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Prologue

Coalescence model for the production of light nuclei in high energy hadron-hadron and
hadron-nucleus collisions (cosmic rays) first introduced in the 1960s:

Hagedorn 1960,1962,1965; Butler & Pearson 1963; Schwarzschild & Zupančič 1963

Further development in the 1970s and 80s motivated by first experimental results with
heavy-ion collisions at the BEVALAC (Gutbrod et al. 1976):

Bond, Johansen, Koonin, Garpmann 1977; Mekjian 1977, 1978; Kapusta 1980, Sato & Yazaki 1981; Remler 1981, Gyulassy,

Frankel & Remler 1983; Csernai & Kapusta 1986; Mrówczynski 1987; Dover et al. 1991

Long initial discussions about the interpretation of the “invariant coalescence factor”
BA defined by

EA
dNA

d3PA
= BA

(
Ep

dNp

d3Pp

)Z (
En

dNn

d3Pn

)N

∣∣Pp=Pn=PA/A

.

(1) “momentum-space coalescence volume” (Butler & Pearson, Schwarzschild & Zupančič, Gutbrod et al.);
(2) “inverse fireball volume” BA ∼ V A−1

(Bond et al, Mekjian).
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Prologue

The 1980s saw an increased focus on the phase-space and quantum mechanical
aspects of nuclei formation through coalescence. An important paper by Danielewicz & Schuck

1992 used quantum kinetic theory to allow for scattering by a 3rd body to account for
energy conservation in deuteron formation. Scheibl & Heinz 1999 used their work to derive a
generalized Cooper-Frye formula for nuclear cluster spectra from coalescence,

E
d3NA

d3P
=

2JA + 1

(2π)3

∫

Σf

P · d3σ(R) f Zp (R,P/A) f Nn (R,P/A) CA(R,P),

where the “quantum mechanical correction factor” CA(R,P), first introduced by Hagedorn

1960, accounts for the suppression of the coalescence probability in small or rapidly
expanding fireballs where the cluster wave function may not fit inside the “homogeneity
volume” of nucleons with similar momenta that contribute to the coalescence.

A direct connection between deuteron coalescence and femtoscopic 2-particle
correlations (intensity interferometry) was first noted in Mrówczynski 1987-93 and recently
made even more explicit by Blum & Takimoto 2019.
Working it out explicitly in a semi-realistically parametrized expanding fireball model,
Scheibl & Heinz 1999 found the following main results:
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Main results: 1. The quantum mechanical correction factor
The quantum mechanical correction factor (approximately independent of position) averaged over the
freeze-out surface is given by (Scheibl & Heinz 1999, recently rediscovered1 by Sun, Ko, Dönigus 2019; Blum & Takimoto 2019)

〈CA〉 (P) ≡ 〈CA(R,P)〉Σ =

∫
Σ P·d3σ(R) f A−Z

n (R,P/A) f Zp (R,P/A) CA(R,P)∫
Σ P·d3σ(R) f A−Z

n (R,P/A) f Zp (R,P/A)
,

≈ e−B/T
/[(

1 +
2

3

r2
A,rms

R2
⊥(M⊥/A)

)(
1 +

2

3

r2
A,rms

R2
‖(M⊥/A)

)1/2](A−1)

B = MA − Am < 0 is the binding energy of the nuclear cluster; M⊥/A ≈ m⊥ is the transverse mass of the
coalescing nucleons. CA(R,P) is obtained by folding the internal Wigner density of the cluster with the
phase-space densities of the coalescing nucleons; for example, for deuterons

Cd(R,P) =

∫
d3q d3r

(2π)3
D(r , q)

fp(R+,P+) fn(R−,P−)

fp(R,P/2) fn(R,P/2)

≈
∫

d3r
∣∣φd (r)

∣∣2 fp(R+,P/2) fn(R−,P/2)

fp(R,P/2) fn(R,P/2)

where D(r , q) = 8 exp(−r2/d2−q2d2), with d =
√

8/3rd,rms = 3.2 fm, is the deuteron internal Wigner

density in its rest frame, R0
± = R0

d ± ud · r , R±= R ± 1
2

(
r + ud ·r

1+u0
d

ud

)
, ud = P/md , and similarly for P±.

1up to flow effects which cause the MT -dependence of the HBT radii and affect the spectral slopes

Ulrich Heinz (OSU/J.W.Goethe-University) Coalescence of nuclear clusters CERN, 5/19/2020 6 / 38



Prologue Main results Fireball model Model simulations The QM correction factor Connection to femtoscopy Summary

The quantum mechanical correction factor: Confirmation by ALICE
Sun, Ko, Dönigus 2019

3

The last factor in the above equation describes the sup-
pression of deuteron production due to its finite size rel-
ative to that of the nucleon emission source. Its value
approaches unity as the source radius R becomes much
larger than the size of deuteron, while it is significantly
smaller than unity when R is close to or less than 1.6 fm.
The factor C1 = 3Nn

4(mTKR2)3/2
in Eq. (6) corresponds to

the d/p ratio in the limit of large nucleon emission source
when the suppression effect due to finite deuteron size is
negligible, and it is directly related to the entropy per
nucleon in a nuclear collision, which remains essentially
unchanged after chemical freeze-out [60]. Therefore, the
value of C1 is expected to be similar in p+p, p+Pb and
Pb+Pb collisions at the LHC. From the d/p ratio mea-
sured in central Pb+Pb collisions at

√
sNN = 2.76 TeV,

a value of about 4.0 × 10−3 is obtained from Eq.(6) for
C1. Using this value, Eq. (6) can be rewritten as

Nd

Np
≈ 4.0× 10−3

[
1 + (1.6 fm

R )2
]3/2 , (7)

where the value of R can be calculated from

R =
(3Nn)

1/3

[4C1(mTK)3/2]1/3
. (8)

using the neutron number Nn, which is the same as
the proton number in collisions at the LHC energies be-
cause of the vanishing isospin chemical potential, and the
kinetic freeze-out temperature TK extracted from mea-
sured charged particle spectra.

Shown in panel (a) of Fig. 1 by symbols with error
bars is the charged particle multiplicity dependence of
the proton number measured by the ALICE Collabo-
ration [61, 62]. The dependence is seen to be essen-
tially linear and can be well parametrized by Np =
0.0223× dNch/dη shown by the solid line.

Panel (b) of Fig. 1 shows the charged particle multi-
plicity dependence of the kinetic freeze-out temperature.
The solid circles with error bars are from the ALICE Col-
laboration based on a blast wave model fit to the experi-
mental data [61]. It is seen that TK increases as dNch/dη
decreases, and it can be fitted by the function

TK = T0 + T1

[
1 + (q − 1)× dNch/dη

M

]− 1
q−1

, (9)

in terms of the four parameters T0 = 80.6 ± 31.0 MeV,
T1 = 83.0 ± 46.9 MeV, M = 67.3 ± 76.3, and q =
3.33 ± 3.25 after taking into account the errors in the
extracted TK . The corresponding uncertainty of TK at
any charged particle multiplicity can be obtained from

∆TK =
[
2
∑

i,j
∂TK

∂xi
(H−1)ij

∂TK

∂xj

]1/2
, where xi is one of

the four parameters in Eq.(9). The Hessian matrix H in
our chi-square fit to the empirically extracted TK is given

 (a)

 Pb+Pb @ 2.76 TeV
 p+p @ 7 TeV
 p+p @ 2.76 TeV
 p+p @ 900 GeV
 Fit (Np = 0.0223 * dN ch/d )

