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The structure of matter 

Nuclear structure from the 
Standard Model

Emergence  
of complex 
structure in 
nature Backgrounds 

and benchmarks 
for searches for 
new physics



Dark matter direct detection

Neutrino physics

Charged lepton flavour violation, ββ-decay,  
proton decay, neutron-antineutron oscillations…

Sensitivity to probe the rarest Standard Model 
interactions 
Search for beyond—Standard-Model effects

The search for new physics

Precise experiments seek new physics 
at the “Intensity Frontier”

CHALLENGE: understand the physics of nuclei used as targets



Study nuclear structure from the strong interactions

Quantum Chromodynamics (QCD)

Strongest of the four forces in nature

Strong interactions

Binds quarks and 
gluons into 
protons, neutrons, 
pions etc.

Binds protons and 
neutrons into nuclei

Forms other types 
of exotic matter 
e.g., quark-gluon 
plasma 



Discretise QCD onto 4D space-time lattice

QCD equations           integrals over the values of quark and 
gluon fields on each site/link (QCD path integral)

~1012 variables (for state-of-the-art)

Lattice QCD

Evaluate by importance 
sampling
Paths near classical action  
dominate
Calculate physics on a set 
(ensemble) of samples of 
the quark and gluon fields
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Numerical first-principles approach to  
non-perturbative QCD



Euclidean space-time
•Finite lattice spacing
•Volume
•Boundary conditions

x128

Lattice QCD
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Approximate the QCD path integral by Monte Carlo

with field configurations        distributed according toU i e�S[U ]
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L3 ⇥ T = 643 ⇥ 128
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Numerical first-principles approach to  
non-perturbative QCD



Workflow of a lattice QCD calculation

Lattice QCD

Generate field configurations 
via Hybrid Monte Carlo

Leadership-class computing

~100K cores or 1000GPUs, 10’s of  TF-years

O(100-1000) configurations, each ~10-100GB

Compute propagators
Large sparse matrix inversion

~few 100s GPUs

10x field config in size, many per config

Contract into 
correlation functions

~few GPUs

O(100k-1M) copies 

1

2 3

Computational cost grows exponentially with size of nuclear system 
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Generate field configurations         with probability         

Generate QCD gauge fields

�(x)

P [�(x)] ⇠ e�S[�(x)]

Hamiltonian/Hybrid Monte Carlo

Burn-in time and correlation length dictated by Markov chain 
‘autocorrelation time’: shorter autocorrelation time implies less 
computational cost

Computational approach to lattice theories (2)

● Need to wait for "burn-in period"

● Configurations close to each other on the chain will be correlated, so must 
take many steps before drawing independent samples

● Burn-in and correlations both related to Markov chain "autocorrelation time"
→ smaller autocorrelation time means less computational cost!

19

. . .

burn-in
~ p(𝜙) ~ p(𝜙)

correlated

New simulation strategies 
for lattice gauge theory
Michael G. Endres Lattice 2016

Multiscale Monte Carlo equilibration: Pure Yang-Mills theory
Michael G. Endres, Richard C. Brower, William Detmold, Kostas Orginos, Andrew V. Pochinsky

Multigrid  ideas for HMC
Very important and difficult problem
Major focus of US Exascale Software
project
(see Poster by Mike Endres)
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burn-in (discard) sample every nth: ~p(ɸ)

Computational approach to lattice theories (2)

● Need to wait for "burn-in period"

● Configurations close to each other on the chain will be correlated, so must 
take many steps before drawing independent samples
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Updates diffusive

QCD gauge field configurations sampled via 

Hamiltonian dynamics + Markov Chain Monte Carlo

Lattice spacing 0

Number of 
updates to change 

fixed physical 
length scale

∞

“Critical slowing-down”  
of generation of uncorrelated samples

Generate QCD gauge fields



New simulation strategies 
for lattice gauge theory
Michael G. Endres Lattice 2016

Multiscale Monte Carlo equilibration: Pure Yang-Mills theory
Michael G. Endres, Richard C. Brower, William Detmold, Kostas Orginos, Andrew V. Pochinsky

Multigrid  ideas for HMC
Very important and difficult problem
Major focus of US Exascale Software
project
(see Poster by Mike Endres)

1. Multi-scale algorithms: 
parallels with image recognition 
Shanahan et al., PRD 97, 094506 (2018)

2. Generative models to replace Hybrid 
Monte-Carlo 
parallels with image generation 
Albergo et al., PRD 100, 034515 (2019)  
MIT +NYU + Google DeepMind, arXiv:2002.02428  
Kanwar et al., arXiv:2003.06413

3. Hybrid approaches

Machine learning QCD

New simulation strategies 
for lattice gauge theory
Michael G. Endres Lattice 2016

Multiscale Monte Carlo equilibration: Pure Yang-Mills theory
Michael G. Endres, Richard C. Brower, William Detmold, Kostas Orginos, Andrew V. Pochinsky

Multigrid  ideas for HMC
Very important and difficult problem
Major focus of US Exascale Software
project
(see Poster by Mike Endres)

Consider only approaches which rigorously 
preserve quantum field theory in applicable limits

Accelerate gauge-field generation via ML



Machine learning for LQCD
Generative models for QCD gauge field generation

Flow-based generative models for
MCMC in lattice field theory1

Michael S. Albergo, Gurtej Kanwar, Phiala E. Shanahan

1 [Albergo, GK, Shanahan 1904.12072]
37th International Symposium on Lattice Field Theory

Wuhan, China (June 20, 2019)

Center for Theoretical Physics, MITKanwar

AlbergoCranmer

BoydaHackettMurphy

RezendeRacanière Papamakarios



Test case: scalar lattice field theory

One real number                          per lattice site x (2D lattice)  
 
 
 

Action: kinetic terms and quartic coupling 

Scalar lattice field theory

● One real number 𝜙(x) ∊ (-∞,∞) per lattice site x (2D lattice)

● Action consists of kinetic terms and quartic coupling

Toy model: scalar 𝜙4 lattice field theory

42

�(x) 2 (�1,1)
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Sampling gauge field configs

Sampling lattice configs
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Sampling gauge field configs
Generate field configurations         with probability         �(x)

P [�(x)] ⇠ e�S[�(x)]

Parallels with image generation problem

Sampling lattice configs ≅ generating images
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CIFAR benchmark image set 
for machine learning

32 x 32 pixels x 3 cols  
≃3000 numbers

60000 samples

Each image has meaning

Local structures are 
important

Translation-invariance 
within frame

Machine learning QCD

Ensemble of lattice QCD 
gauge fields

643 x128 x 4 x Nc2 x 2  
≃109 numbers

~1000 samples
Ensemble of gauge fields has 
meaning
Long-distance correlations 
are important
Gauge and translation-
invariant with periodic 
boundaries



Flow-based generative models

Normalizing flows enable approximate
sampling/inference for complicated distributions.

31

Invertible
&

Tractable 
Jacobian

Easily sampled Approximates 
desired dist.

[Rezende & Mohamed 1505.05770]

Flow-based models learn a change-of-variables that transforms 
a known distribution to the desired distribution 

Generative flow models

[Rezende & Mohamed 1505.05770] 

Using a change-of-variables, produce a
distribution approximating what you want.

Flow-based generative models

14

Invertible
&

Tractable 
Jacobian

Easily sampled Approximates 
desired dist.

[Rezende & Mohamed 1505.05770]



Flow-based generative models

Normalizing flows enable approximate
sampling/inference for complicated distributions.

31

Invertible
&

Tractable 
Jacobian

Easily sampled Approximates 
desired dist.

[Rezende & Mohamed 1505.05770]

Flow-based models learn a change-of-variables that transforms 
a known distribution to the desired distribution 

Generative flow models

[Rezende & Mohamed 1505.05770] We chose real non-volume preserving (real NVP)
flows for our work.

Flow-based generative models

32

Invertible
&

Tractable 
Jacobian

Easily sampled Approximates 
desired dist.

Many simple layers 
composed to produce f

[Dinh et al. 1605.08803]
Using a change-of-variables, produce a
distribution approximating what you want.

Flow-based generative models

14

Invertible
&

Tractable 
Jacobian

Easily sampled Approximates 
desired dist.

[Rezende & Mohamed 1505.05770]



Real NVP coupling layer

● Affine transformation of half the variables:
scaling by exp(s), translation by t

● s and t are neural networks depending
on untransformed variables only

● Simple inverse and Jacobian

33

Application of gi
-1

Generative flow models

Choose real non-volume preserving flows:

Affine transformation of half of the variables: 
scaling by exp(s)
translation by t 
s and t arbitrary neural networks depending on 
untransformed variables only 

Simple inverse and Jacobian 

[Dinh et al. 1605.08803] 



Target distribution is known up to normalisation  
 

Train to minimise shifted KL divergence:  

 
 
 

Training the model

● Desired distribution is known up to normalization:

● For our application, train to minimize shifted KL divergence

● This loss allows self-training: sampling with respect to model distribution 
p̃f(𝜙) to estimate loss

Training by minimizing loss function

36

shift removes
unknown 

normalization Z
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allows self-training: sampling with respect to 
model distribution p̃f(𝜙) to estimate loss

● Desired distribution is known up to normalization:

● For our application, train to minimize shifted KL divergence

● This loss allows self-training: sampling with respect to model distribution 
p̃f(𝜙) to estimate loss

Training by minimizing loss function

36

shift removes
unknown 

normalization Z

[Zhang, E, Wang 1809.10188] 

shift removes unknown 
normalisation ● Desired distribution is known up to normalization:

● For our application, train to minimize shifted KL divergence

● This loss allows self-training: sampling with respect to model distribution 
p̃f(𝜙) to estimate loss

Training by minimizing loss function

36

shift removes
unknown 

normalization Z



Guarantee exactness of generated distribution by forming a 
Markov chain: accept/reject with Metropolis-Hastings step

Exactness via Markov chainMaking things exact via MCMC

● Borrow idea from standard approach to lattice physics: Markov Chain Monte 
Carlo (MCMC)

● Use generative model for proposals in a Metropolis-Hastings step
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Making things exact via MCMC

● Borrow idea from standard approach to lattice physics: Markov Chain Monte 
Carlo (MCMC)

● Use generative model for proposals in a Metropolis-Hastings step
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Fields via flow models
Overview of algorithm

40

Parameterize flow using Real 
NVP coupling layers Each layer contains

arbitrary neural nets
s and t

Training step

Draw samples from model

Compute loss function

Gradient descent

Markov chain using
samples from model

Desired accuracy?

Save trained 
model

generating samples is 
"embarrassingly parallel"

Summary chart: Tej Kanwar



Prior distribution chosen to be uncorrelated 
Gaussian: 

Real non-volume-preserving (NVP) couplings
8-12 Real NVP coupling layers 
Alternating checkerboard pattern for variable split 
NNs with 2-6 fully connected layers with 100-1024 
hidden units

Train using shifted KL loss with Adam optimizer
Stopping criterion: fixed acceptance rate in Metropolis-
Hastings MCMC 

Application: scalar field theory

● Prior distribution chosen to be uncorrelated Gaussian,
i.e. for each site x,

● Real NVP model:
○ 8-12 Real NVP coupling layers
○ Alternating checkerboard pattern for variable split
○ 2-6 fully connected layers with 100-1024 hidden units

● Trained using shifted KL loss with Adam optimizer
○ Target fixed acceptance rate in Metropolis-Hastings MCMC

ML method for scalar lattice field theory
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First application: scalar lattice field theory

●Prior distribution chosen to be uncorrelated Gaussian,
i.e. for each site x,

●Real NVP model:
○8-12 Real NVP coupling layers
○Alternating checkerboard pattern for variable split
○2-6 fully connected layers with 100-1024 hidden units

●Trained using shifted KL loss with Adam optimizer
○Target fixed acceptance rate in Metropolis-Hastings MCMC

ML method for scalar lattice field theory
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Compare with standard updating algorithms: ‘local’, ‘HMC’ 

Application: scalar field theory

First application: scalar lattice field theory

ML model produces varied samples and correlations at 
the right scale  
 
Compare: 

6

(a) Flow-based MCMC trained to 50% mean

acceptance.
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(b) Flow-based MCMC trained to 70% mean

acceptance and HMC tuned to 70% mean

acceptance.

FIG. 2: Histograms of length of consecutive runs of Metropolis rejections in machine-learned (ML) models at both 50% and
70% mean acceptance. Also shown is the same statistic for Markov chains generated via HMC, where mean acceptance was
tuned to 70%. The frequency of long runs of rejections is consistently reduced for models trained to reach higher average
acceptance. The ML and HMC ensembles at 70% acceptance display very similar distributions of rejection streaks.

where xµ = (~x, t), as well as the corresponding pole mass

mp = �@t log
D
G̃c(0, t)

E
, (24)

and the two-point susceptibility

�2 =
X

x

Gc(x). (25)

In the limit � ! 1, with m
2
/� < 0 fixed, scalar �

4

theory reduces to an Ising model. Another observable of
interest is therefore the average Ising energy density [45],
defined by

E =
1

d

X

1µd

Gc(µ̂), (26)

where the sum runs over single-site displacements in all
dimensions.

The action of �4 theory is invariant under the discrete
symmetry �(x) ! ��(x). Depending on the value of
the parameters m

2 and �, this symmetry can be spon-
taneously broken. The theory thus has two phases: a
symmetric phase and a broken-symmetry phase.

A. Model definition and training

For this proof-of-principle study, the flow-based
MCMC algorithm detailed in Section II was applied to
�
4 theory in two dimensions with L = {6, 8, 10, 12, 14}

lattice sites in each dimension. The parameters m
2 and

� were chosen to fix mpL ⇡ 4 for each lattice size; their

numerical values are given in Table I. For simplicity in
this initial work, all parameters were chosen to lie in the
symmetric phase. In principle, the flow-based MCMC
algorithm can be applied with identical methods to the
broken-symmetry phase of the theory, but it remains to
be shown that models can be trained for such choices of
parameters.
For each set of parameters, real NVP models were de-

fined using 8–12 a�ne coupling layers (see Sec. II B). The
coupling layers were defined to update half of the lattice
sites in a checkerboard pattern; successive layers alter-
nately updated the odd and even sites. The neural net-
works si and ti used in coupling layer gi (see Eq. (9))
were constructed from two to six fully-connected layers,
each defined as multiplication by a rectangular matrix
followed by pointwise application of a nonlinear function
(here, a leaky rectified linear unit [46]). Intermediate
vectors (hidden units) had sizes ranging between 100–
1024. The prior distribution r(z) was chosen to be an
uncorrelated Gaussian distribution

r(z) /
Y

i

e
�z

2
i /2. (27)

The models were trained to minimize the shifted KL loss
between the output distribution p̃f (�) and the desired
distribution p(�) = e

�S(�)
/Z using gradient-based up-

dates with the Adam optimizer [42], a specific variety
of gradient descent with momentum. A mean absolute
error loss, defined in Appendix B, was optimized before
training in the case of the 142 model where it was found
to accelerate convergence to the KL loss minimum.
An exhaustive study of the optimal choice of prior dis-

tribution r(z), model depth, architecture and initializa-
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FIG. 5: Susceptibility (�2) and Ising energy (E) estimated
on all ensembles. Results computed using 106 configurations
from the HMC, local Metropolis, and machine-learned (ML)
ensembles are consistent within statistical errors. Errors in-
dicate 68% confidence intervals estimated using bootstrap re-
sampling with bins of size 100.

FIG. 6: Statistical error varying with number of samples N
in two candidate observables, �2 and E, for the HMC, local
Metropolis, and machine-learned (ML) ensembles. The red
dashed line shows a 1/

p
N curve normalized by the average

error estimate of the three approaches at N = 1000. Central
values were estimated as 68% confidence intervals on each
observable by bootstrap resampling ensemble subsets of size
N . Error bars indicate 68% confidence intervals estimated
using an external bootstrap resampling step.

methods. Moreover, Figure 6 shows that the statistical
uncertainties of the observables scale as 1/

p
N with the

number of samples N , as expected for decorrelated sam-
ples.

C. Critical slowing down

For �
4 theory, a number of algorithms have been de-

veloped that mitigate CSD to various extents, such as
worm algorithms [45], multigrid methods [49], Fourier-
accelerated Langevin updates [50] and cluster updates
via embedded Ising dynamics [51]. The path towards
generalizing those algorithms to more complicated theo-
ries such as QCD, however, is not clear. Algorithms such
as HMC and local Metropolis, which are also used for
studies of QCD and pure gauge theory, exhibit CSD for
�
4 (as well as more complicated theories) as the contin-

uum limit is approached.
The parameter sets chosen for the study of �4 theory

in this work (Table I) correspond to a critical line with
constant mpL as L ! 1. For the flow-based MCMC
approach proposed here, as well as for ensembles gener-
ated using the HMC and local Metropolis algorithms, the

autocorrelation times of the set of physical observables
discussed previously were fit to leading-order power laws
in L to determine the dynamical critical exponents zO

for that observable. Figure 7 shows the autocorrelation
times for each observable for each approach to ensemble
generation. The absolute values of ⌧int are not directly
comparable between methods because the cost per up-
date di↵ers. The scaling with lattice size, on the other
hand, indicates the sensitivity of each method to critical
slowing down. For both HMC and local Metropolis, the
critical behavior and consequently the performance of the
algorithm was found to depend on the observable. In each
case, the critical exponent was 0.3 . zO . 2.0. In com-
parison, for the flow-based MCMC ensembles at a fixed
acceptance, the critical exponent was found to be consis-
tent with zero, with the autocorrelation time observable-
independent and in agreement with the acceptance-based
estimator defined in Section IIC.

Since the the mean acceptance rate was used as the
stopping criterion for training these models, it was not
guaranteed a priori that the measured integrated auto-
correlation time would be constant across the di↵erent
models used. The results in Figure 7, however, suggest
that beyond the simple lower bound from Eq. (18) there
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First application: scalar lattice field theory

Success:  Critical slowing down is eliminated
Cost:      Up-front training of the model 9
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(c) Flow-based MCMC ensembles

FIG. 7: Scaling of integrated autocorrelation time with respect to lattice size for HMC, local Metropolis, and flow-based MCMC.
In (c) the upper sets of points in blue correspond to models trained to a mean acceptance rate of 50%, while the lower sets
of points in green correspond to models trained to a mean acceptance rate of 70%. Dashed red lines display power law fits to
L = {10, 12, 14} with labels Lz specifying the scaling. The HMC and local Metropolis methods demonstrate power-law growth
of ⌧int, while ⌧int for the flow-based MCMC is consistent with a constant in L and decreases as mean acceptance rate increases.
Dot-dashed blue and green lines for the flow-based ensembles display lower bounds in terms of mean acceptance rate based on
Eq. (18). Error bars indicate 68% confidence intervals estimated by bootstrap resampling and error propagation.

is a strong correlation between the mean acceptance rate
and integrated autocorrelation time for models trained
using a shifted KL loss. This is further confirmed by the
similarity of the rejection run histograms across lattice
sizes for flow-based MCMC, as shown in Figure 2.

D. Training costs

While CSD in the sampling step for the flow-based
MCMC is eliminated, training the generative model in-
troduces an additional up-front cost, as discussed in Sec-
tion IID. Since this cost is amortized over the ensem-
ble, this approach will naturally be computationally ad-
vantageous in the limit of generating a large number of
samples. For a finite target ensemble size, the poten-
tial acceleration o↵ered depends crucially on the training
time.

In this work, all models were trained using one to two
GPU-weeks, with the larger lattices incurring the most
computational cost. For the simple fully-connected archi-
tecture used in this work, the scaling of both the sampling
and training time is controlled by dense matrix-vector
multiplications which require O(V 2) floating point op-
erations each. The number of epochs used to train the
largest lattice was also roughly 10⇥ that of the smallest
lattice. This asymptotic scaling is a result of the simple
model architecture used in this proof-of-principle study.
For related methods applied to image generation, using
convolutional neural networks and a multi-scale archi-
tecture reduced training and sampling costs significantly
and improved scaling to O(V ) [39]. There are physical
grounds to expect these tools to apply equally well to

the present application. Convolutional networks use only
local information to update values in each layer, exploit-
ing locality in the system, and use identical weights for
each point on the lattice, manifestly preserving trans-
lational invariance. A multi-scale architecture learns
coarse-grained distributions and fine-graining procedures
in separate layers; this is an e↵ective division of tasks
for renormalizable quantum field theories, where simple
coarse-grained descriptions are expected to arise. Gen-
erative models, and in particular flow-based models, are
also rapidly evolving towards more e�cient representa-
tion capacity. Complex coupling layers have been imple-
mented [39, 52], as have generalized convolutions [53, 54]
and transformations with continuous dynamics that are
not dependent on restricted coupling layers [55]. These
developments allow models to better capture a distribu-
tion within a given number of training steps.

For complex applications, it is also critical that larger
models with many coupling layers can be trained with-
out exceeding memory bounds. The algorithm proposed
here can be trained with constant memory cost as the
number of layers is increased [56], alleviating the stor-
age limitations that can arise in gradient-based optimiza-
tion. Memory costs can be further reduced by distribut-
ing samples within each training batch across many ma-
chines.

Finally, typical applications seek to produce ensembles
at many di↵erent choices of parameters, and often require
parameter tuning. Training costs can therefore by amor-
tized further; models trained with respect to an action
at a given set of parameter values can either be used to
initialize training or as a prior distribution for models
targeting that action at nearby parameter values.

