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2nd order hydro cnm

» In the Landau frame (T*,u” = eut), N* and T"” can be decomposed as

N# = nut + nt, T = eubu” — (P + I AHY 4+ 7k, (1)

v

The cons. eqgs. 0, N¥ = 0, T = 0 give the evolution of n, € and u”.

> II, n* and 7 are regarded to be small and of O(Re™ 1), while gradients are
taken as O(Kn).

» 2nd order hydro gives the evolution eqgs. for II, n* and 7w** up to second
order w.r.t. Kn and Re™*

I+ =—C0+T+K+R,
o' ot = kI TH 4 K+ R:
TRt V) Y = 9tV TRV 4 Y RV (2)
containig the 1st order (NS) limit as well as 2nd order terms of orders
O(Re 'Kn), O(Kn”) and O(Re™?).
» Problem: The O(IKn”) are parabolic and must be discarded.
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IReD: From parabolic to hyperbolic cR:T%

> Let us look at the O(Kn?) and O(Re™'Kn) terms (just K and J*¥ for
brevity):

v) A(H

>\‘|‘ﬁ290'w/+7730 U)\ ‘|'77 U(H V) A 775 I(M] >—|—776F<MFV>
—l—ﬁ71<”FV>—I—ﬁ8V<“IV>—|—ﬁ9V<“FV> ,
T =27 f\“w >/\—57T7T7TW(9—7'7W7T>‘<“0;>+)\7THHJW—T7mn<“FV>+€7mv<”ny>

_'_)\W”n<NIV> 7

KcH :ﬁle”w

» The main idea of the IReD = Inverse Reynolds Dominance approach is to
render K of O(Re 'Kn) by trading one power of Kn for one of Re ™"

0~ —11/C, " ~nt /K, ot ~ ¥ /2. (3)

» The terms in red can be related to

2 D
G — _ Moy _Zgomv M) T8 e gy 20HSI<MFV> 19 <7 )
3 il (e +P) 7
» Since ¢{") = %ﬂ“’” — ﬁw’“’n 71 leads to a modification of 7:
N
7_7IrReD _ 7_7]TDNMR I 727_77 (4)
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Connection to DNMR: Ultrarelativistic hard spheres

CRC.-T%
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» In the original DNMR approach, K*” #£ 0 is simply ignored.

» Properly accounting for C#¥ within IReD gives a 17% difference in 7,
together with substantial differences in 7y, /T, Crn /T and App /Tr.
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Microscopic implementation: ' (RC-TR2m

vy

>

IReD DNMR
The hydro eqgs. can be derived from the "l T [Amsp] Trir [Amep]
Boltzmann eq., k*0,, fku = C[fx]. 0 1.66 2
The collision term C[fx] drives fi towards 1 1.79 1.65
fok, 50 6 fk = fi — fox is small. 2 1.90 1.48
The moments p" = f chkaEf;ka”) 3 2.00 1.39
are linked to the dissipative quantities (py” = 7*") and obey
No
p'ffw> —Ccl = 2047{2)0’“”/ + h.o.t., ch?, = — E A ph?. (5)
Multiplying Eq. (5) by 7o, = [[A™ ']o, and summing over r gives n=0
Ng
. (L) py pv _ (2)
T + 7”7 = 2n90”” + h.o.t., Np = Trrog . (6)
r=0

The key to deriving the above Eq. is matching p©!” to 7wH".

DNMR: A = Q diag(xo, x1,.-- )27 " with xo < x1 < ... and X}* = "2

o Orlp’“’ is kept in
=

”
the transient regime (separation of scales), leading to

1 %4 1 %4 1% T] —_
DNMR :  p"*" = Quon"” +20(C — Qo)™ C, = ;7“ =T =x, (7)
where the blue term gives rise to KH" .
N
In IReD, pk" = C,.7"", such that *” =0 and 7, = ero T07Cr.
Looking now at 7'7r;7~,6,§,”’/> + pt” = 2n,.0"" + ..., we find
Na
DNMR — IReD E : Mn
7_71-;7‘ = Xr 17 /7-77;7‘e = Trncnﬂﬁ Cn;r - - (8)
MNr
n=0
As the table shows, T}TIT”OGD < TTIrlfleD < ..., thus contradicting the separation of scales paradigm.

D. Wagner, A. Palermo, V.E.Ambrus IReD approach to transient fluid dynamics QM-2022/6.1V.2022




Conclusions and references cR:Tﬁ

> The goal of the IReD [1] approach is to eliminate the parabolic O(Kn?)
terms appearing in DNMR [2] in favor of the hyperbolic O(Re™*Kn) ones.

» By this procedure, the transport coefficients and the relaxation times are
modified compared to the usual DNMR ones.

» The IReD approach is second order accurate w.r.t. Kn and Re™! and the
formal equivalence to DNMR is analytically established.

v

The IReD relaxation times no longer satisfy the separation of scales.

» The IReD approach is crucial for solving the hydro equations, while in the
DNMR approach, the O(Kn?) terms are omitted [3].
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Higher order relaxation times CRC-TRn
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» Fitting indicates a logarithmic increase of 7, and 7., with r.

» Convergence with respect to N; = Ny + 1 very fast.
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Hard spheres collision matrix CR:T%

»  The collision matrix is linked with the expansion of § fix with respect to a complete basis,

co Ny
dfi = fox E E Ptk "'kw>7'll(f,z,
£=0 n=0

where H{*) is defined such that ph! ¢ = f AKEP KL o R0 § fy

»  The linearized collision integrals are given by

a1

! ! r—1 v v

(€) (€) 1./ / (€) ) 7 4
% (Hknk<’/1 k) +%k’nk<’/1 ok — HpaPy Py — H P vy ---p,/£>) ’

vp) P

P In the case of the UR ideal HS gas, W} ./ ) =s(2m)6M (k+ k' —p — p) ZLY and

— PP 47
16(_B)n92 [ 1 dno (2 43292(_5)71 2
AL = SNy — =221 AB = S (Ny),
r=0,n Amfp(n—i_g)' " ( 1) 2 r=0,n Amfp(n+5)' " ( 2)
AW _ 9P B T (r + 2! n(r +4) — 7] 4@ _ 9B T (r+ HNn + 1)
r>0,n<r Amep(n + 2)!r(n + 3) r>0msr Angp(n + 5)r(r + 1)
X | Onr +6 ° X (9n + 4r) | § 2
nr n0 r+ 1 3 n nr r nr "+ 2 )
: (1) — 22 _ ¢ _ N m
while A, Jo o, = AJS0, s = 0 and S (Ne) = Zmezn (n) (m+£)(in+£+1)'
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