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• The ‘master formula’ for LHC observables:

QCD factorisation
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d�(p p ! X) =
X

i,j

Z 1

0
dx1 dx2 fi(x1) fj(x2) d�̂(i j ! X)
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Parton Distribution Functions
non-perturbative; 

describe the structure of the proton

Partonic cross section
computable in perturbation theory 

as collisions between quarks and gluons

d�̂ ⇠
Z

dPS |A|2
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= scattering amplitude
= sum of Feynman diagrams



Anatomy of higher orders

• Leading order (LO):



+

Anatomy of higher orders

Individually divergent, but sum is finite.

• Next-to-LO (NLO):

Virtual Real

• Leading order (LO):



+

Anatomy of higher orders

++

• Next-to-LO (NLO):

• Next-to-next-to-LO (NNLO):

• Leading order (LO):

We know how to combine reals and virtuals at NLO and NNLO.
[NNLO: Anastasiou, Melnikov, Petriello; Catani, de Florian, Grazzini; Gehrmann, Gehrmann-de Ridder, Glover; 

Czakon; Czakon, Fiedler, Mitov; Caola, Melnikov, Schulze; Caola, Melnikov, Röntsch; Gaunt, Stahlhofen, 
Tackmann, Walsh; Boughezal, Focke, Giele, Liu, Petriello; Cacciari, Dreyer, Karlberg, Salam, Zanderighi; 

G.Bevilacqua, A.Kardos, G.Somogyi, Z.Trocsanyi, Z.Tulipant; L.Magnea, L.Maina, G.Pelliccioli, C.Signorile-
Signorile, P.Torrielli, S.Uccirati, …]



Outline

• These computations are hard! [© xkcd.com]

➡ Towards N3LO precision for key 
observables.

➡ NNLO precision for the LHC.

• In the rest of the talk, I will 
focus on recent results in fixed 
order perturbation theory.

• Outline:

➡ conceptionally.
➡ practically.

http://xkcd.com


NNLO precision 
for the LHC



State-of-the-art NNLO

➡ Frontier: two-loop computations with massive propagators.

• Fully differential predictions for             processes at NNLO 
are becoming the standard, e.g.:

<latexit sha1_base64="OH16vYoxN0Q9IwXR0laDikuL1zY=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqswMoi4LblxWsA9oh5JJM21skhmSjFCGghv3bvUX3IlbP8Q/8DPMtF3Y1gOBwzk393HChDNtXPfbKaytb2xuFbdLO7t7+wflw6OmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HoJvdbj1RpFst7M05oIPBAsogRbKzU9LsmRn6vXHGr7hRolXhzUoE56r3yT7cfk1RQaQjHWnc8NzFBhpVhhNNJqZtqmmAywgPasVRiQXWQTbedoDOr9FEUK/ukQVP1748MC63HIrSVApuhXvZy8T+vk5roOsiYTFJDJZkNilKO7In56ajPFCWGjy3BRDG7KyJDrDAxNqCFKXlvpSM9KdlovOUgVknTr3qXVf/uolKrPc1CKsIJnMI5eHAFNbiFOjSAwAO8wCu8Oc/Ou/PhfM5KC8482GNYgPP1C3kJmGE=</latexit>

2 ! 2
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p p ! H + j
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p p ! t t̄
[Czakon, Fiedler, Mitov; 
Catani, Devoto, Grazzini, 

Kallweit, Mazzitelli]

<latexit sha1_base64="E92/d0ASdZTzLnTgFycCjJaVBik=">AAACCnicbZDNSgMxFIXv1L9a/6ou3QwW0UUpM0XUZcGNywp2KnSGkkkzbWgmE5OMUIaCD+Derb6CO3HrS/gGPoaZtgvbeiFwOOcm9+YLBaNKO863VVhZXVvfKG6WtrZ3dvfK+weeSlKJSQsnLJH3IVKEUU5ammpG7oUkKA4ZaYfD6zxvPxKpaMLv9EiQIEZ9TiOKkTZWIPyq8HVie37VO+2WK07NmZS9LNyZqMCsmt3yj99LcBoTrjFDSnVcR+ggQ1JTzMi45KeKCISHqE86RnIUExVkk6XH9olxenaUSHO4tifu3xsZipUaxaHpjJEeqMUsN//LOqmOroKMcpFqwvF0UJQy23wzJ2D3qCRYs5ERCEtqdrXxAEmEteE0NyV/W6pIjUsGjbsIYll49Zp7UavfnlcajacppCIcwTGcgQuX0IAbaEILMDzAC7zCm/VsvVsf1ue0tWDNwB7CXFlfv184mwY=</latexit>

p p ! V V 0 <latexit sha1_base64="DWnQzMHzAuFLqb/JpHmZVcjotnY=">AAACCXicbZDLSgMxFIbP1Futt6pLN8EiuChlpoi6LLjpsoK9QKeUTJppQzOZkGSEMhTcu3err+BO3PoUvoGPYabtwrYeCPz8/0nOyRdIzrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ThShTRLzWHUCrClngjYNM5x2pKI4CjhtB+O7LG8/UqVZLB7MRNJehIeChYxgYy1f+mXpmxi1/HK9Xyy5FXdWaF14C1GCRTX6xR9/EJMkosIQjrXueq40vRQrwwin04KfaCoxGeMh7VopcER1L53tPEUX1hmgMFb2CINm7t8bKY60nkSB7YywGenVLDP/y7qJCW97KRMyMVSQ+aAw4cj+MgOABkxRYvjECkwUs7siMsIKE2MxLU3J3lY61NOCReOtglgXrWrFu65U769KtdrTHFIezuAcLsGDG6hBHRrQBAISXuAV3pxn5935cD7nrTlnAfYUlsr5+gXhPJrH</latexit>

p p ! V H

[Boughezal, Focke, Liu, Petriello; 
Boughezal, Campbell, Ellis, 

Focke, Liu, Petriello; Gehrmann-
de Ridder, Gehrmann, Glover, 

Huss, Morgan]

[Boughezal, Caola, Melnikov, 
Petriello; Schulze; Boughezal, 

Focke, Giele, Liu, Petriello; Chen, 
Gehrmann, Glover, Jaquier]

[Currie, Gehrmann-de Ridder, 
Gehrmann, Glover, Huss, 

Pires; Czakon, van Hameren, 
Mitov, Poncelet]

[Chen, Gehrmann, 
Glover, Höfer, Huss]

[Ferrera, Grazzini, 
Tramontano; Gauld, 

Gehrmann-de Ridder, 
Glover, Huss, Majer]

[Cascioli, Gehrmann Grazzini, 
et al.; Gehrmann, Grazzini, 
Kallweit, et al.; Grazzini, 

Kallweit, Wiesemann, Yook]

[Catani, Cieri, de Florian, 
Ferrera, Grazzini]

• The relevant two-loop virtual integrals are mostly known 
(analytically or numerically).



Gluon-fusion at NNLO

➡ So far only available for                 , e.g., at LO:

• Recent milestone: Higgs production in gluon-fusion at NNLO 
with full top-mass dependence. [Czakon, Harlander, Klappert, Niggetiedt]
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mt ! 1

➡ Mass-effects previously estimated to be ~1%.
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Table I: E↵ects of a finite top-quark mass on the total hadronic Higgs-boson production cross section for the LHC @ 13 TeV and
8 TeV, separately for the partonic channels and including Monte Carlo integration error estimates. Results obtained with the
PDF set NNPDF31 nnlo as 0118 [45], renormalization and factorization scales µR = µF = MH/2, Higgs-boson mass MH = 125
GeV, and top-quark mass Mt =

p
23/12 ⇥ MH ⇡ 173.055 GeV. The NNLO cross section within HEFT (�NNLO

HEFT ) has been
obtained with SusHi [46, 47] and is split into contributions from the individual orders in ↵s.

channel
�
NNLO
HEFT [pb] (�NNLO

exact � �
NNLO
HEFT ) [pb]

(�NNLO
exact /�

NNLO
HEFT � 1) [%]

O(↵2
s) +O(↵3

s) +O(↵4
s) O(↵3

s) O(↵4
s)

p
s = 8TeV

gg 7.39 + 8.58 + 3.88 +0.0353 +0.0879± 0.0005 +0.62
qg 0.55 + 0.26 �0.1397 �0.0021± 0.0005 �18
qq 0.01 + 0.04 +0.0171 �0.0191± 0.0002 �4

total 7.39 + 9.15 + 4.18 �0.0873 +0.0667± 0.0007 �0.10
p
s = 13TeV

gg 16.30 + 19.64 + 8.76 +0.0345 +0.2431± 0.0020 +0.62
qg 1.49 + 0.84 �0.3696 �0.0115± 0.0010 �16
qq 0.02 + 0.10 +0.0322 �0.0501± 0.0006 �15

total 16.30 + 21.15 + 9.79 �0.3029 +0.1815± 0.0023 �0.26

and at the same time eliminates the commonly accepted
uncertainty estimate arising from the lack of knowledge
of these e↵ects.

Our calculational techniques are also applicable to the
bottom- and charm-loop induced terms and the associ-
ated interference with the top-loop terms. This is de-
ferred to future work.

This research was supported by the Deutsche
Forschungsgemeinschaft (DFG, German Research Foun-
dation) under grants 396021762 - TRR 257 and
400140256 - GRK 2497: The physics of the heaviest par-
ticles at the Large Hardon Collider.

Simulations were performed with computing resources
granted by RWTH Aachen University under projects
rwth0414 and rwth0643.

[1] D. de Florian et al. (LHC Higgs Cross Section Working
Group), 2/2017 (2016), 1610.07922.

[2] C. Anastasiou, C. Duhr, F. Dulat, F. Herzog, and
B. Mistlberger, Phys. Rev. Lett. 114, 212001 (2015),
1503.06056.

[3] B. Mistlberger, JHEP 05, 028 (2018), 1802.00833.
[4] C. Anastasiou, R. Boughezal, and F. Petriello, JHEP 04,

003 (2009), 0811.3458.
[5] S. Actis, G. Passarino, C. Sturm, and S. Uccirati, Phys.

Lett. B 670, 12 (2008), 0809.1301.
[6] M. Bonetti, K. Melnikov, and L. Tancredi, Phys. Rev. D

97, 034004 (2018), 1711.11113.
[7] C. Anastasiou, V. del Duca, E. Furlan, B. Mistlberger,

F. Moriello, A. Schweitzer, and C. Specchia, JHEP 03,
162 (2019), 1811.11211.

[8] M. Bonetti, K. Melnikov, and L. Tancredi, Phys. Rev.
D 97, 056017 (2018), [Erratum: Phys.Rev.D 97, 099906
(2018)], 1801.10403.

[9] M. Becchetti, R. Bonciani, V. Del Duca, V. Hirschi,
F. Moriello, and A. Schweitzer, Phys. Rev. D 103, 054037
(2021), 2010.09451.

[10] D. Graudenz, M. Spira, and P. M. Zerwas, Phys. Rev.
Lett. 70, 1372 (1993).

[11] R. V. Harlander and W. B. Kilgore, Phys. Rev. Lett. 88,
201801 (2002), hep-ph/0201206.

[12] C. Anastasiou and K. Melnikov, Nucl. Phys. B 646, 220
(2002), hep-ph/0207004.

[13] V. Ravindran, J. Smith, and W. L. van Neerven, Nucl.
Phys. B 665, 325 (2003), hep-ph/0302135.

