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y Introduction
~7 * To model the effect of the the e-cloud on beam stability, two aspects need

to be taken into account:

o The alterations introduced by the e-cloud on the single particle
motion, responsible in particular for a detuning along the bunch
which can affect the stability properties

o The coherent forces introduced by the e-cloud along the bunch,
which can be responsible for driving an instability
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The plots refer to the effect of the e-cloud in the quadrupole magnets for the case of the LHC at
450 GeV (studied extensively with PIC simulations by L. Sabato), which will be used for all examples
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Quadrupolar forces

>~ The detuning introduced by the e-cloud along the bunch is a non-trivial

function of the longitudinal position and of the transverse action

 We isolate the quadrupolar term (in red) by measuring at each z the
average focusing gradient over the transverse distribution
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y Quadrupolar forces

i~ . . .
J The detuning introduced by the e-cloud along the bunch is a non-trivial
function of the longitudinal position and of the transverse action

 We isolate the quadrupolar term (in red) by measuring at each z the
average focusing gradient over the transverse distribution

e This can be realistically modelled with a polynomial

1e-2

Polynomial expansion:
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Dipolar forces

Due the electron pinch during the bunch passage, the e-cloud cannot be considered
time-invariant system

—> It cannot be characterized by a conventional wakefield (as highlighted by
Perevedentsev et al.)

- We need to use a more general characterization of the coherent force

We follow the approach illustrated at the HSC meeting on 17 Feb . We consider a set
of orthogonal functions:

( n =z Orthogonality condition:
A, cos (2172 Lbkt) : if n is even Line/2 2
< 1 [ h@hae)ds =
An sin | 27 , if n is odd — Lkt 2
\ 2 Ly

and we use them to probe the response of the e-cloud to a distortion of the bunch
shape using short PyECLOUD simulations (single pass) by measuring the
corresponding transverse kick, which we call k,(z):

o thisis conceptually equivalent to computing the impedance of a device using an
electromagnetic simulation (but more general)


https://indico.cern.ch/event/883740/
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y Dipolar forces

These mini-simulations look like this, the single particle focusing (quadrupolar fotce) is
subtracted
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y Dipolar forces
We can verify that the computed set of responses can be used to compute the dipolar

effect resulting from a generic bunch distortion

Test on an oscillation from a simulated instability

1e—1

We expand the bunch distortion:

N
z(z)= Z anhn (2)
n=0

1e-2

The expected kick is expressed as

N
Az (2) =) anky (2)
n=0

z [cm] The agreement is found to be very good
— PIC N=6 —— N=8 —— N=10 and the convergence is quite fast

- o N Lo
The coefficient are obtained using the orthogonality: a, = |7 (2) hyp (2) dz
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y A generalized DELPHI solver

~7_~"

We investigated the possibility of including the effects described above in a Vlasov solver,
which should allow identifying all the eigenmodes of the motion. General strategy:

* We used as a starting point the approach used in DELPHI. Advantages:
o It’s known to have good convergence properties for typical LHC cases (impedance)
o Document very clearly in [1] and [2]

o Profited of great discussions and guidance from DELPHI’s author

 The method is built as an extension of DELPHI’s equations and falls back exactly on
DELPHI’s equations for the case of an impedance:

—> Proved to be extremely useful to make checks during development

Let’s dive into the equations = Brace yourself ©

[1] N. Mounet, "Direct Vlasov solvers", proceedings of the CERN Accelerator School on Numerical Methods for Analysis,
Design and Modelling of Particle Accelerators, Thessaloniki, Greece, 2018.

[2] N. Mounet, "Vlasov solvers and macroparticle simulations’”, proceedings of the ICFA Mini-Workshop on Impedances and
Beam Instabilities in Particle Accelerators, Benevento, Italy, 2018.