N
p

 (b)

 Pb+Pb @2.76 TeV
 Fit

T K
 (M

eV
)

 Our prediction
 Rinv at kT = 0.2-0.3 GeV (Pb+Pb @ 2.76 TeV)
 Rinv at kT = 0.2-0.3 GeV (p+Pb @ 5.02 TeV)

 (c)

R
 (f

m
)

dNch/d

FIG. 1: Charged particle multiplicity dependence of the pro-
ton numberNp (panel (a)), kinetic freeze-out temperature TK

(panel (b)) and the radius of emission source R (panel (c)).
[44, 61, 62]. The solid line in panel (a) represents a linear fit to
the data. The solid line in panel (b) is the fit to the data using
Eq.(9) with the shadow region surrounding the line denoting
the uncertainties. The uncertainties of the data points shown
in panel (b) are only statistical [61]. The dashed line in panel
(c) is the predicted radius of emission source with uncertain-
ties given by the shaded band. Except the experimental data
shown by solid squares with error bars in panel (c), which are
from the ATLAS Collaboration [63], all other experimental
data are from the ALICE Collaboration [44, 61, 62].

by

H =




1.27 4.33× 10−1 1.80× 10−1 9.33
4.33× 10−1 1.93× 10−1 6.90× 10−2 2.71
1.80× 10−1 6.90× 10−2 2.79× 10−2 1.26

9.33 2.71 1.26 7.44× 101


 .

(10)
The fitted charged particle multiplicity dependence of TK

is shown in panel (b) of Fig. 1 by the solid line with the

4

shaded band denoting its uncertainties. We note that the
function in Eq.(9) has a similar form as the Tsallis distri-
bution for the single particle energies in a non-extensive
system [64].
With the above determined values of Nn and TK , we

can evaluate from Eq. (8) the charged particle multiplic-
ity dependence of the radius R of emission source. The
result is depicted in panel (c) of Fig. 1 by the dashed line
with the theoretical uncertainties given by the shaded
band, which turns out to be quite small. Also shown
in this panel by solid squares and stars with error bars
are the one-dimensional femtoscopic radius Rinv of the
Gaussian emission source extracted, respectively, by the
ATLAS Collaboration [63] and by the ALICE Collab-
oration [44] from the two-pion interferometry measure-
ments [65] for pion pairs of transverse momentum kT =
0.2-0.3 GeV. It is seen that the predicted R is larger than
Rinv for central Pb+Pb collisions. This is likely due to
the large radial flow in central Pb+Pb collisions, which
would lead to a smaller apparent Gaussian radii of an
emission source.
With the information on the radius of nucleon emission

source, the d/p ratio can then be calculated from Eq. (7),
and its dependence on the charged particle multiplicity
is shown in panel (a) of Fig. 2. Compared with the mea-
sured ratio in central Pb+Pb collisions at

√
sNN = 2.76

TeV [7, 61] and in p+p collisions at
√
sNN = 900 GeV,

2.76 TeV and 7 TeV [35, 62], the theoretical results are
in nice agreement with the data for all charged particle
multiplicities. Our results are consistent with those from
a schematic coalescence model based on kinetic freeze-
out nucleons from the UrQMD model [47]. We note that
the finite deuteron size suppresses not only the total yield
ratio of deuteron to proton as studied here but also their
ratio as a function of transverse momentum [25].
Similarly, we can calculate the charged particle mul-

tiplicity dependence of the 3He/p ratio by extending
the formalism for deuteron production from proton and
neutron coalescence to the production of helium-3 from
the coalescence of two protons and one neutron as in
Refs. [29–33]. The resulting yield ratio 3He/p is given by

N3He

Np
≈ NnNp

4(mTKR2)3
1

(
1 +

r23He

2R2

)3 , (11)

where r3He = 1.76 fm is the matter radius of helium-
3 [59]. In obtaining the above equation, we have included
the statistical factor of 1/4 for forming a spin 1/2 helium-
3 from three spin 1/2 nucleons and used the condition

mTK ≫ 1/r23He. With the factor C2 =
NnNp

4(mTKR2)3 =

4C2
1/9 = 7.1 × 10−6, determined from the value of C1,

Eq.(11) becomes

N3He

Np
≈ 7.1× 10−6

[
1 + (1.24 fm

R )2
]3 . (12)

We also consider 3He production from the coalescence
of a deuteron and a proton. In this case, the root-

 COAL.

 (b)

 (a)

ALICE published
  p+p @ 900 GeV
  p+p @ 2.76 TeV  
  p+p @ 7 TeV 
  Pb+Pb @ 2.76 TeV

d/
p 

 (x
10

-3
)

  COAL. (d-p)
  COAL. (p-p-n)

3 H
e/

p

dNch/d

3 H
/3 H

e

 Two-body COAL. 
 Three-body COAL.

FIG. 2: Charged particle multiplicity dependence of the yield
ratios d/p, 3He/p and 3H/3He. The lines denote the predic-
tions of coalescence model with theoretical uncertainties on
the emission source radius given by the shaded band. Ex-
perimental data from the ALICE Collaboration are shown by
symbols with error bars [7, 35, 61, 62].

mean-square radius of 3He can be estimated as r3He ≈
(3/8)1/2

√
〈rpd〉2 = 1.15 fm with

√
〈rpd〉2 ≈ 2.6 fm being

the distance between proton and the center of mass of
the deuteron inside the helium-3. Using the statistical
factor of 1/3 for the coalescence of a spin 1 deuteron and
a spin 1/2 proton to 3He, the 3He/p ratio is then

N3He

Np
≈ 7.1× 10−6

[
1 + (1.15 fm

R )2
]3/2 [

1 + (1.6 fm
R )2

]3/2 , (13)

where the suppression factor for deuteron production
has been included. As shown in panel (b) of Fig. 2,
the contribution from the coalescence of deuteron and
proton is larger than that from the coalescence of two
protons and one neutron in collisions of small charged
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The quantum mechanical correction factor: prediction for the hypertriton
Sun, Ko, Dönigus 2019

S3 = 3
ΛH
/(

3He× Λ/p
)

4
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mean-square radius of 3He can be estimated as r3He ≈
(3/8)1/2

√
〈rpd〉2 = 1.15 fm with

√
〈rpd〉2 ≈ 2.6 fm being

the distance between proton and the center of mass of
the deuteron inside the helium-3. Using the statistical
factor of 1/3 for the coalescence of a spin 1 deuteron and
a spin 1/2 proton to 3He, the 3He/p ratio is then

N3He

Np
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[
1 + (1.15 fm
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1 + (1.6 fm
R )2
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where the suppression factor for deuteron production
has been included. As shown in panel (b) of Fig. 2,
the contribution from the coalescence of deuteron and
proton is larger than that from the coalescence of two
protons and one neutron in collisions of small charged

5

particle multiplicities, although the two processes give
similar contributions to 3He production in collisions of
large charged particle multiplicities. Besides, the the-
oretical results are found in nice agreement with the
data at dNch/dη < 1000, while they are slightly smaller
than the data in the most central Pb+Pb collisions at√
sNN = 2.76 TeV.
The above calculation for helium-3 production can be

straightfowardly extended to triton (3H) production. Be-
cause of its smaller radius of r3H = 1.59 fm [59] than
helium-3, triton production in collisions with low multi-
plicities is expected to be less suppressed than helium-3.
For instance, the 3H/3He ratio is

N3H

N3He
≈

[
1 + (1.24 fm

R )2
]3

[
1 + (1.12 fm

R )2
]3 (14)

from the three-body coalescence and

N3H

N3He
≈

[
1 + (1.15 fm

R )2
]3/2

[
1 + (1.039 fm

R )2
]3/2 (15)

from the two-body coalescence. Shown in panel (c) of
Fig. 1 is the 3H/3He yield ratio as a function of charged
particle multiplicity. It is seen that this ratio indeed in-
creases with decreasing charged particle multiplicity, par-
ticularly for triton and helium-3 production from three-
body coalescence. For instance, this ratio in p+p colli-
sions at dNch/dη = 5 is predicted to be 1.1 if triton and
helium-3 are produced from two-body coalescence but
increases to 1.3 if they are produced from three-body
coalescence, suggesting a 10%-30% enhancement in the
production of triton than heilium-3 in p+p collisions. Fu-
ture measurements of the triton yield in p+p collisions
can be used to testify this result.