Dynamical critical exponents 
consistent with zero 

Application: scalar field theory



Next steps: ML for LQCD

Target application: Lattice QCD for nuclear physics

Scale number of dimensions → 4D
Scale number of degrees of freedom → 483 x 96
Methods for gauge theories

1.    
2.
3.    
  [MIT, NYU, DeepMind, arXiv:2002.02428, arXiv:2003.06413] 

Aurora21 Early Science Project

Future Directions (3)

● Our work so far has only been two-dimensional lattices

● Costs scale up, but no theoretical obstacle to higher dimensions
○ Preliminary results for 𝜙4 indicates 3d easily accessible
○ Need to resolve computational bottleneck for 4d

55



Incorporating symmetries

Gauge field theories

Field configurations represented by  
links           encoded as matrices

e.g., for Quantum Chromodynamics,  
SU(3) matrices (3x3 complex matrices        
with                  ,                  )

Group-valued fields live not on real line  
but on compact manifolds

Action is invariant under group transformations 
on gauge fields

New simulation strategies 
for lattice gauge theory
Michael G. Endres Lattice 2016

Multiscale Monte Carlo equilibration: Pure Yang-Mills theory
Michael G. Endres, Richard C. Brower, William Detmold, Kostas Orginos, Andrew V. Pochinsky

Multigrid  ideas for HMC
Very important and difficult problem
Major focus of US Exascale Software
project
(see Poster by Mike Endres)
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ABSTRACT

Nuclear and particle physicists seek to understand the structure of matter at the
smallest scales through numerical simulations of lattice Quantum Chromodynam-
ics (LQCD) performed on the largest supercomputers available. Multi-scale tech-
niques have the potential to dramatically reduce the computational cost of such
simulations, if a challenging parameter regression problem matching physics at
different resolution scales can be solved. Simple neural networks applied to this
task fail because of the dramatic inverted data hierarchy that this problem dis-
plays, with orders of magnitude fewer samples typically available than degrees
of freedom per sample. Symmetry-aware networks that respect the complicated
invariances of the underlying physics, however, provide an efficient and practical
solution. Further efforts to incorporate invariances and constraints that are typical
of physics problems into neural networks and other machine learning algorithms
have potential to dramatically impact studies of systems in nuclear, particle, con-
densed matter, and statistical physics.

1 DATA

LQCD is a Markov Chain Monte-Carlo (MCMC) importance sampling method based on the gen-
eration of ensembles of configurations of the underlying physical degrees of freedom (quark and
gluon fields) Rothe (1992). Configurations are represented as sets of links Uµ(x) between sites on
four-dimensional hypercubic space-time lattices (x denotes the spacetime coordinates of the origin
site and µ the direction of the link). Each link can be encoded as an SU(3) matrix (a 3⇥ 3 complex
matrix M with M�1 = M† and det[M ] = 1, where M† = (M⇤)T is the Hermitian conjugate),
and a configuration is encoded by O(107) links, i.e., O(109) floating point or double precision
numbers for a typical state-of-the-art calculation. Since these configurations sample the probability
distribution corresponding to the LQCD action (a function defining the quark and gluon dynamics),
weighted ensemble averages determine physical observables of interest; calculations typically use
ensembles of O(103) configurations.

The parameter regression task studied here is the determination of the LQCD action parameters, �
and m, corresponding to a given ensemble of configurations. Because of the significantly inverted
data hierarchy of LQCD datasets, this is a challenging problem. However, the physics encoded by
an ensemble of configurations is invariant under a number of complex symmetries, namely discrete
space-time translations and rotations on the hypercubic space, as well as ‘gauge transformations’.
The latter are continuous Lie group transformations at each space-time point on the lattice, i.e.,
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solution. Further efforts to incorporate invariances and constraints that are typical
of physics problems into neural networks and other machine learning algorithms
have potential to dramatically impact studies of systems in nuclear, particle, con-
densed matter, and statistical physics.

1 DATA

LQCD is a Markov Chain Monte-Carlo (MCMC) importance sampling method based on the gen-
eration of ensembles of configurations of the underlying physical degrees of freedom (quark and
gluon fields) Rothe (1992). Configurations are represented as sets of links Uµ(x) between sites on
four-dimensional hypercubic space-time lattices (x denotes the spacetime coordinates of the origin
site and µ the direction of the link). Each link can be encoded as an SU(3) matrix (a 3⇥ 3 complex
matrix M with M�1 = M† and det[M ] = 1, where M† = (M⇤)T is the Hermitian conjugate),
and a configuration is encoded by O(107) links, i.e., O(109) floating point or double precision
numbers for a typical state-of-the-art calculation. Since these configurations sample the probability
distribution corresponding to the LQCD action (a function defining the quark and gluon dynamics),
weighted ensemble averages determine physical observables of interest; calculations typically use
ensembles of O(103) configurations.

The parameter regression task studied here is the determination of the LQCD action parameters, �
and m, corresponding to a given ensemble of configurations. Because of the significantly inverted
data hierarchy of LQCD datasets, this is a challenging problem. However, the physics encoded by
an ensemble of configurations is invariant under a number of complex symmetries, namely discrete
space-time translations and rotations on the hypercubic space, as well as ‘gauge transformations’.
The latter are continuous Lie group transformations at each space-time point on the lattice, i.e.,
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Flows on compact, connected manifolds [ICML, arXiv:2002.02428]

Incorporate symmetries: gauge-equivariant flows

1.    

2. 



Incorporating symmetries

Incorporating symmetries

Not essential for correctness of ML-generated ensembles

BUT: Likely important in training high-dimensional models 
especially with high-dimensional symmetries

The prior distribution is symmetric

Each coupling layer is equivariant under the symmetry  
i.e., all transformations commute through application of the 
coupling layer

1.    

2. 

 
Flow defined from coupling layers will be invariant under symmetry if



First gauge theory application: U(1) field theory

One complex number               per link on a 2D lattice

Action: expressed in terms of plaquettes (products of links 
around closed loops) with a single coupling 
 
 

Fixed lattice size:               with couplings 

Continuum limit (critical slow-down) as 

[Kanwar et al., arXiv:2003.06413] 
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.P 0

µ�(x) = h(Pµ�(x)|I(x))
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FIG. 2. An example of a variable splitting based on a tiled
4 ⇥ 1 pattern with an actively updated link U i ⌘ Uµ(x) and
1 ⇥ 1 loop U iSi ⌘ Pµ⌫(x) located at x, a passively updated
1⇥ 1 loop at ex = x� ⌫̂, and two frozen traced 1⇥ 1 loops at
x+ ⌫̂ and x+ 2⌫̂ included in the set Ii.

which implies that U 0i
! eU 0i transforms according to

Eq. (2),

eU 0i = h
�
⌦(x) U iSi ⌦†(x)|Ii

�
⌦(x)Si†⌦†(x + µ̂)

= ⌦(x)U 0i⌦†(x + µ̂).
(5)

To ensure invertibility, the product of links Si must not
contain any links in UA.

For an Abelian group, the transformation property
in Eq. (4) is trivially satisfied by any kernel. In
the U(1) gauge theory considered below, we there-
fore define the kernel using invertible flows parame-
terized by neural networks. For non-Abelian theo-
ries, it has been shown that it is possible to con-
struct invertible functions on spheres [63] and surjec-
tive functions on general Lie groups [64]. If these ap-
proaches can be generalized to produce invertible func-
tions with convergent power expansions, they will sat-
isfy the necessary kernel transformation property, since
h(XWX†) =

P
n ↵n(XWX†)n = X h(W ) X†.

An example of a variable splitting suitable for both
Abelian and non-Abelian gauge theories is given by the
pattern depicted in Fig. 2. In this example, the set of
updated links UA consists of vertical links spaced by 4
sites, and the products U iSi are 1 ⇥ 1 loops adjacent to
each U i. This is su�ciently sparse such that every Si

is independent of all updated links in UA, and a non-
trivial set of invariants Ii (e.g. all traced 1⇥ 1 loops that
are not adjacent to updated links) can be constructed
to parametrize the transformation. Composing coupling
layers using rotations and o↵sets of the pattern allows all
links to be updated.2

2 For example, composing 8 such layers is su�cient to update all
links in 2D.

Using gauge-equivariant coupling layers constructed in
terms of kernels generalizes the “trivializing map” pro-
posed in Ref. [65]. There, repeatedly applying a spe-
cific kernel based on gradients of the action theoretically
trivializes a gauge theory, i.e. maps the Euclidean time
distribution to a uniform one. The family of gauge equiv-
ariant flows defined here includes the trivializing map in
the limit of a large number of coupling layers and arbi-
trarily expressive kernel, indicating that in this limiting
case exact sampling as described in Ref. [65] is possible.
However, the approach presented here allows for more
general and inexpensive parametrizations of h. These
can be optimized to produce flows that similarly trivial-
ize the theory, and which may have a lower cost of evalu-
ation than implementations of the analytical trivializing
map [66].
Application to U(1) gauge theory.— Gauge theory with

a U(1) gauge group defined in two spacetime dimensions
is the quenched limit of 1 + 1D electrodynamics, i.e. the
Schwinger model [67]. The full Schwinger model repro-
duces many features of quantum chromodynamics (con-
finement, an axial anomaly, topology, and chiral symme-
try breaking) while being analytically tractable. Even in
the quenched limit, the well-defined gauge field topology
results in severe critical slowing down of MCMC meth-
ods for sampling lattice discretizations of the model as
the coupling is taken to criticality. We consider the lat-
tice discretization given by the Wilson gauge action [68],

S(U) := ��
X

x

Re P (x), (6)

where P (x) is the plaquette at x defined in terms of link
variables Uµ(x) 2 U(1),

P (x) := U0(x)U1(x + 0̂)U†

0 (x + 1̂)U†

1 (x), (7)

and x = (x0, x1) runs over coordinates in an L⇥L square
lattice with periodic boundary conditions. Physical infor-
mation may be extracted from the model by considering
expectation values of observables O under the Euclidean
time path integral,

hOi :=
1

Z

Z
DU O(U)e�S(U), (8)

where
R

DU denotes integration over the product of
Haar measures for each link, and Z =

R
DU e�S(U). In

this study, three key observables were considered:

1. Expectation values of powers of plaquettes.

2. Expectation values of ` ⇥ ` Wilson loops W`⇥` =Q
x2`⇥` P (x).

3. Topological susceptibility �Q = hQ2/V i, where
topological charge Q := 1

2⇡

P
x arg (P (x)) is de-

fined in terms of plaquette phase in the principal
interval, arg (P (x)) 2 [�⇡, ⇡].
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FIG. 2. An example of a variable splitting based on a tiled
4 ⇥ 1 pattern with an actively updated link U i ⌘ Uµ(x) and
1 ⇥ 1 loop U iSi ⌘ Pµ⌫(x) located at x, a passively updated
1⇥ 1 loop at ex = x� ⌫̂, and two frozen traced 1⇥ 1 loops at
x+ ⌫̂ and x+ 2⌫̂ included in the set Ii.

which implies that U 0i
! eU 0i transforms according to

Eq. (2),

eU 0i = h
�
⌦(x) U iSi ⌦†(x)|Ii

�
⌦(x)Si†⌦†(x + µ̂)

= ⌦(x)U 0i⌦†(x + µ̂).
(5)

To ensure invertibility, the product of links Si must not
contain any links in UA.

For an Abelian group, the transformation property
in Eq. (4) is trivially satisfied by any kernel. In
the U(1) gauge theory considered below, we there-
fore define the kernel using invertible flows parame-
terized by neural networks. For non-Abelian theo-
ries, it has been shown that it is possible to con-
struct invertible functions on spheres [63] and surjec-
tive functions on general Lie groups [64]. If these ap-
proaches can be generalized to produce invertible func-
tions with convergent power expansions, they will sat-
isfy the necessary kernel transformation property, since
h(XWX†) =

P
n ↵n(XWX†)n = X h(W ) X†.

An example of a variable splitting suitable for both
Abelian and non-Abelian gauge theories is given by the
pattern depicted in Fig. 2. In this example, the set of
updated links UA consists of vertical links spaced by 4
sites, and the products U iSi are 1 ⇥ 1 loops adjacent to
each U i. This is su�ciently sparse such that every Si

is independent of all updated links in UA, and a non-
trivial set of invariants Ii (e.g. all traced 1⇥ 1 loops that
are not adjacent to updated links) can be constructed
to parametrize the transformation. Composing coupling
layers using rotations and o↵sets of the pattern allows all
links to be updated.2

2 For example, composing 8 such layers is su�cient to update all
links in 2D.

Using gauge-equivariant coupling layers constructed in
terms of kernels generalizes the “trivializing map” pro-
posed in Ref. [65]. There, repeatedly applying a spe-
cific kernel based on gradients of the action theoretically
trivializes a gauge theory, i.e. maps the Euclidean time
distribution to a uniform one. The family of gauge equiv-
ariant flows defined here includes the trivializing map in
the limit of a large number of coupling layers and arbi-
trarily expressive kernel, indicating that in this limiting
case exact sampling as described in Ref. [65] is possible.
However, the approach presented here allows for more
general and inexpensive parametrizations of h. These
can be optimized to produce flows that similarly trivial-
ize the theory, and which may have a lower cost of evalu-
ation than implementations of the analytical trivializing
map [66].
Application to U(1) gauge theory.— Gauge theory with

a U(1) gauge group defined in two spacetime dimensions
is the quenched limit of 1 + 1D electrodynamics, i.e. the
Schwinger model [67]. The full Schwinger model repro-
duces many features of quantum chromodynamics (con-
finement, an axial anomaly, topology, and chiral symme-
try breaking) while being analytically tractable. Even in
the quenched limit, the well-defined gauge field topology
results in severe critical slowing down of MCMC meth-
ods for sampling lattice discretizations of the model as
the coupling is taken to criticality. We consider the lat-
tice discretization given by the Wilson gauge action [68],

S(U) := ��
X

x

Re P (x), (6)

where P (x) is the plaquette at x defined in terms of link
variables Uµ(x) 2 U(1),

P (x) := U0(x)U1(x + 0̂)U†

0 (x + 1̂)U†

1 (x), (7)

and x = (x0, x1) runs over coordinates in an L⇥L square
lattice with periodic boundary conditions. Physical infor-
mation may be extracted from the model by considering
expectation values of observables O under the Euclidean
time path integral,

hOi :=
1

Z

Z
DU O(U)e�S(U), (8)

where
R

DU denotes integration over the product of
Haar measures for each link, and Z =

R
DU e�S(U). In

this study, three key observables were considered:

1. Expectation values of powers of plaquettes.

2. Expectation values of ` ⇥ ` Wilson loops W`⇥` =Q
x2`⇥` P (x).

3. Topological susceptibility �Q = hQ2/V i, where
topological charge Q := 1

2⇡

P
x arg (P (x)) is de-

fined in terms of plaquette phase in the principal
interval, arg (P (x)) 2 [�⇡, ⇡].
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FIG. 3. Left: estimates of average Wilson loops hW`⇥`i mea-
sured on the finest ensemble studied here (� = 7). Right:
estimates of topological susceptibility measured on the three
finest ensembles studied here (� = 5, 6, 7). All values are plot-
ted as ratios to the exact results. The flow-based estimates
are consistent with the exact values, while the HMC and Heat
Bath estimates have larger uncertainties and also significantly
deviate from the exact values in some cases.

To investigate critical slowing down, we studied the
theory at a fixed lattice size, L = 16, using seven choices
of the parameter � = {1, 2, 3, 4, 5, 6, 7}; the theory ap-
proaches the continuum limit as � ! 1. For each pa-
rameter choice, we trained gauge invariant flow-based
models using a uniform prior distribution and a composi-
tion of 24 gauge-equivariant coupling layers. The kernels
h were chosen to be mixtures of Non-Compact Projec-
tions [63], which are suitable for U(1) group elements;
in particular, we used 6 components for each mixture
and parameterized each transformation with a convolu-
tional neural network. The model architecture was held
fixed across all choices of �, ensuring identical cost to
draw samples for each parameter choice. To train the
models, we minimized the Kullback-Leibler divergence
between the model density q(U) and the target density
e�S(U)/Z. Training was halted when the loss function
reached a plateau. For this proof-of-principle study, we
did not perform extensive optimization over the variable
splitting pattern, neural network architecture, or train-
ing hyperparameters, and it is likely that better models
can be trained.

After training, the flow-based models were used to gen-
erate proposals for a Metropolis independence Markov
chain [25], producing ensembles of 100, 000 samples each.
For comparison, ensembles of identical size were pro-
duced using the HMC and Heat Bath algorithms. For
all choices of �, we fixed the HMC trajectory length to
achieve > 80% acceptance rate when using a leapfrog in-
tegrator with 5 steps. Each HB step was defined as one
sweep, i.e. a single update of every link. To within 10%,
the computational cost per HMC trajectory was equal
to the cost per proposal from the flow-based model in
a single-threaded CPU environment, while the cost per
Heat Bath step was half that of HMC or flow.

Using samples from a flow-based model as proposals
within a Markov chain ensures unbiased estimates after

FIG. 4. Integrated autocorrelation time for the topological
charge, ⌧ int

Q , measured on ensembles of 16 ⇥ 16 lattices gen-
erated using HMC, Heat Bath, and the flow-based algorithm.
Ten replicas of each ensemble were used to estimate errors,
which are smaller than the plot markers for most points.

thermalization; at the finite ensemble size used here, all
observables were found to agree with analytical results
within statistical uncertainties. Of the observables we
studied, local quantities like powers of plaquettes and
expectation values of small Wilson loops were estimated
more precisely by HMC and HB than with the flow-based
algorithm. However, Fig. 3 shows that for observables
with larger extent such as W`⇥` with ` � 4, and par-
ticularly for �Q, large autocorrelations in the HMC and
HB samples result in estimates that deviate from the ex-
act values and have lower precision than the flow-based
estimates.

For Markov chain methods, the characteristic length of
autocorrelations for an observable O can be defined by
the integrated autocorrelation time ⌧ int

O
[69]. Fig. 4 com-

pares ⌧ int
Q for HMC and HB to that in the flow-based al-

gorithm as an indicator of how well the three methods ex-
plore the distribution of topological charge. For all three
methods, ⌧ int

Q grows as � is increased towards the con-
tinuum limit. However, this problem is far less severe for
the flow-based algorithm than for HMC or HB. For exam-
ple, the autocorrelation time in the flow-based algorithm
is approximately 10 at the largest value of �, whereas
⌧ int
Q ⇡ 4000 for HB and ⌧ int

Q ⇡ 15000 for HMC. Account-
ing for the relative cost per step of each Markov chain,
the flow-based Metropolis sampler is therefore roughly
1500 times more e�cient than HMC and 200 times more
e�cient than Heat Bath in determining topological quan-
tities. A promising possibility for further development is
mixing flow-based Markov chain steps with HMC tra-
jectories or Heat Bath sweeps to gain the benefits of
standard Markov chain steps for local observables and
of the flow-based algorithm for extended and topological
observables.

Summary.— Critical slowing down of sampling in lat-
tice gauge theories is an obstacle to precisely estimat-
ing quantities of physical interest as critical limits of the
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finest ensembles studied here (� = 5, 6, 7). All values are plot-
ted as ratios to the exact results. The flow-based estimates
are consistent with the exact values, while the HMC and Heat
Bath estimates have larger uncertainties and also significantly
deviate from the exact values in some cases.

To investigate critical slowing down, we studied the
theory at a fixed lattice size, L = 16, using seven choices
of the parameter � = {1, 2, 3, 4, 5, 6, 7}; the theory ap-
proaches the continuum limit as � ! 1. For each pa-
rameter choice, we trained gauge invariant flow-based
models using a uniform prior distribution and a composi-
tion of 24 gauge-equivariant coupling layers. The kernels
h were chosen to be mixtures of Non-Compact Projec-
tions [63], which are suitable for U(1) group elements;
in particular, we used 6 components for each mixture
and parameterized each transformation with a convolu-
tional neural network. The model architecture was held
fixed across all choices of �, ensuring identical cost to
draw samples for each parameter choice. To train the
models, we minimized the Kullback-Leibler divergence
between the model density q(U) and the target density
e�S(U)/Z. Training was halted when the loss function
reached a plateau. For this proof-of-principle study, we
did not perform extensive optimization over the variable
splitting pattern, neural network architecture, or train-
ing hyperparameters, and it is likely that better models
can be trained.

After training, the flow-based models were used to gen-
erate proposals for a Metropolis independence Markov
chain [25], producing ensembles of 100, 000 samples each.
For comparison, ensembles of identical size were pro-
duced using the HMC and Heat Bath algorithms. For
all choices of �, we fixed the HMC trajectory length to
achieve > 80% acceptance rate when using a leapfrog in-
tegrator with 5 steps. Each HB step was defined as one
sweep, i.e. a single update of every link. To within 10%,
the computational cost per HMC trajectory was equal
to the cost per proposal from the flow-based model in
a single-threaded CPU environment, while the cost per
Heat Bath step was half that of HMC or flow.

Using samples from a flow-based model as proposals
within a Markov chain ensures unbiased estimates after

FIG. 4. Integrated autocorrelation time for the topological
charge, ⌧ int

Q , measured on ensembles of 16 ⇥ 16 lattices gen-
erated using HMC, Heat Bath, and the flow-based algorithm.
Ten replicas of each ensemble were used to estimate errors,
which are smaller than the plot markers for most points.

thermalization; at the finite ensemble size used here, all
observables were found to agree with analytical results
within statistical uncertainties. Of the observables we
studied, local quantities like powers of plaquettes and
expectation values of small Wilson loops were estimated
more precisely by HMC and HB than with the flow-based
algorithm. However, Fig. 3 shows that for observables
with larger extent such as W`⇥` with ` � 4, and par-
ticularly for �Q, large autocorrelations in the HMC and
HB samples result in estimates that deviate from the ex-
act values and have lower precision than the flow-based
estimates.

