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GW170817

Advanced LIGO/Virgo reported the gravitational waves 
from the binary NS merger on August 17, 2017.

Distance was only 40Mpc (many theory calculations 
were around 100Mpc but thought to be too optimistic…)

Kilonova (AT 2017gfo) was confirmed: thermal radiation 
of light — an important hint for the r-process

Ejecta mass ~ 0.05M¯ 

Total mass ~ 2.75M¯

Phys. Rev. Lett. 119, 161101 (2017)
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EOS. This means that the posterior is indicating more
support for softer EOS than the prior. The solid vertical
lines denote the nuclear saturation density and two
more rest-mass density values that are known to approx-
imately correlate with bulk macroscopic properties
of NSs [19]. The pressure at twice (six times) the nuclear
saturation density is measured to be 3.5þ2.7

−1.7 × 1034

ð9.0þ7.9
−2.6 × 1035Þ dyn=cm2 at the 90% level.

The pressure posterior appears to show minor signs of a
bend above a density of ∼5ρnuc. Evidence of such behavior
at high densities would be an indication of extra degrees of
freedom, though this is not an outcome of the GW data
alone. Indeed in the top (right) panel, the vertical (hori-
zontal) lines denote the 90% confidence intervals for the
central densities (pressures) of the two stars, suggesting that
our data are not informative for densities (pressures) above
those intervals. The bend is an outcome of two competing
effects: the GW data point toward a lower pressure, while
the requirement that the EOS supports masses above
1.97 M⊙ demands a high pressure at large densities. The
result is a precise pressure estimate at around 5ρnuc and a
broadening above that, giving the impression of a bend in

the pressure. We have verified that the bend is absent if we
remove the maximum mass constraint from our analysis.
Finally we place constraints in the 2-dimensional param-

eter space of the NS mass and areal radius for each binary
component. This posterior is shown in Fig. 3. The left panel
is obtained by first using the ΛaðΛs; qÞ relation to obtain
tidal deformability samples assuming a common EOS and
then using the Λ-C relation to compute the NS radii. The
right panel is computed by integrating the TOVequation to
compute the radius for each sample in the spectral EOS
parametrization after imposing a maximum mass of at least
1.97 M⊙. At the 90% level, the radii of the two NSs are
R1 ¼ 10.8þ2.0

−1.7 km and R2 ¼ 10.7þ2.1
−1.5 km from the left

panel and R1 ¼ 11.9þ1.4
−1.4 km and R2 ¼ 11.9þ1.4

−1.4 km from
the right panel. The one-sided 90% lower [upper] limit on
m2ðm1Þ is ð1.15; 1.36Þ M⊙½ð1.36; 1.62Þ M⊙& from the left
panel and ð1.18; 1.36Þ M⊙½ð1.36; 1.58Þ M⊙& from the right
panel, consistent with the results of Ref. [52]. We note
that the Λ-C relation has not been established to values
of Λ less than 20 [104]. In order to check the validity of our
EoS-insensitive results in this regime, we first verify that
the parametrized-EoS results without a maximum mass
constraint satisfy the Λ-C relation to the required accuracy,
even for Λ1 < 20. Furthermore, we find that our radius and
mass estimates are unaffected if we discard all Λ1 < 10
samples.
The difference between the two radius estimates is

mainly due to different physical information included in
each analysis. The EOS-insensitive-relation analysis (left
panel) is based on GW data alone, while the parametrized-
EOS analysis (right panel) imposes an additional observa-
tional constraint, namely that the EOS must support NSs of
at least 1.97 M⊙. This has a large effect on the radii priors
as shown in the 1-dimensional plots of Fig. 3, since small
radii are typically predicted by soft EOSs, which cannot
support large NS masses. In the case of EOS-insensitive
relations (left panel), the prior allows for smaller values of
the radius than in the parametrized-EOS case (right panel),
something that is reflected in the posteriors since the GW
data alone cannot rule out radii below ∼10 km. Therefore
the lower radius limit in the EOS-insensitive-relations
analysis is determined by the GW measurement, while
in the case of the parametrized-EOS analysis it is deter-
mined by the mass of the heaviest observed pulsar and its
implications for NS radii [65]. Additionally, we verified
that the parametrized-EOS analysis without the maximum
mass constraint leads to similar results to the EOS-insen-
sitive-relations analysis.
To quantify the improvement from assuming that both

