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outline of the talk

* the Dispersion Matrix approach: an attractive way to implement unitarity and lattice QCD calculations in the analysis of 
exclusive semileptonic decays of hadrons [PRD ’21 (2105.02497), PRD ’21 (2105.07851)] 

* results for   decays: extraction of  and theoretical determination of  [2105.08674, 2109.15248] 

* preliminary results for  from  decays [in preparation]

B ! D(*)!"! !Vcb ! R(D(*))

!Vub ! B ! #!"!



- exclusive/inclusive puzzle:!Vcb !

-  anomalies:R(D(*))

!Vcb ! (BGL) " 103 = 39.36 (68) !Vcb ! " 103 = 42.00 (65)exclusive (FLAG ’21): inclusive (HFLAV ’19):

difference of ~ 2.8 #

differences of ~ 3.1# between exp.’s and “SM”

R(D) = $(B ! D$"$)
$(B ! D!"!)

R(D*) = $(B ! D*$"$)
$(B ! D*!"!)

! = e, %

!Vcb ! " 103 = 42.16 (50)
(Bordone et al. 2107.00604)

motivations

* two critical issues in semileptonic  decaysB ! D(*)!"!

“ ” = mix of theoretical calculations and experimental data



aim of the talk

to show the relevant, attractive features of the Dispersion Matrix (DM) approach (arXiv:2105.02497), 
which is a rigorously model-independent tool for describing the hadronic form factors (FFs) in their 
whole kinematical range  

-entirely based on first principles (i.e. lattice QCD simulations of 2- and 3-point Euclidean correlators) 

- independent on any assumption about the momentum dependence of the FFs  

-proper treatment of the uncertainties related to the unitarity (and kinematical) bounds 

-applicable to theoretical calculations of the FFs, but also to experimental data 

no mixing among theoretical calculations and experimental data to describe the shape of the FFs

* applied to  decays as a benchmark case [2105.02497] 

* results for the   decays: extraction of  and theoretical determination of  [2105.08674, 2109.15248] 

* preliminary results for  from  decays [in preparation]

D ! K!"!

B ! D(*)!"! !Vcb ! R(D(*))
!Vub ! B ! #!"!



BGL approach (Boyd, Grinstein and Lebed ’95-’97)

* the hadronic form factors corresponding to definite spin-parity can be represented as an expansion, originating 
from unitarity, analyticity and crossing symmetry, in terms of the conformal variable z ( )!z ! % 1
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calculable nonperturbatively from appropriate 2-point lattice correlators (see arXiv:2105.07851)



a test case

w g(w)
1.03 0.372 (14)
1.10 0.331 (13)
1.17 0.291 (17)

1 0.928 0.657
1 0.832

1

&1&(0) = 0.000513 GeV&2 and  resonances from 
Gambino et al.: 1707.09509

B*c
correlation matrix

* FNAL/MILC synthetic data (arXiv:2105.14019) for the form factor g(w) of the  decayB ! D*!"!

BGL  linear  fit: a2
0 + a2

1 % 1 for  100%  of events

* multivariate (Gaussian) distribution with 105 events

BGL  quadratic  fit: a2
0 + a2

1 + a2
2 % 1 for  12%  of events

*** need of a unitarity check independent of the parameterization ***

lattice data are OK, but unitarity is not built-in 

note: input data exactly reproduced for each event

does it exist ?          Yes !

subtle issue 
a truncated BGL fit might be distorted  
by events which do not fulfill unitarity



Dispersion Matrix (DM) approach

* reappraisal and improvement of the method originally proposed by Bourrely et al. NPB ’81 and Lellouch in NPB ’96

PRD ’21 (2105.02497) 