Vlasov equation (and notation)

@)

S/Z—\  We consider the linearized Vlasov equation as used in DELPHI (in vertical, sorry for

the change pf notation!):

dAY 0Ny OAY _

“or w0 Qo+ @9) 6, Y94

where we use polar coordinates for transverse and

longitudinal phase spaces:

2J,R
Z =1TCos ¢ Y= cos 8,
QyO
§=25, sin ¢ ' 2J,Qyp .
un Yy = 7S 8,

Fcoh (z t) is the coherent driving force
(e-cloud, or impedance)

is the perturbation to the phase
A’t,b space distribution which describes
the instability (our unknown!)

dfo ) 2J. RSm9 Foh(z,t)
“dd, TN\ Quo moyv

The unperturbed phase space
distribution is factorized as:

Yo = fo (Jy) go (7)

Other quantities:

wqo revolution frequency

Ws synchrotron frequency
Qy[] betatron tune

Q" linear chromaticity

R machine radius

particle mass,
Y relativistic gamma
and velocity
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y Generalization to an arbitrary detuning

SZ—~\  We consider the linearized Vlasov equation as used in DELPHI:

—— —Wwp sin 6,

OAY Ay 9Ny dfy 2J,R Feoh(z,t)
ot (@yo @ 00, T 8¢ dJ a7, 90) Q0 Moy

We need to handle a more general detuning term, so we consider a generalized
version of the equation:

oA a/_\ 8A d 2JR Feoh(z,t

In DELPHI we search for solutions in the form:

. +o0 . i@}z +00 .
MGy By dit) = S (0 K. S B (r)e
p=—00

[=—00

We need to generalize also the form of the solution:

“+00 “+0o0
AW Oy i0) =™ S pr(a e L) § pyrye 12
p=—00 [=—00

Still to be defined



y Decomposition of the detuning

NS
Following Schenk et al. we decompose the detuning in two terms:
AQ(Ta ¢) — AQR(T) + AQ(I' (Ta QS)
!)ettfning Witl? Head-tail phase shift
longitudinal amplitude
1 2 1 2T
AQr(r) == [ AQ(r,¢)d¢ = [ AQa(r,¢)dd =0
™ Jo 271' 0
Independent on ¢ Has zero average over the

synchrotron motion

M. Schenk et al., “Vlasov description of the effects of nonlinear chromaticity on transverse coherent beam
instabilities”, Phys. Rev. Accel. Beams 21, 084402
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@ Handling the head-tail phase shift

N4 We recall the equation:

OAY oAy dfy 2J,R = FMzt)
“a wO(QyO + AQs(r, ¢) + AQRr(r)) Bﬁy + wsa—¢ = _ﬁ 90(J>) Qo SlngyW

where we are looking for

+00 +00
AY(J,, 0 1) = i P(J )Py . g—iPA2(r.9) RP(r)e—il
solutions in the form: Y(Jy: Oy, $38) = e Z F(Jy)e € Z 1 (r)e

p=—00 l=—o0

e the derivatives:

A
022 jlws — jpwo(Qyo /—\QR))

d¢
d 2J R Fcoh z;t
yO

we replace the expression in the equation and comp

+00 I
it Z fp(Jy)ejpBy ) Z Rf(r)e—j(pAi»(z,J)—Hqﬁ) (jQ Jpws

p=—00 l=—c0

moyyv

By choosing A® so that [AQas(r, ¢) = —— ——— [ we can cancel the two circled terms:

+00 +o0
eI Z fP(J,)ePlre PAR(9) Z R (r)e 7 (j9 — jpwo(Qyo + AQRr) — jlw,)

p=——00 l=—OO
__dfo () 2J,R [ i — e~30\ FfoM(zt)
B dJ Jotr ng 2] moy~yv




y Explicit expression of the phase shift

ad we OAD
For the above to be valid we need to find A® so that AQq,('r, qb) = - 3—¢
0

We consider a detuning in polynomial
form (including for example the e-cloud (2,0) = Z ApZ" + Bpo"
and arbitrary order chromaticity):

we can find an explicit expression for AD:

80 9) = =2 L [4n () - Tt ) + () B (5201 - 50 )]

where: CO((P) — 4) C1(¢) _ singb Td

So() =9 S1() = —cosg Co = Ca(27) — Ca(0)
Sn = Sn(27T) - SH(O)