[14] K. Melnikov and A. Penin, JHEP 05, 172 (2016),
1602.09020.

[15] E. Braaten, H. Zhang, and J.-W. Zhang, Phys. Rev. D
97, 096014 (2018), 1707.09857.

[16] J. M. Lindert, K. Melnikov, L. Tancredi, and C. Wever,
Phys. Rev. Lett. 118, 252002 (2017), 1703.03886.

[17] F. Caola, J. M. Lindert, K. Melnikov, P. F. Monni,
L. Tancredi, and C. Wever, JHEP 09, 035 (2018),
1804.07632.

[18] C. Anastasiou and A. Penin, JHEP 07, 195 (2020), [Er-
ratum: JHEP 01, 164 (2021)], 2004.03602.

[19] S. Dawson, Nucl. Phys. B 359, 283 (1991).
[20] A. Djouadi, M. Spira, and P. M. Zerwas, Phys. Lett. B

264, 440 (1991).
[21] K. G. Chetyrkin, B. A. Kniehl, and M. Steinhauser, Nucl.

Phys. B 510, 61 (1998), hep-ph/9708255.
[22] S. Marzani, R. D. Ball, V. Del Duca, S. Forte, and

A. Vicini, Nucl. Phys. B 800, 127 (2008), 0801.2544.
[23] R. V. Harlander, H. Mantler, S. Marzani, and K. J. Oz-

eren, Eur. Phys. J. C 66, 359 (2010), 0912.2104.
[24] R. V. Harlander and K. J. Ozeren, JHEP 11, 088 (2009),

0909.3420.
[25] A. Pak, M. Rogal, and M. Steinhauser, JHEP 02, 025

(2010), 0911.4662.
[26] V. Del Duca, W. Kilgore, C. Oleari, C. Schmidt, and

D. Zeppenfeld, Nucl. Phys. B 616, 367 (2001), hep-
ph/0108030.

[27] F. Buccioni, J.-N. Lang, J. M. Lindert, P. Maierhöfer,
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The 2-to-3 frontier
• Two-loop integrals for 5-point functions (with massless propagators) 

are slowly becoming available.

Figure 3. Representative Feynman diagrams for leading-color A
(2)(g, g, g, g, g) amplitudes, con-

tributing at order N
0
f , N1

f and N
2
f .

Figure 4. Representative Feynman diagrams for leading-color A
(2)(q, q̄, g, g, g) amplitudes, con-

tributing at order N
0
f , N1

f and N
2
f .

Figure 5. Representative Feynman diagrams for leading-color A
(2)(q, q̄, Q, Q̄, g) amplitudes, con-

tributing at order N
0
f , N1

f and N
2
f .

The renormalized amplitudes can be obtained from their bare counterparts by replacing
in eq. (2.6) the bare QCD coupling ↵0 by the renormalized coupling ↵s in D = 4 � 2✏

dimensions. The two couplings are related by

↵0µ
2✏
0 S✏ = ↵sµ

2✏

✓
1�

�0

✏

↵s

4⇡
+

✓
�
2
0

✏2
�

�1

✏

◆⇣
↵s

4⇡

⌘2
+O

�
↵
3
s

�◆
, (2.8)

which we can use to define the perturbative expansion of the renormalized amplitude,

AR = S
� 3

2
✏ g

3
s

✓
A

(0)
R +

↵s

4⇡
NcA

(1)
R +

⇣
↵s

4⇡

⌘2
Nc

2
A

(2)
R +O(↵3

s)

◆
, (2.9)

where S✏ = (4⇡)✏e�✏�E and ↵s = g
2
s/(4⇡). The �i are the coefficients in the perturbative

expansion of the QCD �-function, which we give explicitly in appendix A. Here, µ2
0 is the

scale introduced in dimensional regularization to keep the coupling dimensionless in the

– 6 –

[Gehrmann, Henn, Lo Presti; Papadopoulos, Tommasini, Wever; Gehrmann, 
Henn, Wasser, Zhang, Zoia; Abreu, Ita, Moriello, Page, Tschernow]

➡ Extremely challenging computation, often requiring the 
development of novel computational techniques and/or 
new insight from mathematics.

• This opens the way for two-loop amplitudes for            
processes at the LHC:
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The 2-to-3 frontierFigure 1. Absolute pT (��) (left) and m(��) (right) di↵erential distributions. Shown are the predic-
tions in LO (green), NLO (blue), NNLO (red) QCD. The colored bands around the central scales are
from 7-point scale variation. The grey band shows the estimated Monte Carlo integration error in each
bin. The lower panel shows the same distributions but relative to the NLO central scale prediction.
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Figure 2. As in fig. 1 but for the m(��) distribution subjected to di↵erent pT (��) cuts: pT (��) > 50
GeV (left), pT (��) > 100 GeV (center) and pT (��) > 200 GeV (right).

the invariant mass of the two photons m(��), the angle between the two photons in the

Collins-Soper frame �CS , the absolute di↵erence in rapidities of the two photons �y(��) =

|y(�1)�y(�2)|, the azimuthal angle between the two photons ��(��) and the absolute rapid-

ity of the photon pair |y(��)|. We also calculate the NNLO QCD corrections to the following

two-dimensional distributions: m(��) ⌦ pT (��) and �CS ⌦ m(��).

We first discuss the pT (��) di↵erential distribution which is of central interest to this

work. The distribution is shown in fig. 1. As can be seen from this figure, the NLO QCD

correction is very significant relative to the LO one. In particular, the scale uncertainty bands

at LO and NLO do not overlap anywhere. This behavior is easy to understand based on the

properties of inclusive diphoton production through NNLO. Clearly, a reliable prediction of

this observable requires the inclusion of, at least, the NNLO QCD corrections.

As can be seen from fig. 1 the inclusion of the NNLO corrections has a major stabilizing

– 4 –
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Figure 6: Same as Figure 5, but for the transverse momentum spectrum of each photon.

at LO since these two photons need to recoil against the hardest photon �1. As a consequence,
the LO cross section vanishes for ���1,�2 < 2⇡/3 and ���2,�3 > 2⇡/3, respectively. Those phase
space regions are filled only upon inclusion of real QCD radiation through higher-order corrections,
which is required to overcome the kinematic constraints at LO. Accordingly, the NLO (NNLO)
predictions in these regimes are e↵ectively only LO (NLO) accurate, which is reflected by the
increased size of both corrections and uncertainty bands. We find that back-to-back configurations
of �1 and �2 are still preferred at higher orders, whereas the distribution of the azimuthal separation
between �2 and �3 becomes much more uniform when adding higher-order corrections.

In the central plots of Figure 8 we show the invariant-mass and transverse-momentum distributions
of the three-photon system. The invariant-mass distribution peaks around 100GeV. Below the
peak the distribution falls o↵ steeply with a lower bound imposed by the phase space selection cut
m��� � 50 GeV. In that low m��� region radiative corrections increase quite strongly. By contrast,
higher-order corrections become successively smaller in the tail of the m��� distribution, which
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• Over the last year, the first NNLO predictions for                 and         
                      have been published…
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The 2-to-3 frontier

• … and just this morning                 has appeared on the arXiv!
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FIG. 4: The top two panels show R3/2(pT (j1)) (in absolute
and as ratio to NLO) and the bottom two panels R3/2(HT ).
The colours are the same as in fig. 1.

factor slightly decreases for large momenta, however, it
is always fully contained within the NLO scale band. An
important observation is that the NNLO scale band is
very small in comparison to NLO, reducing it from about
10% down to 3%.

Next we consider the lower two panels in fig. 4, where
we show the ratio R3/2(HT ) for a central scale µ0 =
HT /2. This observable behaves similarly to R3/2(pT (j1))
albeit with a slightly larger scale dependence. The re-
duction in the scale uncertainty when going from NLO
to NNLO is of particular importance since this observ-
able is used experimentally for measurements of ↵S [5].
The leading source of perturbative uncertainty in this
data–theory comparison is the scale dependence. The
pdf dependence, which is not computed in this work, is
expected to largely cancel out in the ratio.

Jet rates are typically measured in slices of jet rapidity.
To demonstrate how our calculation performs in this sit-
uation, we divide the phase space in slices of the rapidity
di↵erence between the two leading jets

y
⇤ = |y(j1) � y(j2)|/2 , (8)

FIG. 5: The three panels show R3/2(HT , y
⇤), in each panel a

di↵erent slice in y
⇤ as ratio to NLO. The colours are the same

as in fig. 1.

and define the ratio of the two- and three-jet rates as

R3/2(HT , y
⇤) =

d2
�3/dHT /dy

⇤

d2�2/dHT /dy⇤ . (9)

The NNLO prediction for this cross section ratio can
be found in fig. 5 . The prediction is shown relative to the
NLO one. The NNLO correction is negative across the
full kinematic range and, overall, behaves very similarly
to the one for the rapidity-inclusive ratio R3/2(HT ). This
remains the case as y

⇤ increases, at least in the range of
rapidities considered here.

IV. CONCLUSIONS

In this work we present for the first time NNLO-
accurate predictions for three-jet rates at the LHC. We
compute di↵erential distributions for typical jet observ-
ables like HT and the transverse momentum of the ith
leading jet, i = 1, 2, 3, as well as di↵erential three-to-two
jet ratios. Scale dependence is the main source of theoret-
ical uncertainty for this process at NLO, and it gets sig-
nificantly reduced after the inclusion of the NNLO QCD
corrections. Notably, the three-to-two jet ratios stabilize
once the second-order QCD corrections are accounted for.

A central goal of the present work is to demonstrate
the feasibility of three-jet hadron collider computations
with NNLO precision. With this proof-of-principle goal
attained, one can now turn one’s attention to the broad
landscape of phenomenological applications for three-
jet production at the LHC. Examples include studies of
event-shapes [6, 39, 40], determination of the running
of the strong coupling constant ↵s through TeV scales
and resolving the question of scale setting in multi-jet
production. Another major benefit from having NNLO–
accurate predictions is the reliability of the theory uncer-
tainty estimates.
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we approximate the finite two-loop contribution

R
(2)(µ2

R) = 2 Re
h
M

†(0)
F
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i
(µ2

R) +
��F (1)

��2(µ2

R)

⌘ R
(2)(s12) +

4X

i=1

ci ln
i

✓
µ
2

R

s12

◆
, (1)

in the following way

R
(2)(s12) ⇡ R

(2)l.c.(s12) , (2)

where R
(2)l.c.(s12) denotes its leading-colour approxima-

tion. It is taken from the C++ implementation provided
in ref. [27].

Eq. (2) above is the only approximation made in the
present computation. We have checked that the overall
contribution of R

(2)l.c.(s12) is about O(2%) and we ex-
pect the missing pure virtual contributions beyond the
leading-colour approximations to be further suppressed.