+ =

< 'f !'f > < 'f !gt > < 'f !gt1 > … < 'f !gtN >
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unitarity bound: < 'f !'f > ( 1
2#i !!z!=1

dz
z

!'(z, q2
0) f(z) !2 % &(q2

0)

gt(z) ( 1
1 & z(t) z

in the case of interest  are 
real numbers and the positivity of the inner product implies: 

zi ( z(ti) and 'i fi ( '(zi, q2
0)f(ti) det[+] =

&(q2
0) 'f '1 f1 … 'N fN

'f 1
1 & z2

1
1 & zz1

… 1
1 & zzN

'1 f1
1

1 & z1z
1

1 & z2
1

… 1
1 & z1zN… … … … …

'N fN
1

1 & zNz
1

1 & zNz1
… 1

1 & z2
N

, 0



* the explicit solution is a band of values: ( & ) % f(z) % ( + )
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&, fi : nonperturbative input quantities, '(z), d(z), 'i, di : kinematical coefficients depending on zi

* unitarity is satisfied when , which implies:      ) , 0 & ,
N

!
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fi fj 'i'jdidj
(1 & z2

i )(1 & z2
j )
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*** this is the parameterization-independent unitarity test of the set of input data  ***{fj}

* important feature: when z ! zj one has ( ! fj and ) ! 0, i.e. the DM band collapses to fj for z = zj

for any given set of input data the DM approach reproduces exactly the known data and it allows to extrapolate the 
form factor in the whole kinematical range in a parameterization-independent way providing a band of values 
representing the results of all possible BGL fits satisfying unitarity and passing through the known points 
(important for estimating uncertainties)

* the DM band represents a uniform distribution which is combined with the multivariate distribution of the input data  
to generate the final band for 

{fj}
f(z)

* kinematical constraint(s) can be easily and rigorously implemented in the DM approach (see for details arXiv:2105.02497)



nonperturbative determination of the susceptibilities
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where the Euclidean correlators C(0+,1�,0�,1+)(t) are given by
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Z
d
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⇥
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The quantities relevant in this work are the susceptibilities �(Q2), which are either first

or second derivatives of the polarization functions ⇧(Q2), namely
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where j0(x) = sin(x)/x and j1(x) = [sin(x)/x � cos(x)]/x are spherical Bessel func-

tions. Note that the longitudinal derivatives (14) and (16) are dimensionless, while the

transverse ones (15) and (17) have the dimension of [E]�2, where E is an energy.

Eqs. (14)-(17) have been obtained in the Euclidean region Q
2
� 0, but, as shown in

Ref. [39], they can be easily generalized also to the case Q2
< 0. In the Euclidean region

Q
2
� 0 a good convergence of the perturbative calculation of the above derivatives is

expected to occur far from the kinematical regions where resonances can contribute. In

the case of the b ! c weak transition this means down to Q
2 = 0 [28, 30]. Thus, the

value Q
2 = 0 has been generally employed in the evaluation of the dispersive bounds on

heavy-to-heavy [28, 30, 33, 35, 36] and heavy-to-light [40, 46] semileptonic form factors.

On the contrary, with a non-perturbative determination of the two-point correlation

2-point Euclidean correlation functionstime-momentum representation (Q = Euclidean 4-momentum)

* in arXiv:2105.02497 and arXiv:2105.07851 we have calculated the  for the  and  transitions using the Nf = 2+1+1 gauge 
ensembles generated by ETMC 

&- s c ! s b ! c

- subtraction of discretization effects evaluated in perturbation theory at order  
- implementation of WI for the 0+ and 0- channels to avoid exactly contact terms 
- use of the ETMC ratio method (hep-lat/0909.3187) to reach the physical b-quark point 

.(*0
s )

b ! c
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III. LONGITUDINAL AND TRANSVERSE SUSCEPTIBILITIES

The gauge ensembles used in this work have been generated by ETMC with Nf =

2+ 1+ 1 dynamical quarks, which include in the sea, besides two light mass-degenerate

quarks (mu = md = mud), also the strange and the charm quarks with masses close

to their physical values [42, 43]. The ensembles are the same adopted to determine the

up, down, strange and charm quark masses in Ref. [47] and the bottom quark mass in

Ref. [45]. Details are given in Appendix A.

