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Introduction Matter/Energy Content

} ’. B Barionic Matter 4%
- ‘
/, m Dark Matter 23%
I \ ’
! Dark Energy 73%

A statistically homogeneous and isotropic space-time with dynamics
given by Einstein’s equations
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Introduction

All cosmological observables are measured on our past light-cone!!!

However, the standard framework to compute cosmological
observables at perturbative level, relies on decomposing the
perturbations on the spatial hypersurface due to the SO(3)
background symmetries.

Does a past-light-cone adapted framework provides a simplification
on the description of cosmological observables?
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Introduction

Testing the cosmological principle with coordinates adapted to
observations instead of symmetries

O Temple’s optical coordinates: New Systems of Normal Co-ordinates
for Relativistic Optics, Royal Society of London Proceedings Series
A 168 (1938).

O Observational coordinates: Ideal observational cosmology, G. F. R.
Ellis, S. D. Nel, R. Maarstens, W. R. Stoeger, A. P. Withman, Phys.
Rep. 124 (1985)

O Geodesic Light-Cone (GLC) coordinates: M. Gasperini, G. Marozzi,
F. Nugier, and G. Veneziano, Light-cone averaging in cosmology:
Formalism and applications, JCAP 1107 (2011)
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Introduction

Does a framework adapted to the past-light-cone simplifies the
description of cosmological observables?

It was showed by Fanizza, Gasperini, Marozzi and Veneziano, that in
the GLC gauge the Jacobi Map can be solved explicitly in terms of the
GLC metric entries for a general geometry of space-time.

OaG. Fanizza, M. Gasperini, G. Marozzi, G. Veneziano, An exact Jacobi
map in the geodesic light-cone gauge, JCAP 11 (2013)
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Introduction

Even though the GLC program offers simple and non-approximative
equations for cosmological observables. The dynamics are very
involved. Therefore, a relation between the standard SVT and the GLC
perturbations are welcome, which additionally may help to
disentangle the physical effects in observables expressions!!

OaG. Fanizza, M. Gasperini, G. Marozzi, G. Veneziano, An exact Jacobi
map in the geodesic light-cone gauge, JCAP 11 (2013)
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The non-linear GLC gauge

¥’z cst hypersurface

- ——) 9“’: cst light-geodesics

~ cst past-light-cone
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The non-linear GLC gauge

ds® = T?dw® — 2Ydwdr + Yap (d0* — U*dw) (d6° — U’ dw)
Simplify the light-like geodesics
Uy — —@,;r — —(5:; EH = w (u“’ + d“)
kH = wét w = kMu,,

M. Gasperini, G. Marozzi, F. Nugier, G. Veneziano, JCAP07(2011)008
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The non-linear GLC gauge

ds® = T?dw® — 2V dwdr + Y4 (d6* — Udw) (d6° — U"dw)
Simplify the light-like geodesics
Uy — —@,;r — —5:; EH = w (u“’ + d“)
kM = weH w = kMu,,

M. Gasperini, G. Marozzi, F. Nugier, G. Veneziano, JCAP07(2011)008
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The non-linear GLC gauge

ds® = T?dw® — 2V dwdr + Y4 (d6* — Udw) (d6° — U"dw)
Simplify the light-like geodesics

Uy, = —0,T = —0), T,
(I+2)= T

kH = Wk

M. Gasperini, G. Marozzi, F. Nugier, G. Veneziano, JCAP07(2011)008
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The non-linear GLC gauge

ds® = T?dw® — 2V dwdr + Y4 (d6* — Udw) (d6° — U"dw)
Simplify the light-like geodesics

Up = —OuT = =0, 1+ 2) T,
Z) = —
kH = wik b

M. Gasperini, G. Marozzi, F. Nugier, G. Veneziano, JCAP07(2011)008
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The non-linear GLC gauge

ds® = T?dw® — 2V dwdr + Y4 (d6* — Udw) (d6° — U"dw)

Simplify the light-like geodesics

u, = —8,7 = 0, gV
(detaryab)
k= wit AR

G. Fanizza, M. Gasperini, G. Marozzi, G. Veneziano, JCAP 11 (2013)
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The non-linear GLC gauge

ds® = T?dw® — 2V dwdr + Y4 (d6* — Udw) (d6° — U"dw)

