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Introduction (1/6): BSM searches
BSM Puzzles: dark matter (DM), matterantimatter asymmetry, non-zero neutrino
masses
LHC: find the Higgs boson (✓) and search for beyond
the SM (BSM) Physics
Signs of BSM: events excess relative to SM theory
predictions
Large BSM search program at the LHC: large
missing transverse energy (MET)
MET associated to BSM: new particle decays to W/Zbosons, WIMP production (DM, Kaluza-Klein-theories)
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Mono-jet searches at the LHC:

jet + undetected missing energy



Leading background SM signal at LHC: jet + Z(→ 𝜈𝜈)ҧ
jet

jet

Dark matter
undetected
at LHC

Neutrinos
undetected
at LHC

SM background event

DM signal event



Bounds on BSM masses are typically large: interested in large 𝑝𝑇 ~O(1 TeV) jets



SM backgrounds at ATLAS and CMS: Z → 𝜈𝜈ҧ + 𝑗 followed by W → 𝑙𝜈 + 𝑗 with
𝑙 = 𝜏 or outside the detector



ATLAS & CMS: use control regions to extract Z → 𝜈 𝜈ҧ + 𝑗 background
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Introduction (3/6): Theory input
[Lindert et al. ’17]



Idea: use accurate Z → 𝑙 + 𝑙 − + 𝑗
measurements, however statistically
limited at large 𝑝𝑇



Other idea: use larger W → 𝑙𝜈 + 𝑗
and γ + 𝑗 rates to predict Z → 𝜈𝜈ҧ + 𝑗
from theory ratios (Z → 𝜈 𝜈ҧ +
𝑗)/(W → 𝑙𝜈 + 𝑗) and (Z → 𝜈𝜈ҧ +
𝑗)/(γ + 𝑗)



At future HL-LHC, enough
statistics reached for few percent
statistical accuracy in 𝑝𝑇 range 6002000 GeV



Need accurate 𝑉 + 𝑗 theory predictions



State-of-the-art: NNLO QCD + NLO EW
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Introduction (4/6): NNLO QCD

[Lindert et al. ’17]



QCD corrections: large ~ 50-100%, but 𝑝𝑇 stable and good convergence



Ratios reduce QCD uncertainty to about ~ 1-2% at large 𝑝𝑇 ~1 TeV
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Introduction (5/6): NLO EW

[Lindert et al. ’17]



EW corrections: large Sudakov logarithms 𝑙𝑜𝑔2 (𝑝𝑇 /𝑚𝑉 ), enhancing ~ 20-50%



Mixed QCD-EW corrections? Included for Drell-Yan ~ few percents expected
[Bonciani, Vicini et al., Roentsch et al.,… ’19]
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Approximating QCD-EW corrections:
1.

Additive:

2.

Multiplicative:

Large ambiguity: including mixed
QCD-EW corrections that grow at
large 𝑝𝑇 , to be largest remaining fixedorder error ~ 3-5%
Exact mixed QCD-EW
corrections required to resolve
this large ambiguity

NNLO
QCD
NNLO
QCD + EW
NNLO
QCD x EW

PDF ratio errors ~ 1-2% at 𝑝𝑇 ~1 TeV
[Lindert et al. ’17]
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QCD-EW 𝑍 + 𝑗 diagrams
Born

𝛼𝐸𝑊 NLO EW


𝛼𝑠 : QCD NLO

𝛼𝑠 𝛼𝐸𝑊 QCD-EW:
massive top

𝛼𝑠2 : QCD NNLO

𝛼𝑠 𝛼𝐸𝑊 QCD-EW:
massless quarks

Mixed QCD-EW Feynman Integral complication: massive propagators

Large 𝒑𝑻 approximations


Good approximation at large 𝑝𝑇 ≫ 𝑚𝑍 : 𝑚𝑊 = 𝑚𝑍 , mistake ~ 20% on QCD-EW



Naïve first approximation at large 𝑝𝑇 ≫ 𝑚𝑡 : include top as massless quark



First step along a long journey: 𝑚𝑞 = 0 and 𝑚𝑊 = 𝑚𝑍
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Z+j production

Theory
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Example mixed QCD-EW 𝑍 + 𝑗
Feynman diagram



Label external massless momenta as
𝑝1 , 𝑝2 , 𝑝3



Three variables:



Define two dimensionless variables:



Transverse momentum of Z-boson:



Large transverse momentum

Integral Families (1/2): internal momentum
configuration

Theory
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Interested in computing following (top-sectors of) Feynman integrals



Will also require computing lower sectors (found from pinching
above propagators)

Theory
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Integral Families (1/2): internal mass
configuration
Feynman diagrams may have either:
1.