III. 3
ΛH PRODUCTION IN COALESCENCE

MODEL

To study the production of 3
ΛH in collisions of small

systems, we first note that 3
ΛH is the lightest known nu-

cleus with strangeness, and it has a small binding energy
of only BΛ= 2.35 MeV and a large root-mean-square ra-
dius of r3

ΛH ≈ 4.9 fm [66]. Besides being a bound state
of proton, neutron and Λ-hyperon, the hypertriton can
also be considered as a bound state of a deuteron and a
Λ-hyperon with a binding energy BΛ = 0.13 ± 0.05 MeV
[67] and a distance of rΛd ≈ 10 fm [66] between deuteron
and Λ-hyperon. Because of its large size, the produc-
tion of 3

ΛH in collisions of small systems is expected to be
much more suppressed than that of helium-3. We note
that the study of 3

ΛH production in relativistic heavy-ion
collisions including both the coalescence of p-n-Λ and of
d-Λ has recently been reported in Ref. [68]. According
to this study, the process of p-n-Λ coalescence is more
important than that of the d-Λ coalescence for hyper-
trion production, and the hypertriton yield in relativistic

(b)

(a)

dNch/d

3
H
/   Pb+Pb @ 2.76 TeV

  COAL. (d- )
  COAL. (n-p- )

S 3

  Two-body COAL. 
  Three-body COAL.

FIG. 3: Charged particle multiplicity dependence of the yield
ratio 3

ΛH/Λ and the S3 factor. Predictions from the coales-
cence model are shown by solid lines for the three-body coa-
lescence and dashed lines for the two-body coalescence with
theoretical uncertainties given by shaded bands. Experimen-
tal data from the ALICE Collaboration [7, 9] are shown by
solid stars with error bars.

heavy-ion collisions is essentially determined at the time
when nucleons and deuterons freeze out, although it still
undergoes reactions with pions.
Similar to helium-3 production, the yield ratio 3

ΛH/Λ
is given by

N3
ΛH

NΛ
≈ 7.1× 10−6

[
1 + (3.46 fm

R )2
]3 (16)

for hypertriton production from the coalescence of pro-
ton, neutron and Λ-hyperon, and

N3
ΛH

NΛ
≈ 7.1× 10−6

[
1 + (4.2 fm

R )2)3/2(1 + (1.6 fm
R )2

]3/2 . (17)

for hypertriton production from the coalescence of d and
Λ. In obtaining Eq.(16) for the three-body coalescence
process, we have taken the root-mean-square radius of
3
ΛH as r3

ΛH ≈ (3/8)1/2
√
〈rΛd〉2 = 4.2 fm. Also, we have

neglected the mass difference of the constituent particles
in obtaining above expressions since its effect is small.
In panel (a) of Fig. 3, we show the charged particle mul-

tiplicity dependence of the yield ratio 3
ΛH/Λ in Pb+Pb

collisions at
√
sNN = 2.76 TeV. The dashed and solid
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Main results: 2. The invariant coalescence factor: flow effects
By dividing the invariant cluster spectrum by the appropriate powers of the invariant nucleon spectra one
obtains

BA(P) =
2JA+1

2A
〈CA〉

M⊥Veff(A,M⊥)

m⊥Veff(1,m⊥)

(
(2π)3

m⊥Veff(1,m⊥)

)A−1

e
(M⊥−Am)

(
1

T∗p (m⊥)
− 1

T∗
A

(M⊥)

)

where T∗p , T
∗
A are the inverse slope parameters (“flow-boosted effective temperatures”) of the nucleon and

cluster spectra, and the effective volume Veff is given by

Veff(A,M⊥) =
Veff(1,m⊥)

A3/2
=

(
2π

A

)3/2

Vhom(m⊥) =⇒
M⊥Veff(A,M⊥)

m⊥Veff(1,m⊥)
= 1/

√
A

in terms of the homogeneity volume Vhom(m⊥) = R2
⊥(m⊥)R‖(m⊥) where R⊥,‖(m⊥) are the transverse

(“sideward”) and longitudinal HBT radii measured for pairs of particles with transverse mass m⊥:

R⊥(m⊥) =
∆ρ√

1 + (m⊥/T )η2
f

, R‖(m⊥) =
τ0 ∆η√

1 + (m⊥/T )(∆η)2
.

Here ∆ρ, ∆η are the geometric (Gaussian) fireball widths in transverse (radial) and longitudinal
(space-time rapidity) directions, τ0 is the nucleon kinetic freeze-out time, and ηf and ∆η = (τ0∆η)/τ0 are
the transverse and longitudinal flow velocity gradients.

• Connection with recent work by Blum & Takimoto 2019 will be discussed further below.
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Coalescence, flow, HBT, and all that . . .

1 Prologue

2 Main results

3 An illustrative expanding fireball toy model

4 (Dynamical) model simulations

5 The quantum mechanical correction factor

6 Deuteron spectra and femtoscopic pp correlations

7 Summary
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The model emission function (Csörgő and Lörstad 1996)

Assumption: simultaneous kinetic freeze-out of pions, kaons, and nucleons and coalescence of nuclei on a
common “last scattering surface” Σf characterized by a position-dependent freeze-out time tf(x).

Coordinate system: Milne (τ, η) and transverse polar (ρ, φ) coordinates:
Rµ = (τ cosh η, ρ cosφ, ρ sinφ, τ sinh η)

Additional simplifications:
1. azimuthal symmetry (b = 0 collisions);
2. boost-invariant longitudinal flow rapidity ηl (τ, ρ, η) = η (Bjorken scaling);
3. linear transverse flow rapidity profile η⊥(τ, ρ, η) = ηf

ρ
∆ρ

;

uµ(R) = cosh η⊥(cosh η, tanh η⊥ cosφ, tanh η⊥ sinφ, sinh η);
4. sudden freeze-out at constant longitudinal proper time τ0 and temperature T :

P · d3σ(R) = τ0m⊥ cosh(η−Y ) ρ dρ dφ dη;
5. Boltzmann approximation for nucleons and nuclei:2

fi (R,P) = eµi/T e−P·u(R)/T H(R), i = p, n;

H(R) = H(η, ρ) = N exp

(
−

ρ2

2(∆ρ)2
−

η2

2(∆η)2

)
.