For Markov chain methods, the characteristic length of
autocorrelations for an observable O can be defined by
the integrated autocorrelation time ⌧ int

O
[69]. Fig. 4 com-

pares ⌧ int
Q for HMC and HB to that in the flow-based al-

gorithm as an indicator of how well the three methods ex-
plore the distribution of topological charge. For all three
methods, ⌧ int

Q grows as � is increased towards the con-
tinuum limit. However, this problem is far less severe for
the flow-based algorithm than for HMC or HB. For exam-
ple, the autocorrelation time in the flow-based algorithm
is approximately 10 at the largest value of �, whereas
⌧ int
Q ⇡ 4000 for HB and ⌧ int

Q ⇡ 15000 for HMC. Account-
ing for the relative cost per step of each Markov chain,
the flow-based Metropolis sampler is therefore roughly
1500 times more e�cient than HMC and 200 times more
e�cient than Heat Bath in determining topological quan-
tities. A promising possibility for further development is
mixing flow-based Markov chain steps with HMC tra-
jectories or Heat Bath sweeps to gain the benefits of
standard Markov chain steps for local observables and
of the flow-based algorithm for extended and topological
observables.

Summary.— Critical slowing down of sampling in lat-
tice gauge theories is an obstacle to precisely estimat-
ing quantities of physical interest as critical limits of the
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<latexit sha1_base64="Bqx5Af1ytVisxnmyNmjEl/Idwq4=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lE0ItQ9OKxgmkLbSyb7aRduvlgdyLU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmBakUGh3n21pZXVvf2Cxtlbd3dvcq9v5BUyeZ4uDxRCaqHTANUsTgoUAJ7VQBiwIJrWB0M/Vbj6C0SOJ7HKfgR2wQi1Bwhkbq2RWPXlF4yEUXh4Bs0rOrTs2ZgS4TtyBVUqDRs7+6/YRnEcTIJdO64zop+jlTKLiESbmbaUgZH7EBdAyNWQTaz2eHT+iJUfo0TJSpGOlM/T2Rs0jrcRSYzojhUC96U/E/r5NheOnnIk4zhJjPF4WZpJjQaQq0LxRwlGNDGFfC3Er5kCnG0WRVNiG4iy8vk+ZZzXVq7t15tX5dxFEiR+SYnBKXXJA6uSUN4hFOMvJMXsmb9WS9WO/Wx7x1xSpmDskfWJ8/AH6SqQ==</latexit><latexit sha1_base64="Bqx5Af1ytVisxnmyNmjEl/Idwq4=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lE0ItQ9OKxgmkLbSyb7aRduvlgdyLU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmBakUGh3n21pZXVvf2Cxtlbd3dvcq9v5BUyeZ4uDxRCaqHTANUsTgoUAJ7VQBiwIJrWB0M/Vbj6C0SOJ7HKfgR2wQi1Bwhkbq2RWPXlF4yEUXh4Bs0rOrTs2ZgS4TtyBVUqDRs7+6/YRnEcTIJdO64zop+jlTKLiESbmbaUgZH7EBdAyNWQTaz2eHT+iJUfo0TJSpGOlM/T2Rs0jrcRSYzojhUC96U/E/r5NheOnnIk4zhJjPF4WZpJjQaQq0LxRwlGNDGFfC3Er5kCnG0WRVNiG4iy8vk+ZZzXVq7t15tX5dxFEiR+SYnBKXXJA6uSUN4hFOMvJMXsmb9WS9WO/Wx7x1xSpmDskfWJ8/AH6SqQ==</latexit><latexit sha1_base64="Bqx5Af1ytVisxnmyNmjEl/Idwq4=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lE0ItQ9OKxgmkLbSyb7aRduvlgdyLU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmBakUGh3n21pZXVvf2Cxtlbd3dvcq9v5BUyeZ4uDxRCaqHTANUsTgoUAJ7VQBiwIJrWB0M/Vbj6C0SOJ7HKfgR2wQi1Bwhkbq2RWPXlF4yEUXh4Bs0rOrTs2ZgS4TtyBVUqDRs7+6/YRnEcTIJdO64zop+jlTKLiESbmbaUgZH7EBdAyNWQTaz2eHT+iJUfo0TJSpGOlM/T2Rs0jrcRSYzojhUC96U/E/r5NheOnnIk4zhJjPF4WZpJjQaQq0LxRwlGNDGFfC3Er5kCnG0WRVNiG4iy8vk+ZZzXVq7t15tX5dxFEiR+SYnBKXXJA6uSUN4hFOMvJMXsmb9WS9WO/Wx7x1xSpmDskfWJ8/AH6SqQ==</latexit><latexit sha1_base64="Bqx5Af1ytVisxnmyNmjEl/Idwq4=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lE0ItQ9OKxgmkLbSyb7aRduvlgdyLU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmBakUGh3n21pZXVvf2Cxtlbd3dvcq9v5BUyeZ4uDxRCaqHTANUsTgoUAJ7VQBiwIJrWB0M/Vbj6C0SOJ7HKfgR2wQi1Bwhkbq2RWPXlF4yEUXh4Bs0rOrTs2ZgS4TtyBVUqDRs7+6/YRnEcTIJdO64zop+jlTKLiESbmbaUgZH7EBdAyNWQTaz2eHT+iJUfo0TJSpGOlM/T2Rs0jrcRSYzojhUC96U/E/r5NheOnnIk4zhJjPF4WZpJjQaQq0LxRwlGNDGFfC3Er5kCnG0WRVNiG4iy8vk+ZZzXVq7t15tX5dxFEiR+SYnBKXXJA6uSUN4hFOMvJMXsmb9WS9WO/Wx7x1xSpmDskfWJ8/AH6SqQ==</latexit>

L2 = 16
<latexit sha1_base64="QUCpCd7XcYttfaKmLn4JOGk7EkM=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CRBshaGNhEcF8QHKGvc1esmZv99jdE8KR/2BjoYit/8fOf+MmuUITHww83pthZl4Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkbXU7/1RJVmUtybcUz9CA8ECxnBxkrN24fKpVftFUtu2Z0BLRMvIyXIUO8Vv7p9SZKICkM41rrjubHxU6wMI5xOCt1E0xiTER7QjqUCR1T76ezaCTqxSh+FUtkSBs3U3xMpjrQeR4HtjLAZ6kVvKv7ndRITXvgpE3FiqCDzRWHCkZFo+jrqM0WJ4WNLMFHM3orIECtMjA2oYEPwFl9eJs1K2XPL3t1ZqXaVxZGHIziGU/DgHGpwA3VoAIFHeIZXeHOk8+K8Ox/z1pyTzRzCHzifPzNDjjY=</latexit><latexit sha1_base64="QUCpCd7XcYttfaKmLn4JOGk7EkM=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CRBshaGNhEcF8QHKGvc1esmZv99jdE8KR/2BjoYit/8fOf+MmuUITHww83pthZl4Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkbXU7/1RJVmUtybcUz9CA8ECxnBxkrN24fKpVftFUtu2Z0BLRMvIyXIUO8Vv7p9SZKICkM41rrjubHxU6wMI5xOCt1E0xiTER7QjqUCR1T76ezaCTqxSh+FUtkSBs3U3xMpjrQeR4HtjLAZ6kVvKv7ndRITXvgpE3FiqCDzRWHCkZFo+jrqM0WJ4WNLMFHM3orIECtMjA2oYEPwFl9eJs1K2XPL3t1ZqXaVxZGHIziGU/DgHGpwA3VoAIFHeIZXeHOk8+K8Ox/z1pyTzRzCHzifPzNDjjY=</latexit><latexit sha1_base64="QUCpCd7XcYttfaKmLn4JOGk7EkM=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CRBshaGNhEcF8QHKGvc1esmZv99jdE8KR/2BjoYit/8fOf+MmuUITHww83pthZl4Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkbXU7/1RJVmUtybcUz9CA8ECxnBxkrN24fKpVftFUtu2Z0BLRMvIyXIUO8Vv7p9SZKICkM41rrjubHxU6wMI5xOCt1E0xiTER7QjqUCR1T76ezaCTqxSh+FUtkSBs3U3xMpjrQeR4HtjLAZ6kVvKv7ndRITXvgpE3FiqCDzRWHCkZFo+jrqM0WJ4WNLMFHM3orIECtMjA2oYEPwFl9eJs1K2XPL3t1ZqXaVxZGHIziGU/DgHGpwA3VoAIFHeIZXeHOk8+K8Ox/z1pyTzRzCHzifPzNDjjY=</latexit><latexit sha1_base64="QUCpCd7XcYttfaKmLn4JOGk7EkM=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CRBshaGNhEcF8QHKGvc1esmZv99jdE8KR/2BjoYit/8fOf+MmuUITHww83pthZl4Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkbXU7/1RJVmUtybcUz9CA8ECxnBxkrN24fKpVftFUtu2Z0BLRMvIyXIUO8Vv7p9SZKICkM41rrjubHxU6wMI5xOCt1E0xiTER7QjqUCR1T76ezaCTqxSh+FUtkSBs3U3xMpjrQeR4HtjLAZ6kVvKv7ndRITXvgpE3FiqCDzRWHCkZFo+jrqM0WJ4WNLMFHM3orIECtMjA2oYEPwFl9eJs1K2XPL3t1ZqXaVxZGHIziGU/DgHGpwA3VoAIFHeIZXeHOk8+K8Ox/z1pyTzRzCHzifPzNDjjY=</latexit>

x

0̂
<latexit sha1_base64="w4NO/B6flbJhbm+EqfTOi8oYeF8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPavRHF3J/2K1W/5s9BVklQkCoUaPQrX72BZlnCFTJJre0GfophTg0KJvm03MssTykb0yHvOqpowm2Yz8+dknOnDEisjSuFZK7+nshpYu0kiVxnQnFkl72Z+J/XzTC+CXOh0gy5YotFcSYJajL7nQyE4QzlxBHKjHC3EjaihjJ0CZVdCMHyy6ukdVkL/FrwcFWt3xZxlOAUzuACAriGOtxDA5rAYAzP8ApvXuq9eO/ex6J1zStmTuAPvM8fQtSPgQ==</latexit><latexit sha1_base64="w4NO/B6flbJhbm+EqfTOi8oYeF8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPavRHF3J/2K1W/5s9BVklQkCoUaPQrX72BZlnCFTJJre0GfophTg0KJvm03MssTykb0yHvOqpowm2Yz8+dknOnDEisjSuFZK7+nshpYu0kiVxnQnFkl72Z+J/XzTC+CXOh0gy5YotFcSYJajL7nQyE4QzlxBHKjHC3EjaihjJ0CZVdCMHyy6ukdVkL/FrwcFWt3xZxlOAUzuACAriGOtxDA5rAYAzP8ApvXuq9eO/ex6J1zStmTuAPvM8fQtSPgQ==</latexit><latexit sha1_base64="w4NO/B6flbJhbm+EqfTOi8oYeF8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPavRHF3J/2K1W/5s9BVklQkCoUaPQrX72BZlnCFTJJre0GfophTg0KJvm03MssTykb0yHvOqpowm2Yz8+dknOnDEisjSuFZK7+nshpYu0kiVxnQnFkl72Z+J/XzTC+CXOh0gy5YotFcSYJajL7nQyE4QzlxBHKjHC3EjaihjJ0CZVdCMHyy6ukdVkL/FrwcFWt3xZxlOAUzuACAriGOtxDA5rAYAzP8ApvXuq9eO/ex6J1zStmTuAPvM8fQtSPgQ==</latexit><latexit sha1_base64="w4NO/B6flbJhbm+EqfTOi8oYeF8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPavRHF3J/2K1W/5s9BVklQkCoUaPQrX72BZlnCFTJJre0GfophTg0KJvm03MssTykb0yHvOqpowm2Yz8+dknOnDEisjSuFZK7+nshpYu0kiVxnQnFkl72Z+J/XzTC+CXOh0gy5YotFcSYJajL7nQyE4QzlxBHKjHC3EjaihjJ0CZVdCMHyy6ukdVkL/FrwcFWt3xZxlOAUzuACAriGOtxDA5rAYAzP8ApvXuq9eO/ex6J1zStmTuAPvM8fQtSPgQ==</latexit>

1̂
<latexit sha1_base64="2ropNM7okC0cCnha51eQsUHg4HM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPavRHFPJj2K1W/5s9BVklQkCoUaPQrX72BZlnCFTJJre0GfophTg0KJvm03MssTykb0yHvOqpowm2Yz8+dknOnDEisjSuFZK7+nshpYu0kiVxnQnFkl72Z+J/XzTC+CXOh0gy5YotFcSYJajL7nQyE4QzlxBHKjHC3EjaihjJ0CZVdCMHyy6ukdVkL/FrwcFWt3xZxlOAUzuACAriGOtxDA5rAYAzP8ApvXuq9eO/ex6J1zStmTuAPvM8fRFmPgg==</latexit><latexit sha1_base64="2ropNM7okC0cCnha51eQsUHg4HM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPavRHFPJj2K1W/5s9BVklQkCoUaPQrX72BZlnCFTJJre0GfophTg0KJvm03MssTykb0yHvOqpowm2Yz8+dknOnDEisjSuFZK7+nshpYu0kiVxnQnFkl72Z+J/XzTC+CXOh0gy5YotFcSYJajL7nQyE4QzlxBHKjHC3EjaihjJ0CZVdCMHyy6ukdVkL/FrwcFWt3xZxlOAUzuACAriGOtxDA5rAYAzP8ApvXuq9eO/ex6J1zStmTuAPvM8fRFmPgg==</latexit><latexit sha1_base64="2ropNM7okC0cCnha51eQsUHg4HM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPavRHFPJj2K1W/5s9BVklQkCoUaPQrX72BZlnCFTJJre0GfophTg0KJvm03MssTykb0yHvOqpowm2Yz8+dknOnDEisjSuFZK7+nshpYu0kiVxnQnFkl72Z+J/XzTC+CXOh0gy5YotFcSYJajL7nQyE4QzlxBHKjHC3EjaihjJ0CZVdCMHyy6ukdVkL/FrwcFWt3xZxlOAUzuACAriGOtxDA5rAYAzP8ApvXuq9eO/ex6J1zStmTuAPvM8fRFmPgg==</latexit><latexit sha1_base64="2ropNM7okC0cCnha51eQsUHg4HM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPavRHFPJj2K1W/5s9BVklQkCoUaPQrX72BZlnCFTJJre0GfophTg0KJvm03MssTykb0yHvOqpowm2Yz8+dknOnDEisjSuFZK7+nshpYu0kiVxnQnFkl72Z+J/XzTC+CXOh0gy5YotFcSYJajL7nQyE4QzlxBHKjHC3EjaihjJ0CZVdCMHyy6ukdVkL/FrwcFWt3xZxlOAUzuACAriGOtxDA5rAYAzP8ApvXuq9eO/ex6J1zStmTuAPvM8fRFmPgg==</latexit>

U0(x)
<latexit sha1_base64="v6NmS5Q/7Olf2pfXd4OemuoU3gk=">AAAB7XicdVDLTgIxFO34RHyhLt00EhPcTFpAYEl04xITB0hgQjqlA5XOdNJ2jITwD25caIxb/8edf2N5mKjRk9zk5Jx7c+89QSK4Ngh9OCura+sbm5mt7PbO7t5+7uCwqWWqKPOoFFK1A6KZ4DHzDDeCtRPFSBQI1gpGlzO/dceU5jK+MeOE+REZxDzklBgrNb0eKtyf9XJ55BbPK1WMIHJLtVoJly2pYFTFFYhdNEceLNHo5d67fUnTiMWGCqJ1B6PE+BOiDKeCTbPdVLOE0BEZsI6lMYmY9ifza6fw1Cp9GEplKzZwrn6fmJBI63EU2M6ImKH+7c3Ev7xOasKaP+FxkhoW08WiMBXQSDh7Hfa5YtSIsSWEKm5vhXRIFKHGBpS1IXx9Cv8nzaKLkYuvy/n6xTKODDgGJ6AAMKiCOrgCDeABCm7BA3gCz450Hp0X53XRuuIsZ47ADzhvn9utjqg=</latexit><latexit sha1_base64="v6NmS5Q/7Olf2pfXd4OemuoU3gk=">AAAB7XicdVDLTgIxFO34RHyhLt00EhPcTFpAYEl04xITB0hgQjqlA5XOdNJ2jITwD25caIxb/8edf2N5mKjRk9zk5Jx7c+89QSK4Ngh9OCura+sbm5mt7PbO7t5+7uCwqWWqKPOoFFK1A6KZ4DHzDDeCtRPFSBQI1gpGlzO/dceU5jK+MeOE+REZxDzklBgrNb0eKtyf9XJ55BbPK1WMIHJLtVoJly2pYFTFFYhdNEceLNHo5d67fUnTiMWGCqJ1B6PE+BOiDKeCTbPdVLOE0BEZsI6lMYmY9ifza6fw1Cp9GEplKzZwrn6fmJBI63EU2M6ImKH+7c3Ev7xOasKaP+FxkhoW08WiMBXQSDh7Hfa5YtSIsSWEKm5vhXRIFKHGBpS1IXx9Cv8nzaKLkYuvy/n6xTKODDgGJ6AAMKiCOrgCDeABCm7BA3gCz450Hp0X53XRuuIsZ47ADzhvn9utjqg=</latexit><latexit sha1_base64="v6NmS5Q/7Olf2pfXd4OemuoU3gk=">AAAB7XicdVDLTgIxFO34RHyhLt00EhPcTFpAYEl04xITB0hgQjqlA5XOdNJ2jITwD25caIxb/8edf2N5mKjRk9zk5Jx7c+89QSK4Ngh9OCura+sbm5mt7PbO7t5+7uCwqWWqKPOoFFK1A6KZ4DHzDDeCtRPFSBQI1gpGlzO/dceU5jK+MeOE+REZxDzklBgrNb0eKtyf9XJ55BbPK1WMIHJLtVoJly2pYFTFFYhdNEceLNHo5d67fUnTiMWGCqJ1B6PE+BOiDKeCTbPdVLOE0BEZsI6lMYmY9ifza6fw1Cp9GEplKzZwrn6fmJBI63EU2M6ImKH+7c3Ev7xOasKaP+FxkhoW08WiMBXQSDh7Hfa5YtSIsSWEKm5vhXRIFKHGBpS1IXx9Cv8nzaKLkYuvy/n6xTKODDgGJ6AAMKiCOrgCDeABCm7BA3gCz450Hp0X53XRuuIsZ47ADzhvn9utjqg=</latexit><latexit sha1_base64="v6NmS5Q/7Olf2pfXd4OemuoU3gk=">AAAB7XicdVDLTgIxFO34RHyhLt00EhPcTFpAYEl04xITB0hgQjqlA5XOdNJ2jITwD25caIxb/8edf2N5mKjRk9zk5Jx7c+89QSK4Ngh9OCura+sbm5mt7PbO7t5+7uCwqWWqKPOoFFK1A6KZ4DHzDDeCtRPFSBQI1gpGlzO/dceU5jK+MeOE+REZxDzklBgrNb0eKtyf9XJ55BbPK1WMIHJLtVoJly2pYFTFFYhdNEceLNHo5d67fUnTiMWGCqJ1B6PE+BOiDKeCTbPdVLOE0BEZsI6lMYmY9ifza6fw1Cp9GEplKzZwrn6fmJBI63EU2M6ImKH+7c3Ev7xOasKaP+FxkhoW08WiMBXQSDh7Hfa5YtSIsSWEKm5vhXRIFKHGBpS1IXx9Cv8nzaKLkYuvy/n6xTKODDgGJ6AAMKiCOrgCDeABCm7BA3gCz450Hp0X53XRuuIsZ47ADzhvn9utjqg=</latexit>

U1(x+ 0̂)
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Application: U(1) field theory



Gauge field theory

First gauge theory application: U(1) field theory

Gauge transformation
Separate group transformation of 
each link matrix

Uµ(x)

x

µ̂

⌫̂

x+ µ̂

Uµ(x)

3

tion value of an operator O that defines some physical quantity is given by:

hOi =
1

Z

Z
D D ̄DAO[ ,  ̄, A] e�S[ , ̄,A] (1)

=
1

Z

Z
DUÕ[U ] e�S̃[U ]

, (2)

where Z =
R
D D ̄DA e

�S[ , ̄,A], the (anti-)fermion and gluon fields (gauge fields) are denoted
by  ( ̄) and A, and S[ ,  ̄, A] is the discretised QCD action (defined in Appendix B 1). In the
second line, the fermion and anti-fermion fields are integrated out exactly, and the gauge fields are
transformed to link fields U = e

iA, to give an e↵ective action S̃[U ] and operator Õ[U ] depending
only on the gluon link fields. The resulting integral can be approximated as

hOi u 1

Ncfg

NcfgX

i=1

O[Ui], (3)

where the gauge field configurations Ui (i indexes the configurations in a given “ensemble” of

fields) are distributed according to the probability measure e
�S̃[U ]. In practice, this is guaranteed

by sampling the fields from a Markov chain Monte-Carlo stream for which this probability measure
is a fixed point. These representative gauge fields are the input data for the ML approaches to
parametric regression studied here. For additional details of the LQCD approach, see Refs. [2, 3]
and Appendix B 1.

Lattice QCD gauge fields are represented as links between sites on a 4-dimensional lattice
of volume2 V = L

3
⇥ T , with the lattice sites separated by some physical distance a, typically

0.05–0.15 fm. Each link, labelled by Uµ(x), where x denotes the spacetime coordinates of the
origin site and µ the direction of the link, is encoded by an SU(3) matrix (a 3 ⇥ 3 complex
matrix M with M

�1 = M
† and det[M ] = 1)3. Links in opposing directions are related via

U�µ(x) = U
†
µ(x � µ̂), and only links in the positive direction are stored. In this format, a gauge

field used in typical modern lattice QCD calculations, where for example L = 64 and T = 128, is
described by L

3
⇥T ⇥4⇥18 ⇡ O(109) floating point or double precision numbers, where the factor

of 4 arises from the number of positive spacetime directions (labelled by µ). In order to recover
QCD results, calculations must be performed on a number of ensembles of field configurations with
di↵erent lattice spacings a and lattice volumes V , and the continuum (a ! 0) and large-volume
(V ! 1) limits must be taken.