Simplify the light-like geodesics

u, = —0,7= -9, dy — val
(det&r’yab)
k= wot W o

M. Gasperini, G. Marozzi, F. Nugier, G. Veneziano, JCAP07(2011)008
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Metric Perturbations

In the standard perturbation theory in FLRW geometry

v (0,2") = Gy (1) +

i [ —2¢ b,
09 (1, 2%) = a* (1) —Bf Cij

gmf (77) — CL2 (_17 ’7@])
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Metric Perturbations

Due to the symmetries of 7ij , we may decompose the
perturbations as Scalars Vectors and Tensors

B, = B; + 0;B V:B'=0

3473
UNIVERSITA DI PISA



O

Metric Perturbations

Due to the symmetries of 7ij , we may decompose the
perturbations as Scalars Vectors and Tensors

B, = B; + 0;B V@B?’ =0
C?lj — —2@7)/@-]- —+ QD@'J'E + QV(?;FJ') + thj

1_
D;j = V05 — g%:jA;%
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Metric Perturbations

Due to diffeomorphism invariance of GR, we have freedom in
choosing €’ and ¢ . Also, the physics should not depend on this
parameters.

n—n=mn-+c¢
.CI:‘Z—>.C'I“§'Z:(L‘?’—I—EZ 6226?’—%8%6 Vie?’:(]
Under a coordinate transformation.

(ng/ — 6.9#?/ + 'C'Eg;ur/
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Metric Perturbations

Due to diffeomorphism invariance of GR, we have freedom in
choosing €’ and ¢ . Also, the physics should not depend on this
parameters.

n—n=1n+¢

o' ="+ € =e"+ O Ve =0

Under a coordinate transformation.

5:(]“1/ — 5.9#?/ _I_ Eﬁgﬁu/
~ 1
w :w‘FHEn—l- —Age

¢ =¢— He" — Ope" 3 3
B=DB—¢€"+ 0,¢ ~E:E_€
~ €; FZ-:FZ-—eZ-
BZ:B¢+8,7(—2) .

a th:hz’j )
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GLC perturbation theory

How the GLC metric entries relates with the

In order to answer this question, we need to refer to a background
with

) ) 0O —a 0
EVLC (7_',217,9“) = —-a a* 0
O 0 7&1)
_ dm
T= [ —
a
_GLC _ —FLRW
Ww=r-+n Yab = YVab
H%LO — H%LRW
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GLC perturbation theory

Adding general perturbations to the

L M V,
Sfu (ow,09) =a®> | M N U,
Va, Z/{a Yab

Scalar/Pseudo-Scalar (SPS) decomposition
Va — T2 (DQ/U —|_ Da@)

U, = r? (Dau + Da’&,)

0Yaqb = 2 [’_}/abl/ + 72 (Dabﬂ + Dabﬂﬂ
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GLC perturbation theory

An infinitesimal change in the coordinates

at =zl + f“ 5fm/ — 5f;u/ - Qv(ufy)

Leads to gauge transformations
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GLC perturbation theory

The gauge transformations are given by

~ 1
Va — Va, + aaafw — ’7@1)8’7‘6()

Ua — Ua, + aa <_ — 510) — ’_}/a,bawgb
a

T

- — T 2/7(15 w
0Yap = 0Yab — 2YabHE" . (; —§

)~

3473
UNIVERSITA DI PISA



GLC perturbation theory

Adding general perturbations to the

L M 'V,
8 fuw (Tyw,0%) =a® | M N U,
Va, Z/{a Yab
Fixing the GLC gauge
- 7 —
GLC ! F _
pv :fur/"’_éfw/ 1 Va =
N +2aM =0
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GLC perturbation theory

With the GLC gauge fixed we can obtain the redshift and the
angular distance redshift-relation.

_@ 1 o) - [1+V__(1_aTH)N‘Z]
bz= Qs 1+2N‘S da = ar (1+v—ard.v),

We note absence of integral terms along the geodesics.
Therefore, we can interpret the GLC gauge as the gauge where
integral effects on the angular distance-redshift relation vanishes.