2Flow velocity uµ(R) missing in Sun, Ko, Dönigus 2019, Blum & Takimoto 2019
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Cluster spectra: thermal emission vs. coalescence

Thermal cluster emission: µA = Zµp + (A−Z)µn

E
d3NA

d3P
=

2JA + 1

(2π)3
eµA/T

∫
Σf

P · d3σ(R) e−P · u(R)/T H(R)

Classical coalescence (pointlike nucleons and clusters, ignoring cluster binding energy):

E
d3NA

d3P
=

2JA + 1

(2π)3
eµA/T

∫
Σf

P · d3σ(R) e−P·u(R)/T
(
H(R)

)A
Quantum coalescence:

E
d3NA

d3P
=

2JA + 1

(2π)3
eµA/T

∫
Σf

P · d3σ(R) e−P·u(R)/T
(
H(R)

)A CA(R,P)

≈
2JA + 1

(2π)3
eµA/T 〈CA〉(P)

∫
Σf

P · d3σ(R) e−P·u(R)/T
(
H(R)

)A
For freeze-out at constant density, temperature & chemical potential: H(R) = const.= 1 =

(
H(R)

)A
on Σf

=⇒ thermal emission and classical coalescence give identical results while quantum coalescence gives
slightly smaller yields (15-20% effect for deuterons from AuAu, PbPb).
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Gaussian H(R): thermal cluster emission spectrum

Using saddle point integration one obtains for the Gaussian profile function H(R) (Scheibl & Heinz 1999)

E
d3NA

d3P
=

2JA + 1

(2π)
e(µA−M)/TM⊥Veff(1,M⊥) exp

(
−
M⊥−M

T∗A
−

Y 2

2(∆η)2

)

=
2JA + 1

(2π)3/2
e(µA−M)/TM⊥Vhom(M⊥) exp

(
−
M⊥−M

T∗A
−

Y 2

2(∆η)2

)

with an inverse slope parameter (“effective temperature”) that increases linearly with the cluster mass:

T∗A = T + M η2
f .
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Gaussian H(R): spectrum from classical coalescence

Using saddle point integration one obtains for the Gaussian profile function H(R)

E
d3NA

d3P
=

2JA + 1

(2π)
e(µA−Am)/TM⊥Veff(A,M⊥) exp

(
−
M⊥−Am

T∗A
−

AY 2

2(∆η)2

)

=
2JA + 1

(2π)3/2
e(µA−Am)/TM⊥

Vhom(m⊥)

A3/2
exp

(
−
M⊥−Am

T∗A
−

AY 2

2(∆η)2

)

where M⊥ ≡
√

(Am)2 + P2
⊥, with an inverse slope parameter (“effective temperature”) independent of

cluster size:

T∗A = T +
Am

A
η2
f = T + m η2

f = T∗p .

This is clearly a deficiency of the assumed Gaussian transverse density profile in this toy model.

Freeze-out at constant density eliminates this difference and thus corrects this deficiency.

Note that M = Am + B where binding energy |B| � T is negligible.
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Gaussian H(R): spectrum from quantum coalescence

Using saddle point integration one obtains for the Gaussian profile function H(R)

E
d3NA

d3P
=

2JA + 1

(2π)
e(µA−Am)/T 〈CA〉(P)M⊥Veff(A,M⊥) exp

(
−
M⊥−Am

T∗A
−

AY 2

2(∆η)2

)

=
2JA + 1

(2π)3/2
e(µA−Am)/T 〈CA〉(P)M⊥

Vhom(m⊥)

A3/2
exp

(
−
M⊥−Am

T∗A
−

AY 2

2(∆η)2

)

where M⊥ ≡
√

(Am)2 + P2
⊥, with an inverse slope parameter (“effective temperature”) independent of

cluster size:

T∗A = T +
Am

A
η2
f = T + m η2

f = T∗p .

Compared to classical coalescence, the only difference is the quantum mechanical suppression factor
〈CA〉(P).

Again, the problem with nuclei and protons having the same predicted inverse slope goes away for
freeze-out at constant density, H(R) = 1.
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Coalescence, flow, HBT, and all that . . .

1 Prologue

2 Main results

3 An illustrative expanding fireball toy model

4 (Dynamical) model simulations

5 The quantum mechanical correction factor

6 Deuteron spectra and femtoscopic pp correlations

7 Summary
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Chemical vs. kinetic decoupling of light nuclei: PCE BW model

Xu & Rapp, 1809.04024 (EPJ A55 (’19) 68):

Nuclei yields and pT -spectra from STAR and ALICE can be
understood in terms of thermal production (=classical
coalescence!) at Tchem = 160 MeV and Tkin = 100 MeV,
with βs = 0.780 (0.866) at RHIC (LHC) (blast wave
parametrization):

  c o m b .  f i t
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Chemical vs. kinetic decoupling of light nuclei: BW model (ALICE version)

Consistent with earlier ALICE analysis:

ALICE 1506.08951 (PRC 93 (2015) 024917):

Hadron and nuclei pT -spectra from ALICE can be
understood in terms of common kinetic freeze-out
(=classical coalescence!) at Tkin = 113± 12 MeV,
with 〈β〉= 0.632± 0.010 (blast wave
parametrization):

Production of light (anti-)nuclei in pp and Pb–Pb collisions at LHC energies ALICE Collaboration
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Fig. 15: (Color online) Blast-wave fit of π+, K+, p, d, and 3He particles for 0–20% centrality for Pb–Pb collisions
at
√

sNN = 2.76 TeV. Solid symbols denote the pT range of the spectra used for the fits, while the open symbols
show the remaining part. The lower panels show the deviations of the measured spectra to the BW fits.

production rates of anti-tritons and 3He nuclei. This comparison suffers from large uncertainties related
to the absorption of anti-nuclei and energy loss in the detector material before the TPC at such low
momenta. A similar measurement of tritons is unfeasible due to the large contamination from knock-out
nuclei in this momentum region.

4 Discussion

4.1 Description of spectra via blast-wave fits

Combined BW fits provide essential insight into the kinetic freeze-out conditions and allow quantitative
comparisons between different collision systems and between measurements at different

√
sNN in terms

of a hydrodynamic interpretation. In this section, a simultaneous fit to the π , K, p, d, and 3He spectra
in the centrality range 0-20% using in addition data from [41, 49] is discussed. Since the BW model is
not expected to describe eventual hard contributions that may set in at higher pT, the fit ranges have been
limited. For the light particles, they are taken as in [41, 49] (0.5-1 GeV/c, 0.2-1.5 GeV/c, 0.3-3 GeV/c
for π , K, and p, respectively). However, for d and 3He, the spectrum is fitted up to the pT value where
the invariant yield reduces to 10% of the maximum available value of that spectrum. The exponent n
of the velocity profile is left as a free parameter as in [41]. In such an approach, all particle species are
forced to decouple with the same parameters even though they feature different hadronic cross sections

17

Ulrich Heinz (OSU/J.W.Goethe-University) Coalescence of nuclear clusters CERN, 5/19/2020 18 / 38



Prologue Main results Fireball model Model simulations The QM correction factor Connection to femtoscopy Summary

Chemical vs. kinetic decoupling of light nuclei: hadronic Saha equation (PCE)

Vovchenko et al. 1903.10024 (PLB 800 (2020) 135131):

Partial chemical equilibrium p + n + π ↔ d + π gives

NA(T )

NA(Tch)
'

(
T

Tch

) 3
2

(A−1)
exp

[
BA

(
1

T
−

1

Tch

)]

6=
(

T

Tch

)− 3
2

exp

[
−mA

(
1

T
−

1

Tch

)]
.
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Figure 2. Temperature dependence of the deuteron yield
relative to the one at Tch = 155 MeV, calculated within
the Saha equation approach using HRG in PCE (solid
black line) and simplified analytic result (dashed red line),
and within the chemical equilibrium thermal model (dash-
dotted blue line).

