

> _ _ —_ 1 2 - = > _ = 8 = _ - S = L —
¢ =— PGy "R - %, —DKGp +20/—3 P KGypx = - 3 2" D°KGyy + 24/ =87 DG, af = 457D Gyy6
‘ /_gTT

4 _ HrAc OBp T4 ~TT 0 > I | 2 za5 - Tt

S - 2 e —TT A3 —TT 2 —TT A2 1.2 —
M =§K‘§4 | OGup — N/ 87D Gupy, M;=48"D°G,y, M:=—4g"0°G,y, pui=20°Gy, A =-—4%,5"

Applicable for any solution of ®@(7)



Schwarzschild solution

I

ds’* = —dt” + [1 — A(D)]dp? + r’dQ? A =B(r)=1--2

I

2/3
r(z,p) = r)> B(p — f)]




Gauge transformation
e Under x#¥ - x¥+ et and €' =€’ = Z B (T PVEN Y (0, )
£,m

e Choose E=h,/2 = h, =0



Parameters p’s

« Quadratic Lagrangian from EFT with A(r) = B(r) and Z, and shift symmetries:

Ly = pihé + pyhi + psl(h — 0,h0)* + 2p4h,0 1]

| . rM?
1= (7= Dry 1 — A M+ M) Py = — (2 = 2)——=—+ (p3ps)
24/1—A
Gt B (A 1-A\ at M
3= 2W/1-A P=Vaa=—a\2 7 M2 + M?

+ Integrate out (hy, hy) 1 L, = pihg + pohi + ps[—x* + 2x(hy — 0,hg — psh))]
Py =y — (P3py) — P30y

0,(P3x) (P3x) + papay

P1 D




Parameters s’s

Ly =510 — (0,0 — 531

o jr =2 (M2 + M3)*r® (M2 + M2)rS
1= . _
2\/1 — A G2 =2Mz + (M + M3)rp;g %2 2(1 — A)32
Mz + M3)r
= P o
24/1—A

 The absence of ghost and gradient instabilities require:

s; >0, cp2>(), 692>O

M;+M;>0, M:>0



<, in (t,r)— and (f, r)—coordinates

1 1—-A B(1 — A) B(1 — A)
e We use dt = —dr dp and dr=- dt + dp

A A A A

L = a,(0,7)* — a,(0,x)* + 2a5(0,)(0, ) — s3)°

s; — (1 — A)°s, 0 = \/B(l —A) _ (0 =A)s, =5

N A= A) (52 =51 E A

- A
* Remove the crossed termby =1+ Ja—3d1’ and 1 —r
2

All the parameters are explicitly independent of ¢

az

Ly =b(0:))° —by(0.x)" —s3¢° with b,=a,+— and b,=a,

%)



Dipole perturbations (£ = 1)

» N, trivially vanishes by definition in terms of spherical harmonics

e Setting QOE = h; = h, = 0 is an incomplete gauge fixing since one is still free

to choose = up to an arbitrary function of 7

» Setting h; = 0in £, leads to a loss of indep. Eqns of motion

» Eqns of motion for sy and A;:

0,[p3(hy — 0,h)] + 0,(p3psh) =0 [p3(hy = 0,1 = (P3ps) By = P4p30,h1y = 0

o Setting hy = 0gives C,(0)+p,C;(r) =0  where P39,y = Ci(7)



Dipole perturbations (£ = 1)

d,r A
» For constant p,: hy = 2C26—P4fjdp =

(Mg + M3)r?
2C e P4t
e ForA=B: hy=- : > T
3 (Mx+ My)r Angular momentum of
-~ slowly rotating BH
J
e Forp, =0 (asacheck): h,=-
Py = UL o Am(M3 + M32)r3

Dipole perturbations correspond to the angular momentum of slowly rotating BH

e.g. Expanding Kerr metric up to linear order in J gives #Jdtdg

« ForA #= B and/or M32 + const .. a rotating BH doesn’t belong to Kerr family,
even at the linear level



