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2nd order hydro
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I In the Landau frame (Tµνuν = εuµ), Nµ and Tµν can be decomposed as

Nµ = nuµ + nµ, Tµν = εuµuν − (P + Π)∆µν + πµν . (1)

I The cons. eqs. ∂µNµ = ∂νT
µν = 0 give the evolution of n, ε and uµ.

I Π, nµ and πµν are regarded to be small and of O(Re−1), while gradients are
taken as O(Kn).

I 2nd order hydro gives the evolution eqs. for Π, nµ and πµν up to second
order w.r.t. Kn and Re−1:

τΠΠ̇ + Π =−ζθ + J +K +R ,

τnṅ
〈µ〉 + nµ =κIµ + J µ +Kµ +Rµ ,

τππ̇
〈µν〉 + πµν = 2ησµν + J µν +Kµν +Rµν , (2)

containig the 1st order (NS) limit as well as 2nd order terms of orders
O(Re−1Kn), O(Kn2) and O(Re−2).

I Problem: The O(Kn2) are parabolic and must be discarded.
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IReD: From parabolic to hyperbolic
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I Let us look at the O(Kn2) and O(Re−1Kn) terms (just Kµν and J µν for
brevity):
Kµν =η̃1ω

λ〈µων〉
λ+η̃2θσ

µν+η̃3σ
λ〈µσ

ν〉
λ +η̃4σ

〈µ
λ ω

ν〉λ+η̃5I
〈µIν〉+η̃6F

〈µF ν〉

+η̃7I
〈µF ν〉+η̃8∇〈µIν〉+η̃9∇〈µF ν〉 ,

J µν =2τππ〈µ
λ ω

ν〉λ−δπππµνθ−τπππλ〈µσ
ν〉
λ +λπΠΠσµν−τπnn〈µF ν〉+`πn∇〈µnν〉

+λπnn〈µIν〉 ,

I The main idea of the IReD = Inverse Reynolds Dominance approach is to
render Kµν of O(Re−1Kn) by trading one power of Kn for one of Re−1 via

θ ' −Π/ζ, Iµ ' nµ/κ, σµν ' πµν/2η. (3)
I The terms in red can be related to

σ̇〈µν〉 = −ωλ〈µων〉
λ−

2
3θσ

µν−σλ〈µσν〉
λ−

η̃6

η̃1
F 〈µF ν〉− D20H

(ε+ P )3 I
〈µF ν〉− η̃9

η̃1
∇〈µF ν〉.

I Since σ̇〈µν〉 = 1
2η π̇
〈µν〉 − 1

2η2π
µν η̇, η̃1 leads to a modification of τπ:

τ IReD
π = τDNMR

π + η̃1

2η . (4)
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Connection to DNMR: Ultrarelativistic hard spheres
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URHS IReD DNMR URHS

1.66λmfp τπ τ̃π + η̃1

2η 2λmfp

4τπ/3 δππ δ̃ππ + η̃1

3η −
η̃2

2η −
η̃1

2η2H
∂η

∂β
4τ̃π/3

1.69τπ τππ τ̃ππ + η̃1 − η̃3

2η 1.69τ̃π

−0.57τπ/βP τπn τ̃πn −
η̃7

κ
− η̃8

κ2(ε+ P )
∂κ

∂ ln β −0.69τπ/βP

−0.57τπ/β `πn ˜̀
πn + η̃8

κ
−0.69τ̃π/β

0.21τπ/β λπn λ̃πn + η̃5

κ
− η̃8

κ2

(
∂κ

∂α
+ 1
h

∂κ

∂β

)
0.24τ̃π/β

I In the original DNMR approach, Kµν 6= 0 is simply ignored.
I Properly accounting for Kµν within IReD gives a 17% difference in τπ,

together with substantial differences in τπn/τπ, `πn/τπ and λπn/τπ.
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Microscopic implementation: Separation of scales
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r τ IReD
π;r [λmfp] τDNMR

π;r [λmfp]
0 1.66 2
1 1.79 1.65
2 1.90 1.48
3 2.00 1.39

I The hydro eqs. can be derived from the
Boltzmann eq., kµ∂µfk = C[fk].

I The collision term C[fk] drives fk towards
f0k, so δfk = fk − f0k is small.