NSs obey the same EOS, we apply the Λ-C relation to
tidal deformability samples calculated without assuming
the ΛaðΛs; qÞ relation (the orange posterior of Fig. 1) and
obtain R1 ¼ 11.8þ2.7

−3.3 km and R2 ¼ 10.8þ2.9
−3.0 km at the 90%

level. This suggests that imposing a common EOS for the
two binary components leads to a reduction of the 90%

FIG. 2. Marginalized posterior (green bands) and prior (purple
dashed) for the pressure p as a function of the rest-mass density ρ
of the NS interior using the spectral EOS parametrization and
imposing a lower limit on the maximum NS mass supported by
the EOS of 1.97 M⊙. The dark (light) shaded region corresponds
to the 50% (90%) posterior credible level and the purple dashed
lines show the 90% prior credible interval. Vertical lines
correspond to once, twice, and six times the nuclear saturation
density. Overplotted in gray are representative EOS models
[121,122,124], using data taken from [19]; from top to bottom
at 2ρnuc we show H4, APR4, and WFF1. The corner plots show
cumulative posteriors of central densities ρc (top) and central
pressures pc (right) for the two NSs (blue and orange), as well as
for the heaviest NS that the EOS supports (black). The 90%
credible intervals for ρc and pc are denoted by vertical and
horizontal lines respectively for the heavier (blue dashed) and
lighter (orange dot-dashed) NS.

PHYSICAL REVIEW LETTERS 121, 161101 (2018)

161101-5

LIGO/Virgo: Phys. Rev. Lett. 121, 161101 (2018)

Softer than H4? 
WFF1 okay?

APR4 preferred?

Favors soft EOS 
at low density 
(high density regions 
really constrained?)

More stringent constraints should be coming in the future!
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(a) (b)

Figure 13. (a) EoSs deduced from the observational M -R data of qLMXBs and thermonuclear
bursters. The shaded blue and hatched orange bands represent our 68% credibility bands from the
validation and the bagging estimations. The �EFT prediction and the Bayesian results (Steiner
et al. [34, 35] and Özel et al. [2, 36, 37]) are overlaid for reference. The former band represents
68% CL, while the latter shows the contour of e�1 of the maximum likelihood. (b) M -R relations
corresponding to the deduced EoSs from this work with references to other approaches.

(a) (b)

Figure 14. (a) Tidal deformability ⇤ calculated from our EoS (b) Correlation of tidal deforma-
bilities, ⇤1 and ⇤2; see the text for details.

are found to be near the middle of the gray band. The preceding Bayesian analyses [2, 34–
37] are also overlaid on Fig. 13. While Özel et al. [2, 36, 37] and our present analysis use
the same astrophysical data, Steiner et al. [34, 35] employs a subset of the data, i.e., 8 of
X-ray sources. One may think that our prediction gives a tighter constraint than the others,
but the narrowness of the band may be related with the implicit assumption in our EoS
parametrization; we will come back to this point in Sec. 4.5 (see Fig. 17). Figure 13 (b)
shows the M -R curves corresponding to the EoSs in (a). We see that our EoS (blue curve)
certainly supports neutron stars with M > 2M� [29–32].

Figures 14 (a) and (b) show the tidal deformability and their correlation, respectively,
in the binary neutron star merger GW170817. Once an EoS is given, the dimensionless tidal
deformability, ⇤, results from a quantity called the Love number k2, which is derived from

– 26 –

Fujimoto-Fukushima-Murase (2018,19,21)



April 6, 2022 @ online talk at QM2022 in Krakow

Unbiased View of EOS

6

Ab Initio Constraints

Nuclear Matter (ÂEFT)

Quark Matter

Pr
es

su
re

[G
eV

/fm
3
]

10-1 100

Energy Density [GeV/fm3]

10-3

10-2

10-1

100

(pQCD)Drischler et al. (2020)

Kurkela et al. (2010)

<latexit sha1_base64="k5TLXVB7YIKQNZ0HmvFtkFeTrmA="></latexit>

⇤̄/µq = 2 ⇠ 4

Upper edge is 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pQCD; see, 
Fujimoto-Fukushima 
(2020)
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Ab Initio Constraints
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Very Soft!