More details in, G. Fanizza, G. Marozzi, MM, G. Schiaffino, The
Cosmological Perturbation Theory on the Geodesic Light-Cone
background, JCAP 02 (2021)
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SVT/GLC
Relation



FLRW/GLC relation

Through a coordinate transformation
5 1
9 ¢:—§(N+2(ZM+L)

0Gnr B, (B, B,) = — (N +aM)
597}& Ba (B, Ba) = — (Ua —+ CLVQ)

59?? C'rr (T,D, E, F@', hmn) = N
597‘(1 C‘ra (Ea F’L 3 hra) — Ua,
59(1,1) Cab (wa E7 F’ij hab) — 5,.)/(1,5




SVT/GLC relation

Acting with the operators (,—}/'LJ’ V?’, Dz])

we may extract the d.o.f. from the standard perturbations.

(77, V', DY) Cij « (¢, Fj + 0;A3E + 0j9, ASE + Azt))
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SVT/GLC relation

Re-writing it in terms of , we obtain a relation between /GLC
perturbations, decomposing the perturbations in SPS we obtain
a SVT/SPS relation.

¥9C5 = =61 — Crp + 49 Cop = N + 4v

1
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SVT/GLC relation

Re-writing it in terms of , we obtain a relation between /GLC
perturbations, decomposing the perturbations in SPS we obtain
a SVT/SPS relation.

¥9C5 = =61 — Crp + 49 Cop = N + 4v

1

Cij > — E — F; — hyj
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SVT/GLC relation

From the divergence of B@

. 2

A3 — B, = — (N +aM) — 8,
B, =—- (U, +aV,) — 0,
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SVT/GLC relation

Analogously for Cz’j

77 Cy Y =—=(N+4)




SVT/GLC relation

Analogously for Cz’j

77 Cy Y =—=(N+4)




SVT/GLC relation

Analogously for O:ij

ViC;;

ViC;;

2 4
T T

60,1 — 40y,

2
AgFa — (a’w + ;) Ua, + T_2D6576a+

60,1 — 40,
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SVT/GLC relation for tensor modes

Using the previous results

1

hfr‘r = N+ 1 — wa
2
1

ha,'r — _Ua — Dwa —
2
1 _

hap = 55%1) + Yab

_vw

V(a

— Da,b

~ Vi
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SVT/GLC relation for tensor modes

Using the previous results

1

hfr‘r = N+ 1 — wa
2
1

ha,'r — _Ua — Dwa —
2
1 _

hap = 55%1) + Yab

V (aXb)

_vw

V(a

— Da,b

~ Vi
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Helicity
Decomposition



Tensor Modes (Spin-2 Graviton)

We see that the expression for the gauge invariant tensor in GLC are
very complicated and depends on previous expressions for
and

Also, at first look becomes tantamount to identify the true spin-2
degrees of freedom.

Projecting the /GLC-SPS relation we may simplify this relation and
obtain the formulae easily decomposed in E/B modes.
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Tensor Modes (Spin-2 Graviton)

We will be using the Sachs basis in GLC which are also used to project
the Jacobi Map in the Screen Space.

s} = 0f 53 = 0%sin~ 0

From which we build the helicity operators

1 ~ a b
s§ = — (8] £ 1is5) Yabstsx = 0
V2 .
! Sa'iSbiDabf — 5
$10af = —ﬁﬁif o 2
s¢s% Do f = T %
)
INFN
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Tensor Modes (Spin-2 Graviton)

With the helicity decomposition, we may project the tensor modes

a a 57(15
ha = 5455 hap = 5555 5 V(aXb)
h ’)"2 @2 ( B .A) + 1 5
_— — 1 Z —_—
+ 9 + M H \/§ + X+
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Tensor Modes (Spin-2 Graviton)

With the helicity decomposition, we may project the tensor modes

o~

Xa = Xa — €a = Xa —’I"Q (DaX_I_Da,X)
ii
i

H—X

i X

~ r o A 1 r2 o
hy = —ﬁﬁ [M—X::@(M—X)]Jrﬁ@iXiJr?éﬁ (X ZX) = h+
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Tensor Modes (Spin-2 Graviton)