The governing equations of QCD and their lattice counterparts have a variety of symmetries,
some that are highly non-trivial. The symmetries satisfied by ensembles of gauge fields are of par-
ticular interest in the context of the ML approaches studied here, as they place strong restrictions
on numerical operations that can be performed on lattice data to extract physically meaningful
results. In particular, lattice QCD is invariant under a local symmetry of the gauge fields known
as a gauge symmetry; this is an invariance under local multiplications of link variables by SU(3)
matrices

Uµ(x) ! U
0

µ(x) = ⌦(x)Uµ(x)⌦†(x + µ̂) for all ⌦(x) 2 SU(3), (4)

referred to as a gauge transformation (note that the matrix ⌦(x) di↵ers at every spacetime point).
This symmetry is not apparent from the numerical representation of a QCD configuration, but

2 The spatial, L, and temporal, T , extents of the lattice geometry are often distinct.
3 Here, M† = (M⇤)T is the Hermitian conjugate. An SU(3) matrix can be specified by 8 real numbers, but typically
the redundant representation with 18 real numbers is used.

for all ⌦(x) 2 U(1)
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flow-based models at a range of parameters approaching
criticality, while without it, models of similar scale fail
to learn the distributions under the same training proce-
dure.

Flow-based sampling.— Flow-based generative models
allow sampling from an expressive family of distributions
by applying an invertible function f to samples U from
a fixed, simple prior distribution defined by a density
r(U) [51]. The resulting samples U 0 = f(U) are dis-
tributed according to a model density q(U 0). The invert-
ible function is constructed specifically to allow e�cient
evaluation of the Jacobian factor for any given sample,
so that the associated normalized probability density,

q(U 0) = q(f(U)) = r(U)

����det
@f(U)

@U

����
�1

, (1)

is returned with each sample drawn. This feature enables
training the flow model, i.e. optimizing the function f , by
minimizing the distance between the model probability
density q(U 0) and the desired density p(U 0) using a cho-
sen metric. Any deviation from the true distribution due
to an imperfect model can be corrected by a number of
techniques; in this work, we apply Metropolis indepen-
dence sampling [25].1

A powerful approach to defining a flexible invertible
function f is through composition of several coupling
layers, f := gm � · · · � g1. Coupling layers act on sam-
ples U by applying an analytically invertible transfor-
mation (such as a scaling) to a subset of the compo-
nents UA :=

�
U i : i 2 A

 
, where the superscript i in-

dexes components of the multi-dimensional sample U and
the set A indicates the components that are transformed.
The remaining (unmodified) components UB , defined by
UB = U \ UA, are given as input to a feed-forward neu-
ral network that parameterizes the transformation. This
variable splitting guarantees invertibility despite the use
of non-invertible feed-forward networks.

Gauge-invariant flows.— Lattice gauge theories can be
defined in terms of one gauge variable Uµ(x) per nearest-
neighbor link (x, x + µ̂) of the lattice. Samples thus live
in the compact manifold GNdV , where G is the mani-
fold of the gauge group, Nd is the spacetime dimension,
and V is the lattice volume. The physical distribution
p(U) is exactly invariant under a discrete translational
symmetry group with V elements and a continuous V -
dimensional gauge symmetry group, meaning that the
density associated with any transformed field configura-
tion eU is identical to that of the untransformed config-
uration, p(eU) = p(U). Under a gauge transformation,
links Uµ(x) are transformed by a group-valued field ⌦(x)

1 Reweighted observables can also be used [52, 53]. This is ef-
ficient when measurements of the action are more costly than
measurements of observables.

as

Uµ(x) ! eUµ(x) = ⌦(x)Uµ(x)⌦†(x + µ̂). (2)

In the flow-based approach, symmetries correspond to
flat directions of the probability density that must be
reproduced by the model. Exactly encoding symme-
tries in machine learning models can improve training
and model quality compared with learning the symme-
tries over the course of training [24, 27, 54–58]. The
incorporation of translational symmetries into models is
possible using convolutional architectures, as studied for
example in Ref. [54]. To address gauge symmetry, one
could attempt to use a gauge-fixing procedure to select
a single configuration from each gauge-equivalent class,
leaving only physical degrees of freedom; however, the
only known gauge fixing procedures that preserve trans-
lational invariance are based on implicit di↵erential equa-
tion constraints [59], which do not have a straightforward
implementation in flows. Here, we instead introduce a
method to preserve exact gauge invariance in flow-based
models.

When a flow-based model is defined in terms of cou-
pling layers, its output distribution will be invariant un-
der a symmetry group if two conditions are met:

1. The prior distribution is symmetric.

2. Each coupling layer is equivariant under the sym-
metry, i.e. all transformations commute through
application of the coupling layer [54, 56, 60–62].

Choosing a prior distribution that is symmetric is typ-
ically straightforward, for example a uniform distribu-
tion with respect to the Haar measure over gauge links is
both translationally and gauge invariant. Using gauge-
equivariant coupling layers with such a prior distribution
then defines a gauge-invariant flow-based model.
Gauge-equivariant coupling layers.— We construct an

explicitly gauge-equivariant and invertible coupling layer
g : GNdV

! GNdV by splitting the input variables
into subsets UA and UB . In terms of these sub-
sets, we define the action of the coupling layer to be
g(UA, UB) = (U 0A, UB), where link U i

2 UA is mapped
to

U 0i = h(U iSi
|Ii)Si†, (3)

in which h : G ! G is an invertible kernel which is explic-
itly parameterized by a set of gauge-invariant quantities
Ii constructed from the elements of UB . Here, Si is a
product of links such that U iSi forms a loop that starts
and ends at a common point x, and therefore transforms
under the gauge symmetry to ⌦(x) U i⌦†(x + µ̂) ⌦(x +
µ̂)Si⌦†(x) = ⌦(x) U iSi ⌦†(x). With this definition, the
coupling layer is gauge equivariant if the kernel satisfies

h(XWX†) = X h(W ) X†, 8X, W 2 G, (4)
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flow-based models at a range of parameters approaching
criticality, while without it, models of similar scale fail
to learn the distributions under the same training proce-
dure.

Flow-based sampling.— Flow-based generative models
allow sampling from an expressive family of distributions
by applying an invertible function f to samples U from
a fixed, simple prior distribution defined by a density
r(U) [51]. The resulting samples U 0 = f(U) are dis-
tributed according to a model density q(U 0). The invert-
ible function is constructed specifically to allow e�cient
evaluation of the Jacobian factor for any given sample,
so that the associated normalized probability density,

q(U 0) = q(f(U)) = r(U)
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, (1)

is returned with each sample drawn. This feature enables
training the flow model, i.e. optimizing the function f , by
minimizing the distance between the model probability
density q(U 0) and the desired density p(U 0) using a cho-
sen metric. Any deviation from the true distribution due
to an imperfect model can be corrected by a number of
techniques; in this work, we apply Metropolis indepen-
dence sampling [25].1

A powerful approach to defining a flexible invertible
function f is through composition of several coupling
layers, f := gm � · · · � g1. Coupling layers act on sam-
ples U by applying an analytically invertible transfor-
mation (such as a scaling) to a subset of the compo-
nents UA :=

�
U i : i 2 A

 
, where the superscript i in-

dexes components of the multi-dimensional sample U and
the set A indicates the components that are transformed.
The remaining (unmodified) components UB , defined by
UB = U \ UA, are given as input to a feed-forward neu-
ral network that parameterizes the transformation. This
variable splitting guarantees invertibility despite the use
of non-invertible feed-forward networks.

Gauge-invariant flows.— Lattice gauge theories can be
defined in terms of one gauge variable Uµ(x) per nearest-
neighbor link (x, x + µ̂) of the lattice. Samples thus live
in the compact manifold GNdV , where G is the mani-
fold of the gauge group, Nd is the spacetime dimension,
and V is the lattice volume. The physical distribution
p(U) is exactly invariant under a discrete translational
symmetry group with V elements and a continuous V -
dimensional gauge symmetry group, meaning that the
density associated with any transformed field configura-
tion eU is identical to that of the untransformed config-
uration, p(eU) = p(U). Under a gauge transformation,
links Uµ(x) are transformed by a group-valued field ⌦(x)

1 Reweighted observables can also be used [52, 53]. This is ef-
ficient when measurements of the action are more costly than
measurements of observables.

as

Uµ(x) ! eUµ(x) = ⌦(x)Uµ(x)⌦†(x + µ̂). (2)

In the flow-based approach, symmetries correspond to
flat directions of the probability density that must be
reproduced by the model. Exactly encoding symme-
tries in machine learning models can improve training
and model quality compared with learning the symme-
tries over the course of training [24, 27, 54–58]. The
incorporation of translational symmetries into models is
possible using convolutional architectures, as studied for
example in Ref. [54]. To address gauge symmetry, one
could attempt to use a gauge-fixing procedure to select
a single configuration from each gauge-equivalent class,
leaving only physical degrees of freedom; however, the
only known gauge fixing procedures that preserve trans-
lational invariance are based on implicit di↵erential equa-
tion constraints [59], which do not have a straightforward
implementation in flows. Here, we instead introduce a
method to preserve exact gauge invariance in flow-based
models.

When a flow-based model is defined in terms of cou-
pling layers, its output distribution will be invariant un-
der a symmetry group if two conditions are met:

1. The prior distribution is symmetric.

2. Each coupling layer is equivariant under the sym-
metry, i.e. all transformations commute through
application of the coupling layer [54, 56, 60–62].

Choosing a prior distribution that is symmetric is typ-
ically straightforward, for example a uniform distribu-
tion with respect to the Haar measure over gauge links is
both translationally and gauge invariant. Using gauge-
equivariant coupling layers with such a prior distribution
then defines a gauge-invariant flow-based model.
Gauge-equivariant coupling layers.— We construct an

explicitly gauge-equivariant and invertible coupling layer
g : GNdV

! GNdV by splitting the input variables
into subsets UA and UB . In terms of these sub-
sets, we define the action of the coupling layer to be
g(UA, UB) = (U 0A, UB), where link U i

2 UA is mapped
to

U 0i = h(U iSi
|Ii)Si†, (3)

in which h : G ! G is an invertible kernel which is explic-
itly parameterized by a set of gauge-invariant quantities
Ii constructed from the elements of UB . Here, Si is a
product of links such that U iSi forms a loop that starts
and ends at a common point x, and therefore transforms
under the gauge symmetry to ⌦(x) U i⌦†(x + µ̂) ⌦(x +
µ̂)Si⌦†(x) = ⌦(x) U iSi ⌦†(x). With this definition, the
coupling layer is gauge equivariant if the kernel satisfies

h(XWX†) = X h(W ) X†, 8X, W 2 G, (4)
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flow-based models at a range of parameters approaching
criticality, while without it, models of similar scale fail
to learn the distributions under the same training proce-
dure.

Flow-based sampling.— Flow-based generative models
allow sampling from an expressive family of distributions
by applying an invertible function f to samples U from
a fixed, simple prior distribution defined by a density
r(U) [51]. The resulting samples U 0 = f(U) are dis-
tributed according to a model density q(U 0). The invert-
ible function is constructed specifically to allow e�cient
evaluation of the Jacobian factor for any given sample,
so that the associated normalized probability density,

q(U 0) = q(f(U)) = r(U)
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, (1)

is returned with each sample drawn. This feature enables
training the flow model, i.e. optimizing the function f , by
minimizing the distance between the model probability
density q(U 0) and the desired density p(U 0) using a cho-
sen metric. Any deviation from the true distribution due
to an imperfect model can be corrected by a number of
techniques; in this work, we apply Metropolis indepen-
dence sampling [25].1

A powerful approach to defining a flexible invertible
function f is through composition of several coupling
layers, f := gm � · · · � g1. Coupling layers act on sam-
ples U by applying an analytically invertible transfor-
mation (such as a scaling) to a subset of the compo-
nents UA :=

�
U i : i 2 A

 
, where the superscript i in-

dexes components of the multi-dimensional sample U and
the set A indicates the components that are transformed.
The remaining (unmodified) components UB , defined by
UB = U \ UA, are given as input to a feed-forward neu-
ral network that parameterizes the transformation. This
variable splitting guarantees invertibility despite the use
of non-invertible feed-forward networks.

Gauge-invariant flows.— Lattice gauge theories can be
defined in terms of one gauge variable Uµ(x) per nearest-
neighbor link (x, x + µ̂) of the lattice. Samples thus live
in the compact manifold GNdV , where G is the mani-
fold of the gauge group, Nd is the spacetime dimension,
and V is the lattice volume. The physical distribution
p(U) is exactly invariant under a discrete translational
symmetry group with V elements and a continuous V -
dimensional gauge symmetry group, meaning that the
density associated with any transformed field configura-
tion eU is identical to that of the untransformed config-
uration, p(eU) = p(U). Under a gauge transformation,
links Uµ(x) are transformed by a group-valued field ⌦(x)

1 Reweighted observables can also be used [52, 53]. This is ef-
ficient when measurements of the action are more costly than
measurements of observables.

as

Uµ(x) ! eUµ(x) = ⌦(x)Uµ(x)⌦†(x + µ̂). (2)

In the flow-based approach, symmetries correspond to
flat directions of the probability density that must be
reproduced by the model. Exactly encoding symme-
tries in machine learning models can improve training
and model quality compared with learning the symme-
tries over the course of training [24, 27, 54–58]. The
incorporation of translational symmetries into models is
possible using convolutional architectures, as studied for
example in Ref. [54]. To address gauge symmetry, one
could attempt to use a gauge-fixing procedure to select
a single configuration from each gauge-equivalent class,
leaving only physical degrees of freedom; however, the
only known gauge fixing procedures that preserve trans-
lational invariance are based on implicit di↵erential equa-
tion constraints [59], which do not have a straightforward
implementation in flows. Here, we instead introduce a
method to preserve exact gauge invariance in flow-based
models.

When a flow-based model is defined in terms of cou-
pling layers, its output distribution will be invariant un-
der a symmetry group if two conditions are met:

1. The prior distribution is symmetric.

2. Each coupling layer is equivariant under the sym-
metry, i.e. all transformations commute through
application of the coupling layer [54, 56, 60–62].

Choosing a prior distribution that is symmetric is typ-
ically straightforward, for example a uniform distribu-
tion with respect to the Haar measure over gauge links is
both translationally and gauge invariant. Using gauge-
equivariant coupling layers with such a prior distribution
then defines a gauge-invariant flow-based model.
Gauge-equivariant coupling layers.— We construct an

explicitly gauge-equivariant and invertible coupling layer
g : GNdV

! GNdV by splitting the input variables
into subsets UA and UB . In terms of these sub-
sets, we define the action of the coupling layer to be
g(UA, UB) = (U 0A, UB), where link U i

2 UA is mapped
to

U 0i = h(U iSi
|Ii)Si†, (3)

in which h : G ! G is an invertible kernel which is explic-
itly parameterized by a set of gauge-invariant quantities
Ii constructed from the elements of UB . Here, Si is a
product of links such that U iSi forms a loop that starts
and ends at a common point x, and therefore transforms
under the gauge symmetry to ⌦(x) U i⌦†(x + µ̂) ⌦(x +
µ̂)Si⌦†(x) = ⌦(x) U iSi ⌦†(x). With this definition, the
coupling layer is gauge equivariant if the kernel satisfies

h(XWX†) = X h(W ) X†, 8X, W 2 G, (4)
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flow-based models at a range of parameters approaching
criticality, while without it, models of similar scale fail
to learn the distributions under the same training proce-
dure.

Flow-based sampling.— Flow-based generative models
allow sampling from an expressive family of distributions
by applying an invertible function f to samples U from
a fixed, simple prior distribution defined by a density
r(U) [51]. The resulting samples U 0 = f(U) are dis-
tributed according to a model density q(U 0). The invert-
ible function is constructed specifically to allow e�cient
evaluation of the Jacobian factor for any given sample,
so that the associated normalized probability density,

q(U 0) = q(f(U)) = r(U)
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, (1)

is returned with each sample drawn. This feature enables
training the flow model, i.e. optimizing the function f , by
minimizing the distance between the model probability
density q(U 0) and the desired density p(U 0) using a cho-
sen metric. Any deviation from the true distribution due
to an imperfect model can be corrected by a number of
techniques; in this work, we apply Metropolis indepen-
dence sampling [25].1

A powerful approach to defining a flexible invertible
function f is through composition of several coupling
layers, f := gm � · · · � g1. Coupling layers act on sam-
ples U by applying an analytically invertible transfor-
mation (such as a scaling) to a subset of the compo-
nents UA :=

�
U i : i 2 A

 
, where the superscript i in-

dexes components of the multi-dimensional sample U and
the set A indicates the components that are transformed.
The remaining (unmodified) components UB , defined by
UB = U \ UA, are given as input to a feed-forward neu-
ral network that parameterizes the transformation. This
variable splitting guarantees invertibility despite the use
of non-invertible feed-forward networks.

Gauge-invariant flows.— Lattice gauge theories can be
defined in terms of one gauge variable Uµ(x) per nearest-
neighbor link (x, x + µ̂) of the lattice. Samples thus live
in the compact manifold GNdV , where G is the mani-
fold of the gauge group, Nd is the spacetime dimension,
and V is the lattice volume. The physical distribution
p(U) is exactly invariant under a discrete translational
symmetry group with V elements and a continuous V -
dimensional gauge symmetry group, meaning that the
density associated with any transformed field configura-
tion eU is identical to that of the untransformed config-
uration, p(eU) = p(U). Under a gauge transformation,
links Uµ(x) are transformed by a group-valued field ⌦(x)

1 Reweighted observables can also be used [52, 53]. This is ef-
ficient when measurements of the action are more costly than
measurements of observables.

as

Uµ(x) ! eUµ(x) = ⌦(x)Uµ(x)⌦†(x + µ̂). (2)

In the flow-based approach, symmetries correspond to
flat directions of the probability density that must be
reproduced by the model. Exactly encoding symme-
tries in machine learning models can improve training
and model quality compared with learning the symme-
tries over the course of training [24, 27, 54–58]. The
incorporation of translational symmetries into models is
possible using convolutional architectures, as studied for
example in Ref. [54]. To address gauge symmetry, one
could attempt to use a gauge-fixing procedure to select
a single configuration from each gauge-equivalent class,
leaving only physical degrees of freedom; however, the
only known gauge fixing procedures that preserve trans-
lational invariance are based on implicit di↵erential equa-
tion constraints [59], which do not have a straightforward
implementation in flows. Here, we instead introduce a
method to preserve exact gauge invariance in flow-based
models.

When a flow-based model is defined in terms of cou-
pling layers, its output distribution will be invariant un-
der a symmetry group if two conditions are met:

1. The prior distribution is symmetric.

2. Each coupling layer is equivariant under the sym-
metry, i.e. all transformations commute through
application of the coupling layer [54, 56, 60–62].

Choosing a prior distribution that is symmetric is typ-
ically straightforward, for example a uniform distribu-
tion with respect to the Haar measure over gauge links is
both translationally and gauge invariant. Using gauge-
equivariant coupling layers with such a prior distribution
then defines a gauge-invariant flow-based model.
Gauge-equivariant coupling layers.— We construct an

explicitly gauge-equivariant and invertible coupling layer
g : GNdV

! GNdV by splitting the input variables
into subsets UA and UB . In terms of these sub-
sets, we define the action of the coupling layer to be
g(UA, UB) = (U 0A, UB), where link U i

2 UA is mapped
to

U 0i = h(U iSi
|Ii)Si†, (3)

in which h : G ! G is an invertible kernel which is explic-
itly parameterized by a set of gauge-invariant quantities
Ii constructed from the elements of UB . Here, Si is a
product of links such that U iSi forms a loop that starts
and ends at a common point x, and therefore transforms
under the gauge symmetry to ⌦(x) U i⌦†(x + µ̂) ⌦(x +
µ̂)Si⌦†(x) = ⌦(x) U iSi ⌦†(x). With this definition, the
coupling layer is gauge equivariant if the kernel satisfies

h(XWX†) = X h(W ) X†, 8X, W 2 G, (4)

2

flow-based models at a range of parameters approaching
criticality, while without it, models of similar scale fail
to learn the distributions under the same training proce-
dure.

Flow-based sampling.— Flow-based generative models
allow sampling from an expressive family of distributions
by applying an invertible function f to samples U from
a fixed, simple prior distribution defined by a density
r(U) [51]. The resulting samples U 0 = f(U) are dis-
tributed according to a model density q(U 0). The invert-
ible function is constructed specifically to allow e�cient
evaluation of the Jacobian factor for any given sample,
so that the associated normalized probability density,

q(U 0) = q(f(U)) = r(U)
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is returned with each sample drawn. This feature enables
training the flow model, i.e. optimizing the function f , by
minimizing the distance between the model probability
density q(U 0) and the desired density p(U 0) using a cho-
sen metric. Any deviation from the true distribution due
to an imperfect model can be corrected by a number of
techniques; in this work, we apply Metropolis indepen-
dence sampling [25].1

A powerful approach to defining a flexible invertible
function f is through composition of several coupling
layers, f := gm � · · · � g1. Coupling layers act on sam-
ples U by applying an analytically invertible transfor-
mation (such as a scaling) to a subset of the compo-
nents UA :=

�
U i : i 2 A

 
, where the superscript i in-

dexes components of the multi-dimensional sample U and
the set A indicates the components that are transformed.
The remaining (unmodified) components UB , defined by
UB = U \ UA, are given as input to a feed-forward neu-
ral network that parameterizes the transformation. This
variable splitting guarantees invertibility despite the use
of non-invertible feed-forward networks.