Using the ETMC gauge ensembles of Table VII we have evaluated the following two-

point correlation functions

C0+(t) = eZ2
V

Z
d
3
xh0|T [q̄1(x)�0q2(x) q̄2(0)�0q1(0)] |0i , (26)
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S

Z
d
3
xh0|T [q̄1(x)q2(x) q̄2(0)q1(0)] |0i , (30)

CP (t) = eZ2
P

Z
d
3
xh0|T [q̄1(x)�5q2(x) q̄2(0)�5q1(0)] |0i , (31)

where q1 and q2 are the two valence quarks with bare masses aµ1 and aµ2 given in

Table VII, while the multiplicative factor eZ� (� = {V,A, S, P}) is an appropriate renor-

malization constant (RC), which will be specified in a while. Indeed, we consider either

opposite or equal values for the Wilson parameters r1 and r2 of the two valence quarks,

namely either the case r1 = �r2 or the case r1 = r2. Since our twisted-mass setup is at

its maximal twist, in the case r1 = �r2 we have eZ� = {ZA, ZV , ZP , ZS}, while in the

case r1 = r2 we have eZ� = {ZV , ZA, ZS , ZP }, where the RCs of the various bilinears

have been determined in the RI0-MOM scheme in Ref. [47]. Once renormalized the cor-

* lattice QCD simulations can provide a first-principle determination of the unitarity bounds (arXiv:2105.02497) 



channel nonPT with GS subtr. NNLO PT with GS subtr.

0+   [10-3] 7.58 (59) — 6.204 (81) —

1-   [10-4 GeV-2] 6.72 (41) 5.88 (44) 6.486 (48) 5.131 (48)

0-   [10-2] 2.58 (17) 2.19 (19) 2.41 1.94

1+  [10-4 GeV-2] 4.69 (30) — 3.894 —

perturbative 

Bigi, Gambino PRD ’16 
Bigi, Gambino, Schacht PLB ’17 
Bigi, Gambino, Schacht JHEP ’17

 transitionb ! c

nonperturbative: arXiv:2105.07851

* differences with NNLO PT ~ 4% for 1-, ~7% for 0-, ~20 % for 0+ and 1+ 

channel nonPT with GS subtr.

0+   [10-2] 2.04 (20) —

1-   [10-4 GeV-2] 4.88 (1.16) 4.45 (1.16)

0-   [10-2] 2.34 (13) —

1+  [10-4 GeV-2] 4.65 (1.02) —

 transition (paper in preparation)b ! !

channel nonPT with GS subtr.

0+   [10-2] 0.929 (64) 0.433 (133)

1-   [10-3 GeV-2] 7.88 (41) 4.19 (36)

0-   [10-2] 2.48 (15) 0.942 (91)

1+  [10-3 GeV-2] 4.89 (29) 3.74 (56)

 transition (arXiv:2105.02497)c ! s

GS = ground state
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form factors for  decaysB ! D*!"!

* lattice QCD form factors from FNAL/MILC arXiv:2105.14019: synthetic data points at 3 (small) values of the recoil w 

* nonperturbative susceptibilities from arXiv:2105.07851 (resonances from Bigi et al., arXiv:1707.09509)

unitarity + two kinematical constraints

w = 1 : /1(1) = mB(1 & r)f(1)

w = wmax : P1(wmax) = /1(wmax)
m2

B(1 + wmax)(1 & r) r

2

vided by the FNAL/MILC Collaborations in
Ref. [3]. There, in the ancillary files the au-
thors give the synthetic values of the FFs
g(w), f(w),F1(w) and F2(w) at three non-zero
values of the recoil variable w, namely w =
{1.03, 1.10, 1.17}, together with their correla-
tions. For what concerns the relevant suscep-
tibilities, their non-perturbative values have
been computed on the lattice in Ref. [5]. The
relevant kinematical functions can be found in
Ref. [2] and the locations of the various B(⇤)