Very Soft!
Stiffening
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Stiffening is absolutely necessary 
to support the two-solar-mass NS.

Too much stiffening would violate 
the causality (speed of sound limit).

Weak 1st-order transition is not 
distinguished from crossover within 
the resolution of observation.

We make a comparison with crossover 
(or weak 1st-order PT) and without 
crossover (or strong 1st-order PT).
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FIG. 1. EOS candidates with a crossover (top), a weak 1st-order transition (middle), and a strong

1st-order transition (bottom) interpolated between �EFT (nuclear branch) and pQCD (quark

branch). The blue band represents the 1� uncertainty in �EFT and the yellow band represents

the renormalization scale uncertainty from X = 2 (lower) to X = 4 (uppper) using the notation in

Ref. [34].

�EFT results have an uncertainty band, we adopt the middle value as a representative here.

The intermediate region, that is the unknown region between the nuclear and the quark

branches, can be parametrized by a polytrope. Here, we shall employ a minimal setup to

express the intermediate region by a single polytrope: p(⇢) = K ⇢� with the adiabatic index,
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the renormalization scale uncertainty from X = 2 (lower) to X = 4 (uppper) using the notation in

Ref. [34].

�EFT results have an uncertainty band, we adopt the middle value as a representative here.

The intermediate region, that is the unknown region between the nuclear and the quark

branches, can be parametrized by a polytrope. Here, we shall employ a minimal setup to

express the intermediate region by a single polytrope: p(⇢) = K ⇢� with the adiabatic index,
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We can perform a similar analysis for the 1st-order PT.

Fujimoto-Fukushima-Hotokezaka-Kyutoku (appearing)
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Life-time before the BH formation

0.2

0.1

0.0

0.1

0.2

D
h +

/m
0

0.00 0.01 0.02 0.03 0.04 0.05
Time [sec]

0

1000

2000

3000

4000

5000

6000

7000

Fr
eq

ue
nc

y 
[H

z]

2.5

2.0

1.5

1.0

0.5

0.0

0.5

Lo
g 

Am
pl

itu
de

0.2

0.1

0.0

0.1

0.2

D
h +

/m
0

0.00 0.01 0.02 0.03 0.04 0.05
Time [sec]

0

1000

2000

3000

4000

5000

6000

7000

Fr
eq

ue
nc

y 
[H

z]

2.5

2.0

1.5

1.0

0.5

0.0

0.5

Lo
g 

Am
pl

itu
de

Without Crossover With Crossover

Fujimoto-Fukushima-Hotokezaka-Kyutoku (appearing)
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The pQCD branch of EOS is very soft and, once the density 
reaches the crossover point, the transient NS collapses.

This behavior reflects the spectrogram (lower panels).
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Most-Papenfort-Dexheimer-Hanauske-Schramm-Stocker-Rezzolla (2018)

CMFQ : EOS with a strong-1st PT to Quark Matter (3~4 times )

CMFH : EOS without quarks
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FIG. 4. Properties of the GW emission for the low- (left panels) and high-mass binaries (right panels). The top panels report the strain h22

+ for
the two EOSs, together with the instantaneous GW frequency fGW (semitransparent lines); the bottom panels show the phase difference ��
between the two signals. The inset in the top-right panel highlights the differences in the ringdown.

As can be seen from the last marker of the density evolu-
tion in Fig. 3, the HMNS core undergoes a complete PT to
quarks and the whole HMNS collapses immediately after the
PT. Note that the region of highest temperature is initially at
densities smaller than ⇠ nsat, but the temperature is suffi-
ciently high for quarks to appear in small amounts. After the
HMNS core crosses the PT boundary, the maximum temper-
ature rises steeply and thus the fluid elements with maximum
density and temperature coincide.