Only massless internal particles (𝑞, 𝑔, 𝛾)

2.

One massive propagator (Z or W)

3.

Two massive propagators (WWZ vertex)



Families “𝑓” of integrals



Massive (𝑚𝑖 = 𝑚𝑉 ) or massless (𝑚𝑖 = 0) propagators



Virtual QCD-EW amplitude: 9 Planar and 9 non-planar families
Thousands of Feynman integrals to compute

Theory
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IBP reduction



Any family of integrals expressible in a small set of Master Integrals (MI)



IBP identities:



Solving the IBP identities, any integral in a family expressed in MI



Many IBP reduction tools: Reduze2, KIRA, FIRE,…



Using KIRA find 468 MI for 𝑍 + 𝑗 through QCD-EW production

Theory

Expansion in small parameters (1/2)
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Integrals with massive propagators are complicated (elliptic)

[Bonciani et al ’16]



As perturbation has thought us, expanding in small parameters useful



There exist methods for expanding under integral signs of Feynman
integrals (expansion by regions), can be complicated and not algorithmic



Easier is to use differential equations

Theory

Expansion in small parameters (2/2)
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Taking derivative w.r.t. 𝑚 of previous example



Hypergeometric functions with shifted indices are related



If one considers the derivative of full class of functions with integer
indices 𝑎, 𝑏, 𝑐 , the system of derivatives sometimes closes onto itself



This happens with Feynman integrals by using the IBP identities



Because of these identities, taking a derivative w.r.t. the mass 𝑚, a
closed system of DE for the Master Integrals can be derived

Differential Equations Method

Theory
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Assume one is interested in calculating a multi-loop Feynman integral:



Differentiate w.r.t.
external momenta:



Use IBP identities to
reduce r.h.s. to MI:



Linear system of differential
eq. (DE) with matrix 𝑀𝑘

Theory

Expanding with differential equations
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System of linear differential
equations (DE) in 𝑚𝑉 with
IBP relations



Solve DE in 𝑚𝑉 with following ansatz at small



The appearance of logarithms in 𝑚𝑉 indicates that we could not have
just expanded in small 𝑚𝑉 under integral sign



The coefficients 𝑐𝑖𝑗𝑘𝑙 are typically much easier to compute, both
analytically and to evaluate numerically. This way we find a perturbative
expression for the integrals in small vector mass 𝑚𝑉 ≪ 𝑝𝑇

Boundary constants

Theory
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We use various methods to fix the coefficients 𝑐𝑖𝑗𝑘𝑙
1.

The coefficients 𝑐𝑖000 correspond to massless 𝑚𝑉 = 0 graphs
[Gehrmann &
Remiddi ’00]

2.

Require that spurious poles in the DE cancel
(regularity conditions), e.g. following graph
should have no pole in Mandelstam u

3.

Direct computation with Feynman parameters or Mellin-Barnes in
regular point 𝑠 = 𝑡 = −1 or at some limit in 𝑡 → 0 or 𝑢 → 0
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Functional Space (1/2)



Solutions in
expansion form:



𝑐𝑛𝑖𝑗𝑘 expressed in terms of Goncharov Polylogarithms (GPLs) to weight 4



The GPL functions are well understood by now and
satisfy many relations



Arguments 𝑎𝑖 of GPL functions are called letters



The GPLs can be evaluated numerically ~ milliseconds

[Goncharov ’98, ’01,
Remiddi & Vermaseren ’00]

[Vollinga et al., Frellesvig et al.]
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Functional Space (2/2)



MI solutions:



Coefficients:

Integrals with 0 and 1 massive internal propagators:


All GPL solutions have letters
𝑎𝑖 𝜖 {−1,0,1}: Harmonic Polylogarithms

Integrals with 2 massive internal propagators:


GPLs have letters 𝑎𝑖 𝜖 {−1,0, 𝑟− , 𝑟+ }:



In total about ~ 200 GPL functions appear in our MI solutions



Evaluation of all GPLs with GiNaC takes ~ seconds

[Vollinga et al.]
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Checks of Master Integrals (1/2)
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Analytic Check
1.

[Tarasov, Manteuffel et al., Smirnov,
Borowka et al.]

Consistency with differential equations in 𝜇 and 𝜒

Numerical Check
2.
3.