c

poles are taken from Table III of Ref. [10]. In
what follows, we will refer to the pseudoscalar
FF P1(w), which is connected with F2(w)
through the relation P1(w) = F2(w)

p
r/(1 +

r), where r ⌘ mD⇤/mB ' 0.38.
We start from the FNAL/MILC values for

the FFs (a total of 12 data points) and gen-
erate a sample of bootstrap events according
to the given correlations. Then, we apply the
unitarity filter of the DM method [1], which
is satisfied only by a reduced number of boot-
straps, namely the percentage of the surviving
events is 65% in the case of the FFs f and F1,
14% for g and 11% for P1. On the subset of
surviving events we recalculate the mean val-
ues, uncertainties and correlations of the FFs
and we repeat both the generation of the boot-
straps using the new input values and the ap-
plication of the unitarity filter. Adopting the
above iterative procedure the fraction of surviv-
ing events increases each time reaching quickly
values larger than ' 90%.

We have also to impose two kinematical
constraints (KCs) that relate the FFs f and
F1 at w = 1 and the FFs F1 and P1 at
w = wmax = (1 + r2)/(2r) ' 1.50, namely

F1(1) = mB(1� r)f(1) , (1)

P1(wmax) =
F1(wmax)

m2
B(1 + wmax)(1� r)

p
r
. (2)

We apply again the iterative procedure to in-
crease each time the percentage of surviving
events after imposing the filters corresponding
to the two KCs (1)-(2). We require a fraction
of surviving events & 90% after each of the
three filters (the unitarity and the two KC fil-
ters). The resulting DM bands of the FFs are

shown in the whole range of values of the re-
coil w in Fig. 1. The extrapolations of the FFs
at w = wmax read

f(wmax) = 4.19± 0.31 , (3)

g(wmax) = 0.180± 0.023 , (4)

F1(wmax) = 11.0± 1.3 , (5)

P1(wmax) = 0.411± 0.048 . (6)

DETERMINATION OF |Vcb|

Starting from the measurements of the dif-
ferential decay widths performed by the Belle
Collaboration for the semileptonic B ! D⇤`⌫`
decays [11, 12], we can determine a new ex-
clusive estimate of |Vcb| by performing a bin-
per-bin study of the experimental data. The
latter ones are given in the form of 10-bins
distribution of the quantity d�/dx, where x is
one of the four kinematical variables of interest
(x = w, cos ✓l, cos ✓v,�) (see [2] for the expres-
sions of the four-dimensional di↵erential decay
widths and Refs. [11, 12] for the specific val-
ues of the four variables x in each bin). First
of all, we compute the theoretical d�/dx us-
ing the unitarity bands of the FFs derived in
the previous Section. We generate a sample of
bootstrap values of the FFs g, f , F1 and P1 for
each of the experimental bins through a mul-
tivariate Gaussian distribution, whose mean
values and covariances come directly from the
DM method. We also generate an indepen-
dent set of bootstrap values of the experimen-
tal di↵erential decay widths for all the bins.
For each of them, we fit the histogram of the
corresponding estimates of |Vcb| with a normal
distribution and save the corresponding mean
values and covariance matrix. Thus, we evalu-
ate 10 values of the CKM matrix element |Vcb|
for each of the four kinematical variables and
for each of the two experiments [11, 12] as cor-

extrapolation at maximum recoil

unitarity bounds: &1& for g, &1+ for f and /1, &0& for P1
LCSR: /1(wmax) = 16.0 ± 2.1 (arXiv:1811.00983)

(arXiv:2109.15248)



experimental data for  decaysB ! D*!"!