We complete our discussion of the PT by considering its
signatures on the GW emission by means of the strain, fre-
quency and phase difference, which are reported in Fig. 4 for
the low- and high-mass binary. Note that because the den-
sities and temperatures during the inspiral are too small to
cause the formation of quarks, the GW signal is identical for
the two EOSs and for both masses. This is radically differ-
ent from what happens when comparing merger simulations
using EOSs with and without hyperons, as these show differ-
ences in the GW signal already during the inspiral [9, 10], due
to the softening caused by the presence of hyperons. For such
EOSs, a dephasing is thus always present, both during the in-
spiral and after the merger, since there are always portions of
the stars with intrinsically different EOSs. In our case, in-
stead, it is only after the merger that differences arise due to
the presence of quarks.

For the low-mass binary, and after ⇠ 5 ms from the merger,
the GWs from the remnants start to show a linear dephasing
that reaches about three radians by the time the binary with the
CMFQ EOS collapses to a black hole (bottom-left panel). The
start of the phase difference, which is essentially zero even af-
ter the merger, coincides with the formation of the two hot
spots and, thus, with the appearance of quarks. In fact, al-
though Yquark is very small at those times, it is sufficient to
produce changes in the pressure of ⇠ 5%, that are responsi-
ble for the changes in the GW emission, both in amplitude
and in frequency (top-left panel), thus producing a mismatch

between two post-merger spectra [42–47]. These changes in
pressure also lead to a small damping of the GW amplitude
prior to collapse, which is triggered by the first-order PT for
the CMFQ EOS. Hence, the lifetime of the HMNS is shorter
than in the purely hadronic case.

In many respects, the left panels of Fig. 4 are a representa-
tive example of the signatures of a PT in a binary merger. In
an idealized scenario where the GW signal from the inspiral
is measured with great precision and can be associated with
confidence to a purely hadronic EOS (the inspiral can only
probe comparatively low-density regions of the EOS), the
unexpected dephasing of the template-matched post-merger
signal [48, 49], together with the anticipated collapse of the
HMNS, would provide evidence that a PT at several times
nsat, possibly of the type described here, has taken place in
its core. Of course, a single detection could still be accomo-
dated via a tweaking of the EOS in the high-density part of
a hadronic EOS. However, the “tweaking” would be increas-
ingly hard with multiple detections as it cannot describe the
complex nonlinear occurrence of the PT.

The right panels of Fig. 4 report the properties of the GW
signal for the high-mass binaries, both of which collapse very
rapidly for EOSs with and without quarks. The differences in
this case are harder to detect since the dephasing starts only
after ⇠ 5 ms, but is very quickly suppressed by the collaps-
ing signal. The latter, however, is different, as shown in the
small inset in the top-right panel of Fig. 4, where the two
ringdown signals are suitably aligned. These differences are
caused by distinct free-fall times of the cores of the HMNSs,
which are shorter in the case of the ultra-softened EOS with
quarks. Although these differences are not large (the relative
difference in the ringdown-frequency is . 25%, yielding an
overlap of only O = 0.92 [50, 51]) they are large enough
to be distinguishable if detected by third-generation GW de-
tectors [52, 53]. As a final remark, we point out that all of
the dynamics reported above is found also when simulating

Quark matter shortens the 
lifetime of post-merger 
hypermassive neutron star. 

Similar behavior to ours…

Essentially, underlying physics is the same (EOS softening is seen), 
but the ab initio constraints are not fully taken into account.
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FIG. 1. Schematic plots for the mass-radius relations (main panel)
and pressure P v.s. energy density e (subpanel) for some EOSs
satisfying constraints from terrestrial experiments and the observa-
tional fact that a NS of mass ⇡ 2M� exist; “H" refers to a purely
hadronic model, "1st P.T." to a hybrid model with a first-order quark-
hadron phase transition, and “QHC" to models with a quark-hadron
crossover. QHC models show sti↵ening at densities lower than in the
other two cases, typically leading to larger radii and smaller central
densities for NSs with masses 1.4–2M�. The grey, green, and yellow
shaded areas in the main and sub panels correspond to the number
density ranges of n ⇠ 1–2n0, ⇠ 2–4n0, and & 4n0, respectively.