Eqs. (12) and (13). The resulting temperature de-
pendence of chemical potentials of π, K, p, Λ, Ξ’s,
and Ω as well as of the volume is depicted in Fig. 1.
The obtained values of the chemical potentials are
rather typical for PCE HRG model applications at
the LHC or RHIC [36, 37]. The approximate analytic
result [Eq. (7)] reproduces quantitatively the results
for Ξ and Ω, but underestimates the chemical poten-
tials of protons and Λ. This underestimation is impor-
tant for quantitative studies, as the µi values enter the
exponent when computing the light nuclei yields, see
Eq. (4). The volume, on the other hand, is repro-
duced fairly well by the simple relation (5), yielding
dM ' 11-13 as an estimate for an effective degener-
acy of “massless” degrees of freedom. The baryon-to-
meson ratio in full numerical calculation is ηB ' 0.05.

Temperature dependence of the deuteron yield rel-
ative to the one at T = Tch is depicted in Fig. 2. The
deuteron yield shows a mild increase as the temper-
ature is lowered in the full calculation. The analytic
result (8) [or Eq. (10)] within the simplified approach
shows instead a decrease, which is relatively mild on
a logarithmic scale. These two results are in stark
contrast to the standard chemical equilibrium ther-
mal model, where the deuteron yield decreases with
temperature exponentially. The behavior for other
(anti-)(hyper-)nuclei is qualitatively the same.

Figure 3 presents the temperature dependence of
ratios of various light (hyper-)nuclei to the yields of
protons at T < Tch. These include d, 3He, 4He, 3

ΛH,
4
ΛH, 4

ΛHe as well as hypothetical two-baryon bound
states NΞ, NΩ, and ΞΞ. An experimental search
for the latter three (as well as for 4

ΛH and 4
ΛHe) is

planned in Runs 3 and 4 at the LHC [38]. As we
work here with net baryon free matter, the results for
anti-nuclei are identical. All (hyper-)nuclei yields con-
sidered show a mild temperature dependence after the
chemical freeze-out, and agree quite well with experi-
mental data where available. The deuteron yield does
show a notable increase at lower temperatures, indi-
cating that an isentropic expansion after the chemical
freeze-out does not necessarily imply a fixed d/p ra-
tio at the LHC energies, in contrast to expectations
for lower collision energies [5]. Nevertheless, the tem-
perature dependence of the d/p ratio is still relatively
mild. It is found to be sensitive to the number of bary-
onic resonances included in an HRG. In the extreme
case where all baryonic resonances are excluded from
the HRG particle list, the d/p ratio in fact shows a de-
crease as one goes to lower temperatures, the dashed
line in Fig. 2 represents such a behavior. The agree-
ment with the data for d/p, 3He/p, 3

ΛH/p and 4He/p
is good for a very broad range of temperatures below
Tch. Our predictions suggest that the yields of NΞ and
NΩ change very little at T < Tch, while the yield of
ΞΞ might be suppressed by up to a factor two relative
to the standard thermal model prediction.

An observation of approximately identical light nu-
clei yield ratios evaluated at chemical and kinetic
freeze-outs using effective chemical potentials for the
hadronic phase was recently pointed out in Ref. [39].
Our results provide a natural explanation for this phe-
nomenon in terms of the Saha equation treatment of
the break-up and regeneration reactions X + A ↔
X +

∑
iAi involving light nuclei. The validity of the

law of mass action for the strong π + d ↔ π + n + p
reaction during the hadronic phase was recently illus-
trated in Ref. [40] in a microscopic transport model
calculation, keeping the deuteron yield close to the
thermal model value and echoing some earlier results
based on the kinetic approach [41, 42]. Further, the
Saha equation approach implies that also the yields
of hypernuclei stay virtually constant during the evo-
lution after the chemical freeze-out and should be de-
scribed by a thermal model calculation at T = Tch,
in agreement with the available data on hypertriton
production [2].

Our approach assumes isentropic expansion after
the chemical freeze-out, which essentially corresponds
to an ideal hydrodynamic evolution below Tch. The
large values of the specific shear viscosity of a hadron
gas reported in the literature [46] may call such an as-
sumption into question, suggesting a sizable entropy
increase in the hadronic phase. A viscous hydrody-
namic evolution of a hadronic gas in PCE down to

simplified PCE

Colored bands: ALICE data Lines: Full HRG PCE
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Figure 3. Temperature dependence of yields ratios (a) d/p (solid black line), 3He/p (dashed red line), 4He/p (double-
dot-dashed green line), and (b) NΞ/p (solid black line), NΩ/p (dotted magenta line), ΞΞ/p (dashed red line), 3

ΛH/p (dot-
dashed blue line), and 4

ΛH/p and 4
ΛHe/p (double-dot-dashed green line), evaluated at T < Tch using the Saha equation

approach and HRG in PCE. The horizontal bands correspond to the data of the ALICE collaboration for most central
Pb–Pb collisions [1–3]. The data point for 3

ΛH is reconstructed assuming a 25% branching ratio of the 3
ΛH →3 He + π

decay [2]. The vertical yellow band in (a) corresponds to the kinetic freeze-out temperature Tkin = 113 ± 12 MeV
extracted from blast-wave fits to the transverse momentum spectra of π, K, protons, d, and 3He [1].
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Figure 4. Temperature dependence of the yield ratios
K∗0/K− (solid black line), 3ρ0/(π−+π+) (dashed red line),
and Λ(1520)/Λ (dot-dashed blue line) evaluated within the
HRG in PCE at T < Tch. The horizontal bands correspond
to the experimental data of the ALICE collaboration for
0-20% most central Pb–Pb collisions [43–45]. The vertical
yellow band has the same meaning as in Fig. 3a.

T = 100 MeV has been considered in Ref. [47], where
it was reported that the entropy increases by less than
1% during that phase. Such a result would fully justify
the assumption of entropy conservation used in our
work. On the other hand, a more recent transport
model study [48] suggests a sizable entropy increase
in the hadronic phase, mainly due to decaying reso-
nances. Therefore, we explore schematically the effect

a possible entropy non-conservation on the light nuclei
abundances in the Saha equation approach. Namely,
we consider that the total entropy at T = 100 MeV
increases relative to its value at T = Tch by appro-
priately adjusting the r.h.s. of Eq. (13), and then
calculate the nuclear abundances through the Saha
equation. We find that the entropy increase generally
leads to a suppression of light nuclei yields, and the
suppression is stronger for heavier nuclei. If the rela-
tive entropy increase is mild (within 10%), the change
in nuclear abundances is not large enough to destroy
the agreement with experimental data shown in Fig. 3.
The disagreement with the data will become apparent
for larger assumed values of the entropy increase, es-
pecially for A ≥ 3 nuclei. We leave a more rigorous
treatment of the possible entropy non-conservation ef-
fect on various observables for future studies.