- two sets of data from Belle collaboration arXiv:1702.01521 and arXiv:1809.03290 
- four different differential decay rates  where  : 10 bins for each variabled0/dx x = {w, cos+v, cos+!, &} total of 80 data points

*** we do not mix theoretical calculations with experimental data to describe the shape of the FFs ***

!Vcb !i ( (d0/dx)exp.
i

(d0/dx)th.
i

i = 1,…, Nbins

* issue with the covariance matrix  of the Belle data:     should be the same for all the variables xCexp.
ij 0exp. (

10

!
i=1

( d0
dx )

exp.

i

- we recover the above property by evaluating the correlation matrix of the experimental ratios

1
0exp. ( d0

dx )
exp.

i

and by considering the new covariance matrix of the experimental data given by (see arXiv:2105.08674) 

!C exp.
ij ! ,ratios

ij Cexp.
ii Cexp.

jj

(see D’Agostini, arXiv: 2001.07562) 
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FIG. 1: The bands of the FFs g(w), f(w), F1(w) and P1(w) computed by the DM method after imposing

both the unitarity filter and the two KCs (1)-(2). The FNAL/MILC values [3] used as inputs for the DM

method are represented by the black diamonds.

related averages over the bins, namely

|Vcb| =
P10

i,j=1(C
�1)ij |Vcb|j

P10
i,j=1(C

�1)ij
, (7)

�2
|Vcb| =

1
P10

i,j=1(C
�1)ij

, (8)

where Cij is the covariance matrix and |Vcb|i
represents the value of the CKM matrix ele-
ment obtained in the i-th bin.

As already addressed in Ref. [2], we observe
anomalous underestimates of the mean values
of |Vcb| in the case of some of the variables
x. Thus, we adopt the alternative strategy de-
scribed in the Section III D of Ref. [2]. We
consider the relative di↵erential decay width
given by the ratio (d�/dx)/� (where x =
w, cos ✓l, cos ✓v,�) for each bin by using the
experimental data. In this way, any calibra-
tion error in the measurements is cancelled
out in the ratio (d�/dx)/�. Hence, we com-

pute a new correlation matrix using the boot-
strap events for (d�/dx)/� and, consequently,
a new covariance matrix of the experimental
data through the original uncertainties associ-
ated to the measurements.

We repeat the whole procedure for the ex-
traction of |Vcb| using the new experimental
covariance matrices. In Fig. 2 we show the
bin-per-bin distributions of |Vcb| for each kine-
matical variable x and for each experiment, to-
gether with their final weighted mean values.
The latter ones are collected also in Table I.

Combining the eigth mean values of Table I
through the generic formulæ

µx =
1

N

NX

k=1

xk , (9)

�2
x =

1

N

NX

k=1

�2
k +

1

N

NX

k=1

(xk � µx)
2, (10)

blue data:  Belle 1702.01521 

red data: Belle 1809.03290

bands are (correlated) weighted averages

extraction of |Vcb| from  decaysB ! D*!"!
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FIG. 2: The bin-per-bin estimates of |Vcb| and their weighted means (7)-(8) for each kinematical variable

x and for each experiment. The blue squares and the red circles correspond respectively to the first [11]

and to the second [12] set of the Belle measurements. The dashed blue (red) bands are the results of

Eqs. (7)-(8) in the case of the blue squares (red circles) for each variable x (see Refs. [11, 12] for the

specific values of the four variables x in each bin).

experiment |Vcb|(x = w) |Vcb|(x = cos✓l) |Vcb|(x = cos✓v) |Vcb|(x = �)

Ref. [11] 0.0398 (9) 0.0422 (13) 0.0421 (13) 0.0426 (14)

Ref. [12] 0.0395 (7) 0.0405 (11) 0.0402 (10) 0.0430 (13)

TABLE I: Mean values and uncertainties of the CKM element |Vcb| obtained by the correlated aver-

age (7)-(8) for each of the four kinematical variables x and for each of the two experiments [11, 12].

we obtain the final estimate

|Vcb| = (41.3± 1.7) · 10�3 . (11)

Note that without the modification of the ex-
perimental covariance matrices the final esti-
mate of |Vcb| would have read

|Vcb| = (40.0± 2.6) · 10�3 ,

where the large uncertainty is due to the sec-
ond term in the r.h.s. of Eq. (10), which ac-
counts for the spread of the values of |Vcb|

corresponding to the various kinematical vari-
ables and experiments.