>
H &
]
>
L
|
oy
o %
1
N | =
1
H- RO
— N
‘3
N
>
|
‘,_\
1
N\
QO
S
_I_
|

The advantage is that the B-modes are simple
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Tensor Modes (Spin-2 Graviton)

The advantage is that the B-modes are simple

3473
UNIVERSITA DI PISA



Tensor Modes (Spin-2 Graviton)

The advantage is that the B-modes are simple

D FP

In the early-universe fixing the GLC gauge and neglecting vector modes

u=M

hB—ﬁazM
I = M o2
IJ/:
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Tensor Modes (Spin-2 Graviton)

In the UCG

~2]CG = Xa — €a :Xa—er (DQX-I-DQX) — ()

1 . 1 r2
\—/iﬁiXilUCG = EﬁiXi + Eéﬁ
7 r? 2 R
hy = ?ﬁi s ZN]UOG

(x F
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Tensor Modes (Spin-2 Graviton)

Unfixing the UCG

Eizgﬁi M+AFi (M- A

Ocre = 0o + DA + DQAX
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Tensor Modes (Spin-2 Graviton)

~

What'AX and A;‘g measures?
Ocrc = Ovce + D Ay + D Ay

If now we consider the angular position of a source, and remember
that the angles are constant along the geodesics in GLC, we have

o olS = 08 0alS + (DA, + DUAL) =0
GLCIO vCcGl1O X X O

S
: __pa S _ a NG A
Deflection Angle — QUC’G’O — — (D AX + D AX)O

3473
UNIVERSITA DI PISA



Tensor Modes (Spin-2 Graviton)

Different ways to express the tensor modes in the light-cone

SVT-GLC h
relation ab

1
= 5(5%5 + Yab) — Dap o — V(g 1)

To complicated in GLC!!!

decomposition )

N r . 1
Helicity hj: — —@i (p, + Z/L) + EﬁiXi

Still complicated!!!

Alternatives: Exploit different gauge fixings

~ ’r’ R
hy = _ﬁi nF ZN]UCG
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Tensor Modes (Spin-2 Graviton)

Different ways to express the tensor modes in the light-cone

SVT-GLC h
relation ab

1
= 5(5%5 + Yab) — Dap o — V(g 1)

To complicated in GLC!!!

. - 1
Helicity hj: — _@:i: (p, I Z/L) -+ EﬁiXi

decomposition )

Still complicated!!!

Alternatives: In the early-universe neglect long-wavelength
contributions

2

~ ’r’ R
he = 05 [0 F ifl]
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Tensor Modes (Spin-2 Graviton)

Different ways to express the tensor modes in the light-cone

SVT-GLC h
relation ab

1
= 5(5%5 + Yab) — Dap o — V(g 1)

To complicated in GLC!!!

decomposition )

N r . 1
Helicity hj: — —@i (p, + Z/L) + EﬁiXi

Still complicated!!!

Alternatives: The E- and B- modes disentangle in scalars and pseudo-
scalars. B-modes are simple

B_ihi—hl 1 1

. 2 . L on
; :iﬁi {TQM_A—S [(aw_'_;) (Tzu)+D2M+2M]}
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Tensor Modes (Spin-2 Graviton)

Different ways to express the tensor modes in the light-cone

SVT-GLC h
relation ab

To complicated in GLC!!!

decomposition )

1
= 5(5%5 + Yab) — Dap o — V(g 1)

N r . 1
Helicity hj: — —@i (p, + Z/L) + EﬁiXi

Still complicated!!!

Alternatives: Express it as a gauge transformation

~ ’]"2 9
he = S M+ A, 7
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General perspectives

The GLC gauge greatly simplifies the description of cosmological
observables. |

The angular distance-redshift relation have a simple form in the
GLC gauge, with the absence of integral effects along the
geodesics.

The GLC perturbations are compatible with the

decomposition.

We provided the expression for the gauge invariant tensor modes
in terms of GLC perturbations.

We also saw that the SPS decomposition offers an easy
interpretation of E and B modes.

We provided a gauge invariant expression for the E and B tensor
modes, as a spin-2 operator acting respectively in scalars and
pseudo-scalars from GLC perturbations.
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