We consider production of two and three jets at the
LHC with a center of mass energy of 13 TeV with jet re-
quirements adapted from experimental phase space defi-
nitions like, for example, ref. [6]. Jets are clustered using
the anti-kT algorithm [36] with a radius of R = 0.4 and
required to have transverse momentum pT (j) of at least
60 GeV and rapidity y(j) fulfilling |y(j)| < 4.4. All jets
passing this requirement are sorted and labeled according
to their pT from largest to smallest. Among those jets we
require the two leading jets to fulfill pT (j1)+pT (j2) > 250
GeV in order to avoid large higher-order corrections in
two-jet production close to the phase space boundary.
We denote by d� the di↵erential cross section for at least
n jets fulfilling the above criteria. Its expansion in ↵S

reads

d�n = d�
(0)

n + d�
(1)

n + d�
(2)

n + O
�
↵
n+3

S

�

d�
LO

n = d�
(0)

n ,

d�
NLO

n = d�
(0)

n + d�
(1)

n ,

d�
NNLO

n = d�
(0)

n + d�
(1)

n + d�
(2)

n . (3)

We quantify the size of (N)NLO corrections with the
help of the following ratios of di↵erential cross sections

K
NNLO =

d�
NNLO

d�NLO
and K

NLO =
d�

NLO

d�LO
. (4)

The pdf set NNPDF31 nnlo as 0118 is used for all per-
turbative orders. The renormalization µR and factoriza-
tion µF scales are set equal µR = µF = µ0. The central
scale µ0 is chosen as ĤT /n for n = 1, 2, where

ĤT =
X

i2partons

pT,i . (5)

The sum in the above equation is over all final state par-
tons, irrespective of the jet requirements. Previous stud-
ies of perturbative convergence in jet production support
this event-based dynamic scale [37, 38]. Unless stated
otherwise, uncertainties from missing higher orders in
perturbation theory are estimated by independent vari-
ation of µF and µR by a factor of 2 around the central
scale µ0, subject to the constraint 1/2  µR/µF  2.
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FIG. 1: The three panels show the ith leading jet transverse
momentum pT (ji) for i = 1, 2, 3 for the production of (at
least) three jets. LO (green), NLO (blue) and NNLO (red) are
shown for the central scale (solid line). 7-point scale variation
is shown as a coloured band. The grey band corresponds to
the uncertainty from Monte Carlo integration.

III. RESULTS

We begin by discussing typical jet observables at
hadron colliders. In fig. 1 we show di↵erential cross sec-
tions for three-jet production with respect to the trans-
verse momentum pT (ji) of the ith leading jet. In all his-
tograms the outer bins do not include over- or under-flow
events.

The NNLO K-factor of the pT (j1) distribution is not
flat: at small pT (j1) one observes negative NNLO correc-
tions of about �10%, while at large pT (j1) the corrections
tend to be small and positive. The change in scale depen-
dence for this observable when going from NLO to NNLO
is also dependent on pT (j1). One observes a rather signif-
icant reduction at large pT (j1) (from about 7% at NLO to
about 2% at NNLO) while at small pT (j1), where the K-
factor is largest, the scale dependence slightly increases
(from about 4% at NLO to about 5% at NNLO). In-
terestingly, the scale dependence at NLO and NNLO be-
haves rather di↵erently: at NLO it steadily increases with
pT (j1) while at NNLO it decreases with pT (j1). Through-
out this work we define the scale dependence as one half
of the width of the scale uncertainty band. This is rel-
evant for cases where the scale variation is asymmetric,
as for example is the case of pT (j1) at NLO.

The pT (j2) distribution has a similar pattern of NNLO
corrections: relative to NLO they are negative, about

[Czakon, Mitov, Poncelet]
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State-of-the-art
• State-of-the-art at N3LO: Inclusive color-singlet production.

<latexit sha1_base64="suDAcnxwtShHKwAEJ5aT6uOQfH0=">AAACH3icbVDLSgMxFM3UV62vUZdugkUQH2WmiLosuHFZwT6gMy2ZNNOGJjMhyQhlKLjyP9y71V9wJ277B36G6bQL23og4XDOvbm5JxCMKu04Yyu3srq2vpHfLGxt7+zu2fsHdRUnEpMajlksmwFShNGI1DTVjDSFJIgHjDSCwd3EbzwRqWgcPeqhID5HvYiGFCNtpI4NhXchPB1Dr4c4R+2zjBPG2ufZfdmxi07JyQCXiTsjRTBDtWP/eN0YJ5xEGjOkVMt1hPZTJDXFjIwKXqKIQHiAeqRlaIQ4UX6abTKCJ0bpwjCW5kQaZurfjhRxpYY8MJUc6b5a9Cbif14r0eGtn9JIJJpEeDooTBg0205igV0qCdZsaAjCkpq/QtxHEmFtwpubMnlbqlCNCiYadzGIZVIvl9zrUvnhqlipPE9DyoMjcAxOgQtuQAXcgyqoAQxewBt4Bx/Wq/VpfVnf09KcNQv2EMzBGv8CuRWjJg==</latexit>

p p ! �⇤ ! `+`�
<latexit sha1_base64="5nNejfWFvGNCj1xzcNGdjbtfCv8=">AAACE3icbVDLSgMxFL1TX7W+xsfOzWARXEiZKaIuC25cVrAP6Awlk2ba0EwmJBmhDgV/wr1b/QV34tYP8A/8DDNtF7b1QMLhnHtzb04oGFXadb+twsrq2vpGcbO0tb2zu2fvHzRVkkpMGjhhiWyHSBFGOWloqhlpC0lQHDLSCoc3ud96IFLRhN/rkSBBjPqcRhQjbaSufST8c+HrxGnll08Y83natctuxZ3AWSbejJRhhnrX/vF7CU5jwjVmSKmO5wodZEhqihkZl/xUEYHwEPVJx1COYqKCbLL92Dk1Ss+JEmkO185E/duRoVipURyayhjpgVr0cvE/r5Pq6DrIKBepJhxPB0Upc8xH8yicHpUEazYyBGFJza4OHiCJsDaBzU3J35YqUuOSicZbDGKZNKsV77JSvbso12pP05CKcAwncAYeXEENbqEODcDwCC/wCm/Ws/VufVif09KCNQv2EOZgff0CJkSesA==</latexit>

p p ! W ! `⌫

<latexit sha1_base64="wwTjFcRAL6HKt2fqEY8h2uifdoY=">AAACBnicbVDLSsNAFL2pr1pfVZduBovgQkpSRF0W3HRZwT6kCWUynaRDZ5IwMxFKKLh071Z/wZ249Tf8Az/DSduFbT0wcDjnzn0cP+FMadv+tgpr6xubW8Xt0s7u3v5B+fCoreJUEtoiMY9l18eKchbRlmaa024iKRY+px1/dJv7nUcqFYujez1OqCdwGLGAEayN9BC6F6GrY9Tolyt21Z4CrRJnTiowR7Nf/nEHMUkFjTThWKmeYyfay7DUjHA6KbmpogkmIxzSnqERFlR52XThCTozygAFsTQv0miq/v2RYaHUWPimUmA9VMteLv7n9VId3HgZi5JU04jMBgUpR+bE/Ho0YJISzceGYCKZ2RWRIZaYaJPRwpS8t1SBmpRMNM5yEKukXas6V9Xa3WWlXn+ahVSEEziFc3DgGurQgCa0gICAF3iFN+vZerc+rM9ZacGaB3sMC7C+fgHm6pm5</latexit>

g g ! H
<latexit sha1_base64="EEJ+Obkd7jGZOVt4FOjOAb02JZg=">AAACDnicbZDLSgMxFIbP1Futl466dBMsggspM0XUZcFNlxXsBTpDSdJMG5q5kGSEMgz4CO7d6iu4E7e+gm/gY5heFrb1QODn/09yTj6SCK6043xbhY3Nre2d4m5pb//gsGwfHbdVnErKWjQWsewSrJjgEWtprgXrJpLhkAjWIeO7ad55ZFLxOHrQk4T5IR5GPOAUa2P17TLxLj2CZUZyT8eo0bcrTtWZFVoX7kJUYFHNvv3jDWKahizSVGCleq6TaD/DUnMqWF7yUsUSTMd4yHpGRjhkys9mi+fo3DgDFMTSnEijmfv3RoZDpSYhMZ0h1iO1mk3N/7JeqoNbP+NRkmoW0fmgIBXIfHFKAQ24ZFSLiRGYSm52RXSEJabasFqaMn1bqkDlJYPGXQWxLtq1qntdrd1fVer1pzmkIpzCGVyACzdQhwY0oQUUUniBV3iznq1368P6nLcWrAXYE1gq6+sXWY+cpQ==</latexit>

b b̄ ! H

<latexit sha1_base64="dfYfqwxfC64rb1qjWfO+R/8TWmg=">AAACCXicbZDLSgMxFIbP1Futt6pLN8EiuChlpoi6LLjpsoK9QGcomTQzDc1khiQjlKHg3r1bfQV34tan8A18DDNtF7b1QODn/09yTj4/4Uxp2/62ChubW9s7xd3S3v7B4VH5+KSj4lQS2iYxj2XPx4pyJmhbM81pL5EURz6nXX98l+fdRyoVi8WDniTUi3AoWMAI1sZyQ7caujpGTbfaHJQrds2eFVoXzkJUYFGtQfnHHcYkjajQhGOl+o6daC/DUjPC6bTkpoommIxxSPtGChxR5WWznafowjhDFMTSHKHRzP17I8ORUpPIN50R1iO1muXmf1k/1cGtlzGRpJoKMh8UpByZX+YA0JBJSjSfGIGJZGZXREZYYqINpqUp+dtSBWpaMmicVRDrolOvOde1+v1VpdF4mkMqwhmcwyU4cAMNaEIL2kAggRd4hTfr2Xq3PqzPeWvBWoA9haWyvn4BrSeapw==</latexit>

g g ! HH

<latexit sha1_base64="nwzpF48DyrYySU/BtpDpL4IenrA=">AAACCXicbZDLSgMxFIbPeK31VnXpJlgEQSkzRdRlwU2XFewFOkPJpJk2NpMJSUYoQ8G9e7f6Cu7ErU/hG/gYppeFbT0Q+Pn/k5yTL5ScaeO6387K6tr6xmZuK7+9s7u3Xzg4bOgkVYTWScIT1QqxppwJWjfMcNqSiuI45LQZDm7HefORKs0ScW+GkgYx7gkWMYKNtXzpX0jfJKh6Xn7oFIpuyZ0UWhbeTBRhVrVO4cfvJiSNqTCEY63bnitNkGFlGOF0lPdTTSUmA9yjbSsFjqkOssnOI3RqnS6KEmWPMGji/r2R4VjrYRzazhibvl7MxuZ/WTs10U2QMSFTQwWZDopSjuwvxwBQlylKDB9agYlidldE+lhhYiymuSnjt5WO9Chv0XiLIJZFo1zyrkrlu8tipfI0hZSDYziBM/DgGipQhRrUgYCEF3iFN+fZeXc+nM9p64ozA3sEc+V8/QK74Jqw</latexit>

p p ! H + 2j

[Anastasiou, CD, Dulat, 
Herzog, Mistlberger]

[CD, Dulat, Mistlberger; CD, 
Dulat, Hirschi, Mistlberger ]

[Dreyer, Karlberg]

[Chen, Li, Shao, Wang] [CD, Dulat, Mistlberger] [CD, Dulat, Mistlberger]

<latexit sha1_base64="n2pxfLCItGCZ2imgw7iB/0eFw10=">AAACCXicbZDLSgMxFIbP1Futt6pLN8EiuChlpoi6LLjpsoK9QKeUTJppQzOZkGSEMhTcu3err+BO3PoUvoGPYabtwrYeCPz8/0nOyRdIzrRx3W8nt7G5tb2T3y3s7R8cHhWPT1o6ThShTRLzWHUCrClngjYNM5x2pKI4CjhtB+O7LG8/UqVZLB7MRNJehIeChYxgYy1f+mXpmxi1/XK9Xyy5FXdWaF14C1GCRTX6xR9/EJMkosIQjrXueq40vRQrwwin04KfaCoxGeMh7VopcER1L53tPEUX1hmgMFb2CINm7t8bKY60nkSB7YywGenVLDP/y7qJCW97KRMyMVSQ+aAw4cj+MgOABkxRYvjECkwUs7siMsIKE2MxLU3J3lY61NOCReOtglgXrWrFu65U769KtdrTHFIezuAcLsGDG6hBHRrQBAISXuAV3pxn5935cD7nrTlnAfYUlsr5+gXi2ZrI</latexit>

p p ! W H

[Baglio, CD,  Mistlberger, 
Szafron] NEW!