EVALUATION OF R(D⇤) AND
POLARIZATION OBSERVABLES

By using the unitarity bands of the FFs we
can compute the pure theoretical expectation
values of the ratio R(D⇤), the ⌧ -polarization
P⌧ and the D⇤ longitudinal polarization FL,

3

FIG. 1: The bands of the FFs g(w), f(w), F1(w) and P1(w) computed by the DM method after imposing

both the unitarity filter and the two KCs (1)-(2). The FNAL/MILC values [3] used as inputs for the DM

method are represented by the black diamonds.

related averages over the bins, namely

|Vcb| =
P10

i,j=1(C
�1)ij |Vcb|j

P10
i,j=1(C

�1)ij
, (7)

�2
|Vcb| =

1
P10

i,j=1(C
�1)ij

, (8)

where Cij is the covariance matrix and |Vcb|i
represents the value of the CKM matrix ele-
ment obtained in the i-th bin.

As already addressed in Ref. [2], we observe
anomalous underestimates of the mean values
of |Vcb| in the case of some of the variables
x. Thus, we adopt the alternative strategy de-
scribed in the Section III D of Ref. [2]. We
consider the relative di↵erential decay width
given by the ratio (d�/dx)/� (where x =
w, cos ✓l, cos ✓v,�) for each bin by using the
experimental data. In this way, any calibra-
tion error in the measurements is cancelled
out in the ratio (d�/dx)/�. Hence, we com-

pute a new correlation matrix using the boot-
strap events for (d�/dx)/� and, consequently,
a new covariance matrix of the experimental
data through the original uncertainties associ-
ated to the measurements.

We repeat the whole procedure for the ex-
traction of |Vcb| using the new experimental
covariance matrices. In Fig. 2 we show the
bin-per-bin distributions of |Vcb| for each kine-
matical variable x and for each experiment, to-
gether with their final weighted mean values.
The latter ones are collected also in Table I.

Combining the eigth mean values of Table I
through the generic formulæ

µx =
1

N

NX

k=1

xk , (9)

�2
x =

1

N

NX

k=1

�2
k +

1

N

NX

k=1

(xk � µx)
2, (10)

Belle 1702.01521 

Belle 1809.03290

averaging procedure

!Vcb !excl. " 103 = 41.3 ± 1.7

!Vcb !incl. " 103 = 42.16 ± 0.50 (Bordone et al: arXiv:2107.00604)

!Vcb !excl. " 103 = 40.0 ± 2.6
with the original covariance of Belle data

!Vcb !excl. " 103 = 39.6+1.1
&1.0 Gambino et al., arXiv:1905.08209

!Vcb !excl. " 103 = 39.56+1.04
&1.06 Jaiswal et al., arXiv:2002.05726

!Vcb !excl. " 103 = 38.86 ± 0.88 FLAG '21, arXiv:2111.09849
the use of exp. data to describe the 
shape of the FFs leads to smaller errors, 
but the use of truncated BGL fits does 
not guarantee that the final error is not 
underestimated 



extraction of |Vcb| from  decaysB ! D!"!
* lattice QCD form factors from FNAL/MILC (arXiv:1503.07237): synthetic data points at 3 (small) values of the recoil 

* experimental data from Belle collaboration in 10 bins (arXiv:1510.03657)
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0.035
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!Vcb !excl. " 103 = 41.0 ± 1.2