Gauge-invariant flows.— Lattice gauge theories can be
defined in terms of one gauge variable Uµ(x) per nearest-
neighbor link (x, x + µ̂) of the lattice. Samples thus live
in the compact manifold GNdV , where G is the mani-
fold of the gauge group, Nd is the spacetime dimension,
and V is the lattice volume. The physical distribution
p(U) is exactly invariant under a discrete translational
symmetry group with V elements and a continuous V -
dimensional gauge symmetry group, meaning that the
density associated with any transformed field configura-
tion eU is identical to that of the untransformed config-
uration, p(eU) = p(U). Under a gauge transformation,
links Uµ(x) are transformed by a group-valued field ⌦(x)

1 Reweighted observables can also be used [52, 53]. This is ef-
ficient when measurements of the action are more costly than
measurements of observables.

as

Uµ(x) ! eUµ(x) = ⌦(x)Uµ(x)⌦†(x + µ̂). (2)

In the flow-based approach, symmetries correspond to
flat directions of the probability density that must be
reproduced by the model. Exactly encoding symme-
tries in machine learning models can improve training
and model quality compared with learning the symme-
tries over the course of training [24, 27, 54–58]. The
incorporation of translational symmetries into models is
possible using convolutional architectures, as studied for
example in Ref. [54]. To address gauge symmetry, one
could attempt to use a gauge-fixing procedure to select
a single configuration from each gauge-equivalent class,
leaving only physical degrees of freedom; however, the
only known gauge fixing procedures that preserve trans-
lational invariance are based on implicit di↵erential equa-
tion constraints [59], which do not have a straightforward
implementation in flows. Here, we instead introduce a
method to preserve exact gauge invariance in flow-based
models.

When a flow-based model is defined in terms of cou-
pling layers, its output distribution will be invariant un-
der a symmetry group if two conditions are met:

1. The prior distribution is symmetric.

2. Each coupling layer is equivariant under the sym-
metry, i.e. all transformations commute through
application of the coupling layer [54, 56, 60–62].

Choosing a prior distribution that is symmetric is typ-
ically straightforward, for example a uniform distribu-
tion with respect to the Haar measure over gauge links is
both translationally and gauge invariant. Using gauge-
equivariant coupling layers with such a prior distribution
then defines a gauge-invariant flow-based model.
Gauge-equivariant coupling layers.— We construct an

explicitly gauge-equivariant and invertible coupling layer
g : GNdV

! GNdV by splitting the input variables
into subsets UA and UB . In terms of these sub-
sets, we define the action of the coupling layer to be
g(UA, UB) = (U 0A, UB), where link U i

2 UA is mapped
to

U 0i = h(U iSi
|Ii)Si†, (3)

in which h : G ! G is an invertible kernel which is explic-
itly parameterized by a set of gauge-invariant quantities
Ii constructed from the elements of UB . Here, Si is a
product of links such that U iSi forms a loop that starts
and ends at a common point x, and therefore transforms
under the gauge symmetry to ⌦(x) U i⌦†(x + µ̂) ⌦(x +
µ̂)Si⌦†(x) = ⌦(x) U iSi ⌦†(x). With this definition, the
coupling layer is gauge equivariant if the kernel satisfies

h(XWX†) = X h(W ) X†, 8X, W 2 G, (4)
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flow-based models at a range of parameters approaching
criticality, while without it, models of similar scale fail
to learn the distributions under the same training proce-
dure.

Flow-based sampling.— Flow-based generative models
allow sampling from an expressive family of distributions
by applying an invertible function f to samples U from
a fixed, simple prior distribution defined by a density
r(U) [51]. The resulting samples U 0 = f(U) are dis-
tributed according to a model density q(U 0). The invert-
ible function is constructed specifically to allow e�cient
evaluation of the Jacobian factor for any given sample,
so that the associated normalized probability density,

q(U 0) = q(f(U)) = r(U)
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is returned with each sample drawn. This feature enables
training the flow model, i.e. optimizing the function f , by
minimizing the distance between the model probability
density q(U 0) and the desired density p(U 0) using a cho-
sen metric. Any deviation from the true distribution due
to an imperfect model can be corrected by a number of
techniques; in this work, we apply Metropolis indepen-
dence sampling [25].1

A powerful approach to defining a flexible invertible
function f is through composition of several coupling
layers, f := gm � · · · � g1. Coupling layers act on sam-
ples U by applying an analytically invertible transfor-
mation (such as a scaling) to a subset of the compo-
nents UA :=

�
U i : i 2 A

 
, where the superscript i in-

dexes components of the multi-dimensional sample U and
the set A indicates the components that are transformed.
The remaining (unmodified) components UB , defined by
UB = U \ UA, are given as input to a feed-forward neu-
ral network that parameterizes the transformation. This
variable splitting guarantees invertibility despite the use
of non-invertible feed-forward networks.

Gauge-invariant flows.— Lattice gauge theories can be
defined in terms of one gauge variable Uµ(x) per nearest-
neighbor link (x, x + µ̂) of the lattice. Samples thus live
in the compact manifold GNdV , where G is the mani-
fold of the gauge group, Nd is the spacetime dimension,
and V is the lattice volume. The physical distribution
p(U) is exactly invariant under a discrete translational
symmetry group with V elements and a continuous V -
dimensional gauge symmetry group, meaning that the
density associated with any transformed field configura-
tion eU is identical to that of the untransformed config-
uration, p(eU) = p(U). Under a gauge transformation,
links Uµ(x) are transformed by a group-valued field ⌦(x)

1 Reweighted observables can also be used [52, 53]. This is ef-
ficient when measurements of the action are more costly than
measurements of observables.

as

Uµ(x) ! eUµ(x) = ⌦(x)Uµ(x)⌦†(x + µ̂). (2)

In the flow-based approach, symmetries correspond to
flat directions of the probability density that must be
reproduced by the model. Exactly encoding symme-
tries in machine learning models can improve training
and model quality compared with learning the symme-
tries over the course of training [24, 27, 54–58]. The
incorporation of translational symmetries into models is
possible using convolutional architectures, as studied for
example in Ref. [54]. To address gauge symmetry, one
could attempt to use a gauge-fixing procedure to select
a single configuration from each gauge-equivalent class,
leaving only physical degrees of freedom; however, the
only known gauge fixing procedures that preserve trans-
lational invariance are based on implicit di↵erential equa-
tion constraints [59], which do not have a straightforward
implementation in flows. Here, we instead introduce a
method to preserve exact gauge invariance in flow-based
models.

When a flow-based model is defined in terms of cou-
pling layers, its output distribution will be invariant un-
der a symmetry group if two conditions are met:

1. The prior distribution is symmetric.

2. Each coupling layer is equivariant under the sym-
metry, i.e. all transformations commute through
application of the coupling layer [54, 56, 60–62].

Choosing a prior distribution that is symmetric is typ-
ically straightforward, for example a uniform distribu-
tion with respect to the Haar measure over gauge links is
both translationally and gauge invariant. Using gauge-
equivariant coupling layers with such a prior distribution
then defines a gauge-invariant flow-based model.
Gauge-equivariant coupling layers.— We construct an

explicitly gauge-equivariant and invertible coupling layer
g : GNdV

! GNdV by splitting the input variables
into subsets UA and UB . In terms of these sub-
sets, we define the action of the coupling layer to be
g(UA, UB) = (U 0A, UB), where link U i

2 UA is mapped
to

U 0i = h(U iSi
|Ii)Si†, (3)

in which h : G ! G is an invertible kernel which is explic-
itly parameterized by a set of gauge-invariant quantities
Ii constructed from the elements of UB . Here, Si is a
product of links such that U iSi forms a loop that starts
and ends at a common point x, and therefore transforms
under the gauge symmetry to ⌦(x) U i⌦†(x + µ̂) ⌦(x +
µ̂)Si⌦†(x) = ⌦(x) U iSi ⌦†(x). With this definition, the
coupling layer is gauge equivariant if the kernel satisfies

h(XWX†) = X h(W ) X†, 8X, W 2 G, (4)
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flow-based models at a range of parameters approaching
criticality, while without it, models of similar scale fail
to learn the distributions under the same training proce-
dure.

Flow-based sampling.— Flow-based generative models
allow sampling from an expressive family of distributions
by applying an invertible function f to samples U from
a fixed, simple prior distribution defined by a density
r(U) [51]. The resulting samples U 0 = f(U) are dis-
tributed according to a model density q(U 0). The invert-
ible function is constructed specifically to allow e�cient
evaluation of the Jacobian factor for any given sample,
so that the associated normalized probability density,

q(U 0) = q(f(U)) = r(U)
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is returned with each sample drawn. This feature enables
training the flow model, i.e. optimizing the function f , by
minimizing the distance between the model probability
density q(U 0) and the desired density p(U 0) using a cho-
sen metric. Any deviation from the true distribution due
to an imperfect model can be corrected by a number of
techniques; in this work, we apply Metropolis indepen-
dence sampling [25].1

A powerful approach to defining a flexible invertible
function f is through composition of several coupling
layers, f := gm � · · · � g1. Coupling layers act on sam-
ples U by applying an analytically invertible transfor-
mation (such as a scaling) to a subset of the compo-
nents UA :=
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, where the superscript i in-

dexes components of the multi-dimensional sample U and
the set A indicates the components that are transformed.
The remaining (unmodified) components UB , defined by
UB = U \ UA, are given as input to a feed-forward neu-
ral network that parameterizes the transformation. This
variable splitting guarantees invertibility despite the use
of non-invertible feed-forward networks.

Gauge-invariant flows.— Lattice gauge theories can be
defined in terms of one gauge variable Uµ(x) per nearest-
neighbor link (x, x + µ̂) of the lattice. Samples thus live
in the compact manifold GNdV , where G is the mani-
fold of the gauge group, Nd is the spacetime dimension,
and V is the lattice volume. The physical distribution
p(U) is exactly invariant under a discrete translational
symmetry group with V elements and a continuous V -
dimensional gauge symmetry group, meaning that the
density associated with any transformed field configura-
tion eU is identical to that of the untransformed config-
uration, p(eU) = p(U). Under a gauge transformation,
links Uµ(x) are transformed by a group-valued field ⌦(x)

1 Reweighted observables can also be used [52, 53]. This is ef-
ficient when measurements of the action are more costly than
measurements of observables.

as

Uµ(x) ! eUµ(x) = ⌦(x)Uµ(x)⌦†(x + µ̂). (2)

In the flow-based approach, symmetries correspond to
flat directions of the probability density that must be
reproduced by the model. Exactly encoding symme-
tries in machine learning models can improve training
and model quality compared with learning the symme-
tries over the course of training [24, 27, 54–58]. The
incorporation of translational symmetries into models is
possible using convolutional architectures, as studied for
example in Ref. [54]. To address gauge symmetry, one
could attempt to use a gauge-fixing procedure to select
a single configuration from each gauge-equivalent class,
leaving only physical degrees of freedom; however, the
only known gauge fixing procedures that preserve trans-
lational invariance are based on implicit di↵erential equa-
tion constraints [59], which do not have a straightforward
implementation in flows. Here, we instead introduce a
method to preserve exact gauge invariance in flow-based
models.

When a flow-based model is defined in terms of cou-
pling layers, its output distribution will be invariant un-
der a symmetry group if two conditions are met:

1. The prior distribution is symmetric.

2. Each coupling layer is equivariant under the sym-
metry, i.e. all transformations commute through
application of the coupling layer [54, 56, 60–62].

Choosing a prior distribution that is symmetric is typ-
ically straightforward, for example a uniform distribu-
tion with respect to the Haar measure over gauge links is
both translationally and gauge invariant. Using gauge-
equivariant coupling layers with such a prior distribution
then defines a gauge-invariant flow-based model.
Gauge-equivariant coupling layers.— We construct an

explicitly gauge-equivariant and invertible coupling layer
g : GNdV

! GNdV by splitting the input variables
into subsets UA and UB . In terms of these sub-
sets, we define the action of the coupling layer to be
g(UA, UB) = (U 0A, UB), where link U i

2 UA is mapped
to

U 0i = h(U iSi
|Ii)Si†, (3)

in which h : G ! G is an invertible kernel which is explic-
itly parameterized by a set of gauge-invariant quantities
Ii constructed from the elements of UB . Here, Si is a
product of links such that U iSi forms a loop that starts
and ends at a common point x, and therefore transforms
under the gauge symmetry to ⌦(x) U i⌦†(x + µ̂) ⌦(x +
µ̂)Si⌦†(x) = ⌦(x) U iSi ⌦†(x). With this definition, the
coupling layer is gauge equivariant if the kernel satisfies
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FIG. 2. An example of a variable splitting based on a tiled
4 ⇥ 1 pattern with an actively updated link U i ⌘ Uµ(x) and
1 ⇥ 1 loop U iSi ⌘ Pµ⌫(x) located at x, a passively updated
1⇥ 1 loop at ex = x� ⌫̂, and two frozen traced 1⇥ 1 loops at
x+ ⌫̂ and x+ 2⌫̂ included in the set Ii.

which implies that U 0i
! eU 0i transforms according to

Eq. (2),

eU 0i = h
�
⌦(x) U iSi ⌦†(x)|Ii

�
⌦(x)Si†⌦†(x + µ̂)

= ⌦(x)U 0i⌦†(x + µ̂).
(5)

To ensure invertibility, the product of links Si must not
contain any links in UA.

For an Abelian group, the transformation property
in Eq. (4) is trivially satisfied by any kernel. In
the U(1) gauge theory considered below, we there-
fore define the kernel using invertible flows parame-
terized by neural networks. For non-Abelian theo-
ries, it has been shown that it is possible to con-
struct invertible functions on spheres [63] and surjec-
tive functions on general Lie groups [64]. If these ap-
proaches can be generalized to produce invertible func-
tions with convergent power expansions, they will sat-
isfy the necessary kernel transformation property, since
h(XWX†) =

P
n ↵n(XWX†)n = X h(W ) X†.

An example of a variable splitting suitable for both
Abelian and non-Abelian gauge theories is given by the
pattern depicted in Fig. 2. In this example, the set of
updated links UA consists of vertical links spaced by 4
sites, and the products U iSi are 1 ⇥ 1 loops adjacent to
each U i. This is su�ciently sparse such that every Si

is independent of all updated links in UA, and a non-
trivial set of invariants Ii (e.g. all traced 1⇥ 1 loops that
are not adjacent to updated links) can be constructed
to parametrize the transformation. Composing coupling
layers using rotations and o↵sets of the pattern allows all
links to be updated.2

2 For example, composing 8 such layers is su�cient to update all
links in 2D.

Using gauge-equivariant coupling layers constructed in
terms of kernels generalizes the “trivializing map” pro-
posed in Ref. [65]. There, repeatedly applying a spe-
cific kernel based on gradients of the action theoretically
trivializes a gauge theory, i.e. maps the Euclidean time
distribution to a uniform one. The family of gauge equiv-
ariant flows defined here includes the trivializing map in
the limit of a large number of coupling layers and arbi-
trarily expressive kernel, indicating that in this limiting
case exact sampling as described in Ref. [65] is possible.
However, the approach presented here allows for more
general and inexpensive parametrizations of h. These
can be optimized to produce flows that similarly trivial-
ize the theory, and which may have a lower cost of evalu-
ation than implementations of the analytical trivializing
map [66].
Application to U(1) gauge theory.— Gauge theory with

a U(1) gauge group defined in two spacetime dimensions
is the quenched limit of 1 + 1D electrodynamics, i.e. the
Schwinger model [67]. The full Schwinger model repro-
duces many features of quantum chromodynamics (con-
finement, an axial anomaly, topology, and chiral symme-
try breaking) while being analytically tractable. Even in
the quenched limit, the well-defined gauge field topology
results in severe critical slowing down of MCMC meth-
ods for sampling lattice discretizations of the model as
the coupling is taken to criticality. We consider the lat-
tice discretization given by the Wilson gauge action [68],

S(U) := ��
X

x

Re P (x), (6)

where P (x) is the plaquette at x defined in terms of link
variables Uµ(x) 2 U(1),

P (x) := U0(x)U1(x + 0̂)U†

0 (x + 1̂)U†

1 (x), (7)

and x = (x0, x1) runs over coordinates in an L⇥L square
lattice with periodic boundary conditions. Physical infor-
mation may be extracted from the model by considering
expectation values of observables O under the Euclidean
time path integral,

hOi :=
1

Z

Z
DU O(U)e�S(U), (8)

where
R

DU denotes integration over the product of
Haar measures for each link, and Z =

R
DU e�S(U). In

this study, three key observables were considered:

1. Expectation values of powers of plaquettes.

2. Expectation values of ` ⇥ ` Wilson loops W`⇥` =Q
x2`⇥` P (x).

3. Topological susceptibility �Q = hQ2/V i, where
topological charge Q := 1

2⇡

P
x arg (P (x)) is de-

fined in terms of plaquette phase in the principal
interval, arg (P (x)) 2 [�⇡, ⇡].
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flow-based models at a range of parameters approaching
criticality, while without it, models of similar scale fail
to learn the distributions under the same training proce-
dure.

Flow-based sampling.— Flow-based generative models
allow sampling from an expressive family of distributions
by applying an invertible function f to samples U from
a fixed, simple prior distribution defined by a density
r(U) [51]. The resulting samples U 0 = f(U) are dis-
tributed according to a model density q(U 0). The invert-
ible function is constructed specifically to allow e�cient
evaluation of the Jacobian factor for any given sample,
so that the associated normalized probability density,

q(U 0) = q(f(U)) = r(U)
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is returned with each sample drawn. This feature enables
training the flow model, i.e. optimizing the function f , by
minimizing the distance between the model probability
density q(U 0) and the desired density p(U 0) using a cho-
sen metric. Any deviation from the true distribution due
to an imperfect model can be corrected by a number of
techniques; in this work, we apply Metropolis indepen-
dence sampling [25].1

A powerful approach to defining a flexible invertible
function f is through composition of several coupling
layers, f := gm � · · · � g1. Coupling layers act on sam-
ples U by applying an analytically invertible transfor-
mation (such as a scaling) to a subset of the compo-
nents UA :=

�
U i : i 2 A

 
, where the superscript i in-

dexes components of the multi-dimensional sample U and
the set A indicates the components that are transformed.
The remaining (unmodified) components UB , defined by
UB = U \ UA, are given as input to a feed-forward neu-
ral network that parameterizes the transformation. This
variable splitting guarantees invertibility despite the use
of non-invertible feed-forward networks.

Gauge-invariant flows.— Lattice gauge theories can be
defined in terms of one gauge variable Uµ(x) per nearest-
neighbor link (x, x + µ̂) of the lattice. Samples thus live
in the compact manifold GNdV , where G is the mani-
fold of the gauge group, Nd is the spacetime dimension,
and V is the lattice volume. The physical distribution
p(U) is exactly invariant under a discrete translational
symmetry group with V elements and a continuous V -
dimensional gauge symmetry group, meaning that the
density associated with any transformed field configura-
tion eU is identical to that of the untransformed config-
uration, p(eU) = p(U). Under a gauge transformation,
links Uµ(x) are transformed by a group-valued field ⌦(x)

1 Reweighted observables can also be used [52, 53]. This is ef-
ficient when measurements of the action are more costly than
measurements of observables.

as

Uµ(x) ! eUµ(x) = ⌦(x)Uµ(x)⌦†(x + µ̂). (2)

In the flow-based approach, symmetries correspond to
flat directions of the probability density that must be
reproduced by the model. Exactly encoding symme-
tries in machine learning models can improve training
and model quality compared with learning the symme-
tries over the course of training [24, 27, 54–58]. The
incorporation of translational symmetries into models is
possible using convolutional architectures, as studied for
example in Ref. [54]. To address gauge symmetry, one
could attempt to use a gauge-fixing procedure to select
a single configuration from each gauge-equivalent class,
leaving only physical degrees of freedom; however, the
only known gauge fixing procedures that preserve trans-
lational invariance are based on implicit di↵erential equa-
tion constraints [59], which do not have a straightforward
implementation in flows. Here, we instead introduce a
method to preserve exact gauge invariance in flow-based
models.

When a flow-based model is defined in terms of cou-
pling layers, its output distribution will be invariant un-
der a symmetry group if two conditions are met:

1. The prior distribution is symmetric.

2. Each coupling layer is equivariant under the sym-
metry, i.e. all transformations commute through
application of the coupling layer [54, 56, 60–62].

Choosing a prior distribution that is symmetric is typ-
ically straightforward, for example a uniform distribu-
tion with respect to the Haar measure over gauge links is
both translationally and gauge invariant. Using gauge-
equivariant coupling layers with such a prior distribution
then defines a gauge-invariant flow-based model.
Gauge-equivariant coupling layers.— We construct an

explicitly gauge-equivariant and invertible coupling layer
g : GNdV

! GNdV by splitting the input variables
into subsets UA and UB . In terms of these sub-
sets, we define the action of the coupling layer to be
g(UA, UB) = (U 0A, UB), where link U i

2 UA is mapped
to

U 0i = h(U iSi
|Ii)Si†, (3)

in which h : G ! G is an invertible kernel which is explic-
itly parameterized by a set of gauge-invariant quantities
Ii constructed from the elements of UB . Here, Si is a
product of links such that U iSi forms a loop that starts
and ends at a common point x, and therefore transforms
under the gauge symmetry to ⌦(x) U i⌦†(x + µ̂) ⌦(x +
µ̂)Si⌦†(x) = ⌦(x) U iSi ⌦†(x). With this definition, the
coupling layer is gauge equivariant if the kernel satisfies

h(XWX†) = X h(W ) X†, 8X, W 2 G, (4)
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flow-based models at a range of parameters approaching
criticality, while without it, models of similar scale fail
to learn the distributions under the same training proce-
dure.