Figure 3: The cross sections for producing a W+ (left) or W� (right) as a function of the

virtuality Q normalised to the N3LO prediction. The uncertainty bands are obtained by

varying µF and µR around the central scale µcent = Q. The dashed magenta line indicates

the physical W boson mass, Q = mW .

virtual photon production in ref. [10], hinting once more towards a universality of the

QCD corrections to these processes.
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Figure 4: The cross sections for producing a W+ (left) or W� (right) as a function of

the virtuality Q. The uncertainty bands are obtained by varying µF and µR around the

central scale µcent = Q/2. The dashed magenta line indicates the physical W boson mass,

Q = mW .

Figure 4 shows the scale variation of the cross section with a di↵erent choice for the

central scale, µcent = Q/2. It is known that for Higgs production a smaller choice of the

factorisation scale leads to an improved convergence pattern and the bands from scale

variations are strictly contained in one another. We observe here that the two scale choices

share the same qualitative features.

The fact that the scale variation bands do not overlap puts some doubt on whether

it gives a reliable estimate of the missing higher orders in perturbation theory, or whether

other approaches should be explored (cf., e.g., refs. [85, 86]). In ref. [10] it was noted that

for virtual photon production there is a particularly large cancellation between di↵erent

initial state configurations. We observe here the same in the case of W boson production.

This cancellation may contribute to the particularly small NNLO corrections and scale

variation bands, and it may be a consequence of the somewhat arbitrary split of the content
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Lessons learned from N3LO

DY/W

ggH

4

that the t-channel singularity in the gluon-initiated pro-
cess gb ! bH leads to a collinear logarithm of the form
log(4µf/mH) in the inclusive cross section. Based on
this observation, it was argued that is natural to vary
to factorisation scale at NLO in an interval around the
central scale µf = mH/4 [83–86]. This choice is corrob-
orated by the fact that it reduces the size of the NLO
corrections. An improved convergence of the perturba-
tive expansion for µf = mH/4 was later also observed at
NNLO [19, 77, 82]. We see from our calculation that this
trend continues at N3LO. We observe that for higher val-
ues of µf , the convergence behaviour of the cross section
with the perturbative order deteriorates. In particular,
choosing µf = µr = mH reduces the overlap of the scale
variation bands between NNLO and N3LO. We therefore
conclude that µf = mH/4 remains a good choice for the
factorisation scale even at N3LO.

Tab. II presents results for the inclusive cross section
for a proton-collider for various hadronic centre-of-mass
energies, and we show the main uncertainties a↵ecting
the cross section. To obtain central values and PDF un-
certainties we use the Monte-Carlo replica method fol-
lowing the PDF4LHC recommendation [80]. All other
uncertainties are computed with a fixed PDF set, namely
the zeroth member of the PDF4LHC15 nnlo mc set. The
QCD scale uncertainty is estimated by varying µr and µf

as described in the previous paragraph. We also include
an uncertainty reflecting the fact that currently there are
no N3LO PDF sets available. The estimate of this un-
certainty was obtained following the recipe introduced
in Ref. [29]. The bottom quark mass is a↵ected by an
uncertainty of +0.04

�0.03
GeV [79] and we display the result-

ing uncertainty of our cross section. A more detailed
discussion of the uncertainties, including a more compre-
hensive study of the impact of di↵erent PDF sets, will be
presented in Ref. [78].

S [TeV] �bbH [pb] scale PDF+↵s mb N3LO PDFs

7 0.174 +3.0%
�3.3% ±9.2% +2.3%

�1.7% ±3.9%

8 0.226 +3.0%
�3.6% ±9.2% +2.3%

�1.7% ±3.5%

13 0.542 +3.0%
�4.8% ±8.5% +2.3%

�1.7% ±2.5%

14 0.614 +3.0%
�5.0% ±8.5% +2.3%

�1.7% ±2.3%

27 1.69 +3.2%
�6.8% ±7.7% +2.3%

�1.7% ±1.2%

100 9.20 +3.8%
�11.% ±6.8% +2.3%

�1.7% ±0.76%

TABLE II The hadronic bottom-quark-fusion Higgs
boson production cross section at various centre of mass
energies. For a description of the uncertainties, see main

text.

COMMENT ON THRESHOLD EXPANSIONS

Let us comment on the value of the N3LO cross sec-
tion and how it compares to results obtained by approx-
imations based on incomplete calculations at N3LO. In
particular, the contribution to the cross section when the
Higgs boson is produced at threshold and all QCD radia-
tion is soft corresponds to the limit z ! 1. In this limit,
the cross section develops large logarithms, which can be
resummed to all orders. In Ref. [73] the universal struc-
ture of the threshold logarithms was combined with the
three-loop form factor of Ref. [39] and the constant term
for Higgs production at threshold at N3LO of Ref. [53] to
obtain the analytic result for the partonic cross section
at N3LO at threshold (at threshold only the bb̄ chan-
nel contributes), and predictions for the inclusive cross
section were presented. We can use our exact result for
cross section at N3LO and confront it with the threshold
approximation.

Fig. 2 shows a comparison of the expansion of the par-
tonic cross sections around the production threshold of
the Higgs boson to our exact result after convolution
with the PDFs. To this end we performed a series ex-
pansion of the partonic cross section around z = 1 and
we study the convergence of the threshold expansion in
Fig. 2. While the series stabilises after several terms,
the value of the cross section varies widely if only a few
terms are included. Alternatively, one can consider the
threshold expansion after transforming the cross section
to Mellin-space, where the threshold limit corresponds
to the expansion in large values of the Mellin variable
N . This corresponds to a reorganisation of the terms
in the expansion, and it was observed that in N -space
the logarithmic expansion at leading (and possibly fixed
sub-leading) power of the cross section shows a better
convergence. Here, however, we study the convergence
of the threshold expansion far beyond leading power.

Fig. 3 shows the comparison of the z-space and N -
space expansion. We find that the threshold expansion in
N -space is an alternating series at every order in the per-
turbative expansion, and the amplitude of the oscillation
increases with both the perturbative order and the order
in the threshold expansion, reaching O(1022) at N3LO af-
ter 50 terms in the threshold expansion. This invalidates
the use of a pure Mellin-space approach (i.e., a truncated
expansion in logk N/N

p) to obtain reliable predictions at
N3LO. Using an algorithm to sum alternating series [87],
we can replace the pure Mellin-space expansion by a con-
verging series, which reaches a plateau at the correct
value after several terms in the expansion (while it di-
verges later due to numerical instabilities due to the large
oscillation amplitude). The method chosen in ref. [87] to
arrive at a convergent series represents only one partic-
ular scheme and this choice should be associated with
a scheme uncertainty itself if the series is truncated be-

bbH 0.978
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Next, let us analyze the uncertainties quoted in our cross-section prediction. We

present our result in eq. (8.1) with two uncertainties which we describe in the following. The

first uncertainty in eq. (8.1) is the theory uncertainty related to missing corrections in the

perturbative description of the cross-section. Just like for the central value, it is interesting

to look at the breakdown of how the di↵erent e↵ects build up the final number. Collecting

all the uncertainties described in previous sections, we find the following components:

�(scale) �(trunc) �(PDF-TH) �(EW) �(t, b, c) �(1/mt)

+0.10 pb

�1.15 pb
±0.18 pb ±0.56 pb ±0.49 pb ±0.40 pb ±0.49 pb

+0.21%
�2.37% ±0.37% ±1.16% ±1% ±0.83% ±1%

In the previous table, �(scale) and �(trunc) denote the scale and truncation uncertainties

on the rEFT cross-section, and �(PDF-TH) denotes the uncertainty on the cross-section

prediction due to our ignorance of N3LO parton densities, cf. Section 3. �(EW), �(t, b, c)

and �(1/mt) denote the uncertainties on the cross-section due to missing quark-mass e↵ects

at NNLO and mixed QCD-EW corrections. The first uncertainty in eq. (8.1) is then

obtained by adding linearly all these e↵ects. The parametric uncertainty due to the mass

values of the top, bottom and charm quarks is at the per mille level, and hence completely

negligible. We note that including into our prediction resummation e↵ects in the schemes

that we have studied in Section 4 would lead to a very small scale variation, which we

believe unrealistic and which we do not expect to capture the uncertainty due to missing

higher-order corrections at N4LO and beyond. Based on this observation, as well as on the

fact that the definition of the resummation scheme may su↵er from large ambiguities, we

prefer a prudent approach and we adopt to adhere to fixed-order perturbation theory as

an estimator of remaining theoretical uncertainty from QCD.

The second uncertainty in eq. (8.1) is the PDF+↵s uncertainty due to the determina-

tion of the parton distribution functions and the strong coupling constant, following the

PDF4LHC recommendation. When studying the correlations with other uncertainties in

Monte-Carlo simulations, it is often necessary to separate the PDF and ↵s uncertainties:

�(PDF) �(↵s)

±0.90 pb +1.27pb
�1.25pb

±1.86% +2.61%
�2.58%

Since the �(↵s) error is asymmetric, in the combination presented in eq. (8.1) we conser-

vatively add in quadrature the largest of the two errors to the PDF error.

As pointed out in Section 7, the PDF4LHC uncertainty estimate quoted above does

not cover the cross-section value as predicted by the ABM12 set of parton distribution func-

tions. For comparison we quote here the corresponding cross-section value and PDF+↵s
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FIG. 2 The cross section as a function of the invariant mass Q2 of the lepton pair for small (left) and large (right)
values of Q.

of this section we present our results for the cross section
as a function of the invariant mass of the lepton pair, and
we discuss the sources of uncertainty that a↵ect it.

Tab. I contains numerical values for the QCD K-factor,
i.e., the ratio of the N3LO cross section over the NNLO
cross section. We observe that for all values of the invari-
ant mass Q considered, the cross section receives negative
corrections at the percent level at LHC center-of-mass
energies. We include numerical estimates of the size of
the three uncertainties discussed. The central values and
scale variation bands for the K-factor are obtained with
the zeroth member of the PDF4LHC15 nnlo mc set. We
define

KN
3
LO

QCD
=

�(3)(µf = µr = Q)

�(2)(µf = µr = Q)
,

�(X) =
�X(�(3))

�(3)(µf = µr = Q)
,

(2)

where �(n)(µf = µr = Q) is the hadronic cross section
including perturbative corrections up to nth order evalu-
ated for µF = µR = Q and �X(�(n)) is the absolute un-
certainty of the cross section from source X as described
below.