Simplifying the equation

y We go back to our Vlasov equation

~7_~"

“+0o0
191
ey
p=—00

+00
Jy) ejpgy e_ij(I)(Ttﬁb) Z

[=—0c0

Ry (r

+oo 400
with:  Aep(J,, 0y, 7, ¢;t) = e/ Z fP(J,)ePl . e IPAR(r9) . Z RP(r)e 9

p=—00

)e (5 — jpwo(Qyo + AQR) — jlws)

dfo " 2J,R (eﬁy — ejﬁ’y) Foh(2;t)
_4Jo :
gO Qo 2] MYV

l=—0o0

we can make the usual approximations, assuming that the coherent force is purely dipolar
and that the betatron tune is larger than the synchrotron tune (see Chao, or Nicolas @ CAS)

obtaining:

Feoh(zt
._M@ Quowo — woAQRr — lw;) = e i IR (1) g, (p) ———L 5 1)
moyyv

with: Alp(Jy’ ey’ T, QS, ) — eJQtega dfO

2J,R , <=2
. e~ JA%(r9) | Ry(r)e 7%
Qyo z—z_;o

Our unknowns are the frequency (€2) and the structure of the unstable mode (R)).
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y Expressing the coherent force

To describe the coherent force, we use the
2 response functions introduced before:
g N
= 0 :
‘z Ay'(2) =) ankn(2)
-2 n=0
-30 20 ~10 0 10 20 30 1 _
Z [em] an = 7r3 /y(z)hn(z)dz
— PIC N=6 N=8 —— N=10 "

Combiningthe two: Ay’ (2) = Zk’ (z)/ (z)h (z

We go from a lumped kick to a distributed force along the machine

Fcoh — mg’}”U . mO’Y’U
27rR

Zk (z>/y(z)’* &)y



y Expressing the coherent force

>~ coh __ mO’Y’U h (Z
Fo" = 5r R n(2) | 7(2)

The position along the bunch changes during the instability (head-tail motion), so it depends
on the perturbation Ay:

diydy’

5(2) = v asgAy(5,5'29)

Replacing above we obtain:

N
coh mo")/v - 3
Feoh (1) = Ao(z o [[ vy [[ dzas'gav(s.5.2 )nzkn

We know that Ay has this form:

Na

3m

: d 2J,R . RS .
A’l,b(Jy,ey,’r, ?; t) — eJQt 76, fO o . e—JAcﬁ(r,gﬁ) . Z Rl(,r)e—quﬁ
Yy I=—00

With (quite) some manipulations we obtain:

N Nmyyvws e

FyCOh(Ta ¢,t) = 27”]@ //'rd'rdgbe —A%(7.9) Z Ry (T)e—ﬂ@bzk ('rcosqb)h (r cosqb)
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y Integral equation
+00

7 | - Feoh (1)
D Ri(r)e (Q — Qyowo — woAQR — lw,) = e T2 gy (1) ;—
l=— moyv

coh mo’)/‘U ~ =l 3 2
Fet) = 5oy e [ e [[ azdbuau (5.9 )Zk() o

We combine them:

s - Nw, .
_Jl¢ Q - - A — — ——3 JA@(Tﬁb)
5% R0)e (0 - Qi - s~ 1) = A g

+00 N 1 (= 7
3 h,, (7 cos @)
% didd - e IA2(F9) Ry ( e
/f’r Fdg - e I_EOO r(7)e EZO (7 cos ¢) ;

2
We use the orthogonality condition / dpel'Pe="¢ = 276,
0

Nv
Ri(r)(Q — Qyowo — woAQp — lw,) = ————e/ 224 g (7)
81 Qy()

. . oo o N hi, (7 cos ¢
2 /dcpe”"’ // 7d7d([) e—]ACD(r,cp)l Z Rp(f)e_]l ¢ Zok" (TCOS ¢) n (7'1_(13%08 4))
/:—OO n=

This is a generalized form of Sacherer’s integral equation
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y Orthogonal polynomials