Accuracy of the presented results depends crucially
on the validity of the PCE picture during the hadronic
phase between the chemical and kinetic freeze-outs.
Existence of the hadronic phase is suggested by the
lower kinetic freeze-out temperatures extracted from
the blast-wave fits. We argue that additional evidence
for the validity of this picture is provided by modifica-
tions of resonance yields in the hadronic phase. While
the total yields of all hadrons stable under strong in-
teractions are frozen during the PCE evolution, the
yields of resonances are not. This is illustrated in
Fig. 4, where temperature dependence of the yield ra-
tios K∗0/K−, 3ρ0/(π− + π+), and Λ(1520)/Λ at T <
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Chemical vs. kinetic decoupling of deuterons: hydro+UrQMD:

Sombun et al. PRC99 (’19) 014901; Stock et al., NPA 982 (’19) 2019

Yields calculated from hydro +
UrQMD hybrid simulation, with final
state coalescence implemented in
UrQMD, agree with ALICE data and
with Statistical Hadronization
Model + UrQMD.

Statistical Hadronization Model with
the same chemical freeze-out
parameters but without UrQMD
rescattering (i.e. w/o p-p̄
annihilation through FSI) disagrees
with the data and full dynamical
simulations.

3 1 0 1 0 0 1 0 0 00

1

2

3

4

5

S i m u l a t i o n s :
 H y d r o  +  U r Q M D ,  P b + P b
 U r Q M D  v 3 . 4 ,  p + p

A L I C E  D a t a :
 P b + P b
 p + p

2d
/(p

+p
) x

10
00

d N c h / d η

P b + P b ,  2 . 7 5  T e V
D e u t e r o n s  f r o m  
p h a s e - s p a c e  c o a l e s c e n c e .
P a r a m e t e r s :
∆p m a x =  0 . 2 8  G e V / c
∆r m a x  =  3 . 5  f m

T h e r m a l  f i t  ( F l o r e n c e ) :  T C =  1 6 3 . 8  M e V
 W i t h o u t  R e s c a t t e r i n g
 W i t h  R e s c a t t e r i n g

Ulrich Heinz (OSU/J.W.Goethe-University) Coalescence of nuclear clusters CERN, 5/19/2020 20 / 38



Prologue Main results Fireball model Model simulations The QM correction factor Connection to femtoscopy Summary

Chemical vs. kinetic decoupling of deuterons: hydro+SMASH

Oliinychenko, Pang, Elfner, Koch, 1809.03071 (TRENTO+CLVisc+SMASH)

Incorporate πd ↔ πnp with detailed balance in the SMASH afterburner (“pion catalyzed coalescence”):
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Chemical freeze-out of deuterons occurs about > 10 fm/c after completion of hadronization process.
At that point, > 99% of deuterons originally produced at Tchem = 160 MeV have been destroyed;
≈ all experimentally observed deuterons are created in SMASH via πnp → πd ′ → πd (“coalescence”).
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Coalescence parameter B2 in TRENTO+CLVisc+SMASH:

Oliinychenko, Pang, Elfner, Koch, PRC99 (’19) 044907

hydro + afterburner
ALICE, PbPb, 0-10%
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B2(pT ) increases with pT , as qualitatively
predicted by the toy model coalescence
calculation in Scheibl & Heinz 1999 and in
agreement with ALICE data.

TRENTO+hydro+SMASH also correctly
describes the pT -spectra of π, K , p and d
(and antiparticles), but calculation has
insufficient statistics to check deuteron
elliptic flow vd

2 .
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Coalescence, flow, HBT, and all that . . .

1 Prologue

2 Main results

3 An illustrative expanding fireball toy model

4 (Dynamical) model simulations

5 The quantum mechanical correction factor

6 Deuteron spectra and femtoscopic pp correlations

7 Summary
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Cluster spectra from wave function overlap

Danielewicz and Schuck 1992 [PLB 274 (1992) 268]:

In the cluster rest frame, coalescence is a non-relativistic process. Starting from the square of the overlap
matrix element between the deuteron wave function and those of a proton and a neutron and rewriting it in
terms of density matrices and ultimately Wigner densities, Danielewicz and Schuck showed that in the deuteron
rest frame the deuteron momentum spectrum can be calculated as

dNd

d3Pd
=
−3i

(2π)3

∫
d4rd d3r

∫
d4p1

(2π)4

d3p2

(2π)3
(2π)4δ4(Pd−p∗1−p2)

×D
(
r , p1−p2

2

) [
Σ<p (p∗1 , r+) f Wn (p2, r−) + Σ<n (p∗1 , r+) f Wp (p2, r−)

]
,

where p∗ denotes an off-shell momentum, due to a preceding collision of the off-shell particle with a third
body. The energy-momentum conserving δ-function can only be satisfied if either the neutron or the proton
is off-shell.
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Cluster spectra from wave function overlap

The off-shell nucleon self energy is given by

−iΣ<N (p∗, x) =
∑
j

∫
d3q

(2π)3

d3p′

(2π)3

d3q′

(2π)3
(2π)4δ4(p∗+q−p′−q′)

×|MNj→Nj |2f WN (p′, x) f Wj (q′, x)
(
1± f Wj (q, x)

)
≈ fN(p∗, x)

∑
j

∫
d3q

(2π)3
fj (q, x)

×
[∫ d3p′

(2π)3

d3q′

(2π)3
(2π)4δ4(p∗+q−p′−q′)|MNj→Nj |2

(
1± fj (q

′, x)
)]

=
fN(p∗, x)

τNscatt(p, x)
.

Deuterons have twice the scattering rate of their constituent nucleons. Since any scattering is likely to
break up the deuteron, the integration over td = r0

d in the deuteron rest frame should only go from

tf− 1
2
τNscatt to tf . Assuming the scattering time to be sufficiently short to neglect any change in the

distribution functions during this time interval the factors of τNscatt cancel, and . . .
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Cluster spectra from wave function overlap

. . . we get

dNd

d3Pd
=

3

(2π)3

∫
d3rd

∫
d3r d3q

(2π)3
D(r , q) fp(q+, r+) fn(q∗−; r−)

where

qµ+ =
(√

m2 + q2, q
)
, q∗µ− =

(
Md −

√
m2 + q2, −q

)
.

Lorentz transforming this to the global frame by Lorentz-boosting the rest-frame positions and momenta
with the four-velocity of the deuteron, we can use Edd

3rd = Pd · d3σ(Rd ) and write this as

Ed
dNd

d3Pd
=

3

(2π)3

∫
Σf

Pd · d3σ(Rd ) fp(Rd ,Pd/2) fn(Rd ,Pd/2) Cd (Rd ,Pd )

which defines the previously listed quantum mechanical correction factor Cd (Rd ,Pd ).
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The quantum mechanical correction factor

Some typical values for the quantum mechanical correction factor for deuterons from AuAu, PbPb collisions
using the Gaussian emission function model are listed in the following Table:

In view of their minor numerical effects, we refrain from
giving a detailed account of the technical implementation of
these restrictions into the numerical evaluation of Eq.~4.6!,
referring instead to Ref.@45#. In practice, the following ana-
lytical estimates turn out to be sufficiently accurate even on a
quantitative level.

C. Analytic approximation of the correction factor

Since the measured deuteron momentum spectra do not
contain information on the point of deuteron formation, the
relevant quantity is theaveragecorrection factor

^Cd&~Pd!5

E Pd•d3s~Rd! f 2~Rd ,Pd/2!Cd~Rd ,Pd!

E Pd•d3s~Rd! f 2~Rd ,Pd/2!

.

~4.8!