Q/GeV KN
3
LO

QCD �(scale) �(PDF+↵S) �(PDF-TH)

30 0.952 +1.5%
�2.5% ±4.1% ±2.7%

50 0.966 +1.1%
�1.6% ±3.2% ±2.5%

70 0.973 +0.89%
�1.1% ±2.7% ±2.4%

90 0.978 +0.75%
�0.89% ±2.5% ±2.4%

110 0.981 +0.65%
�0.73% ±2.3% ±2.3%

130 0.983 +0.57%
�0.63% ±2.2% ±2.2%

150 0.985 +0.50%
�0.54% ±2.2% ±2.2%

TABLE I Numerical predictions for the QCD
K-factor at N3LO.

Let us now analyse the two sources of uncertainty re-
lated to the PDFs (PDF+↵S an PDF-TH) and the de-
pendence of the cross section on the renormalisation and
factorisation scales. Fig. 1 displays the impact of our im-
precise knowledge of parton distribution functions and
the strong coupling constant on our abilities to predict
the DY cross section. The PDFs and the strong coupling

constant cannot be computed from first principle but
they need to be extracted from measurements. In order
to study the PDF+↵s uncertainties we use the Monte-
Carlo replica method following the PDF4LHC recom-
mendation [69]. In addition, we study the uncertainty
reflecting the fact that currently there are no N3LO PDF
sets available. The estimate of this uncertainty was ob-
tained following the recipe introduced in Ref. [17]. As
shown in Fig. 1 each of the two uncertainties is of the
order of ±2% over the whole range of invariant masses
considered.

Fig. 2 shows the value of the NLO, NNLO and N3LO
cross sections normalised to the central N3LO value as
a function of the invariant mass Q2 of the lepton pair.
The bands indicate the dependence of the cross section
at di↵erent orders on the choice of the renormalisation
and factorisation scales. We choose Q as a central scale
and increase and decrease both scales independently by
a factor of two with respect to the central scale while
maintaining 1

2
 µR/µF  2. We observe that at N3LO

the cross section depends only very mildly on the choice
of the scale. In particular, for small and very large invari-
ant masses the dependence on the scale is substantially
reduced by inclusion of N3LO corrections compared to
NNLO. Remarkably, however, we find that for invariant
masses 50 GeV . Q . 400 GeV, the bands obtained by
varying the renormalisation and factorisation scales at
NNLO and N3LO do not overlap for the choice of the
central scale Q that is conventionally chosen in the liter-
ature. This is in stark contrast to the case of the N3LO
corrections to the inclusive cross section for Higgs pro-
duction in gluon and bottom-quark fusion [16, 18, 19],
where the band obtained at N3LO was always strictly
contained in the NNLO band (for reasonable choices of
the central scales). We note that this behaviour does not
depend on our choice of the central scale, but we observe
the same behaviour when the central scale is chosen as
Q/2. Since this is a new feature which has not been ob-
served so far for inclusive N3LO cross section, we analyse
it in some detail.

Fig. 3 shows the dependence of the cross section for
an invariant mass Q = 100 GeV on one scale with the
other held fixed at the central scale Q = 100 GeV. The
bands are again obtained by varying the scale by a factor
of two up and down around the central scale. We see

�scale
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FIG. 2 The cross section as a function of the invariant mass Q2 of the lepton pair for small (left) and large (right)
values of Q.

of this section we present our results for the cross section
as a function of the invariant mass of the lepton pair, and
we discuss the sources of uncertainty that a↵ect it.

Tab. I contains numerical values for the QCD K-factor,
i.e., the ratio of the N3LO cross section over the NNLO
cross section. We observe that for all values of the invari-
ant mass Q considered, the cross section receives negative
corrections at the percent level at LHC center-of-mass
energies. We include numerical estimates of the size of
the three uncertainties discussed. The central values and
scale variation bands for the K-factor are obtained with
the zeroth member of the PDF4LHC15 nnlo mc set. We
define

KN
3
LO

QCD
=

�(3)(µf = µr = Q)

�(2)(µf = µr = Q)
,

�(X) =
�X(�(3))

�(3)(µf = µr = Q)
,

(2)

where �(n)(µf = µr = Q) is the hadronic cross section
including perturbative corrections up to nth order evalu-
ated for µF = µR = Q and �X(�(n)) is the absolute un-
certainty of the cross section from source X as described
below.

Q/GeV KN
3
LO

QCD �(scale) �(PDF+↵S) �(PDF-TH)

30 0.952 +1.5%
�2.5% ±4.1% ±2.7%

50 0.966 +1.1%
�1.6% ±3.2% ±2.5%

70 0.973 +0.89%
�1.1% ±2.7% ±2.4%

90 0.978 +0.75%
�0.89% ±2.5% ±2.4%

110 0.981 +0.65%
�0.73% ±2.3% ±2.3%

130 0.983 +0.57%
�0.63% ±2.2% ±2.2%

150 0.985 +0.50%
�0.54% ±2.2% ±2.2%

TABLE I Numerical predictions for the QCD
K-factor at N3LO.

Let us now analyse the two sources of uncertainty re-
lated to the PDFs (PDF+↵S an PDF-TH) and the de-
pendence of the cross section on the renormalisation and
factorisation scales. Fig. 1 displays the impact of our im-
precise knowledge of parton distribution functions and
the strong coupling constant on our abilities to predict
the DY cross section. The PDFs and the strong coupling

constant cannot be computed from first principle but
they need to be extracted from measurements. In order
to study the PDF+↵s uncertainties we use the Monte-
Carlo replica method following the PDF4LHC recom-
mendation [69]. In addition, we study the uncertainty
reflecting the fact that currently there are no N3LO PDF
sets available. The estimate of this uncertainty was ob-
tained following the recipe introduced in Ref. [17]. As
shown in Fig. 1 each of the two uncertainties is of the
order of ±2% over the whole range of invariant masses
considered.

Fig. 2 shows the value of the NLO, NNLO and N3LO
cross sections normalised to the central N3LO value as
a function of the invariant mass Q2 of the lepton pair.
The bands indicate the dependence of the cross section
at di↵erent orders on the choice of the renormalisation
and factorisation scales. We choose Q as a central scale
and increase and decrease both scales independently by
a factor of two with respect to the central scale while
maintaining 1

2
 µR/µF  2. We observe that at N3LO

the cross section depends only very mildly on the choice
of the scale. In particular, for small and very large invari-
ant masses the dependence on the scale is substantially
reduced by inclusion of N3LO corrections compared to
NNLO. Remarkably, however, we find that for invariant
masses 50 GeV . Q . 400 GeV, the bands obtained by
varying the renormalisation and factorisation scales at
NNLO and N3LO do not overlap for the choice of the
central scale Q that is conventionally chosen in the liter-
ature. This is in stark contrast to the case of the N3LO
corrections to the inclusive cross section for Higgs pro-
duction in gluon and bottom-quark fusion [16, 18, 19],
where the band obtained at N3LO was always strictly
contained in the NNLO band (for reasonable choices of
the central scales). We note that this behaviour does not
depend on our choice of the central scale, but we observe
the same behaviour when the central scale is chosen as
Q/2. Since this is a new feature which has not been ob-
served so far for inclusive N3LO cross section, we analyse
it in some detail.

Fig. 3 shows the dependence of the cross section for
an invariant mass Q = 100 GeV on one scale with the
other held fixed at the central scale Q = 100 GeV. The
bands are again obtained by varying the scale by a factor
of two up and down around the central scale. We see

3

FIG. 2 The cross section as a function of the invariant mass Q2 of the lepton pair for small (left) and large (right)
values of Q.

of this section we present our results for the cross section
as a function of the invariant mass of the lepton pair, and
we discuss the sources of uncertainty that a↵ect it.
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=
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,

(2)

where �(n)(µf = µr = Q) is the hadronic cross section
including perturbative corrections up to nth order evalu-
ated for µF = µR = Q and �X(�(n)) is the absolute un-
certainty of the cross section from source X as described
below.
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QCD �(scale) �(PDF+↵S) �(PDF-TH)

30 0.952 +1.5%
�2.5% ±4.1% ±2.7%
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�0.54% ±2.2% ±2.2%

TABLE I Numerical predictions for the QCD
K-factor at N3LO.

Let us now analyse the two sources of uncertainty re-
lated to the PDFs (PDF+↵S an PDF-TH) and the de-
pendence of the cross section on the renormalisation and
factorisation scales. Fig. 1 displays the impact of our im-
precise knowledge of parton distribution functions and
the strong coupling constant on our abilities to predict
the DY cross section. The PDFs and the strong coupling

constant cannot be computed from first principle but
they need to be extracted from measurements. In order
to study the PDF+↵s uncertainties we use the Monte-
Carlo replica method following the PDF4LHC recom-
mendation [69]. In addition, we study the uncertainty
reflecting the fact that currently there are no N3LO PDF
sets available. The estimate of this uncertainty was ob-
tained following the recipe introduced in Ref. [17]. As
shown in Fig. 1 each of the two uncertainties is of the
order of ±2% over the whole range of invariant masses
considered.

Fig. 2 shows the value of the NLO, NNLO and N3LO
cross sections normalised to the central N3LO value as
a function of the invariant mass Q2 of the lepton pair.
The bands indicate the dependence of the cross section
at di↵erent orders on the choice of the renormalisation
and factorisation scales. We choose Q as a central scale
and increase and decrease both scales independently by
a factor of two with respect to the central scale while
maintaining 1

2
 µR/µF  2. We observe that at N3LO

the cross section depends only very mildly on the choice
of the scale. In particular, for small and very large invari-
ant masses the dependence on the scale is substantially
reduced by inclusion of N3LO corrections compared to
NNLO. Remarkably, however, we find that for invariant
masses 50 GeV . Q . 400 GeV, the bands obtained by
varying the renormalisation and factorisation scales at
NNLO and N3LO do not overlap for the choice of the
central scale Q that is conventionally chosen in the liter-
ature. This is in stark contrast to the case of the N3LO
corrections to the inclusive cross section for Higgs pro-
duction in gluon and bottom-quark fusion [16, 18, 19],
where the band obtained at N3LO was always strictly
contained in the NNLO band (for reasonable choices of
the central scales). We note that this behaviour does not
depend on our choice of the central scale, but we observe
the same behaviour when the central scale is chosen as
Q/2. Since this is a new feature which has not been ob-
served so far for inclusive N3LO cross section, we analyse
it in some detail.

Fig. 3 shows the dependence of the cross section for
an invariant mass Q = 100 GeV on one scale with the
other held fixed at the central scale Q = 100 GeV. The
bands are again obtained by varying the scale by a factor
of two up and down around the central scale. We see
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momentum of the Higgs pair system is imposed to be
larger than the cuto↵ parameter pvetoT . In such a case,
there must be an additional jet in accompany with the
Higgs pair. Therefore, in order to have NNLO cross sec-
tion of class-b, we only need to calculate the NLO cor-
rections to hh plus a jet, of which the underlying Born
is represented for example by Fig.1(b) but with an ad-
ditional gluon emission. In this work, we use the Mad-

Graph5 aMC@NLO [78] framework to perform such cal-
culations. The two Wilson coe�cients are also expanded
in a series of ↵s. Since the contribution of this class is
from the interference between the amplitudes with only
one e↵ective vertex insertion and with two e↵ective ver-
tices, one has to organize these coe�cients and ampli-
tudes in an appropriate way. Thanks to the recent de-
velopment [79] to handle mixed-order scenarios, we are
able to obtain the results order-by-order in ↵s. To calcu-
late the one-loop amplitudes automatically, we prepare
the model files by using FeynRules [80], FeynArts [81]
and an in-house Mathematica program, which has been
validated in [82, 83]. The counter-terms, especially the
rational R2 terms, have been extensively checked with
the results in the literature [84, 85]. The tensor inte-
grals appearing in the one-loop amplitudes are evalu-
ated by MadLoop [78, 86] equipped with Collier [87],
while the real emission contribution is computed with
the module MadFKS [88, 89] with the FKS subtraction
method [90, 91]. We want to stress that the inclusion
of the contribution from class-b is indispensable in the
sense that it not only contributes to the same order in ↵s

but also cancels the remaining scale dependence in class-
a at N3LO (details shown in the supplemental material).
Finally, since the NLO cross sections of class-c can be
obtained with full-fledged methods, we refrain ourselves
from presenting details about them, but they have been
routinely included in our final results.