Boundary constants checked with numerical Mellin-Barnes method
Comparison with numerical (Sector Decomposition) programs:
FIESTA and pySecDec

Analytic/Numerical Check
4.



Finite integral comparison in d=6, 8 space-time dimensions (Reduze2):
poles cancel analytically + finite piece with pySecDec

Dimensional recurrence relations
relate finite d=6,8 integrals to MI

Results

Checks of Master Integrals (1/2)
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Analytic Check

✓

1.

[Tarasov, Manteuffel et al., Smirnov,
Borowka et al.]

Consistency with differential equations in 𝜇 and 𝜒

Numerical Check

✓
✓

2.
3.

Boundary constants checked with numerical Mellin-Barnes method
Comparison with numerical (Sector Decomposition) programs:
FIESTA and pySecDec

Analytic/Numerical Check

✓


4.

Finite integral comparison in d=6, 8 space-time dimensions (Reduze2):
poles cancel analytically + finite piece with pySecDec

Dimensional recurrence relations
relate finite d=6,8 integrals to MI
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20/22

Checks of Master Integrals (2/2)



Finite piece of analytical MI results compared with PySecdec for finite
integral in d=6,8 shows excellent agreement



The numerical error bands too small to be seen
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Mono-jet searches with large missing 𝑝𝑇 : important part of BSM
searches at LHC, need accurate large 𝒑𝑻 tails of mono-jet distributions



Z → 𝜈𝜈ҧ + 𝑗 form leading background to mono-jet BSM searches



State-of-the-art predictions for 𝑍 + 𝑗 production at LHC:
NNLO QCD and NLO EW



Missing QCD-EW corrections to 𝑍 + 𝑗 largest part of the
remaining fixed-order uncertainty ~ 3-5%



We computed a large class of Master Integrals that needed for
computing QCD-EW virtual corrections to 𝑍 + 𝑗 at large 𝑝𝑇

Outlook
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Wish list:


Compute QCD-EW virtual amplitude for 𝑍 + 𝑗 using our integrals

+


Compute real corrections (various developed subtraction
methods, huge body of work on its own)

=



Goal: Include mixed QCD-EW corrections in large 𝑝𝑇 differential
cross section of 𝑍 + 𝑗
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Wish list:


Compute QCD-EW virtual amplitude for 𝑍 + 𝑗 using our integrals

+


Compute real corrections (various developed subtraction
methods, huge body of work on its own)

=



Goal: Include mixed QCD-EW corrections in large 𝑝𝑇 differential
cross section of 𝑍 + 𝑗



Compute remaining Master Integrals for 𝑊 + 𝑗 and 𝛾 + 𝑗 at large 𝑝𝑇



Tackle top and Higgs mass corrections: expand in

𝑚𝑍 𝑚𝑍
,
?
𝑚𝑡 𝑚𝐻

[Kudashkin et al. ’17]

Backup slides
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The PDF errors on the ratios cancel largely, with 1-2% error remaining

Integral Families

Backup



Planar families:



Non-planar families:

Ansatz and DE

Backup



Solutions



The exponents are:



Put DE in vector form f



The unfixed coefficients 𝑐𝑛𝑖𝑗𝑘 𝜖 𝒈 satisfy DE in 𝜒:



We may bring 𝜒 DE into canonical form



The solution in terms of GPLs 𝑔𝑛 (𝜒)

Backup

Constants: Mellin-Barnes method
•

Let’s say
coefficient required of

•

Split up mass term 𝑚2 in
denominators with
Mellin-Barnes

•

Mellin-Barnes
representation
in 𝑠 = 𝑢 = −1

[Eq. 7]

[Eq. 8]

[Eq. 9]
•

Require the pole at

result is coefficient 𝑐2

•

After picking up pole, we expand in epsilon and apply Barnes-Lemma’s, which reduces
the amount of integrations to one (completely automatized steps)

•

Fit numerically (integrals converge fastly) the constant or compute analytically by closing contours
in complex plane of Mellin-Barnes integration

Backup

V transverse momentum distribution


If the vector boson recoils against another particle X, it acquires a
transverse momentum (𝑝𝑇,𝑉 )
𝒑
𝑻,𝑽



Vector-boson production with nonzero
transverse momentum at LHC:



The transverse
momentum
distribution of the
boson contains much
more information than
full inclusive cross
section



quark/gluon

V=𝑍, 𝑊, 𝛾

quark/gluon

X=jet

Largest contribution comes from recoil to quarks and gluons (jet)