ulations of BNS mergers with EOSs based on the QHC are
reported. We adopt the QHC19 EOS [16], which is based
on the Togashi nucleonic EOS [20] for n  2n0 and a pure
quark EOS for n & 5n0, with the crossover region calculated
through interpolation [16]. We compare results with simula-
tions adopting the Togashi EOSs over the whole density range.
The QHC19 and Togashi EOSs di↵er substantially only for
n & 3n0, and, since the maximum values of n in our inspi-
ralling NSs are around 3n0 (cf. Fig. 3), the properties (like
tidal deformability [21, 22]) of stars built with the above dif-
ferent EOSs and their dynamics during the inspiral di↵er of
less than 1% (see Table 1. in Supplemental material). More
remarkable di↵erences are expected only during and after the
merger.

Numerical setup. As a first step to explore the role of a
QHC in BNS mergers, we focus on equal-mass configura-
tions, and, with the goal of studying post-merger dynamics,
we have chosen four relatively low-mass models, in which
the gravitational masses of each NS at infinite separation are
M/M� = 1.250, 1.300, 1.350, 1.375. We refer to these as
M1.25, M1.30, M1.35, M1.375, respectively. See Table 1 in
Supplemental material for details.

We performed fully general-relativistic simulations adopt-
ing two QHC models, QHC19B (named here QHC19-soft),
QHC19D (named QHC19-sti↵) [16], and the purely hadronic
Togashi EOS [20]. Reference [16] shows QHC EOSs for 4
parameter sets (A, B, C, D), relative to the way of connecting
the hadron and quark EOSs. Set A, however, is not discussed
here because it leads to an EOS with too small a maximum
mass for NSs, and, among the remaining three sets, for sim-
plicity we have chosen only two: the softest and sti↵est ones
in the crossover region.

FIG. 2. Square of sound speed normalized to the speed of light,
c2

s/c2 = dP/de, for our QHC EOSs with soft and sti↵ sets of quark
model parameters and for representative hadronic EOSs: Togashi
EOS [20], SFHo [23], and DD2 [24]. The yellow band is the al-
lowed region in the model-agnostic approach of Legred et al. [25]
(see also [26]). The conformal limit, c2

s = c2/3, which should be
reached in the high-density limit, is also shown as a guide.

A short additional description of the EOSs, the codes, and
some of the numerical parameters used in our simulations is
presented in the Supplemental material. Here, we briefly com-
ment only on how we mimic thermal e↵ects in matter, even
when adopting an EOS, like QHC19, that does not contem-
plate them. Ours is a standard treatment in numerical relativ-
ity, but we discuss it nevertheless because it may be of interest
to a wider audience. Approximate thermal e↵ects are included
by adding to the pressure given by the cold EOS a component
calculated by assuming an ideal-gas behavior with a constant
ideal-gas index �th, which is chosen in the range 1.5–2.0 to
reproduce realistic values (see, e.g., [27–35]). Note that the
lifetime before collapse to black hole of the material object
formed in the merger depends also on thermal support and
thus would depend on the ad hoc value of �th, but post-merger
oscillation frequencies (see next section) are relatively insen-
sitive to it [36]. The lifetime before collapse is a quantity that
anyway cannot currently be estimated accurately in numerical
simulations, because it depends sensitively on many factors,
including non-physical ones like grid setup and resolution. In
this work we focus, instead, on post-merger oscillation fre-
quencies and, in order to have higher power in the oscillation
modes, we have chosen the highest reasonable value, �th = 2,
which gives the longest lifetime before collapse. See Supple-
mental material for more details.