!Vcb !excl. " 103 = 40.49 ± 0.97 Gambino et al., arXiv:1606.08030

!Vcb !excl. " 103 = 41.0 ± 1.1 Jaiswal et al., arXiv:1707.09977

!Vcb !excl. " 103 = 40.0 ± 1.0 FLAG '21, arXiv:2111.09849

nice consistency with B ! D*



 and polarization observablesR(D), R(D*)

observable DM experiment difference
R(D) 0.289 (8) 0.340 (27) (13) 1 1.6 -

R(D*) 0.269 (8) 0.295 (11) (8) 1 1.6 -
P$(D*) &0.52 (1) &0.38 (51) (+21

&16)
FL(D*) 0.42 (1) 0.60 (8) (4) 1 2.0 -

*** pure theoretical and parameterization-independent determinations within the DM approach ***



extraction of |Vub| from  decaysB ! #!"!
* lattice QCD form factors from RBC/UKQCD (arXiv:1501.05363) and FNAL/MILC (arXiv:1503.07839): two sets of 

synthetic data points at 3 (large) values of q2 (19.0, 22.6, 25.1 GeV2) and their combination 

* nonperturbative susceptibilities (paper in preparation)
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f+(q2)

f0(q2)

f+(q2)

f0(q2)

       RBC/UKQCD + FNAL/MILC 

f(0)

RBC/UKQCD -0.06 ±0.25

FNAL/MILC -0.01 ±0.16

combined -0.04±0.22

LCSR 0.28±0.03

arXiv:2102.07233



experimental data for  decaysB ! #!"!
* six sets of data from Belle and BaBar collaborations: 

    BaBar 2011, Belle 2011, BaBar 2012 ( ), BaBar 2012 ( ), Belle 2013 ( ), Belle 2013 ( )B0 ! #& B+ ! #0 B0 ! #& B+ ! #0

*** we do not mix theoretical calculations with experimental data to describe the shape of the FFs ***17
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FIG. 4. |Vub| estimates for each bin of each experiment as a function of the q2-bins (in GeV
2
),

by using the FFs bands resulting from the MILC LQCD inputs. The legend is shown in the first

Figure. Finally, the black solid band represents the final weighted estimate (27).

where ⌧B0
s

= (1.516 ± 0.006) ⇥ 10�12 s and the expression of the di↵erential decay

width d�/dq2 is contained in the Eq. (21). Putting all these ingredients together in the

bands are (correlated) weighted averages

15

1. |Vub| from B ! ⇡ decays

For the extraction of the CKMmatrix element, we follow the procedure used in [21, 35]

for several semileptonic decays characterized by the production of a pseudoscalar meson.

In what follows, we will distinguish the two di↵erent channels that have been measured

by the experiments, i.e. B0 ! ⇡�`+⌫ and B+ ! ⇡0`+⌫. Starting from the Eq. (21), we

have that [33]

|Vub| =

s
Cv

⌧B
⇥ �B|exp

�⇣
, (24)

where �B|exp is the experimental branching fraction in a given q2-bin and �⇣ is the

theoretical normalized decay width computed in that bin (without |Vub| therein). Since

|⇡0i ⌘ |uūi � |dd̄ip
2

,

Cv is equal to 2 for B+ ! ⇡0`+⌫ decays, while it is equal to 1 for B0 ! ⇡�`+⌫

transitions. Finally, ⌧B is the lifetime of the decaying B meson ( = 0,+).

At this point, we generate Nboot bootstraps of the measured di↵erential BR for ev-

ery bin in q2 and for each of the experiments [30–33] through a multivariate Gaussian

distribution. Then, we extract Nboot bootstrap events for the FF f+(q2) for each of the

q2-bins. In the latter case, the mean value and the covariance matrix of the distribution

can be directly computed through our DM method. At this point, we compute the Nboot

values of |Vub| for each q2-bin of each experiment through the expression (24).