Flow-based sampling.— Flow-based generative models
allow sampling from an expressive family of distributions
by applying an invertible function f to samples U from
a fixed, simple prior distribution defined by a density
r(U) [51]. The resulting samples U 0 = f(U) are dis-
tributed according to a model density q(U 0). The invert-
ible function is constructed specifically to allow e�cient
evaluation of the Jacobian factor for any given sample,
so that the associated normalized probability density,

q(U 0) = q(f(U)) = r(U)
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����
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, (1)

is returned with each sample drawn. This feature enables
training the flow model, i.e. optimizing the function f , by
minimizing the distance between the model probability
density q(U 0) and the desired density p(U 0) using a cho-
sen metric. Any deviation from the true distribution due
to an imperfect model can be corrected by a number of
techniques; in this work, we apply Metropolis indepen-
dence sampling [25].1

A powerful approach to defining a flexible invertible
function f is through composition of several coupling
layers, f := gm � · · · � g1. Coupling layers act on sam-
ples U by applying an analytically invertible transfor-
mation (such as a scaling) to a subset of the compo-
nents UA :=

�
U i : i 2 A

 
, where the superscript i in-

dexes components of the multi-dimensional sample U and
the set A indicates the components that are transformed.
The remaining (unmodified) components UB , defined by
UB = U \ UA, are given as input to a feed-forward neu-
ral network that parameterizes the transformation. This
variable splitting guarantees invertibility despite the use
of non-invertible feed-forward networks.

Gauge-invariant flows.— Lattice gauge theories can be
defined in terms of one gauge variable Uµ(x) per nearest-
neighbor link (x, x + µ̂) of the lattice. Samples thus live
in the compact manifold GNdV , where G is the mani-
fold of the gauge group, Nd is the spacetime dimension,
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symmetry group with V elements and a continuous V -
dimensional gauge symmetry group, meaning that the
density associated with any transformed field configura-
tion eU is identical to that of the untransformed config-
uration, p(eU) = p(U). Under a gauge transformation,
links Uµ(x) are transformed by a group-valued field ⌦(x)

1 Reweighted observables can also be used [52, 53]. This is ef-
ficient when measurements of the action are more costly than
measurements of observables.

as

Uµ(x) ! eUµ(x) = ⌦(x)Uµ(x)⌦†(x + µ̂). (2)

In the flow-based approach, symmetries correspond to
flat directions of the probability density that must be
reproduced by the model. Exactly encoding symme-
tries in machine learning models can improve training
and model quality compared with learning the symme-
tries over the course of training [24, 27, 54–58]. The
incorporation of translational symmetries into models is
possible using convolutional architectures, as studied for
example in Ref. [54]. To address gauge symmetry, one
could attempt to use a gauge-fixing procedure to select
a single configuration from each gauge-equivalent class,
leaving only physical degrees of freedom; however, the
only known gauge fixing procedures that preserve trans-
lational invariance are based on implicit di↵erential equa-
tion constraints [59], which do not have a straightforward
implementation in flows. Here, we instead introduce a
method to preserve exact gauge invariance in flow-based
models.

When a flow-based model is defined in terms of cou-
pling layers, its output distribution will be invariant un-
der a symmetry group if two conditions are met:

1. The prior distribution is symmetric.

2. Each coupling layer is equivariant under the sym-
metry, i.e. all transformations commute through
application of the coupling layer [54, 56, 60–62].

Choosing a prior distribution that is symmetric is typ-
ically straightforward, for example a uniform distribu-
tion with respect to the Haar measure over gauge links is
both translationally and gauge invariant. Using gauge-
equivariant coupling layers with such a prior distribution
then defines a gauge-invariant flow-based model.
Gauge-equivariant coupling layers.— We construct an

explicitly gauge-equivariant and invertible coupling layer
g : GNdV

! GNdV by splitting the input variables
into subsets UA and UB . In terms of these sub-
sets, we define the action of the coupling layer to be
g(UA, UB) = (U 0A, UB), where link U i

2 UA is mapped
to

U 0i = h(U iSi
|Ii)Si†, (3)

in which h : G ! G is an invertible kernel which is explic-
itly parameterized by a set of gauge-invariant quantities
Ii constructed from the elements of UB . Here, Si is a
product of links such that U iSi forms a loop that starts
and ends at a common point x, and therefore transforms
under the gauge symmetry to ⌦(x) U i⌦†(x + µ̂) ⌦(x +
µ̂)Si⌦†(x) = ⌦(x) U iSi ⌦†(x). With this definition, the
coupling layer is gauge equivariant if the kernel satisfies

h(XWX†) = X h(W ) X†, 8X, W 2 G, (4)
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FIG. 2. An example of a variable splitting based on a tiled
4 ⇥ 1 pattern with an actively updated link U i ⌘ Uµ(x) and
1 ⇥ 1 loop U iSi ⌘ Pµ⌫(x) located at x, a passively updated
1⇥ 1 loop at ex = x� ⌫̂, and two frozen traced 1⇥ 1 loops at
x+ ⌫̂ and x+ 2⌫̂ included in the set Ii.

which implies that U 0i
! eU 0i transforms according to

Eq. (2),

eU 0i = h
�
⌦(x) U iSi ⌦†(x)|Ii

�
⌦(x)Si†⌦†(x + µ̂)

= ⌦(x)U 0i⌦†(x + µ̂).
(5)

To ensure invertibility, the product of links Si must not
contain any links in UA.

For an Abelian group, the transformation property
in Eq. (4) is trivially satisfied by any kernel. In
the U(1) gauge theory considered below, we there-
fore define the kernel using invertible flows parame-
terized by neural networks. For non-Abelian theo-
ries, it has been shown that it is possible to con-
struct invertible functions on spheres [63] and surjec-
tive functions on general Lie groups [64]. If these ap-
proaches can be generalized to produce invertible func-
tions with convergent power expansions, they will sat-
isfy the necessary kernel transformation property, since
h(XWX†) =

P
n ↵n(XWX†)n = X h(W ) X†.

An example of a variable splitting suitable for both
Abelian and non-Abelian gauge theories is given by the
pattern depicted in Fig. 2. In this example, the set of
updated links UA consists of vertical links spaced by 4
sites, and the products U iSi are 1 ⇥ 1 loops adjacent to
each U i. This is su�ciently sparse such that every Si

is independent of all updated links in UA, and a non-
trivial set of invariants Ii (e.g. all traced 1⇥ 1 loops that
are not adjacent to updated links) can be constructed
to parametrize the transformation. Composing coupling
layers using rotations and o↵sets of the pattern allows all
links to be updated.2

2 For example, composing 8 such layers is su�cient to update all
links in 2D.

Using gauge-equivariant coupling layers constructed in
terms of kernels generalizes the “trivializing map” pro-
posed in Ref. [65]. There, repeatedly applying a spe-
cific kernel based on gradients of the action theoretically
trivializes a gauge theory, i.e. maps the Euclidean time
distribution to a uniform one. The family of gauge equiv-
ariant flows defined here includes the trivializing map in
the limit of a large number of coupling layers and arbi-
trarily expressive kernel, indicating that in this limiting
case exact sampling as described in Ref. [65] is possible.
However, the approach presented here allows for more
general and inexpensive parametrizations of h. These
can be optimized to produce flows that similarly trivial-
ize the theory, and which may have a lower cost of evalu-
ation than implementations of the analytical trivializing
map [66].
Application to U(1) gauge theory.— Gauge theory with

a U(1) gauge group defined in two spacetime dimensions
is the quenched limit of 1 + 1D electrodynamics, i.e. the
Schwinger model [67]. The full Schwinger model repro-
duces many features of quantum chromodynamics (con-
finement, an axial anomaly, topology, and chiral symme-
try breaking) while being analytically tractable. Even in
the quenched limit, the well-defined gauge field topology
results in severe critical slowing down of MCMC meth-
ods for sampling lattice discretizations of the model as
the coupling is taken to criticality. We consider the lat-
tice discretization given by the Wilson gauge action [68],

S(U) := ��
X

x

Re P (x), (6)

where P (x) is the plaquette at x defined in terms of link
variables Uµ(x) 2 U(1),

P (x) := U0(x)U1(x + 0̂)U†

0 (x + 1̂)U†

1 (x), (7)

and x = (x0, x1) runs over coordinates in an L⇥L square
lattice with periodic boundary conditions. Physical infor-
mation may be extracted from the model by considering
expectation values of observables O under the Euclidean
time path integral,

hOi :=
1

Z

Z
DU O(U)e�S(U), (8)

where
R

DU denotes integration over the product of
Haar measures for each link, and Z =

R
DU e�S(U). In

this study, three key observables were considered:

1. Expectation values of powers of plaquettes.

2. Expectation values of ` ⇥ ` Wilson loops W`⇥` =Q
x2`⇥` P (x).

3. Topological susceptibility �Q = hQ2/V i, where
topological charge Q := 1

2⇡

P
x arg (P (x)) is de-

fined in terms of plaquette phase in the principal
interval, arg (P (x)) 2 [�⇡, ⇡].

2

flow-based models at a range of parameters approaching
criticality, while without it, models of similar scale fail
to learn the distributions under the same training proce-
dure.

Flow-based sampling.— Flow-based generative models
allow sampling from an expressive family of distributions
by applying an invertible function f to samples U from
a fixed, simple prior distribution defined by a density
r(U) [51]. The resulting samples U 0 = f(U) are dis-
tributed according to a model density q(U 0). The invert-
ible function is constructed specifically to allow e�cient
evaluation of the Jacobian factor for any given sample,
so that the associated normalized probability density,

q(U 0) = q(f(U)) = r(U)

����det
@f(U)

@U

����
�1

, (1)

is returned with each sample drawn. This feature enables
training the flow model, i.e. optimizing the function f , by
minimizing the distance between the model probability
density q(U 0) and the desired density p(U 0) using a cho-
sen metric. Any deviation from the true distribution due
to an imperfect model can be corrected by a number of
techniques; in this work, we apply Metropolis indepen-
dence sampling [25].1

A powerful approach to defining a flexible invertible
function f is through composition of several coupling
layers, f := gm � · · · � g1. Coupling layers act on sam-
ples U by applying an analytically invertible transfor-
mation (such as a scaling) to a subset of the compo-
nents UA :=

�
U i : i 2 A

 
, where the superscript i in-

dexes components of the multi-dimensional sample U and
the set A indicates the components that are transformed.
The remaining (unmodified) components UB , defined by
UB = U \ UA, are given as input to a feed-forward neu-
ral network that parameterizes the transformation. This
variable splitting guarantees invertibility despite the use
of non-invertible feed-forward networks.

Gauge-invariant flows.— Lattice gauge theories can be
defined in terms of one gauge variable Uµ(x) per nearest-
neighbor link (x, x + µ̂) of the lattice. Samples thus live
in the compact manifold GNdV , where G is the mani-
fold of the gauge group, Nd is the spacetime dimension,
and V is the lattice volume. The physical distribution
p(U) is exactly invariant under a discrete translational
symmetry group with V elements and a continuous V -
dimensional gauge symmetry group, meaning that the
density associated with any transformed field configura-
tion eU is identical to that of the untransformed config-
uration, p(eU) = p(U). Under a gauge transformation,
links Uµ(x) are transformed by a group-valued field ⌦(x)

1 Reweighted observables can also be used [52, 53]. This is ef-
ficient when measurements of the action are more costly than
measurements of observables.

as

Uµ(x) ! eUµ(x) = ⌦(x)Uµ(x)⌦†(x + µ̂). (2)

In the flow-based approach, symmetries correspond to
flat directions of the probability density that must be
reproduced by the model. Exactly encoding symme-
tries in machine learning models can improve training
and model quality compared with learning the symme-
tries over the course of training [24, 27, 54–58]. The
incorporation of translational symmetries into models is
possible using convolutional architectures, as studied for
example in Ref. [54]. To address gauge symmetry, one
could attempt to use a gauge-fixing procedure to select
a single configuration from each gauge-equivalent class,
leaving only physical degrees of freedom; however, the
only known gauge fixing procedures that preserve trans-
lational invariance are based on implicit di↵erential equa-
tion constraints [59], which do not have a straightforward
implementation in flows. Here, we instead introduce a
method to preserve exact gauge invariance in flow-based
models.

When a flow-based model is defined in terms of cou-
pling layers, its output distribution will be invariant un-
der a symmetry group if two conditions are met:

1. The prior distribution is symmetric.

2. Each coupling layer is equivariant under the sym-
metry, i.e. all transformations commute through
application of the coupling layer [54, 56, 60–62].

Choosing a prior distribution that is symmetric is typ-
ically straightforward, for example a uniform distribu-
tion with respect to the Haar measure over gauge links is
both translationally and gauge invariant. Using gauge-
equivariant coupling layers with such a prior distribution
then defines a gauge-invariant flow-based model.
Gauge-equivariant coupling layers.— We construct an

explicitly gauge-equivariant and invertible coupling layer
g : GNdV

! GNdV by splitting the input variables
into subsets UA and UB . In terms of these sub-
sets, we define the action of the coupling layer to be
g(UA, UB) = (U 0A, UB), where link U i

2 UA is mapped
to

U 0i = h(U iSi
|Ii)Si†, (3)

in which h : G ! G is an invertible kernel which is explic-
itly parameterized by a set of gauge-invariant quantities
Ii constructed from the elements of UB . Here, Si is a
product of links such that U iSi forms a loop that starts
and ends at a common point x, and therefore transforms
under the gauge symmetry to ⌦(x) U i⌦†(x + µ̂) ⌦(x +
µ̂)Si⌦†(x) = ⌦(x) U iSi ⌦†(x). With this definition, the
coupling layer is gauge equivariant if the kernel satisfies

h(XWX†) = X h(W ) X†, 8X, W 2 G, (4)
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flow-based models at a range of parameters approaching
criticality, while without it, models of similar scale fail
to learn the distributions under the same training proce-
dure.

Flow-based sampling.— Flow-based generative models
allow sampling from an expressive family of distributions
by applying an invertible function f to samples U from
a fixed, simple prior distribution defined by a density
r(U) [51]. The resulting samples U 0 = f(U) are dis-
tributed according to a model density q(U 0). The invert-
ible function is constructed specifically to allow e�cient
evaluation of the Jacobian factor for any given sample,
so that the associated normalized probability density,

q(U 0) = q(f(U)) = r(U)
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is returned with each sample drawn. This feature enables
training the flow model, i.e. optimizing the function f , by
minimizing the distance between the model probability
density q(U 0) and the desired density p(U 0) using a cho-
sen metric. Any deviation from the true distribution due
to an imperfect model can be corrected by a number of
techniques; in this work, we apply Metropolis indepen-
dence sampling [25].1

A powerful approach to defining a flexible invertible
function f is through composition of several coupling
layers, f := gm � · · · � g1. Coupling layers act on sam-
ples U by applying an analytically invertible transfor-
mation (such as a scaling) to a subset of the compo-
nents UA :=

�
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, where the superscript i in-

dexes components of the multi-dimensional sample U and
the set A indicates the components that are transformed.
The remaining (unmodified) components UB , defined by
UB = U \ UA, are given as input to a feed-forward neu-
ral network that parameterizes the transformation. This
variable splitting guarantees invertibility despite the use
of non-invertible feed-forward networks.

Gauge-invariant flows.— Lattice gauge theories can be
defined in terms of one gauge variable Uµ(x) per nearest-
neighbor link (x, x + µ̂) of the lattice. Samples thus live
in the compact manifold GNdV , where G is the mani-
fold of the gauge group, Nd is the spacetime dimension,
and V is the lattice volume. The physical distribution
p(U) is exactly invariant under a discrete translational
symmetry group with V elements and a continuous V -
dimensional gauge symmetry group, meaning that the
density associated with any transformed field configura-
tion eU is identical to that of the untransformed config-
uration, p(eU) = p(U). Under a gauge transformation,
links Uµ(x) are transformed by a group-valued field ⌦(x)

1 Reweighted observables can also be used [52, 53]. This is ef-
ficient when measurements of the action are more costly than
measurements of observables.

as

Uµ(x) ! eUµ(x) = ⌦(x)Uµ(x)⌦†(x + µ̂). (2)

In the flow-based approach, symmetries correspond to
flat directions of the probability density that must be
reproduced by the model. Exactly encoding symme-
tries in machine learning models can improve training
and model quality compared with learning the symme-
tries over the course of training [24, 27, 54–58]. The
incorporation of translational symmetries into models is
possible using convolutional architectures, as studied for
example in Ref. [54]. To address gauge symmetry, one
could attempt to use a gauge-fixing procedure to select
a single configuration from each gauge-equivalent class,
leaving only physical degrees of freedom; however, the
only known gauge fixing procedures that preserve trans-
lational invariance are based on implicit di↵erential equa-
tion constraints [59], which do not have a straightforward
implementation in flows. Here, we instead introduce a
method to preserve exact gauge invariance in flow-based
models.

When a flow-based model is defined in terms of cou-
pling layers, its output distribution will be invariant un-
der a symmetry group if two conditions are met:

1. The prior distribution is symmetric.

2. Each coupling layer is equivariant under the sym-
metry, i.e. all transformations commute through
application of the coupling layer [54, 56, 60–62].

Choosing a prior distribution that is symmetric is typ-
ically straightforward, for example a uniform distribu-
tion with respect to the Haar measure over gauge links is
both translationally and gauge invariant. Using gauge-
equivariant coupling layers with such a prior distribution
then defines a gauge-invariant flow-based model.
Gauge-equivariant coupling layers.— We construct an

explicitly gauge-equivariant and invertible coupling layer
g : GNdV

! GNdV by splitting the input variables
into subsets UA and UB . In terms of these sub-
sets, we define the action of the coupling layer to be
g(UA, UB) = (U 0A, UB), where link U i

2 UA is mapped
to

U 0i = h(U iSi
|Ii)Si†, (3)

in which h : G ! G is an invertible kernel which is explic-
itly parameterized by a set of gauge-invariant quantities
Ii constructed from the elements of UB . Here, Si is a
product of links such that U iSi forms a loop that starts
and ends at a common point x, and therefore transforms
under the gauge symmetry to ⌦(x) U i⌦†(x + µ̂) ⌦(x +
µ̂)Si⌦†(x) = ⌦(x) U iSi ⌦†(x). With this definition, the
coupling layer is gauge equivariant if the kernel satisfies

h(XWX†) = X h(W ) X†, 8X, W 2 G, (4)
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FIG. 2. An example of a variable splitting based on a tiled
4 ⇥ 1 pattern with an actively updated link U i ⌘ Uµ(x) and
1 ⇥ 1 loop U iSi ⌘ Pµ⌫(x) located at x, a passively updated
1⇥ 1 loop at ex = x� ⌫̂, and two frozen traced 1⇥ 1 loops at
x+ ⌫̂ and x+ 2⌫̂ included in the set Ii.

which implies that U 0i
! eU 0i transforms according to

Eq. (2),

eU 0i = h
�
⌦(x) U iSi ⌦†(x)|Ii

�
⌦(x)Si†⌦†(x + µ̂)

= ⌦(x)U 0i⌦†(x + µ̂).
(5)

To ensure invertibility, the product of links Si must not
contain any links in UA.

For an Abelian group, the transformation property
in Eq. (4) is trivially satisfied by any kernel. In
the U(1) gauge theory considered below, we there-
fore define the kernel using invertible flows parame-
terized by neural networks. For non-Abelian theo-
ries, it has been shown that it is possible to con-
struct invertible functions on spheres [63] and surjec-
tive functions on general Lie groups [64]. If these ap-
proaches can be generalized to produce invertible func-
tions with convergent power expansions, they will sat-
isfy the necessary kernel transformation property, since
h(XWX†) =

P
n ↵n(XWX†)n = X h(W ) X†.

An example of a variable splitting suitable for both
Abelian and non-Abelian gauge theories is given by the
pattern depicted in Fig. 2. In this example, the set of
updated links UA consists of vertical links spaced by 4
sites, and the products U iSi are 1 ⇥ 1 loops adjacent to
each U i. This is su�ciently sparse such that every Si

is independent of all updated links in UA, and a non-
trivial set of invariants Ii (e.g. all traced 1⇥ 1 loops that
are not adjacent to updated links) can be constructed
to parametrize the transformation. Composing coupling
layers using rotations and o↵sets of the pattern allows all
links to be updated.2

2 For example, composing 8 such layers is su�cient to update all
links in 2D.

Using gauge-equivariant coupling layers constructed in
terms of kernels generalizes the “trivializing map” pro-
posed in Ref. [65]. There, repeatedly applying a spe-
cific kernel based on gradients of the action theoretically
trivializes a gauge theory, i.e. maps the Euclidean time
distribution to a uniform one. The family of gauge equiv-
ariant flows defined here includes the trivializing map in
the limit of a large number of coupling layers and arbi-
trarily expressive kernel, indicating that in this limiting
case exact sampling as described in Ref. [65] is possible.
However, the approach presented here allows for more
general and inexpensive parametrizations of h. These
can be optimized to produce flows that similarly trivial-
ize the theory, and which may have a lower cost of evalu-
ation than implementations of the analytical trivializing
map [66].
Application to U(1) gauge theory.— Gauge theory with

a U(1) gauge group defined in two spacetime dimensions
is the quenched limit of 1 + 1D electrodynamics, i.e. the
Schwinger model [67]. The full Schwinger model repro-
duces many features of quantum chromodynamics (con-
finement, an axial anomaly, topology, and chiral symme-
try breaking) while being analytically tractable. Even in
the quenched limit, the well-defined gauge field topology
results in severe critical slowing down of MCMC meth-
ods for sampling lattice discretizations of the model as
the coupling is taken to criticality. We consider the lat-
tice discretization given by the Wilson gauge action [68],

S(U) := ��
X

x

Re P (x), (6)

where P (x) is the plaquette at x defined in terms of link
variables Uµ(x) 2 U(1),

P (x) := U0(x)U1(x + 0̂)U†

0 (x + 1̂)U†

1 (x), (7)

and x = (x0, x1) runs over coordinates in an L⇥L square
lattice with periodic boundary conditions. Physical infor-
mation may be extracted from the model by considering
expectation values of observables O under the Euclidean
time path integral,

hOi :=
1

Z

Z
DU O(U)e�S(U), (8)

where
R

DU denotes integration over the product of
Haar measures for each link, and Z =

R
DU e�S(U). In

this study, three key observables were considered:

1. Expectation values of powers of plaquettes.

2. Expectation values of ` ⇥ ` Wilson loops W`⇥` =Q
x2`⇥` P (x).

3. Topological susceptibility �Q = hQ2/V i, where
topological charge Q := 1

2⇡

P
x arg (P (x)) is de-

fined in terms of plaquette phase in the principal
interval, arg (P (x)) 2 [�⇡, ⇡].