Results and discussion. As mentioned in the introduction,
we expect and see no remarkable di↵erences between di↵er-
ent models during the inspiral. As seen from in Fig.2, both
QHC19-soft and QHC19-sti↵ are sti↵er (have higher sound
speed) than the Togashi EOS at densities slightly above 2n0.
The Togashi EOS is sti↵er than QHC19-soft for n & 3.5n0,
and than QHC19-sti↵ for n & 4.0n0. Within the density range
reached in our BNS simulations (cf. Fig. 3), QHC19-sti↵ is
thus always sti↵er than the Togashi EOS for all models with
di↵erent masses considered here, while QHC19-soft can be

Huang et al. 2203.04528 [astro-ph.HE]

Does not approach the conformal 
limit (not connected to pQCD)

[QHC19 / Togashi EoS]

Consistent with our “Without 
Crossover Scenario”
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From the kilonova data 
the ejecta mass is known 
to be 0.05M¯


The remaining mass 
outside the apparent 
horizon after the BH 
formation should be 
larger than this mass.

Equal mass case is disfavored, but unequal mass is possible. 
If the mass ratio is determined independently, the ejecta mass 
imposes a very useful constraint on EOS.

Fujimoto-Fukushima-Hotokezaka-Kyutoku (appearing)
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Summary

Gravitational waves from the post-merger stage 
should be sensitive to EOS at high density.

□ Needs further upgrade but should be coming if the 

(reliable) theoretical prediction is made.

Crossover (or weak 1st-order PT at low density) 

vs. strong 1st-order PT at high density

□ Life-time till the BH collapse signifies the sudden 

softening of EOS associated with quark matter.

Kilonova and ejecta mass give another constraint.

□ Some discussions on the maximum NS mass could be 

changed with realistic EOS.
15
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Figure 18. (Left) The speed of sound from our EoSs with and without the NICER data by the
shaded blue and the hatched orange regions. (Right) The speed of sound from fine binning (shaded
blue) and coarse binning (hatched orange) estimates.

Figure 19. A concrete shape of f(x) of our choice (blue curve) and typical training data (orange
dots) for nbase = 20 and ns = 5.

5 More on the Performance Test: Taming the Overfitting

In Sec. 3.2, we observed a quantitative difference between the learning curves for the training
data sets with and without data augmentation by ns = 100 as demonstrated in Fig. 5.
Then, it would be a natural anticipation to consider that this ns data augmentation may
be helpful to overcome the problems of local minimum trapping and overfitting that we
often meet during the NN training. This section is aimed to discuss numerical experiments
to understand the behavior of the learning curve and the role of ns thereof. In particular,
we will focus on the overfitting problem here4.

– 30 –

Machine Learning Inference
Fujimoto-Fukushima-Murase (2020) 3

FIG. 2. (Color online) The speed of sound in Quarkyonic
matter (solid-curves) and in matter containing only nucleons
(dashed-curves) are shown. The blue curves are obtained for
iso-spin symmetric nuclear matter containing equal numbers
of neutron and protons, and the black curves are for iso-spin
asymmetric matter containing only neutrons.

nuclear matter to pure quark matter leads to a reduc-
tion in the pressure. Typically such transitions are first-
order and soften the EOS even in the presence of a mixed
phase containing spatially separated quark and hadronic
phases[26].

Thus far we have neglected nuclear interactions. At
low density, attractive nuclear interactions bind nucle-
ons in nuclei, and uniform symmetric nuclear matter is
stable at higher density due to repulsive hard-core inter-
actions. In nuclear models the speed of sound increases
largely due to these hard-core interactions. In contrast,
since the nucleon density in the Quarkyonic phase satu-
rates at nB / ⇤3

QCD, nuclear interactions do not change
the qualitative behavior seen in Fig. 2. However, nu-
clear interactions are quantitatively important and will
be relevant in the following when we discuss the EOS of
neutron matter in the context of neutron stars.

To describe neutron star matter we need to impose
local charge neutrality and beta-equilibrium. These con-
straints restrict the proton fraction to be . 10%. For this
reason, we will approximate matter to consist of only
neutrons. At a given baryon density nB , the neutron
Fermi momenta is denoted by kFB and the up and down
quark Fermi momenta are denoted by kFu and kFd, re-
spectively. We set kFd = (kFB ��)/3 for kFB > � and
kFu = 21/3 kFd to ensure charge neutrality.