Nw
S Ry(r)e %(Q — W /}A/ —lw,) = — 8 AP (p
l—E—oo: 1(r)e” P (Q — Quowo — woXQR ) = yrrow go(r)
400 N 7 (= 7
[ hn
x/f'rd'rdqb e IA2(7,9) E Ry(7)e 31‘755 k(7 cos ¢) (7};;)545)
'=—00 n=0 n
We expand the radial distribution using a set of orthogonal polynomial f,:
= Orthogonality
Ry(r) = Wi(r b fim (7 /mfr o (P)wi(r)dr = Fipb,, o
1(r) 1( )mEZO tm Jim (T) condition: Fim (r) fim ()i () 1mOm,

where W(r) and w(r) are regular functions that we can choose to ease convergence.

(*)
Wi(r)

By applying to both sides the operator /d'r wi(7) fim(7) and using the orthogonality:

Nv
8772@3;0

[df,beﬂ‘b //rdrd¢e JAR(F,9) Z Ry (7) —35’¢Zk (rcos ¢) ("" COS¢)

(here we have assumed AQg=0, we will generalize later)

bim Fim (2 — Qyowo — lw,) = — fdrwg( ) fim ()72 2(:9) gO(T)

Wi(r)




y Orthogonal polynomials
Nv

>~ blmﬂm(ﬂ _ QyOOJO — lws) = — 87‘[‘2Qy0 [d?" 'wl( )flm('r)eJA‘I’ 7,0) I'/g%((:'))

400 N
/d¢€ﬂ¢ f/rdrdqﬁe JAR(F.9) Z Ry(F)e -7”‘?521::” 7 COS @) (T COSQ&)
=00 "N\

We replace the expansion: |Ri(r) = Wi(r) Z bun, fim ()

And we obtain:

Nv
blfn'i,F‘lm(Q - QyOWO - lws) - = 87T2Qy{)
X Z bl,m, / / drd wy(7) fim (1)e?229) go—mejl¢kn(r cos ¢)
‘— Wi(r)
// ,rd,rdqsefjA‘I’(r,qﬁ m (~) fl" ’(?-,-,)ejl"qg hn(‘i’: COS ¢)
Ao (7 cos @)

These are known quantities!



y Eigenvalue problem

7/ Nv
tmFim (£ — Qyowo ) 5720,

N
X Z by ; [/ drdg w(r) fim (r)e?22(9) ;(/)'((r)) ek, (r cos ¢)

I'm/
X [ f rdrdge 00 d W) ooy it InlT cos ?)
Ao (7 cos @) H?

This can be rewritten synthetically as:

These are our unknowns
blm@ Q,owo — lw,) = E :Mlm l,m The structure of eigenvalue
T ’ problem is clearly visible
“shape” of the
mode

/ / drde wi(r) fym (r)e?A29) ;g((?;)) ek, (r cos ¢)

Complex frequency
(tune shift and risetime)

where: My, pm = ———
8m QyOEm n=0

//’r'd'r'dq&e_JA‘I’ w3  Wi(F) fo (7)e 19 hy (7 cos @)
Ao (7 cos @) H?




Outline

e [Introduction

* Synthetic modelling of e-cloud dipolar and quadrupolar forces

©)

©)

Modelling the detuning along the bunch

Response to sinusoidal distortions

* @Generalized Vlasov solver

©)

O O O O O

O

Generalization to an arbitrary detuning along the bunch
Handling the head-tail phase shift

Expressing the coherent force

Integral equation

Orthogonal polynomials and eigenvalue problem
Handling the detuning with longitudinal amplitude

Implementation

* Application to LHC e-cloud instabilities

O

Comparison against PyHEADTAIL

* Checks for the case of a dipolar impedance



@ Detuning with longitudinal amplitude

<7\ We go back to our full integral equation:

N .
Rz(?“)(ﬂ - Qyowo — lwg — AQR(T)WO) = —ﬁém(r’@?o(”')

/d¢6ﬂ¢//rd7’d¢e JAD(7,B) Z Rl,(,,,)e—ﬂ'gﬁzk (r cos ) P (r cosqS)

We project it over our set of orthogonal polynomials applying the integral /dr wi(7) fim(r)

Wi(r)

E Mm,l’ m' bl’ m'

= \

Matrix found before
We replace the expansion: |Ri(r) = W(r) Z bim fim (1)

bim (2 — Quowp — lws) — dr w (7 flm/ VV[('I’

+00
w
bim (2 — Qyowo — lws) — ﬁ > bzm'fd?"'wz( )AQR(T) fium(r) fim (1) = D M ybrmy
m m'=0 I'm!