We have performed many cross checks and validations
in our calculations. All the terms except for O(↵5

s) terms
of class-a and class-b listed in Table I have been cross
checked at least by two independent calculations at the
inclusive total cross section level. Specifically, we have
reproduced the cross section of a single Higgs boson pro-
duction up to NNLO in iHixs2 by using our program.
This agreement can check our implementations of the
two-loop beam and soft functions, as well as the calcula-
tion of one-loop amplitudes with one e↵ective vertex. In
addition, we have calculated the NLO and NNLO correc-
tions to Higgs pair production in the infinite top-quark
mass limit, and found agreement with HPair2 [12, 13]
and Ref.[18], respectively. This helps to check Eq.(3)
and the calculation of one-loop amplitudes with two ef-
fective vertices. These nontrivial checks already ensure
the correctness of many components of our calculations.
For the O(↵5

s) term of class-a, we simply used iHixs2 by
employing Eq.(3). Such a program has been validated
with the Higgs pair cross sections from LO to NNLO,

which makes us convinced that the O(↵5
s) piece of class-

a is correct. For the remaining O(↵5
s) part of class-b,

we carefully checked the various pieces that are used in
our calculation. In particular, we have checked the scale
dependence of the finite part in the two-loop amplitudes
with two e↵ective vertices [74] by the renormalization
group equation that the hard function should satisfy.
The one-loop amplitude can also been extracted from the
scale-dependent part of the two-loop amplitudes, and it
has been compared against the analytical result we cal-
culated with fire [92] and to the numerical result from
MadLoop. Again, we find perfect agreements. Moreover,
we have checked the independence of the final NNLO re-
sults for class-b on the values of pvetoT over the range from
4 GeV to 20 GeV (see the supplemental material).
Results – In our numerical calculations, we take

v = 246.2 GeV and the Higgs boson mass mh =
125 GeV. The top-quark pole mass, which enters only
into the Wilson coe�cients, is mt = 173.2 GeV. We
use the PDF4LHC15 nnlo 30 PDF [93–96] provided by
LHAPDF6 [97], and the associated strong coupling ↵s.
The default central scale is chosen to be the invariant
mass of the Higgs pair divided by 2, i.e. µ0 = mhh/2,
and the scale uncertainty is evaluated through the 9-point
variation of the factorization scale µF and the renor-
malization scale µR in the form of µR,F = ⇠R,Fµ0 with
⇠R, ⇠F 2 {0.5, 1, 2}.

order

p
s

13 TeV 14 TeV 27 TeV 100 TeV

LO 13.80+31%
�22% 17.06+31%

�22% 98.22+26%
�19% 2015+19%

�15%

NLO 25.81+18%
�15% 31.89+18%

�15% 183.0+16%
�14% 3724+13%

�11%

NNLO 30.41+5.3%
�7.8% 37.55+5.2%

�7.6% 214.2+4.8%
�6.7% 4322+4.2%

�5.3%

N3LO 31.31+0.66%
�2.8% 38.65+0.65%

�2.7% 220.2+0.53%
�2.4% 4438+0.51%

�1.8%

TABLE II: The inclusive total cross sections (in unit of fb)
of Higgs boson pair production at di↵erent center-of-mass en-
ergies from LO to N3LO. The quoted relative uncertainties
are from the 9-point scale variations µR,F = ⇠R,F

mhh
2 with

⇠R, ⇠F 2 {0.5, 1, 2}. The errors due to the numerical Monte
Carlo integration are well below 1h.

We present the inclusive total cross sections (from LO
to N3LO) of the Higgs boson pair production at di↵erent
center-of-mass energies in Table II and Fig. 2. Similarly
to the single Higgs case, the QCD higher-order correc-
tions are prominent. The NLO corrections increase the
LO cross section by 87% (85%) at

p
s = 13 (100) TeV.

The NNLO corrections improve the NLO cross section
further by 18% (16%), reducing the scale uncertainty by
a factor of 2 to 3 to be below 8%. Finally, the N3LO
corrections turn out to be 3.0% (2.7%), which lies well
within the scale uncertainty band of the NNLO result.
Now, the scale uncertainty at N3LO is less than 3% (2%),
with another significant reduction of 2-3 times. For the
purpose of the comparison, the PDF parameterization
uncertainty at 13 TeV amounts to ±3.3%, which is larger
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FIG. 2. Comparison between inclusive (left) and fiducial (right) predictions for the rapidity distribution of the Higgs boson up
to N3LO. Predictions are shown at LO (grey), NLO (green), NNLO (blue), N3LO (red), and for the NNLO prediction re-scaled
by the inclusive KN3LO-factor (orange).

channel at N3LO. The fully di↵erential prediction is as-
sembled according to Eq. (1), which requires:

1. The inclusive calculation at N3LO for the Higgs ra-
pidity distribution yH as computed in Ref. [20] and
implemented in the RapidiX library. This result is
based on techniques developed in Refs. [38, 39] and
is given by analytic formulae for the partonic rapid-
ity distribution computed by means of a threshold
expansion. We supplement this result by exploiting
the fact that the Higgs boson decays isotropically
in its rest frame to generate the inclusive N3LO cal-
culation di↵erential in the Higgs boson decay prod-
ucts.

2. The fully di↵erential NNLO calculation for the
H+jet process. This has been computed in Ref. [29]
using the antenna subtraction method [22, 39] and
is available within the parton-level Monte Carlo
generator NNLOJET.

We have implemented the P2B method for color-neutral
final states within the NNLOJET framework together
with an interface to the RapidiX library to access the
inclusive part of the calculation.

For our phenomenological results, we restrict ourselves
to the decay of the Higgs boson into a pair of photons
and closely follow the corresponding 13 TeV ATLAS
measurement [40] with the following fiducial cuts

p�1

T > 0.35⇥m�� , p�2

T > 0.25⇥m�� , (7)

|⌘� | < 2.37 excluding 1.37 < |⌘� | < 1.52,

where �1 and �2 respectively denote the leading and sub-
leading photon with m�� ⌘ MH = 125 GeV the invari-
ant mass of the photon-pair system. For each photon,
an additional isolation requirement is imposed where the
scalar sum of partons with pT > 1 GeV within a cone of
�R = 0.2 around the photon has to be less than 5% of the
pT of the photon. Note that this setup induces a highly
non-trivial interplay between the final-state photons and
QCD emissions, requiring a fully di↵erential description
of the process. Throughout this letter, we work in the
narrow width approximation to combine the production
and decay of the Higgs boson. To derive numerical pre-
dictions we use PDF4LHC15_nnlo_100 [41] parton distri-
bution functions and choose the value of the top quark
mass in the modified minimal subtraction scheme to be
mt(mt) = 162.7 GeV.

Figure 1 compares predictions for the fiducial rapidity
distribution of the Higgs boson yH based on two di↵er-
ent methods. This comparison serves as the validation
of the P2B implementation up to NNLO against an in-
dependent calculation based on the antenna subtraction
method. The lower panels in Fig. 1 show the ratio of the
two calculations, where the filled band and the error bars
correspond to the uncertainty estimates of the Monte
Carlo integration of the antenna- and P2B-prediction,
respectively. The ratios shown in the bottom two panels
reveal agreement within numerical uncertainties between
the two calculations at the per-mille and sub-per-cent
level for the coe�cients at NLO and NNLO, respectively.

Figure 2 compares the inclusive rapidity distribution of
the Higgs boson to the fiducial rapidity distribution of the
di-photon pair. It was already noted in Refs. [20, 21] that

Inclusive
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channel at N3LO. The fully di↵erential prediction is as-
sembled according to Eq. (1), which requires:

1. The inclusive calculation at N3LO for the Higgs ra-
pidity distribution yH as computed in Ref. [20] and
implemented in the RapidiX library. This result is
based on techniques developed in Refs. [38, 39] and
is given by analytic formulae for the partonic rapid-
ity distribution computed by means of a threshold
expansion. We supplement this result by exploiting
the fact that the Higgs boson decays isotropically
in its rest frame to generate the inclusive N3LO cal-
culation di↵erential in the Higgs boson decay prod-
ucts.

2. The fully di↵erential NNLO calculation for the
H+jet process. This has been computed in Ref. [29]
using the antenna subtraction method [22, 39] and
is available within the parton-level Monte Carlo
generator NNLOJET.

We have implemented the P2B method for color-neutral
final states within the NNLOJET framework together
with an interface to the RapidiX library to access the
inclusive part of the calculation.

For our phenomenological results, we restrict ourselves
to the decay of the Higgs boson into a pair of photons
and closely follow the corresponding 13 TeV ATLAS
measurement [40] with the following fiducial cuts

p�1

T > 0.35⇥m�� , p�2

T > 0.25⇥m�� , (7)

|⌘� | < 2.37 excluding 1.37 < |⌘� | < 1.52,

where �1 and �2 respectively denote the leading and sub-
leading photon with m�� ⌘ MH = 125 GeV the invari-
ant mass of the photon-pair system. For each photon,
an additional isolation requirement is imposed where the
scalar sum of partons with pT > 1 GeV within a cone of
�R = 0.2 around the photon has to be less than 5% of the
pT of the photon. Note that this setup induces a highly
non-trivial interplay between the final-state photons and
QCD emissions, requiring a fully di↵erential description
of the process. Throughout this letter, we work in the
narrow width approximation to combine the production
and decay of the Higgs boson. To derive numerical pre-
dictions we use PDF4LHC15_nnlo_100 [41] parton distri-
bution functions and choose the value of the top quark
mass in the modified minimal subtraction scheme to be
mt(mt) = 162.7 GeV.

Figure 1 compares predictions for the fiducial rapidity
distribution of the Higgs boson yH based on two di↵er-
ent methods. This comparison serves as the validation
of the P2B implementation up to NNLO against an in-
dependent calculation based on the antenna subtraction
method. The lower panels in Fig. 1 show the ratio of the
two calculations, where the filled band and the error bars
correspond to the uncertainty estimates of the Monte
Carlo integration of the antenna- and P2B-prediction,
respectively. The ratios shown in the bottom two panels
reveal agreement within numerical uncertainties between
the two calculations at the per-mille and sub-per-cent
level for the coe�cients at NLO and NNLO, respectively.