Calculations of the EOS of neutron matter and their

use in constructing neutron stars have established the
importance of interactions between neutrons. These in-
teractions are attractive when nn . n0 and repulsive for
nn & n0 where nn is neutron number density[13, 14, 27].
This transition determines the radius of NS with mass
M ' 1.4 M� [28]. To incorporate interactions we adopt
a simple fit to microscopic calculations of neutron matter
from Ref. [29] where the energy density due to interac-
tions for nn < 2n0 was well approximated by

Vn(nn) = ã nn

✓
nn

n0

◆
+ b̃ nn

✓
nn

n0

◆2

. (6)

Here the coe�cients ã = �28.6± 1.2 MeV and b̃ = 9.9±
3.7 MeV are chosen to bracket the uncertainties due to
poorly constrained three-neutron forces [14, 15]. Further,
making the assumption that the interaction energy of
neutrons in the shell is only a function of nn, the energy
density of Quarkyonic matter is

✏(nB) = 2

Z kFB

NckFQ

d3k

(2⇡)3
p
k2 +M2

n + Vn(nn)

+
X

i=u,d

Nc

Z kFi

0

d3k

(2⇡)3

q
k2 +M2

q , (7)

and the total baryon density is

nB = nn +

�
k3Fd + k3Fu

�

3⇡2
. (8)

The chemical potential and pressure are µB = (@✏/@nB)
and P = �✏+ µBnB , respectively.

FIG. 3. (Color online) EOS of Quarkyonic Matter and neu-
tron matter. The model is discussed in the text.

In Fig. 2 the solid black curve shows c2s in Quarkyonic-
neutron matter. Here we include the interaction contri-
bution between neutrons in the shell. c2S in pure neu-
tron matter is also shown as the black dotted curve for

Quarkyonic Matter
McLerran-Reddy (2018)

Consistent with Soft-Stiff-Soft 
turning of EOS
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observation as seen in Fig. 4. Usually, the lower density
part of the EoS is responsible for the radius of stars, and
a larger radius is favored for a sti↵er EoS at low density.
This tendency can be confirmed in Fig. 1; the IHRG EoS
is constructed without the attractive interaction, and the
lower density part (nB/n0 . 1) from the IHRG model
exceeds that from the CS-HRG model. This behavior is
consistent with such an interpretation that the EoS with-
out attractive interaction gives too sti↵ EoS at low density
and leads to a too large radius.

As mentioned earlier, for RB = 0.511 fm, the maximum
packing density, above which the model breaks down, is
nB = 11.2n0 for the CS-HRG model. On the M -R re-
lation, the maximum mass of M = 2.56M� is attained
at nB = 9.32n0, which certainly lies within the validity
range of the CS-HRG model. Regarding the maximum
mass, some controversies are unavoidable. Combining the
GW170817 event with the accompanying electromagnetic
observation, the maximum mass could be constrained to
be at most . 2.3M� [62–65]. Meanwhile, a compact ob-
ject with ⇠ 2.6M� has been observed in the GW190814,
which may be identified as a massive neutron star. Near
the maximum mass region, another subtlety arises from a
possible transition to quark matter [66, 67]. It is a nontriv-
ial question where the validity bound of our model should
be. If we locate the validity bound at nB ' 3.7n0 (see
explanations in Sec. 2.3), our model should be very apt up
to M ' 1.5M�.

The HRG model provides us with a convenient picture
to probe the particle abundances. In Fig. 5 we show the
fraction Yi = ni/nB of the particle species i. At small
density, the neutron, n, is dominant with a small fraction
of the proton, p, which slowly increases with increasing
density. The onset of the hyperons is observed slightly
below 2n0. As is consistent with the conventional scenario
(see, e.g., Sec. 5 of Ref. [68]), ⌃� is activated first as we
increase the density, and then ⇤ is produced afterwards.