Detuning with longitudinal amplitude

[/erz(T)AQR(T)fzm 7) fumt (T) ZMmI’ by

These are known quantities!

. ~ w
We define: Mlm’l,mf — 5”,—

Im

dr wi(r) AQR(T) fim (7) fim (1)

obtaining again an eigenvalue problem:

blm(Q - QyOw{) - lws) — Z(Mlm,l’m' ) bl"m’
I'm/

where the effect of the detuning with longitudinal amplitude just introduces an

additional term in the matrix
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Implementation

ﬁ_/y As in DELPHI we choose: oo
Ry(r) = Wi(r) Z bim fim (7)
m=0

The radial distribution is expanded using the

Gaussian bunch (in longitudinal)
N _2
Ao(z) = e > Associated Laguerre polynomials
v 2oy 0,
T fim(r) = L, (ar )
QO(T) — 9 € b . . . .
270y, making this choice for the shape function W,
iy
Wi(r) = (i) e "
Ty
8
where:  a= — ry, = 4o
We can get explicit expressions for our matrices Ty
va m)!
My = —
e 47/ 27Q o0 (7] +m)!
—af —%) hn('ﬁ COoSs Q—S) e*ﬂ'fﬁ

N N7 o
X Z; / 7 dF (rib) L) (ar?) f dpe IA%(0)e (1 —

X /r dr (cw"b'r)“'L,l,fn| (arz) e /dgb /A2 k. (r cos ¢)e?

My = 1y—> [ dr2are™" (ar?)" AQr(r) LI (ar?) LY, (ar?)

Im



B y In the end...

>~ So practically we needed to write a (python) code that computes these integrals (the
structure of the matrix can be exploited to speed-up the calculation):

va m/!

An*\/21Q 00 (U] +m)!
. a e a2 (1228 ) B (Fcosd) -
X Z/'rdr( ) L'”( )/d¢eJA¢(r,¢)e ( zwg) n('-';gs ¢) o Id

n=0
X /r dr (arb'r)llle (ar®)e 2] /dgb eIA2r AL (r cos ¢)ell?

Mlm,l' m —

Mt = 805 [ dr2are™" (ar) " AQr(r) L (ar?) L} (ar?)

Im

And that solves this eigenvalue problem:
blm(Q — QyOw{) — lws) — Z(Mlm,l’m’ + Mlm,l’m’) bl’m’
U'm'

giving us the tune shift and risetime of the unstable modes (€2), and the shape of the
intra-bunch motion (b, )
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Application to LHC e-cloud instabilities
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We introduce the different effects one by one:

* With the e-cloud dipolar force alone (response functions)

o Negative tune shifts are observed when increasing the cloud strength

o Instabilities are triggered by transverse mode coupling
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Application to LHC e-cloud instabilities

We introduce the different effects one by one:

* With the e-cloud dipolar force alone (response functions)

o Negative tune shifts are observed when increasing the cloud strength

o Instabilities are triggered by transverse mode coupling

When introducing the head-tail phase shift due to the e-cloud quadrupolar force

o The mode coupling behavior is affected
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Application to LHC e-cloud instabilities

We now introduce just a tune shift (independent on z) due to the e-cloud
qguadrupolar forces:

All frequencies are shifted upwards
The most unstable mode is shifted up to (Q-Q,)/Q, = -1, as found in PIC

macroparticle simulations

On the mode-0 tune shift a cancellation between dipolar and quadrupolar

forces is observed
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Application to LHC e-cloud instabilities

~7_~"