We will first calculateCd(Rd ,Pd) in analytic approximation
for a special combination ofRd and Pd @given by Eq.~4.9!
below# and then argue that the result, calledC d

0 , is actually a
very good approximation of̂Cd&(Pd). Numerical studies
@45# confirm the validity of these arguments.

We first concentrate on deuterons with zero transverse
momentum which are at rest in the fluid cell where they are
created, i.e., whose four-velocitybm agrees with the flow
four-velocity at the production point,b5u(Rd):

bm5
1

td
~Rd

0 ,0,0,Rdz!. ~4.9!

In the d frame the fireball nearRd can then be described
nonrelativistically as long as the longitudinal flow velocity
gradients are sufficiently small. As long asd,td the nonrel-
ativistic approximation is very good in the relevant region
r z&d whereD is nonzero. Sincebx5by50 the Lorentz
transformations~3.3! and ~4.3! do not mix longitudinal and
transverse directions, and the integrand for the coalescence
factor has the same axial symmetry as the fireball. Then

h6'hd6
r z

2td
, ~4.10a!

r6
2 5rd

21
r x

21r y
2

4
6~r xRdx1r yRdy!, ~4.10b!

t6'td2
r z

2

8td
~4.10c!

after a nonrelativistic expansion of Eq.~4.2!. Further, the
flow u6 follows from u(R6) by a simple shift in the longi-
tudinal rapidity:

Lmnun~R!

'S 11
~h2Yd!2

2
1

h f
2r2

2~Dr!2 ,
h fRx

Dr
,
h fRy

Dr
,h2YdD ,

where we have already used the saddle-point approximation
~2.13!. For the given values ofd andmT the value ofdeff in

Eq. ~4.6! depends only weakly onu6
0 . Sinceu6

0 (r)*1 for

b5u(Rd) and small uru, we usedeff
2 'd211/mT and Beff

50, or deff
2 'd2 and Beff'B, respectively, depending on

whether or not energy conservation is taken into account.
With these approximations Eq.~4.6! turns into a product of
Gaussian integrals inr x , r y , andr z , with the result

C d
05

1

g'
2 g i

S d

deff
D 3

expS Beff

T D , ~4.11a!

g'5A11S d

2R'~m! D
2

2S h f

2TDr D 2

, ~4.11b!

g i5A11S d

2Ri~m! D
2

2S 1

2Ttd
D 2

. ~4.11c!

For the source parameters given in Sec. II F the last terms
under the square root ing' ,g i are negligible. They originate
from the coupling termq•(u12u2) in Eq. ~4.5! and the
resulting termuu12u2u2 in Eq. ~4.6!. They would thus be
absent if we had started from the approximation~3.21! in-
stead of Eq.~3.20!. The smallness of these terms is a good
check of the accuracy of Eq.~3.21!.

The last two factors in Eq.~4.11a! deviate from unity by
less than 2% for temperaturesT between 100 and 170 MeV
if energy conservation is properly accounted for; if not, the
deviations have the opposite sign, but remain below 5%.

Given the high accuracy of Eq.~3.21!, we can use it for a
check of the sensitivity ofC d

0 on the choice of the internal
deuteron wave function. A numerical integration of Eq.
~3.21! with the Hulthen wave function~3.4a! yields values
for C d

0 which are somewhat larger than those for harmonic
oscillator wave functions. For the source parameters given in
Sec. II F we obtain for the harmonic oscillator wave function
C d

050.8120.05
10.03 and for the Hulthen formC d

050.8420.04
10.02

@where the upper and lower limits indicate the effects from
the estimated uncertainties in (T,h f)#. The numbers in Table
I show that the differences are sensitive mainly to the trans-
verse and longitudinal flow gradients; they remain on the
level of a few percent for weakly expanding sources~left-
most column!, become stronger for more rapidly expanding
sources~rightmost column!, and can reach a factor of 2 or 3
in systems with very small interaction volume (pp colli-
sions!.

The origin of the difference is readily understood: while
both wave functions provide the same rms radius, the maxi-

TABLE I. The quantum-mechanical correction factorC d
0 for

Hulthen and harmonic oscillator wave functions calculated with Eq.
~3.21!, for different fireball parameters at nucleon freeze-out~for
details see text!.

t0 @ fm/c# 9.0 6.0

T @MeV# 168 130 100 168 130 100
h f 0.28 0.35 0.43 0.28 0.35 0.43

Hulthen 0.86 0.84 0.80 0.80 0.78 0.74
harm. osc. 0.84 0.81 0.76 0.76 0.72 0.66

PRC 59 1595COALESCENCE AND FLOW IN ULTRARELATIVISTIC . . .

Note that the more realistic Hulthen wave function, which (in spite of the same rrms) peaks at a smaller
value of r than the Gaussian, has better overlap with the “homogeneity factor”
f (R+,P/2)f (R−,P/2)/f 2(R,P/2) than the Gaussian one, because the latter peaks strongly at r = 0.
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Coalescence and femtoscopy:

Extending work by Mrowczynski ’87-’93, Blum & Takimoto [PRC 99 (’19) 044913] established a direct
connection between the B2 value for deuterons and the pp quantum statistical (FD) correlation function
C2(K , q) = 1− 3

4
C2(K , q):

B2(K) ≈
3

2m

∫
d3q̄D(q̄) C2(K̄ , q̄)

Here (K̄ , q̄) are the proton pair and relative momenta in the pair rest frame, and C2 is assumed to have
been corrected experimentally for strong FSI.

Assuming a Gaussian form C2(K̄ , q̄) = λe
−R̄2
⊥(K̄)q̄2

⊥−R̄2
‖(K̄)q̄2

l in the pair rest frame they find

B2 =
3π3/2λ

2m
(
R̄2
⊥ + 2

3
r2
d,rms

)(
R̄2
‖ + 2

3
r2
d,rms

)1/2

BA

m2(A−1)
= λA/2 2JA

2A
√
A

 (2π)3/2

m3
(
R̄2
⊥ + 2

3
r2
A,rms

)(
R̄2
‖ + 2

3
r2
A,rms

)1/2


A−1

λ accounts for unresolved resonance decay contributions in the denominator of C2.

Note that mR̄⊥ = m⊥R⊥ (transverse boost from lab frame to pair rest frame), so the dependence on
correlation radii agrees with Scheibl & Heinz ’99. B&T’s result clarifies that the QM correction factor 〈CA〉
depends on the ratio between cluster and homogeneity radii in the cluster rest frame.
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B2,3 from spectra vs. R from femtoscopy: ALICE @ LHC

Blum & Takimoto PRC 99 (’19) 044913, assuming R⊥ = R‖ = R

1 2 3 4 5
R [fm]1.×10-4
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Different bars with the same color correspond to
different m⊥ bins within a centrality class.

But what about the flow correction factor e
(M⊥−M)

(
1

T∗p (m⊥)
− 1

T∗A (M⊥)

)
?
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B2,3 from spectra vs. dNch/dη

Popular3 proxy for Vhom(m⊥) = R2
⊥(m⊥)R‖(m⊥): Vhom ∝ dNch/dη.

ALICE 2003.03184 ALICE 1910.14401 (PRC 101 (2020) 044906)

(Anti-)Deuteron production in pp collisions at
√

s = 13 TeV ALICE Collaboration

The evolution of the coalescence parameter as a function of the charged particle multiplicity is sensitive
to the production mechanism of deuterons. Recent formulations of the coalescence model [32, 33] im-
plement an interplay between the size of the collision system and the size of the light nuclei produced
via coalescence.