Figure 2 compares the inclusive rapidity distribution of
the Higgs boson to the fiducial rapidity distribution of the
di-photon pair. It was already noted in Refs. [20, 21] that

Fiducial

[Dulat, Mistlberger, Pelloni; Chen, Gehrmann, Glover, 
Huss, Mistlberger, Pelloni]➡ First results for gluon-fusion.
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• We have all the ingredients to compute di-photon production at 
N3LO.
➡ 3-loop integrals & 3-loop amplitude. [Henn, Mistlberger, Smirnov, Wasser; 

Caola, Tancredi, von Manteuffel]

➡ NNLO computation for                       .
<latexit sha1_base64="2JvUbaFL2HscBZS01ZqkFy34IbI=">AAACEHicbZDLSgMxFIYz9VbrbapLN8EiCEqZKaIuC25cVrAX6Awlk2ba2CQTkoxSSsFncO9WX8GduPUNfAMfw0zbhW09EPj5/5Ocky+SjGrjed9ObmV1bX0jv1nY2t7Z3XOL+w2dpAqTOk5YoloR0oRRQeqGGkZaUhHEI0aa0eA6y5sPRGmaiDszlCTkqCdoTDEy1uq4RRmcycAksBL0EOfo9L7jlryyNym4LPyZKIFZ1TruT9BNcMqJMJghrdu+J004QspQzMi4EKSaSIQHqEfaVgrEiQ5Hk9XH8Ng6XRgnyh5h4MT9e2OEuNZDHtlOjkxfL2aZ+V/WTk18FY6okKkhAk8HxSmD9qsZB9ilimDDhlYgrKjdFeI+UggbS2tuSva20rEeFywafxHEsmhUyv5FuXJ7XqpWn6aQ8uAQHIET4INLUAU3oAbqAINH8AJewZvz7Lw7H87ntDXnzMAegLlyvn4BYdCdKg==</latexit>

p p ! 2� + j

➡ They can be combined using, e.g., qT subtraction (at least in 
principle).

<latexit sha1_base64="zn+WrJmCGcV/9ijCOqoYLU3B0rQ=">AAACA3icbVDLSgNBEOyNrxhfUY9eFoPgKewGUY8BLx4jmAckIfROZpMxM7PLzKwQloAX7171F7yJVz/EP/AznE1yMIkFDUVV93RPBTFn2njet5NbW9/Y3MpvF3Z29/YPiodHDR0litA6iXikWgFqypmkdcMMp61YURQBp81gdJP5zUeqNIvkvRnHtCtwIFnICBorNToDFAJ7xZJX9qZwV4k/JyWYo9Yr/nT6EUkElYZw1Lrte7HppqgMI5xOCp1E0xjJCAe0balEQXU3nV47cc+s0nfDSNmSxp2qfydSFFqPRWA7BZqhXvYy8T+vnZjwupsyGSeGSjJbFCbcNZGbfd3tM0WJ4WNLkChmb3XJEBUSYwNa2JK9rXSoJwUbjb8cxCppVMr+Zblyd1GqVp9mIeXhBE7hHHy4gircQg3qQOABXuAV3pxn5935cD5nrTlnHuwxLMD5+gVz/pj9</latexit>�<latexit sha1_base64="VvGWLlMvTpL6wv7FcDbYfDGXR3E=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWMC5gHJEmYnvcmQ2dl1ZlYIIZC7V/0Fb+LVX/EP/AxnkxxMYkFDUdU93VNBIrg2rvvtbGxube/s5vby+weHR8eFk9OGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIb3md98RqV5LB/NKEE/on3JQ86osVLtqVsouiV3BrJOvAUpwgLVbuGn04tZGqE0TFCt256bGH9MleFM4CTfSTUmlA1pH9uWShqh9sezQyfk0io9EsbKljRkpv6dGNNI61EU2M6ImoFe9TLxP6+dmvDOH3OZpAYlmy8KU0FMTLJfkx5XyIwYWUKZ4vZWwgZUUWZsNktbsreVDvUkb6PxVoNYJ41yybsplWvXxUplOg8pB+dwAVfgwS1U4AGqUAcGCC/wCm/O1Hl3PpzPeeuGswj2DJbgfP0Cnc6W3Q==</latexit>q

<latexit sha1_base64="WHRTJ4OIh0DqtsATKj03UrCuBUg=">AAACBHicbVDLSgMxFL1TX7W+qi7dBIvgqswUUZcFNy4r2Ae0Q8mkmTY0yYxJRijDgCv3bvUX3Ilb/8M/8DPMtF3Y1gMXDufcm3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Cb3249UaRbJezOJqS/wULKQEWys1O4FWKUPWb9ccavuFGiVeHNSgTka/fJPbxCRRFBpCMdadz03Nn6KlWGE06zUSzSNMRnjIe1aKrGg2k+n52bozCoDFEbKljRoqv6dSLHQeiIC2ymwGellLxf/87qJCa/9lMk4MVSS2aIw4chEKP87GjBFieETSzBRzN6KyAgrTIxNaGFL/rbSoc5KNhpvOYhV0qpVvctq7e6iUq8/zUIqwgmcwjl4cAV1uIUGNIHAGF7gFd6cZ+fd+XA+Z60FZx7sMSzA+foFk9CZog==</latexit>

q̄
<latexit sha1_base64="zn+WrJmCGcV/9ijCOqoYLU3B0rQ=">AAACA3icbVDLSgNBEOyNrxhfUY9eFoPgKewGUY8BLx4jmAckIfROZpMxM7PLzKwQloAX7171F7yJVz/EP/AznE1yMIkFDUVV93RPBTFn2njet5NbW9/Y3MpvF3Z29/YPiodHDR0litA6iXikWgFqypmkdcMMp61YURQBp81gdJP5zUeqNIvkvRnHtCtwIFnICBorNToDFAJ7xZJX9qZwV4k/JyWYo9Yr/nT6EUkElYZw1Lrte7HppqgMI5xOCp1E0xjJCAe0balEQXU3nV47cc+s0nfDSNmSxp2qfydSFFqPRWA7BZqhXvYy8T+vnZjwupsyGSeGSjJbFCbcNZGbfd3tM0WJ4WNLkChmb3XJEBUSYwNa2JK9rXSoJwUbjb8cxCppVMr+Zblyd1GqVp9mIeXhBE7hHHy4gircQg3qQOABXuAV3pxn5935cD5nrTlnHuwxLMD5+gVz/pj9</latexit>�

<latexit sha1_base64="zn+WrJmCGcV/9ijCOqoYLU3B0rQ=">AAACA3icbVDLSgNBEOyNrxhfUY9eFoPgKewGUY8BLx4jmAckIfROZpMxM7PLzKwQloAX7171F7yJVz/EP/AznE1yMIkFDUVV93RPBTFn2njet5NbW9/Y3MpvF3Z29/YPiodHDR0litA6iXikWgFqypmkdcMMp61YURQBp81gdJP5zUeqNIvkvRnHtCtwIFnICBorNToDFAJ7xZJX9qZwV4k/JyWYo9Yr/nT6EUkElYZw1Lrte7HppqgMI5xOCp1E0xjJCAe0balEQXU3nV47cc+s0nfDSNmSxp2qfydSFFqPRWA7BZqhXvYy8T+vnZjwupsyGSeGSjJbFCbcNZGbfd3tM0WJ4WNLkChmb3XJEBUSYwNa2JK9rXSoJwUbjb8cxCppVMr+Zblyd1GqVp9mIeXhBE7hHHy4gircQg3qQOABXuAV3pxn5935cD5nrTlnHuwxLMD5+gVz/pj9</latexit>�
<latexit sha1_base64="zn+WrJmCGcV/9ijCOqoYLU3B0rQ=">AAACA3icbVDLSgNBEOyNrxhfUY9eFoPgKewGUY8BLx4jmAckIfROZpMxM7PLzKwQloAX7171F7yJVz/EP/AznE1yMIkFDUVV93RPBTFn2njet5NbW9/Y3MpvF3Z29/YPiodHDR0litA6iXikWgFqypmkdcMMp61YURQBp81gdJP5zUeqNIvkvRnHtCtwIFnICBorNToDFAJ7xZJX9qZwV4k/JyWYo9Yr/nT6EUkElYZw1Lrte7HppqgMI5xOCp1E0xjJCAe0balEQXU3nV47cc+s0nfDSNmSxp2qfydSFFqPRWA7BZqhXvYy8T+vnZjwupsyGSeGSjJbFCbcNZGbfd3tM0WJ4WNLkChmb3XJEBUSYwNa2JK9rXSoJwUbjb8cxCppVMr+Zblyd1GqVp9mIeXhBE7hHHy4gircQg3qQOABXuAV3pxn5935cD5nrTlnHuwxLMD5+gVz/pj9</latexit>�

<latexit sha1_base64="VvGWLlMvTpL6wv7FcDbYfDGXR3E=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWMC5gHJEmYnvcmQ2dl1ZlYIIZC7V/0Fb+LVX/EP/AxnkxxMYkFDUdU93VNBIrg2rvvtbGxube/s5vby+weHR8eFk9OGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIb3md98RqV5LB/NKEE/on3JQ86osVLtqVsouiV3BrJOvAUpwgLVbuGn04tZGqE0TFCt256bGH9MleFM4CTfSTUmlA1pH9uWShqh9sezQyfk0io9EsbKljRkpv6dGNNI61EU2M6ImoFe9TLxP6+dmvDOH3OZpAYlmy8KU0FMTLJfkx5XyIwYWUKZ4vZWwgZUUWZsNktbsreVDvUkb6PxVoNYJ41yybsplWvXxUplOg8pB+dwAVfgwS1U4AGqUAcGCC/wCm/O1Hl3PpzPeeuGswj2DJbgfP0Cnc6W3Q==</latexit>q

<latexit sha1_base64="WHRTJ4OIh0DqtsATKj03UrCuBUg=">AAACBHicbVDLSgMxFL1TX7W+qi7dBIvgqswUUZcFNy4r2Ae0Q8mkmTY0yYxJRijDgCv3bvUX3Ilb/8M/8DPMtF3Y1gMXDufcm3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Cb3249UaRbJezOJqS/wULKQEWys1O4FWKUPWb9ccavuFGiVeHNSgTka/fJPbxCRRFBpCMdadz03Nn6KlWGE06zUSzSNMRnjIe1aKrGg2k+n52bozCoDFEbKljRoqv6dSLHQeiIC2ymwGellLxf/87qJCa/9lMk4MVSS2aIw4chEKP87GjBFieETSzBRzN6KyAgrTIxNaGFL/rbSoc5KNhpvOYhV0qpVvctq7e6iUq8/zUIqwgmcwjl4cAV1uIUGNIHAGF7gFd6cZ+fd+XA+Z60FZx7sMSzA+foFk9CZog==</latexit>

q̄
<latexit sha1_base64="KHHTLHq2a9/rrnyLyqz14fxCCKY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY8BLx4TMA9IQpid9CZDZmeXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx8/ZH7rGZXmkXwykxh7IR1KHnBGjZXqw36x5JbdOcgm8ZakBEvU+sWf7iBiSYjSMEG17nhubHopVYYzgdNCN9EYUzamQ+xYKmmIupfOD52SK6sMSBApW9KQufp3IqWh1pPQt50hNSO97mXif14nMcF9L+UyTgxKtlgUJIKYiGS/JgOukBkxsYQyxe2thI2ooszYbFa2ZG8rHehpwUbjrQexSZqVsndbrtRvStXqbBFSHi7gEq7BgzuowiPUoAEMEF7gFd6cmfPufDifi9acswz2HFbgfP0CjcqW0w==</latexit>g

• Still a lot to done here, but this shows that our technologies are 
becoming mature! 