4.2. Thermal index

In the applications for astrophysical phenomena such
as supernovae and binary neutron star mergers, the ther-
mal corrections to the EoS are often modeled by an ideal
gas approximation [32, 33, 70]. In order to define the ther-
mal part of the EoS, which is parametrized by the thermal
index, �th, we introduce the rest-mass density of baryons
as ⇢B = mBnB with the nucleon mass, mB = 939MeV.
We can decompose the energy density " as " = (1 + e)⇢B ,
where e is the specific internal energy. We can add the
thermal corrections to the pressure and the energy on top
of the T = 0 parts as

p = pT=0 + pth , e = eT=0 + eth . (20)

In the simulations of neutron star mergers, the cold (T =
0) component is used before shock heating associated with
the stellar collision sets in. The relation between the ther-
mal pressure and the energy should be supplemented with

Figure 6: Thermal index �th corresponding to the EoS shown in
Fig. 2. For reference, the ab initio calculations for pure neutron
matter [69] are overlaid in the grey color with the same line style
as our results. The canonical value of the adiabatic index for non-
relativistic ideal gas, � = 5/3, is shown by a horizontal line.

the additional constraint, that is commonly parametrized
by

pth = (�th � 1)⇢Beth . (21)

In the phenomenological studies, �th is a free parame-
ter. It is customary to choose �th around ⇠ 1.7. For exam-
ple, �th = 1.8 was adopted in Ref. [71]. If �th is too small
(like ⇠ 1.3), the thermal pressure is not large enough to
sustain matter, resulting in a rapid proto-neutron star con-
traction for supernovae, and in a faster collapse of merger
remnants to black holes for binary merger. In this way,
smaller values of �th may have impact on core-collapse su-
pernova and binary neutron star merger simulations [72].
In contrast, a larger �th (like ⇠ 2.0) would elongate the
life-time of the post-merger dynamics. Thus, for reliable
theoretical predictions, it is of utmost importance to con-
strain �th. Moreover, although it is often assumed to be
constant, �th may depend on the density and tempera-
ture [69].

We can make use of our EoS to infer �th, which can be
represented in terms of the thermodynamic quantities as

�th = 1 +
pth

eth⇢B
= 1 +

pth
"th

. (22)

Here, "th = ⇢Beth is the thermal part of the energy density.
In Fig. 6, we show our estimate for the thermal index, �th,
as a function of the density. We find that �th becomes less
sensitive to the density as T gets larger; e.g., �th is almost
constant around ⇠ 1.4 at T = 50MeV. The preceding
ab initio calculation based on �EFT [69] is also overlaid
on Fig. 6. Our �th and the ab initio �th [69] di↵er qual-
itatively; it may be partially because the slope of the ab

initio EoS at T = 0 is gentle compared with the state-
of-the-art �EFT EoS [55, 56] to which our model is fitted
to. We note that �th in Fig. 6 is computed under the as-
sumption of neutrinoless �-equilibrium. The values of �th

6

Thermal index is not larger than 1.8 and could be ~1.5 at high density.
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FIG. 4. Thermal energy (first row), thermal pressure (second row), and thermal index (third row) for T = 30 MeV as function
of density for SNM (left panels) and PNM (right panels), using six di↵erent chiral two- and three-nucleon interactions (see text
for details). Note that the 2N N3LO (EM) results are for two-nucleon interactions only.

appears around saturation density, while it is smaller for
PNM, emerging in this case around half saturation den-
sity. However, as the temperature increases, this maxi-
mum smoothens due to a balance between the thermal
pressure and the thermal energy. For higher densities,
the behavior is dictated by the thermal pressure, as dis-
cussed above. In fact, while for SNM in Fig. 3 the thermal
index shows a constant decrease, for PNM the decrease

in �th is levelled as the temperature increases, as it was
observed for the respective thermal pressures. Note that
for very high temperatures the system should behave as
a relativistic gas, and relativistic e↵ects should be taken
into account. According to the limits imposed by Taub’s
inequality and to be consistent with relativistic kinetic
theory, the adiabatic index should never exceed the value
of 5/3, and should approach the value of 4/3 in the lim-

Carbone-Schwenk (2019)

Fujimoto-Fukushima-Hidaka-Hiraguchi-Iida (2021)

<latexit sha1_base64="BmGBvSAg6Z9uDBLU+1ZF4GPawBA="></latexit>

Pthermal ⇡ ⇢"thermal(�th � 1)