I The moments ρµνr =
∫
dKδfkE

r
kk
〈µkν〉

are linked to the dissipative quantities (ρµν0 = πµν) and obey

ρ̇
〈µν〉
r − Cµνr−1 = 2α(2)

r σ
µν + h.o.t., C

µν
r−1 = −

N2∑
n=0

Arnρµνn . (5)

I Multiplying Eq. (5) by τ0r = [A−1]0r and summing over r gives

τππ̇
〈µν〉 + π

µν = 2η0σ
µν + h.o.t., ηn =

N2∑
r=0

τnrα
(2)
r . (6)

I The key to deriving the above Eq. is matching ρµνr to πµν .
I DNMR: A = Ω diag(χ0, χ1, . . . )Ω−1 with χ0 ≤ χ1 ≤ . . . and Xµν0 =

∑N2
r=0

Ω−1
0r ρ

µν
r is kept in

the transient regime (separation of scales), leading to

DNMR : ρ
µν
r = Ωr0π

µν + 2η(Cr − Ωr0)σµν , Cr =
ηr

η
, ⇒ τπ = χ

−1
0 , (7)

where the blue term gives rise to Kµν .
I In IReD, ρµνr = Crπµν , such that Kµν = 0 and τπ =

∑N2
r=0

τ0rCr .
I Looking now at τπ;r ρ̇

〈µν〉
r + ρµνr = 2ηrσµν + . . . , we find

τ
DNMR
π;r = χ

−1
r , τ

IReD
π;r =

N2∑
n=0

τrnCn;r, Cn;r =
ηn

ηr
. (8)

I As the table shows, τ IReD
π;0 < τ IReD

π;1 < . . . , thus contradicting the separation of scales paradigm.
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Conclusions and references
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I The goal of the IReD [1] approach is to eliminate the parabolic O(Kn2)
terms appearing in DNMR [2] in favor of the hyperbolic O(Re−1Kn) ones.

I By this procedure, the transport coefficients and the relaxation times are
modified compared to the usual DNMR ones.

I The IReD approach is second order accurate w.r.t. Kn and Re−1 and the
formal equivalence to DNMR is analytically established.

I The IReD relaxation times no longer satisfy the separation of scales.
I The IReD approach is crucial for solving the hydro equations, while in the

DNMR approach, the O(Kn2) terms are omitted [3].
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Higher order relaxation times
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I Fitting indicates a logarithmic increase of τn;r and τπ;r with r.
I Convergence with respect to N1 = N2 + 1 very fast.
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Hard spheres collision matrix
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I The collision matrix is linked with the expansion of δfk with respect to a complete basis,

δfk = f0k

∞∑
`=0

N∑̀
n=0

ρ
µ1···µ`
n k〈µ1 · · · kµ`〉H

(`)
kn,

where H(`)
kn is defined such that ρµ1···µ`

n ≡
∫
dKEnk k

〈µ1 · · · kµ`〉δfk.
I The linearized collision integrals are given by

A(`)
rn =

1
ν(2`+ 1)

∫
dKdK

′
dPdP

′
Wkk′→pp′f0kf0k′E

r−1
k k

〈ν1 · · · kν`〉

×
(
H(`)

knk〈ν1 · · · kν`〉 +H(`)
k′nk

′
〈ν1 · · · k

′
ν`〉
−H(`)

pnp〈ν1 · · · pν`〉 −H
(`)
p′np

′
〈ν1 · · · p

′
ν`〉

)
,

I In the case of the UR ideal HS gas, Wkk′→pp′ = s(2π)6δ(4)(k + k′ − p− p′)σT ν4π and

A(1)
r=0,n =

16(−β)ng2

λmfp(n+ 3)!

[
S

(1)
n (N1)−

δn0

2

]
, A(2)

r=0,n =
432g2(−β)n

λmfp(n+ 5)!
S

(2)
n (N2),

A(1)
r>0,n≤r =

g2βn−r(r + 2)![n(r + 4)− r]
λmfp(n+ 2)!r(n+ 3)

A(2)
r>0,n≤r =

g2βn−r(r + 4)!(n+ 1)
λmfp(n+ 5)!r(r + 1)

×
(
δnr + δn0 −

2
r + 1

)
, × (9n+ nr − 4r)

(
δnr −

2
r + 2

)
,

while A(1)
r>0,n>r = A(2)

r>0,n>r = 0 and S(`)
n (N`) =

∑N`

m=n

(
m
n

)
1

(m+`)(m+`+1) .
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