Given a particular bin, we fit the histogram of the resulting events with a normal

distribution and save the values of the corresponding marginalized parameters. This

procedure leaves us with a mean value and an uncertainty for |Vub| for each bin of

each experiment. We then associate a value of the CKM matrix element to the n-th

experiment (n = 1, . . . , 6 for B ! ⇡ decays) through the following expression

|Vub|n =

P
i,j(C

�1)ij |Vub|jP
i,j(C

�1)ij
, �2

|Vub|n =
1P

i,j(C
�1)ij

, (25)

where the indices i, j run over all the q2-bins of the n-th experiment. To obtain a

final estimate of |Vub| from the semileptonic B ! ⇡ decays, we then use two expressions

input data |Vub| x103

RBC/UKQCD 3.46 (46)
FNAL/MILC 3.74 (39)

combined 3.58 (43)

exclusive (FLAG ’21) 3.74 (17)
inclusive (PDG/HFLAV) 4.32 (29)

inclusive (Belle ’21) 4.10 (28)

after averaging over the six exp.’s



a new strategy: unitarization of the data
* construct the experimental values of !Vub f+(q2

i ) ! = 20i/zi (zi = kinematical coefficient in the i-th bin)
* apply the DM method on the data points !Vub f+(q2

i ) !  using the unitarity bound !Vub !2 &1&(0) with an initial guess for !Vub !

* determine !Vub !  using the theoretical DM bands and iterate the procedure until consistency for !Vub !  is reached

10�3

10�2

0 5 10 15 20 25

|V
u
b|
f +

(q
2 )

q2 (GeV2)

all experiments

unitarized data

!Vub !DM " 103 = 3.88 ± 0.32

we still keep separate the theoretical 
calculations and the experimental data 
for describing the shape of the FFs

!Vub !incl. " 103 = 4.32 ± 0.29

difference of 3 1-

the use of exp. data to describe the 
shape of the FFs leads to a much smaller 
error (0.17), but the use of truncated 
BCL fits does not guarantee that the 
final error is not underestimated 

!Vub !excl. " 103 = 3.74 ± 0.17 (FLAG '21)



Conclusions
* the Dispersion Matrix approach is an attractive tool to implement unitarity and lattice QCD calculations in the analysis 

of exclusive semileptonic decays of hadrons. The main features are: 

    - it does not rely on any assumption about the momentum dependence of the hadronic form factors 
    - it can be based entirely on first principles using lattice determinations both of the relevant form factors and of the  
      dispersive bounds (the susceptibilities) from appropriate 2-point and 3-point (Euclidean) correlation functions 
    - it allows to implement unitarity and kinematical constraints in a rigorous and parameterization-independent way 
    - it predicts band of values that are equivalent to the infinite number of BGL (or BCL) fits satisfying unitarity and  
       kinematical constraints and reproducing exactly a given set of data points 
    - it can be applied to any exclusive semileptonic decay of hadrons

* we have applied the DM approach to  decays (2105.02497), to  decays (2105.08674, 2109.15248),  
to  decays (in preparation) and to  decays (in progress)

D ! K!"! B ! D(*)!"!
B ! #!"! and Bs ! K!"! Bs ! D(*)

s !"!

* results for  decays: B ! D(*)!"!

* results for  decays:  consistent with B ! #!"! !Vub !DM " 103 = 3.88 ± 0.32 !Vub !incl. " 103 = 4.32 ± 0.29

DM experiment
R(D) 0.289 (8) 0.340 (27) 

(13)R(D*) 0.269 (8) 0.295 (11) 
(8)

!Vcb !DM " 103 = 41.0 ± 1.2 (B ! D)
= 41.3 ± 1.7 (B ! D*)

!Vcb !incl. " 103 = 42.16 ± 0.50

differences < 1 -
differences of 3 1.6 -



DM HFLAV ‘19

R(D) 0.289 (8) 0.340 (27) (13)

R(D*) 0.269 (8) 0.295 (11) (8)

DM FLAG ‘21 inclusive

|Vub| •103 3.88 (32) 3.63 (14) 4.32 (29)

|Vcb| •103 41.15 (1.48) 39.48 (68) 42.16 (50)
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