We finally introduce the detuning with longitudinal amplitude

e A forest of modes with different radial structure appears

 The most unstable mode becomes less strong

e Other weaker instabilities appear

Dipolar

I:coh

Quadrupolar

AP, ¢) [V]AQ, [X]AQ(,)

5
0.00 0.25

0.50 0.75 1.00
e-cloud strength factor

1.25

1.50

(Q'QO)/QS

Dipolar Quadrupolar

I:coh AcD(‘Jz, ¢) AQo AQ(’JZ)

Lo

P
-
-
-
o

po>
Lo t?
-

I
-
=
L~

0.00 0.25 050 0.75 1.00 1.25 1.50
e-cloud strength factor




@ Application to LHC e-cloud instabilities

<7 We finally introduce the detuning with longitudinal amplitude
e A forest of modes with different radial structure appears
 The most unstable mode becomes less strong

e Other weaker instabilities appear

- Clearly visible on the imaginary parts of the complex tune-shifts
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y Comparisons against PyHEADTAIL

<7 The different effects were implemented in PyHEADTAIL to validate the Vlasov solver

* The Vlasov solver agrees very well with the macroparticle simulations in all
simulated conditions
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y Comparisons against PyHEADTAIL

<7 The different effects were implemented in PyHEADTAIL to validate the Vlasov solver

* The Vlasov solver agrees very well with the macroparticle simulations in all
simulated conditions
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Comparisons against PyHEADTAIL
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The different effects were implemented in PyHEADTAIL to validate the Vlasov solver

The Vlasov solver agrees very well with the macroparticle simulations in all

simulated conditions
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(Q-Qo)/Qs

Comparisons against PyHEADTAIL

The different effects were implemented in PyHEADTAIL to validate the Vlasov solver

The Vlasov solver agrees very well with the macroparticle simulations in all

When detuning with longitudinal amplitude is introduced, only a subset of the
modes are visible on the centroid frequency spectrum
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Growth rate [1/s]

Comparisons against PyHEADTAIL

Good agreement between PyHEADTAIL and the Vlasov solver is observed also on the

instability risetimes
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Comparisons against PyHEADTAIL

Good agreement between PyHEADTAIL and the Vlasov solver is observed also on the
instability risetimes
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Good agreement between PyHEADTAIL and the Vlasov solver is observed also on the
instability risetimes
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y Comparisons against PyHEADTAIL

~7_~"

Good agreement between PyHEADTAIL and the Vlasov solver is observed also on the
instability risetimes
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y Effect of transverse non-linearities

~7_~"
The only effect that is not included in the Vlasov solver, is the impact of transverse
non-linearities

* These are introduced PyHEADTAIL in the form of a static non-linear map
(independent on z)

* We observe a mitigating effect on the instability (Landau damping)
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y Effect of transverse non-linearities

~7_~"

The simulations performed with the simplified model agree rather well with the full-
PIC simulations when looking at risetime, frequency spectrum and intra-bunch pattern
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Effect of transverse non-linearities
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@ Impedance check 450 GeV

<7 -\ The presented method can be applied also to the case of a dipolar impedance
(BB resonator) for check purposes:

* The harmonic response from the impedance is computed from short PyHEADTAIL
simulations as done from the e-cloud

* Itis possible to prove analytically that the matrix obtained in this way and the
matrix computed by DELPHI should be identical

- This was verified, also in the presence of chromaticity
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y Summary and conclusions

We have identified a synthetic way to model the dipolar and quadrupolar
forced introduced by an e-cloud along a bunch

We have developed a Vlasov solver which includes this effects
o The dipolar forces are modelled using a set of response functions

o The detuning along the bunch is decomposed into a term responsible for

the detuning with longitudinal amplitude and a term responsible for the
headtail phase shift

The results have been successfully compared against PyHEADTAIL simulations
implementing the same model and good agreement is found also against

PyECLOUD-PyHEADTAIL PIC simulations when introducing also the effect of
transverse non-linearities



Thanks for your attention!
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With quadrupolar alone there is no instabilitty

| min=-7, |_ max=7, m_max=20, N_max=49