2

flow-based models at a range of parameters approaching
criticality, while without it, models of similar scale fail
to learn the distributions under the same training proce-
dure.

Flow-based sampling.— Flow-based generative models
allow sampling from an expressive family of distributions
by applying an invertible function f to samples U from
a fixed, simple prior distribution defined by a density
r(U) [51]. The resulting samples U 0 = f(U) are dis-
tributed according to a model density q(U 0). The invert-
ible function is constructed specifically to allow e�cient
evaluation of the Jacobian factor for any given sample,
so that the associated normalized probability density,

q(U 0) = q(f(U)) = r(U)

����det
@f(U)

@U

����
�1

, (1)

is returned with each sample drawn. This feature enables
training the flow model, i.e. optimizing the function f , by
minimizing the distance between the model probability
density q(U 0) and the desired density p(U 0) using a cho-
sen metric. Any deviation from the true distribution due
to an imperfect model can be corrected by a number of
techniques; in this work, we apply Metropolis indepen-
dence sampling [25].1

A powerful approach to defining a flexible invertible
function f is through composition of several coupling
layers, f := gm � · · · � g1. Coupling layers act on sam-
ples U by applying an analytically invertible transfor-
mation (such as a scaling) to a subset of the compo-
nents UA :=

�
U i : i 2 A

 
, where the superscript i in-

dexes components of the multi-dimensional sample U and
the set A indicates the components that are transformed.
The remaining (unmodified) components UB , defined by
UB = U \ UA, are given as input to a feed-forward neu-
ral network that parameterizes the transformation. This
variable splitting guarantees invertibility despite the use
of non-invertible feed-forward networks.

Gauge-invariant flows.— Lattice gauge theories can be
defined in terms of one gauge variable Uµ(x) per nearest-
neighbor link (x, x + µ̂) of the lattice. Samples thus live
in the compact manifold GNdV , where G is the mani-
fold of the gauge group, Nd is the spacetime dimension,
and V is the lattice volume. The physical distribution
p(U) is exactly invariant under a discrete translational
symmetry group with V elements and a continuous V -
dimensional gauge symmetry group, meaning that the
density associated with any transformed field configura-
tion eU is identical to that of the untransformed config-
uration, p(eU) = p(U). Under a gauge transformation,
links Uµ(x) are transformed by a group-valued field ⌦(x)

1 Reweighted observables can also be used [52, 53]. This is ef-
ficient when measurements of the action are more costly than
measurements of observables.

as

Uµ(x) ! eUµ(x) = ⌦(x)Uµ(x)⌦†(x + µ̂). (2)

In the flow-based approach, symmetries correspond to
flat directions of the probability density that must be
reproduced by the model. Exactly encoding symme-
tries in machine learning models can improve training
and model quality compared with learning the symme-
tries over the course of training [24, 27, 54–58]. The
incorporation of translational symmetries into models is
possible using convolutional architectures, as studied for
example in Ref. [54]. To address gauge symmetry, one
could attempt to use a gauge-fixing procedure to select
a single configuration from each gauge-equivalent class,
leaving only physical degrees of freedom; however, the
only known gauge fixing procedures that preserve trans-
lational invariance are based on implicit di↵erential equa-
tion constraints [59], which do not have a straightforward
implementation in flows. Here, we instead introduce a
method to preserve exact gauge invariance in flow-based
models.

When a flow-based model is defined in terms of cou-
pling layers, its output distribution will be invariant un-
der a symmetry group if two conditions are met:

1. The prior distribution is symmetric.

2. Each coupling layer is equivariant under the sym-
metry, i.e. all transformations commute through
application of the coupling layer [54, 56, 60–62].

Choosing a prior distribution that is symmetric is typ-
ically straightforward, for example a uniform distribu-
tion with respect to the Haar measure over gauge links is
both translationally and gauge invariant. Using gauge-
equivariant coupling layers with such a prior distribution
then defines a gauge-invariant flow-based model.
Gauge-equivariant coupling layers.— We construct an

explicitly gauge-equivariant and invertible coupling layer
g : GNdV

! GNdV by splitting the input variables
into subsets UA and UB . In terms of these sub-
sets, we define the action of the coupling layer to be
g(UA, UB) = (U 0A, UB), where link U i

2 UA is mapped
to

U 0i = h(U iSi
|Ii)Si†, (3)

in which h : G ! G is an invertible kernel which is explic-
itly parameterized by a set of gauge-invariant quantities
Ii constructed from the elements of UB . Here, Si is a
product of links such that U iSi forms a loop that starts
and ends at a common point x, and therefore transforms
under the gauge symmetry to ⌦(x) U i⌦†(x + µ̂) ⌦(x +
µ̂)Si⌦†(x) = ⌦(x) U iSi ⌦†(x). With this definition, the
coupling layer is gauge equivariant if the kernel satisfies

h(XWX†) = X h(W ) X†, 8X, W 2 G, (4)
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a fixed, simple prior distribution defined by a density
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so that the associated normalized probability density,
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minimizing the distance between the model probability
density q(U 0) and the desired density p(U 0) using a cho-
sen metric. Any deviation from the true distribution due
to an imperfect model can be corrected by a number of
techniques; in this work, we apply Metropolis indepen-
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function f is through composition of several coupling
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ples U by applying an analytically invertible transfor-
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dexes components of the multi-dimensional sample U and
the set A indicates the components that are transformed.
The remaining (unmodified) components UB , defined by
UB = U \ UA, are given as input to a feed-forward neu-
ral network that parameterizes the transformation. This
variable splitting guarantees invertibility despite the use
of non-invertible feed-forward networks.

Gauge-invariant flows.— Lattice gauge theories can be
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in the compact manifold GNdV , where G is the mani-
fold of the gauge group, Nd is the spacetime dimension,
and V is the lattice volume. The physical distribution
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1 Reweighted observables can also be used [52, 53]. This is ef-
ficient when measurements of the action are more costly than
measurements of observables.
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In the flow-based approach, symmetries correspond to
flat directions of the probability density that must be
reproduced by the model. Exactly encoding symme-
tries in machine learning models can improve training
and model quality compared with learning the symme-
tries over the course of training [24, 27, 54–58]. The
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possible using convolutional architectures, as studied for
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method to preserve exact gauge invariance in flow-based
models.

When a flow-based model is defined in terms of cou-
pling layers, its output distribution will be invariant un-
der a symmetry group if two conditions are met:

1. The prior distribution is symmetric.

2. Each coupling layer is equivariant under the sym-
metry, i.e. all transformations commute through
application of the coupling layer [54, 56, 60–62].

Choosing a prior distribution that is symmetric is typ-
ically straightforward, for example a uniform distribu-
tion with respect to the Haar measure over gauge links is
both translationally and gauge invariant. Using gauge-
equivariant coupling layers with such a prior distribution
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g(UA, UB) = (U 0A, UB), where link U i

2 UA is mapped
to

U 0i = h(U iSi
|Ii)Si†, (3)

in which h : G ! G is an invertible kernel which is explic-
itly parameterized by a set of gauge-invariant quantities
Ii constructed from the elements of UB . Here, Si is a
product of links such that U iSi forms a loop that starts
and ends at a common point x, and therefore transforms
under the gauge symmetry to ⌦(x) U i⌦†(x + µ̂) ⌦(x +
µ̂)Si⌦†(x) = ⌦(x) U iSi ⌦†(x). With this definition, the
coupling layer is gauge equivariant if the kernel satisfies

h(XWX†) = X h(W ) X†, 8X, W 2 G, (4)
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FIG. 2. An example of a variable splitting based on a tiled
4 ⇥ 1 pattern with an actively updated link U i ⌘ Uµ(x) and
1 ⇥ 1 loop U iSi ⌘ Pµ⌫(x) located at x, a passively updated
1⇥ 1 loop at ex = x� ⌫̂, and two frozen traced 1⇥ 1 loops at
x+ ⌫̂ and x+ 2⌫̂ included in the set Ii.

which implies that U 0i
! eU 0i transforms according to

Eq. (2),

eU 0i = h
�
⌦(x) U iSi ⌦†(x)|Ii

�
⌦(x)Si†⌦†(x + µ̂)

= ⌦(x)U 0i⌦†(x + µ̂).
(5)

To ensure invertibility, the product of links Si must not
contain any links in UA.

For an Abelian group, the transformation property
in Eq. (4) is trivially satisfied by any kernel. In
the U(1) gauge theory considered below, we there-
fore define the kernel using invertible flows parame-
terized by neural networks. For non-Abelian theo-
ries, it has been shown that it is possible to con-
struct invertible functions on spheres [63] and surjec-
tive functions on general Lie groups [64]. If these ap-
proaches can be generalized to produce invertible func-
tions with convergent power expansions, they will sat-
isfy the necessary kernel transformation property, since
h(XWX†) =

P
n ↵n(XWX†)n = X h(W ) X†.

An example of a variable splitting suitable for both
Abelian and non-Abelian gauge theories is given by the
pattern depicted in Fig. 2. In this example, the set of
updated links UA consists of vertical links spaced by 4
sites, and the products U iSi are 1 ⇥ 1 loops adjacent to
each U i. This is su�ciently sparse such that every Si

is independent of all updated links in UA, and a non-
trivial set of invariants Ii (e.g. all traced 1⇥ 1 loops that
are not adjacent to updated links) can be constructed
to parametrize the transformation. Composing coupling
layers using rotations and o↵sets of the pattern allows all
links to be updated.2

2 For example, composing 8 such layers is su�cient to update all
links in 2D.

Using gauge-equivariant coupling layers constructed in
terms of kernels generalizes the “trivializing map” pro-
posed in Ref. [65]. There, repeatedly applying a spe-
cific kernel based on gradients of the action theoretically
trivializes a gauge theory, i.e. maps the Euclidean time
distribution to a uniform one. The family of gauge equiv-
ariant flows defined here includes the trivializing map in
the limit of a large number of coupling layers and arbi-
trarily expressive kernel, indicating that in this limiting
case exact sampling as described in Ref. [65] is possible.
However, the approach presented here allows for more
general and inexpensive parametrizations of h. These
can be optimized to produce flows that similarly trivial-
ize the theory, and which may have a lower cost of evalu-
ation than implementations of the analytical trivializing
map [66].
Application to U(1) gauge theory.— Gauge theory with

a U(1) gauge group defined in two spacetime dimensions
is the quenched limit of 1 + 1D electrodynamics, i.e. the
Schwinger model [67]. The full Schwinger model repro-
duces many features of quantum chromodynamics (con-
finement, an axial anomaly, topology, and chiral symme-
try breaking) while being analytically tractable. Even in
the quenched limit, the well-defined gauge field topology
results in severe critical slowing down of MCMC meth-
ods for sampling lattice discretizations of the model as
the coupling is taken to criticality. We consider the lat-
tice discretization given by the Wilson gauge action [68],

S(U) := ��
X

x

Re P (x), (6)

where P (x) is the plaquette at x defined in terms of link
variables Uµ(x) 2 U(1),

P (x) := U0(x)U1(x + 0̂)U†

0 (x + 1̂)U†

1 (x), (7)

and x = (x0, x1) runs over coordinates in an L⇥L square
lattice with periodic boundary conditions. Physical infor-
mation may be extracted from the model by considering
expectation values of observables O under the Euclidean
time path integral,

hOi :=
1

Z

Z
DU O(U)e�S(U), (8)

where
R

DU denotes integration over the product of
Haar measures for each link, and Z =

R
DU e�S(U). In

this study, three key observables were considered:

1. Expectation values of powers of plaquettes.

2. Expectation values of ` ⇥ ` Wilson loops W`⇥` =Q
x2`⇥` P (x).

3. Topological susceptibility �Q = hQ2/V i, where
topological charge Q := 1

2⇡

P
x arg (P (x)) is de-

fined in terms of plaquette phase in the principal
interval, arg (P (x)) 2 [�⇡, ⇡].

2

flow-based models at a range of parameters approaching
criticality, while without it, models of similar scale fail
to learn the distributions under the same training proce-
dure.

Flow-based sampling.— Flow-based generative models
allow sampling from an expressive family of distributions
by applying an invertible function f to samples U from
a fixed, simple prior distribution defined by a density
r(U) [51]. The resulting samples U 0 = f(U) are dis-
tributed according to a model density q(U 0). The invert-
ible function is constructed specifically to allow e�cient
evaluation of the Jacobian factor for any given sample,
so that the associated normalized probability density,

q(U 0) = q(f(U)) = r(U)

����det
@f(U)

@U

����
�1

, (1)

is returned with each sample drawn. This feature enables
training the flow model, i.e. optimizing the function f , by
minimizing the distance between the model probability
density q(U 0) and the desired density p(U 0) using a cho-
sen metric. Any deviation from the true distribution due
to an imperfect model can be corrected by a number of
techniques; in this work, we apply Metropolis indepen-
dence sampling [25].1

A powerful approach to defining a flexible invertible
function f is through composition of several coupling
layers, f := gm � · · · � g1. Coupling layers act on sam-
ples U by applying an analytically invertible transfor-
mation (such as a scaling) to a subset of the compo-
nents UA :=

�
U i : i 2 A

 
, where the superscript i in-

dexes components of the multi-dimensional sample U and
the set A indicates the components that are transformed.
The remaining (unmodified) components UB , defined by
UB = U \ UA, are given as input to a feed-forward neu-
ral network that parameterizes the transformation. This
variable splitting guarantees invertibility despite the use
of non-invertible feed-forward networks.

Gauge-invariant flows.— Lattice gauge theories can be
defined in terms of one gauge variable Uµ(x) per nearest-
neighbor link (x, x + µ̂) of the lattice. Samples thus live
in the compact manifold GNdV , where G is the mani-
fold of the gauge group, Nd is the spacetime dimension,
and V is the lattice volume. The physical distribution
p(U) is exactly invariant under a discrete translational
symmetry group with V elements and a continuous V -
dimensional gauge symmetry group, meaning that the
density associated with any transformed field configura-
tion eU is identical to that of the untransformed config-
uration, p(eU) = p(U). Under a gauge transformation,
links Uµ(x) are transformed by a group-valued field ⌦(x)

1 Reweighted observables can also be used [52, 53]. This is ef-
ficient when measurements of the action are more costly than
measurements of observables.

as

Uµ(x) ! eUµ(x) = ⌦(x)Uµ(x)⌦†(x + µ̂). (2)

In the flow-based approach, symmetries correspond to
flat directions of the probability density that must be
reproduced by the model. Exactly encoding symme-
tries in machine learning models can improve training
and model quality compared with learning the symme-
tries over the course of training [24, 27, 54–58]. The
incorporation of translational symmetries into models is
possible using convolutional architectures, as studied for
example in Ref. [54]. To address gauge symmetry, one
could attempt to use a gauge-fixing procedure to select
a single configuration from each gauge-equivalent class,
leaving only physical degrees of freedom; however, the
only known gauge fixing procedures that preserve trans-
lational invariance are based on implicit di↵erential equa-
tion constraints [59], which do not have a straightforward
implementation in flows. Here, we instead introduce a
method to preserve exact gauge invariance in flow-based
models.

When a flow-based model is defined in terms of cou-
pling layers, its output distribution will be invariant un-
der a symmetry group if two conditions are met:

1. The prior distribution is symmetric.

2. Each coupling layer is equivariant under the sym-
metry, i.e. all transformations commute through
application of the coupling layer [54, 56, 60–62].

Choosing a prior distribution that is symmetric is typ-
ically straightforward, for example a uniform distribu-
tion with respect to the Haar measure over gauge links is
both translationally and gauge invariant. Using gauge-
equivariant coupling layers with such a prior distribution
then defines a gauge-invariant flow-based model.
Gauge-equivariant coupling layers.— We construct an

explicitly gauge-equivariant and invertible coupling layer
g : GNdV

! GNdV by splitting the input variables
into subsets UA and UB . In terms of these sub-
sets, we define the action of the coupling layer to be
g(UA, UB) = (U 0A, UB), where link U i

2 UA is mapped
to

U 0i = h(U iSi
|Ii)Si†, (3)

in which h : G ! G is an invertible kernel which is explic-
itly parameterized by a set of gauge-invariant quantities
Ii constructed from the elements of UB . Here, Si is a
product of links such that U iSi forms a loop that starts
and ends at a common point x, and therefore transforms
under the gauge symmetry to ⌦(x) U i⌦†(x + µ̂) ⌦(x +
µ̂)Si⌦†(x) = ⌦(x) U iSi ⌦†(x). With this definition, the
coupling layer is gauge equivariant if the kernel satisfies

h(XWX†) = X h(W ) X†, 8X, W 2 G, (4)

Loop that starts 
and ends at 
same point
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FIG. 2. An example of a variable splitting based on a tiled
4 ⇥ 1 pattern with an actively updated link U i ⌘ Uµ(x) and
1 ⇥ 1 loop U iSi ⌘ Pµ⌫(x) located at x, a passively updated
1⇥ 1 loop at ex = x� ⌫̂, and two frozen traced 1⇥ 1 loops at
x+ ⌫̂ and x+ 2⌫̂ included in the set Ii.

which implies that U 0i
! eU 0i transforms according to

Eq. (2),

eU 0i = h
�
⌦(x) U iSi ⌦†(x)|Ii

�
⌦(x)Si†⌦†(x + µ̂)

= ⌦(x)U 0i⌦†(x + µ̂).
(5)

To ensure invertibility, the product of links Si must not
contain any links in UA.

For an Abelian group, the transformation property
in Eq. (4) is trivially satisfied by any kernel. In
the U(1) gauge theory considered below, we there-
fore define the kernel using invertible flows parame-
terized by neural networks. For non-Abelian theo-
ries, it has been shown that it is possible to con-
struct invertible functions on spheres [63] and surjec-
tive functions on general Lie groups [64]. If these ap-
proaches can be generalized to produce invertible func-
tions with convergent power expansions, they will sat-
isfy the necessary kernel transformation property, since
h(XWX†) =

P
n ↵n(XWX†)n = X h(W ) X†.

An example of a variable splitting suitable for both
Abelian and non-Abelian gauge theories is given by the
pattern depicted in Fig. 2. In this example, the set of
updated links UA consists of vertical links spaced by 4
sites, and the products U iSi are 1 ⇥ 1 loops adjacent to
each U i. This is su�ciently sparse such that every Si

is independent of all updated links in UA, and a non-
trivial set of invariants Ii (e.g. all traced 1⇥ 1 loops that
are not adjacent to updated links) can be constructed
to parametrize the transformation. Composing coupling
layers using rotations and o↵sets of the pattern allows all
links to be updated.2

2 For example, composing 8 such layers is su�cient to update all
links in 2D.

Using gauge-equivariant coupling layers constructed in
terms of kernels generalizes the “trivializing map” pro-
posed in Ref. [65]. There, repeatedly applying a spe-
cific kernel based on gradients of the action theoretically
trivializes a gauge theory, i.e. maps the Euclidean time
distribution to a uniform one. The family of gauge equiv-
ariant flows defined here includes the trivializing map in
the limit of a large number of coupling layers and arbi-
trarily expressive kernel, indicating that in this limiting
case exact sampling as described in Ref. [65] is possible.
However, the approach presented here allows for more
general and inexpensive parametrizations of h. These
can be optimized to produce flows that similarly trivial-
ize the theory, and which may have a lower cost of evalu-
ation than implementations of the analytical trivializing
map [66].
Application to U(1) gauge theory.— Gauge theory with

a U(1) gauge group defined in two spacetime dimensions
is the quenched limit of 1 + 1D electrodynamics, i.e. the
Schwinger model [67]. The full Schwinger model repro-
duces many features of quantum chromodynamics (con-
finement, an axial anomaly, topology, and chiral symme-
try breaking) while being analytically tractable. Even in
the quenched limit, the well-defined gauge field topology
results in severe critical slowing down of MCMC meth-
ods for sampling lattice discretizations of the model as
the coupling is taken to criticality. We consider the lat-
tice discretization given by the Wilson gauge action [68],

S(U) := ��
X

x

Re P (x), (6)

where P (x) is the plaquette at x defined in terms of link
variables Uµ(x) 2 U(1),

P (x) := U0(x)U1(x + 0̂)U†

0 (x + 1̂)U†

1 (x), (7)

and x = (x0, x1) runs over coordinates in an L⇥L square
lattice with periodic boundary conditions. Physical infor-
mation may be extracted from the model by considering
expectation values of observables O under the Euclidean
time path integral,

hOi :=
1

Z

Z
DU O(U)e�S(U), (8)

where
R

DU denotes integration over the product of
Haar measures for each link, and Z =

R
DU e�S(U). In

this study, three key observables were considered:

1. Expectation values of powers of plaquettes.

2. Expectation values of ` ⇥ ` Wilson loops W`⇥` =Q
x2`⇥` P (x).

3. Topological susceptibility �Q = hQ2/V i, where
topological charge Q := 1

2⇡

P
x arg (P (x)) is de-

fined in terms of plaquette phase in the principal
interval, arg (P (x)) 2 [�⇡, ⇡].