Figure 4 shows how the B2, for a fixed transverse momentum interval, evolves in different systems as a
function of the charged particle multiplicity. B2 is shown at pT = 0.75 GeV/c, which was measured
in all the analyses. However, the trend is the same for other pT values. The measurements are com-
pared with the model descriptions detailed in [33]. The two descriptions use different parameterisations
for the size of the source: one uses the ALICE measurements of system radii from HBT studies[34];
the other one is fixed to describe the B2 of deuterons in central Pb–Pb collisions at

√
sNN = 2.76 TeV.

The first parameterisation (dashed red line) describes well the measured B2 in pp and p–Pb collisions,
while it overestimates the measurements in Pb–Pb collisions. However, as outlined by the authors in
[33], a more refined parameterisation of the HBT radius evolution through different systems might re-
duce the observed discrepancy. The parameterisation of the source size fixed to the B2 measurement in
central Pb–Pb collisions already departs from the measurements in peripheral Pb–Pb collisions and it
underestimates the coalescence parameter for small colliding systems.
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Figure 4: Coalescence parameter B2 at pT/A = 0.75 GeV/c as a function of multiplicity in pp collisions at√
s = 13 TeV and in

√
s = 7 TeV [8], in p–Pb collisions at

√
sNN = 5.02 TeV [9] and in Pb–Pb collisions

at
√

sNN = 2.76 TeV [1]. The statistical uncertainties are represented by vertical bars while the systematic uncer-
tainties are represented by boxes. The two lines are theoretical predictions based on two different parameterisations
of the HBT radius, see text for details.

Figure 5 shows the ratio of the pT-integrated yields of deuterons and protons for different multiplicities
in different collisions systems and at different energies. The ratio increases monotonically with multi-
plicity for pp and p–Pb collisions and eventually saturates for Pb–Pb collisions. The experimental data
are compared with a SHM prediction. In this implementation of the model, called the Canonical Statisti-
cal Model (CSM), exact conservation of baryon number (B), charge (Q), and strangeness (S) is enforced
using the recently developed THERMAL-FIST package [14]. The calculations with the CSM are per-
formed using 155 MeV for the chemical freeze-out temperature, B = Q = S = 0 and two different values
of the correlation volume, expressed in terms of dV/dy, corresponding to one and three units of rapidity,

10

Production of (anti-)3He and (anti-)3H in p–Pb collisions at
√

sNN = 5.02 TeV ALICE Collaboration
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Figure 9: The coalescence parameter B3 calculated with the average of 3He and 3He is shown for four multiplicity
classes together with the INEL > 0 result. For better visibility, the distributions are scaled by different factors.
Statistical and systematic uncertainties are indicated by vertical bars and boxes, respectively.
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Figure 10: The coalescence parameter B3, calculated using the average of 3He and 3He, is shown as a function of
the mean charged-particle multiplicity density for pT/A = 0.73 GeV/c (left) and pT/A = 0.90 GeV/c (right). The
coalescence parameter is shown with its statistical (line) and systematical (shaded area) uncertainties. In addition,
the expectations from the coalescence and the SHM plus Blast-Wave approaches are shown [5, 8].

The multiplicity dependence of B3 is compared to theoretical model calculations for pT/A = 0.73 GeV/c
and pT/A = 0.90 GeV/c in Figure 10. The B3 values for the measurements in pp, p–Pb, and Pb–
Pb [11, 12] collisions are shown as a function of the mean charged-particle multiplicity density. In
addition, the expected values for the coalescence approach taken from [5] are shown for two different
parametrizations of the source radius as a function of the mean charged-particle multiplicity density. The
two parametrizations can be understood as an indication of the validity band of the model description,
which is expected to be more constrained with future measurements. The measurements are compared
to the expected values for the grand canonical version of the SHM, the GSI-Heidelberg model [1, 36],
assuming that the transverse momentum shape is given by a Blast-Wave parametrization obtained by a si-
multaneous fit to the pion, kaon, and proton spectra measured in Pb–Pb collisions [40]. Since this model

16

But this proxy neglects all kinds of momentum and collision system dependences!

3among experimentalists
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HBT homogeneity volume ↔ charged multiplicity?

Data show that, at fixed k⊥, Vhom = R2
⊥R‖ ∝ dNch/dη, but that the proportionality constant depends

on the size of the collision system (red dots: pPb; green squares: pp; others: PbPb/AuAu/CuCu):

Two-pion femtoscopy in p–Pb collisions ALICE Collaboration
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Fig. 9: (Color online) Comparison of femtoscopic radii (Gaussian), as a function of the measured charged-particle
multiplicity density, measured for various collision systems and energies by CERES [42], STAR [45, 46, 53],
PHENIX [54], and ALICE [16].
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In smaller systems, a more compact
initial configuration implies larger
density gradients which cause
stronger radial flow.

This reduces the HBT radii in small
systems relative to those in large
systems at the same multiplicity.
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Summary (in the form of qualitative predictions from the coalescence model):

Thermal production of nuclear clusters at Tchem ' 160 MeV is logically untenable. All such
produced clusters get destroyed by subsequent hadronic rescattering whose effects are seen in the
cluster momentum distributions. Clusters form by coalescence at the end of this rescattering stage.

For kinetic freeze-out at constant T and µ (and thus at constant particle and energy density) classical
coalescence produces the same particle yields and spectra as the thermal model, independent of
the value of the kinetic freeze-out temperature. Just as the chemical temperature extracted from
elementary hadron yield ratios provides no information about their kinetic freeze-out temperature, the
chemical temperature extracted from particle ratios involving nuclear clusters provides no information
about the temperature at which the coalescence process took place.

Quantum mechanical effects, which scale with the ratio of the intrinsic cluster volume divided by the
homogeneity volume of the coalescing nucleons (which can be extracted from femtoscopic
measurements), suppress deuteron yields by 15-25% in collisions between large nuclei and by larger
factors in smaller and more rapidly expanding systems. Binding energy correction effects are typically
small (4He?).

The invariant coalescence factors BA ∼ e
(M⊥−Am)

(
1

T∗p (m⊥)
− 1

T∗
A

(M⊥)

)/√
A
(
m⊥Vhom(m⊥)

)A−1

increase with m⊥ (due to the corresponding decrease of the HBT homogeneity volume and the
flow-induced slope-difference of the nucleon and nuclei transverse momentum spectra) and decrease
with

√
s (due to the corresponding increase of the HBT homogeneity volume, reflecting smaller radial

flow gradients at freeze-out), qualitatively consistent with observations.
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Thank you!
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Extra slides

Ulrich Heinz (OSU/J.W.Goethe-University) Coalescence of nuclear clusters CERN, 5/19/2020 36 / 38



Prologue Main results Fireball model Model simulations The QM correction factor Connection to femtoscopy Summary

B2 from femtoscopy vs. ratio of spectra: Pb-Pb @ LHC
Blum & Takimoto PRC 99 (’19) 044913, assuming R⊥ = R‖ = R

central Pb-Pb (0-10%)

ALICE (0-10%)

This work, Eq.(30)
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B3 from femtoscopy vs. ratio of spectra: Pb-Pb @ LHC
Blum & Takimoto PRC 99 (’19) 044913, assuming R⊥ = R‖ = R

central Pb-Pb (0-20%)

ALICE (0-20%)This work, Eq.(31)
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peripheral Pb-Pb (20-80%)
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