2

flow-based models at a range of parameters approaching
criticality, while without it, models of similar scale fail
to learn the distributions under the same training proce-
dure.

Flow-based sampling.— Flow-based generative models
allow sampling from an expressive family of distributions
by applying an invertible function f to samples U from
a fixed, simple prior distribution defined by a density
r(U) [51]. The resulting samples U 0 = f(U) are dis-
tributed according to a model density q(U 0). The invert-
ible function is constructed specifically to allow e�cient
evaluation of the Jacobian factor for any given sample,
so that the associated normalized probability density,

q(U 0) = q(f(U)) = r(U)

����det
@f(U)

@U

����
�1

, (1)

is returned with each sample drawn. This feature enables
training the flow model, i.e. optimizing the function f , by
minimizing the distance between the model probability
density q(U 0) and the desired density p(U 0) using a cho-
sen metric. Any deviation from the true distribution due
to an imperfect model can be corrected by a number of
techniques; in this work, we apply Metropolis indepen-
dence sampling [25].1

A powerful approach to defining a flexible invertible
function f is through composition of several coupling
layers, f := gm � · · · � g1. Coupling layers act on sam-
ples U by applying an analytically invertible transfor-
mation (such as a scaling) to a subset of the compo-
nents UA :=

�
U i : i 2 A

 
, where the superscript i in-

dexes components of the multi-dimensional sample U and
the set A indicates the components that are transformed.
The remaining (unmodified) components UB , defined by
UB = U \ UA, are given as input to a feed-forward neu-
ral network that parameterizes the transformation. This
variable splitting guarantees invertibility despite the use
of non-invertible feed-forward networks.

Gauge-invariant flows.— Lattice gauge theories can be
defined in terms of one gauge variable Uµ(x) per nearest-
neighbor link (x, x + µ̂) of the lattice. Samples thus live
in the compact manifold GNdV , where G is the mani-
fold of the gauge group, Nd is the spacetime dimension,
and V is the lattice volume. The physical distribution
p(U) is exactly invariant under a discrete translational
symmetry group with V elements and a continuous V -
dimensional gauge symmetry group, meaning that the
density associated with any transformed field configura-
tion eU is identical to that of the untransformed config-
uration, p(eU) = p(U). Under a gauge transformation,
links Uµ(x) are transformed by a group-valued field ⌦(x)

1 Reweighted observables can also be used [52, 53]. This is ef-
ficient when measurements of the action are more costly than
measurements of observables.

as

Uµ(x) ! eUµ(x) = ⌦(x)Uµ(x)⌦†(x + µ̂). (2)

In the flow-based approach, symmetries correspond to
flat directions of the probability density that must be
reproduced by the model. Exactly encoding symme-
tries in machine learning models can improve training
and model quality compared with learning the symme-
tries over the course of training [24, 27, 54–58]. The
incorporation of translational symmetries into models is
possible using convolutional architectures, as studied for
example in Ref. [54]. To address gauge symmetry, one
could attempt to use a gauge-fixing procedure to select
a single configuration from each gauge-equivalent class,
leaving only physical degrees of freedom; however, the
only known gauge fixing procedures that preserve trans-
lational invariance are based on implicit di↵erential equa-
tion constraints [59], which do not have a straightforward
implementation in flows. Here, we instead introduce a
method to preserve exact gauge invariance in flow-based
models.

When a flow-based model is defined in terms of cou-
pling layers, its output distribution will be invariant un-
der a symmetry group if two conditions are met:

1. The prior distribution is symmetric.

2. Each coupling layer is equivariant under the sym-
metry, i.e. all transformations commute through
application of the coupling layer [54, 56, 60–62].

Choosing a prior distribution that is symmetric is typ-
ically straightforward, for example a uniform distribu-
tion with respect to the Haar measure over gauge links is
both translationally and gauge invariant. Using gauge-
equivariant coupling layers with such a prior distribution
then defines a gauge-invariant flow-based model.
Gauge-equivariant coupling layers.— We construct an

explicitly gauge-equivariant and invertible coupling layer
g : GNdV

! GNdV by splitting the input variables
into subsets UA and UB . In terms of these sub-
sets, we define the action of the coupling layer to be
g(UA, UB) = (U 0A, UB), where link U i

2 UA is mapped
to

U 0i = h(U iSi
|Ii)Si†, (3)

in which h : G ! G is an invertible kernel which is explic-
itly parameterized by a set of gauge-invariant quantities
Ii constructed from the elements of UB . Here, Si is a
product of links such that U iSi forms a loop that starts
and ends at a common point x, and therefore transforms
under the gauge symmetry to ⌦(x) U i⌦†(x + µ̂) ⌦(x +
µ̂)Si⌦†(x) = ⌦(x) U iSi ⌦†(x). With this definition, the
coupling layer is gauge equivariant if the kernel satisfies

h(XWX†) = X h(W ) X†, 8X, W 2 G, (4)

Loop that starts 
and ends at 
same point



Prior distribution chosen to be uniform

Gauge-equivariant coupling layers
24 coupling layers 
Kernels h: mixtures of non-compact projections,  
6 components, parameterised with convolutional 
NNs (i.e., NN output gives params. of NCP)
NNs with 2 hidden layers with 8x8 filters,  
kernel size 3

Train using shifted KL loss with Adam 
optimizer

Stopping criterion: loss plateau

● Prior distribution chosen to be uncorrelated Gaussian,
i.e. for each site x,

● Real NVP model:
○ 8-12 Real NVP coupling layers
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ML method for scalar lattice field theory

46

.

.

.

●Prior distribution chosen to be uncorrelated Gaussian,
i.e. for each site x,

●Real NVP model:
○8-12 Real NVP coupling layers
○Alternating checkerboard pattern for variable split
○2-6 fully connected layers with 100-1024 hidden units

●Trained using shifted KL loss with Adam optimizer
○Target fixed acceptance rate in Metropolis-Hastings MCMC

ML method for scalar lattice field theory

46

.

.

.

First gauge theory application: U(1) field theory

[Kanwar et al., arXiv:2003.06413] 

Application: U(1) field theory



Sampling of the topological charge

MIT-CTP/5181

Equivariant flow-based sampling for lattice gauge theory

Gurtej Kanwar,1 Michael S. Albergo,2 Denis Boyda,1 Kyle Cranmer,2 Daniel C. Hackett,1
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We define a class of machine-learned flow-based sampling algorithms for lattice gauge theories
that are gauge-invariant by construction. We demonstrate the application of this framework to
U(1) gauge theory in two spacetime dimensions, and find that near critical points in parameter
space the approach is orders of magnitude more e�cient at sampling topological quantities than
more traditional sampling procedures such as Hybrid Monte Carlo and Heat Bath.

Many important physical theories are described by La-
grangians that are invariant under local symmetry trans-
formations that form Lie groups; such theories are named
gauge theories. For example, the Standard Model of
particle physics, which is our most accurate descrip-
tion of Nature at the shortest length-scales, is a quan-
tum field theory centered around the action of three
gauge groups [1–4], and several important condensed
matter systems can be described by e↵ective gauge theo-
ries [5–8]. In the strong-coupling limit, these theories are
non-perturbative, and numerical formulations on discrete
spacetime lattices o↵er the only known way to compute
properties of interest from first principles.

Calculations within lattice frameworks typically pro-
ceed by estimating expectation values of observables
using Markov Chain Monte Carlo (MCMC) to sam-
ple from thermodynamic distributions or Euclidean-time
path integrals. In both cases, samples U (typically high-
dimensional) are drawn from an exponentially weighted
distribution p(U) = e�S(U)/Z, where the physics is en-
coded in an energy or action functional S(U), and the
normalizing constant Z is unknown. When MCMC sam-
pling from the distribution p(U) is e�cient, precise phys-
ical predictions can be made from the theory. However,
as the model parameters are tuned towards criticality,
e.g. to describe universal properties of condensed mat-
ter theories or to access the continuum limit of quantum
field theories, critical slowing down (CSD) can cause the
computational cost of sampling to diverge [9].

Specialized approaches have been developed to avoid
CSD for specific theories [10–19]. For several theories of
interest, however, CSD obstructs calculations. This is
true in particular for the lattice formulation of quantum
chromodynamics (QCD) [20–22], which enables calcula-
tions of non-perturbative phenomena arising from the
Standard Model of particle physics. Recently, there has
been progress in the development of flow-based gener-
ative models which can be trained to directly produce
samples from a given probability distribution; early suc-
cess has been demonstrated in theories of bosonic matter,
spin systems, molecular systems, and for Brownian mo-
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FIG. 1. Standard approaches (HMC and HB) to MCMC sam-
pling for U(1) gauge theory explore the distribution of topo-
logical charge Q very slowly compared with the flow-based
approach introduced here. Results are shown for coupling
� = 7 on a 16⇥ 16 lattice, see Eq. (6). The first (second) half
of the Markov chain history is displayed for HMC (HB).

tion [23–33]. This progress builds on the great success of
flow-based approaches for image, text, and structured ob-
ject generation [34–41], as well as non-flow-based machine
learning techniques applied to sampling for physics [42–
46]. If flow-based algorithms can be designed and imple-
mented at the scale of state-of-the-art calculations, they
would enable e�cient sampling in lattice theories that
are currently hindered by CSD.

In this Letter, we develop a provably correct flow-based
sampling algorithm designed for lattice gauge theories,
including lattice QCD. We demonstrate the application
of this approach to U(1) gauge theory in two spacetime
dimensions. This theory is solvable, and thus provides a
testing ground where the accuracy of numerical methods
can be checked. Two standard MCMC approaches, Hy-
brid Monte Carlo (HMC) [47] and Heat Bath (HB) [48–
50], su↵er from critical slowing down in this theory; for
example, Fig. 1 depicts Markov chain histories for sam-
pling near the continuum limit, in which both methods
explore topological sectors very slowly. Using our flow-
based algorithm, independent samples of field configu-
rations are produced with appropriate frequency from
each topological sector, enabling far more accurate esti-
mation of topological quantities at a given computational
cost. Critical to the success of this approach is enforc-
ing exact gauge symmetry in the flow-based distribution:
when the symmetry is enforced, we can successfully train
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Success:  Critical slowing down is significantly reduced
Cost:      Up-front training of the model

First gauge theory application: U(1) field theory
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FIG. 2. An example of a variable splitting based on a tiled
4 ⇥ 1 pattern with an actively updated link U i ⌘ Uµ(x) and
1 ⇥ 1 loop U iSi ⌘ Pµ⌫(x) located at x, a passively updated
1⇥ 1 loop at ex = x� ⌫̂, and two frozen traced 1⇥ 1 loops at
x+ ⌫̂ and x+ 2⌫̂ included in the set Ii.

which implies that U 0i
! eU 0i transforms according to

Eq. (2),

eU 0i = h
�
⌦(x) U iSi ⌦†(x)|Ii

�
⌦(x)Si†⌦†(x + µ̂)

= ⌦(x)U 0i⌦†(x + µ̂).
(5)

To ensure invertibility, the product of links Si must not
contain any links in UA.

For an Abelian group, the transformation property
in Eq. (4) is trivially satisfied by any kernel. In
the U(1) gauge theory considered below, we there-
fore define the kernel using invertible flows parame-
terized by neural networks. For non-Abelian theo-
ries, it has been shown that it is possible to con-
struct invertible functions on spheres [63] and surjec-
tive functions on general Lie groups [64]. If these ap-
proaches can be generalized to produce invertible func-
tions with convergent power expansions, they will sat-
isfy the necessary kernel transformation property, since
h(XWX†) =

P
n ↵n(XWX†)n = X h(W ) X†.

An example of a variable splitting suitable for both
Abelian and non-Abelian gauge theories is given by the
pattern depicted in Fig. 2. In this example, the set of
updated links UA consists of vertical links spaced by 4
sites, and the products U iSi are 1 ⇥ 1 loops adjacent to
each U i. This is su�ciently sparse such that every Si

is independent of all updated links in UA, and a non-
trivial set of invariants Ii (e.g. all traced 1⇥ 1 loops that
are not adjacent to updated links) can be constructed
to parametrize the transformation. Composing coupling
layers using rotations and o↵sets of the pattern allows all
links to be updated.2

2 For example, composing 8 such layers is su�cient to update all
links in 2D.

Using gauge-equivariant coupling layers constructed in
terms of kernels generalizes the “trivializing map” pro-
posed in Ref. [65]. There, repeatedly applying a spe-
cific kernel based on gradients of the action theoretically
trivializes a gauge theory, i.e. maps the Euclidean time
distribution to a uniform one. The family of gauge equiv-
ariant flows defined here includes the trivializing map in
the limit of a large number of coupling layers and arbi-
trarily expressive kernel, indicating that in this limiting
case exact sampling as described in Ref. [65] is possible.
However, the approach presented here allows for more
general and inexpensive parametrizations of h. These
can be optimized to produce flows that similarly trivial-
ize the theory, and which may have a lower cost of evalu-
ation than implementations of the analytical trivializing
map [66].
Application to U(1) gauge theory.— Gauge theory with

a U(1) gauge group defined in two spacetime dimensions
is the quenched limit of 1 + 1D electrodynamics, i.e. the
Schwinger model [67]. The full Schwinger model repro-
duces many features of quantum chromodynamics (con-
finement, an axial anomaly, topology, and chiral symme-
try breaking) while being analytically tractable. Even in
the quenched limit, the well-defined gauge field topology
results in severe critical slowing down of MCMC meth-
ods for sampling lattice discretizations of the model as
the coupling is taken to criticality. We consider the lat-
tice discretization given by the Wilson gauge action [68],

S(U) := ��
X

x

Re P (x), (6)

where P (x) is the plaquette at x defined in terms of link
variables Uµ(x) 2 U(1),

P (x) := U0(x)U1(x + 0̂)U†

0 (x + 1̂)U†

1 (x), (7)

and x = (x0, x1) runs over coordinates in an L⇥L square
lattice with periodic boundary conditions. Physical infor-
mation may be extracted from the model by considering
expectation values of observables O under the Euclidean
time path integral,

hOi :=
1

Z

Z
DU O(U)e�S(U), (8)

where
R

DU denotes integration over the product of
Haar measures for each link, and Z =

R
DU e�S(U). In

this study, three key observables were considered:

1. Expectation values of powers of plaquettes.

2. Expectation values of ` ⇥ ` Wilson loops W`⇥` =Q
x2`⇥` P (x).

3. Topological susceptibility �Q = hQ2/V i, where
topological charge Q := 1

2⇡

P
x arg (P (x)) is de-

fined in terms of plaquette phase in the principal
interval, arg (P (x)) 2 [�⇡, ⇡].

x

P (x)
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FIG. 3. Left: estimates of average Wilson loops hW`⇥`i mea-
sured on the finest ensemble studied here (� = 7). Right:
estimates of topological susceptibility measured on the three
finest ensembles studied here (� = 5, 6, 7). All values are plot-
ted as ratios to the exact results. The flow-based estimates
are consistent with the exact values, while the HMC and Heat
Bath estimates have larger uncertainties and also significantly
deviate from the exact values in some cases.

To investigate critical slowing down, we studied the
theory at a fixed lattice size, L = 16, using seven choices
of the parameter � = {1, 2, 3, 4, 5, 6, 7}; the theory ap-
proaches the continuum limit as � ! 1. For each pa-
rameter choice, we trained gauge invariant flow-based
models using a uniform prior distribution and a composi-
tion of 24 gauge-equivariant coupling layers. The kernels
h were chosen to be mixtures of Non-Compact Projec-
tions [63], which are suitable for U(1) group elements;
in particular, we used 6 components for each mixture
and parameterized each transformation with a convolu-
tional neural network. The model architecture was held
fixed across all choices of �, ensuring identical cost to
draw samples for each parameter choice. To train the
models, we minimized the Kullback-Leibler divergence
between the model density q(U) and the target density
e�S(U)/Z. Training was halted when the loss function
reached a plateau. For this proof-of-principle study, we
did not perform extensive optimization over the variable
splitting pattern, neural network architecture, or train-
ing hyperparameters, and it is likely that better models
can be trained.

After training, the flow-based models were used to gen-
erate proposals for a Metropolis independence Markov
chain [25], producing ensembles of 100, 000 samples each.
For comparison, ensembles of identical size were pro-
duced using the HMC and Heat Bath algorithms. For
all choices of �, we fixed the HMC trajectory length to
achieve > 80% acceptance rate when using a leapfrog in-
tegrator with 5 steps. Each HB step was defined as one
sweep, i.e. a single update of every link. To within 10%,
the computational cost per HMC trajectory was equal
to the cost per proposal from the flow-based model in
a single-threaded CPU environment, while the cost per
Heat Bath step was half that of HMC or flow.

Using samples from a flow-based model as proposals
within a Markov chain ensures unbiased estimates after
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FIG. 4. Integrated autocorrelation time for the topological
charge, ⌧ int

Q , measured on ensembles of 16 ⇥ 16 lattices gen-
erated using HMC, Heat Bath, and the flow-based algorithm.
Ten replicas of each ensemble were used to estimate errors,
which are smaller than the plot markers for most points.

thermalization; at the finite ensemble size used here, all
observables were found to agree with analytical results
within statistical uncertainties. Of the observables we
studied, local quantities like powers of plaquettes and
expectation values of small Wilson loops were estimated
more precisely by HMC and HB than with the flow-based
algorithm. However, Fig. 3 shows that for observables
with larger extent such as W`⇥` with ` � 4, and par-
ticularly for �Q, large autocorrelations in the HMC and
HB samples result in estimates that deviate from the ex-
act values and have lower precision than the flow-based
estimates.

For Markov chain methods, the characteristic length of
autocorrelations for an observable O can be defined by
the integrated autocorrelation time ⌧ int

O
[69]. Fig. 4 com-

pares ⌧ int
Q for HMC and HB to that in the flow-based al-

gorithm as an indicator of how well the three methods ex-
plore the distribution of topological charge. For all three
methods, ⌧ int

Q grows as � is increased towards the con-
tinuum limit. However, this problem is far less severe for
the flow-based algorithm than for HMC or HB. For exam-
ple, the autocorrelation time in the flow-based algorithm
is approximately 10 at the largest value of �, whereas
⌧ int
Q ⇡ 4000 for HB and ⌧ int

Q ⇡ 15000 for HMC. Account-
ing for the relative cost per step of each Markov chain,
the flow-based Metropolis sampler is therefore roughly
1500 times more e�cient than HMC and 200 times more
e�cient than Heat Bath in determining topological quan-
tities. A promising possibility for further development is
mixing flow-based Markov chain steps with HMC tra-
jectories or Heat Bath sweeps to gain the benefits of
standard Markov chain steps for local observables and
of the flow-based algorithm for extended and topological
observables.

Summary.— Critical slowing down of sampling in lat-
tice gauge theories is an obstacle to precisely estimat-
ing quantities of physical interest as critical limits of the

First gauge theory application: U(1) field theory

Integrated autocorrelation time

[Kanwar et al., arXiv:2003.06413] 2D, L=16

Success:  Critical slowing down is significantly reduced
Cost:      Up-front training of the model
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To investigate critical slowing down, we studied the
theory at a fixed lattice size, L = 16, using seven choices
of the parameter � = {1, 2, 3, 4, 5, 6, 7}; the theory ap-
proaches the continuum limit as � ! 1. For each pa-
rameter choice, we trained gauge invariant flow-based
models using a uniform prior distribution and a composi-
tion of 24 gauge-equivariant coupling layers. The kernels
h were chosen to be mixtures of Non-Compact Projec-
tions [63], which are suitable for U(1) group elements;
in particular, we used 6 components for each mixture
and parameterized each transformation with a convolu-
tional neural network. The model architecture was held
fixed across all choices of �, ensuring identical cost to
draw samples for each parameter choice. To train the
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between the model density q(U) and the target density
e�S(U)/Z. Training was halted when the loss function
reached a plateau. For this proof-of-principle study, we
did not perform extensive optimization over the variable
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ing hyperparameters, and it is likely that better models
can be trained.

After training, the flow-based models were used to gen-
erate proposals for a Metropolis independence Markov
chain [25], producing ensembles of 100, 000 samples each.
For comparison, ensembles of identical size were pro-
duced using the HMC and Heat Bath algorithms. For
all choices of �, we fixed the HMC trajectory length to
achieve > 80% acceptance rate when using a leapfrog in-
tegrator with 5 steps. Each HB step was defined as one
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thermalization; at the finite ensemble size used here, all
observables were found to agree with analytical results
within statistical uncertainties. Of the observables we
studied, local quantities like powers of plaquettes and
expectation values of small Wilson loops were estimated
more precisely by HMC and HB than with the flow-based
algorithm. However, Fig. 3 shows that for observables
with larger extent such as W`⇥` with ` � 4, and par-
ticularly for �Q, large autocorrelations in the HMC and
HB samples result in estimates that deviate from the ex-
act values and have lower precision than the flow-based
estimates.
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gorithm as an indicator of how well the three methods ex-
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methods, ⌧ int
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tinuum limit. However, this problem is far less severe for
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ple, the autocorrelation time in the flow-based algorithm
is approximately 10 at the largest value of �, whereas
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ing for the relative cost per step of each Markov chain,
the flow-based Metropolis sampler is therefore roughly
1500 times more e�cient than HMC and 200 times more
e�cient than Heat Bath in determining topological quan-
tities. A promising possibility for further development is
mixing flow-based Markov chain steps with HMC tra-
jectories or Heat Bath sweeps to gain the benefits of
standard Markov chain steps for local observables and
of the flow-based algorithm for extended and topological
observables.
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Flow-based generation of QCD gauge fields at scale would

Enable fast, embarrassingly parallel sampling  
→ high-statistics calculations

Allow parameter-space exploration (re-tune trained models)

Reduce storage challenges (store only model, not samples)

Implementations of flow models at scale (e.g., 4D, 643x128) 
conceptually straightforward, but work needed
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