Dittmaier 



Dittmaier 

Slide by S. Dittmaier, 
LHCP ‘14



Dittmaier 

Slide by S. Dittmaier, 
LHCP ‘14VBF-DIS: NNLO     N3LO<latexit sha1_base64="BoQ23+zscjeIgzNGmERGaV88j+0=">AAACAHicdVDLSgMxFM3UV62vqks3wSK4KtOnLgtuXFa0tdAOJZNm2tBMMiR3hDIUxL1b/QV34tY/8Q/8DDNtBSt6IHA45+Y+jh8JbsB1P5zMyura+kZ2M7e1vbO7l98/aBsVa8paVAmlOz4xTHDJWsBBsE6kGQl9wW798UXq394xbbiSNzCJmBeSoeQBpwSsdN0D1c8X3KLrVupuFackhSW1es2t1HBpoRTQAs1+/rM3UDQOmQQqiDHdkhuBlxANnAo2zfViwyJCx2TIupZKEjLjJbNVp/jEKgMcKG2fBDxTf/5ISGjMJPRtZUhgZH57qfiX140hOPcSLqMYmKTzQUEsMCic3o0HXDMKYmIJoZrbXTEdEU0o2HSWpqS9tQnMNGej+b4f/0/a5WKpXixfVQuNxv08pCw6QsfoFJXQGWqgS9RELUTRED2iJ/TsPDgvzqvzNi/NOItgD9ESnPcva02X5A==</latexit>!

bbH (incl.): NNLO     N3LO<latexit sha1_base64="q7nBBOW99K8mGa4k9pr8amPvPVs=">AAACAHicdVDLSsNAFJ3UV62vqks3g0VwFZK0Ne2u4MZlRfuANpTJdNIOnWTCzEQooSDu3eovuBO3/ol/4Gc4aStY0QMDh3Pu3MfxY0alsqwPI7e2vrG5ld8u7Ozu7R8UD4/akicCkxbmjIuujyRhNCItRRUj3VgQFPqMdPzJZeZ37oiQlEe3ahoTL0SjiAYUI6Wlm77ig2LJMp1queq60DIr9XqtXNbEcqp1y4W2ac1RAks0B8XP/pDjJCSRwgxJ2bOtWHkpEopiRmaFfiJJjPAEjUhP0wiFRHrpfNUZPNPKEAZc6BcpOFd//khRKOU09HVliNRY/vYy8S+vl6ig5qU0ihNFIrwYFCQMKg6zu+GQCoIVm2qCsKB6V4jHSCCsdDorU7LeQgZyVtDRfN8P/ydtx7QvTOe6Umo07hch5cEJOAXnwAYuaIAr0AQtgMEIPIIn8Gw8GC/Gq/G2KM0Zy2CPwQqM9y+6B5gX</latexit>!

ggHH: NLO      N3LO (HEFT); LO      NLO (with top)<latexit sha1_base64="mL1YabF22Dd7Gr7WH/ZnzrgkwtE=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFcDTOltl0W3LisaB/QDiWTZtrQzGRIMkIZCuLerf6CO3Hrn/gHfoaZtoi1HrhwOOfe3Jvjx5wp7Tif1tr6xubWdm4nv7u3f3BYODpuKZFIQptEcCE7PlaUs4g2NdOcdmJJcehz2vbHV5nfvqdSMRHd6UlMvRAPIxYwgrWRbnta9AtFxy47buWyigxx3WqthlzbmeGHFGGBRr/w1RsIkoQ00oRjpbquE2svxVIzwuk030sUjTEZ4yHtGhrhkCovnZ06RedGGaBASFORRjP190SKQ6UmoW86Q6xH6q+Xif953UQHNS9lUZxoGpH5oiDhSAuU/RsNmKRE84khmEhmbkVkhCUm2qSztCV7W6pATfMmmpUgVkmrZLsVu3RTLtbrD/OQcnAKZ3ABLlShDtfQgCYQGMITPMOL9Wi9Wm/W+7x1zVoEewJLsD6+AYTel/Q=</latexit>!<latexit sha1_base64="mL1YabF22Dd7Gr7WH/ZnzrgkwtE=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFcDTOltl0W3LisaB/QDiWTZtrQzGRIMkIZCuLerf6CO3Hrn/gHfoaZtoi1HrhwOOfe3Jvjx5wp7Tif1tr6xubWdm4nv7u3f3BYODpuKZFIQptEcCE7PlaUs4g2NdOcdmJJcehz2vbHV5nfvqdSMRHd6UlMvRAPIxYwgrWRbnta9AtFxy47buWyigxx3WqthlzbmeGHFGGBRr/w1RsIkoQ00oRjpbquE2svxVIzwuk030sUjTEZ4yHtGhrhkCovnZ06RedGGaBASFORRjP190SKQ6UmoW86Q6xH6q+Xif953UQHNS9lUZxoGpH5oiDhSAuU/RsNmKRE84khmEhmbkVkhCUm2qSztCV7W6pATfMmmpUgVkmrZLsVu3RTLtbrD/OQcnAKZ3ABLlShDtfQgCYQGMITPMOL9Wi9Wm/W+7x1zVoEewJLsD6+AYTel/Q=</latexit>!

   ggH: NNLO      N3LO (HEFT)
            NLO       NNLO (with top)<latexit sha1_base64="YvK2wuFGCfDLmsr7EumQmrjnFNs=">AAACAHicdVDLSgMxFM34rPVVdekmWARXw8zU1umu4MZlRfuAtpRMmmlDM8mQZIQyFMS9W/0Fd+LWP/EP/AwzbQUreiBwOOfmPk4QM6q043xYK6tr6xubua389s7u3n7h4LCpRCIxaWDBhGwHSBFGOWloqhlpx5KgKGCkFYwvM791R6Sigt/qSUx6ERpyGlKMtJFuulr0C0XHrlZLJb8CHdv1fK/sZcTxy04ZurYzQxEsUO8XPrsDgZOIcI0ZUqrjOrHupUhqihmZ5ruJIjHCYzQkHUM5iojqpbNVp/DUKAMYCmke13Cm/vyRokipSRSYygjpkfrtZeJfXifRod9LKY8TTTieDwoTBrWA2d1wQCXBmk0MQVhSsyvEIyQR1iadpSlZb6lCNc2baL7vh/+Tpme7Fdu7Pi/WavfzkHLgGJyAM+CCC1ADV6AOGgCDIXgET+DZerBerFfrbV66Yi2CPQJLsN6/AKmwmAw=</latexit>!

<latexit sha1_base64="YvK2wuFGCfDLmsr7EumQmrjnFNs=">AAACAHicdVDLSgMxFM34rPVVdekmWARXw8zU1umu4MZlRfuAtpRMmmlDM8mQZIQyFMS9W/0Fd+LWP/EP/AwzbQUreiBwOOfmPk4QM6q043xYK6tr6xubua389s7u3n7h4LCpRCIxaWDBhGwHSBFGOWloqhlpx5KgKGCkFYwvM791R6Sigt/qSUx6ERpyGlKMtJFuulr0C0XHrlZLJb8CHdv1fK/sZcTxy04ZurYzQxEsUO8XPrsDgZOIcI0ZUqrjOrHupUhqihmZ5ruJIjHCYzQkHUM5iojqpbNVp/DUKAMYCmke13Cm/vyRokipSRSYygjpkfrtZeJfXifRod9LKY8TTTieDwoTBrWA2d1wQCXBmk0MQVhSsyvEIyQR1iadpSlZb6lCNc2baL7vh/+Tpme7Fdu7Pi/WavfzkHLgGJyAM+CCC1ADV6AOGgCDIXgET+DZerBerFfrbV66Yi2CPQJLsN6/AKmwmAw=</latexit>!

H     : NLO     NNLO (HEFT)
              LO     NLO (with top)

<latexit sha1_base64="WIJrT6kxxULNmjisZ6LpBwgXPNY=">AAACAHicdVDLSgMxFM3UV62vqks3wSK4GjJjaTu7ghuXFe0D2qFk0kwbmskMSUYoQ0Hcu9VfcCdu/RP/wM8wfQhW9EDgcM7NfZwg4UxphD6s3Nr6xuZWfruws7u3f1A8PGqpOJWENknMY9kJsKKcCdrUTHPaSSTFUcBpOxhfzvz2HZWKxeJWTxLqR3goWMgI1ka66em4Xywh2/Ncp+pAZJedC9erGIJqLqp60LHRHCWwRKNf/OwNYpJGVGjCsVJdByXaz7DUjHA6LfRSRRNMxnhIu4YKHFHlZ/NVp/DMKAMYxtI8oeFc/fkjw5FSkygwlRHWI/Xbm4l/ed1UhzU/YyJJNRVkMShMOdQxnN0NB0xSovnEEEwkM7tCMsISE23SWZky6y1VqKYFE833/fB/0nJtp2K71+VSvX6/CCkPTsApOAcOqII6uAIN0AQEDMEjeALP1oP1Yr1ab4vSnLUM9hiswHr/Aq2wmA8=</latexit>!<latexit sha1_base64="IMxMpDvJ9Dgf5qg+y85PMTGPBxA=">AAACAHicdVDLSgMxFM34rPVVdekmWARXQ2YsbWdXcOOyYl/QDiWTZtrQTGZIMkIZCuLerf6CO3Hrn/gHfobpQ7CiBwKHc27u4wQJZ0oj9GGtrW9sbm3ndvK7e/sHh4Wj45aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g/HVzG/fUalYLBp6klA/wkPBQkawNtJt0m/0C0Vke57rVByI7JJz6XplQ1DVRRUPOjaaowiWqPcLn71BTNKICk04VqrroET7GZaaEU6n+V6qaILJGA9p11CBI6r8bL7qFJ4bZQDDWJonNJyrP39kOFJqEgWmMsJ6pH57M/Evr5vqsOpnTCSppoIsBoUphzqGs7vhgElKNJ8YgolkZldIRlhiok06K1NmvaUK1TRvovm+H/5PWq7tlG33plSs1e4XIeXAKTgDF8ABFVAD16AOmoCAIXgET+DZerBerFfrbVG6Zi2DPQErsN6/AIDrl/M=</latexit>pT
<latexit sha1_base64="WIJrT6kxxULNmjisZ6LpBwgXPNY=">AAACAHicdVDLSgMxFM3UV62vqks3wSK4GjJjaTu7ghuXFe0D2qFk0kwbmskMSUYoQ0Hcu9VfcCdu/RP/wM8wfQhW9EDgcM7NfZwg4UxphD6s3Nr6xuZWfruws7u3f1A8PGqpOJWENknMY9kJsKKcCdrUTHPaSSTFUcBpOxhfzvz2HZWKxeJWTxLqR3goWMgI1ka66em4Xywh2/Ncp+pAZJedC9erGIJqLqp60LHRHCWwRKNf/OwNYpJGVGjCsVJdByXaz7DUjHA6LfRSRRNMxnhIu4YKHFHlZ/NVp/DMKAMYxtI8oeFc/fkjw5FSkygwlRHWI/Xbm4l/ed1UhzU/YyJJNRVkMShMOdQxnN0NB0xSovnEEEwkM7tCMsISE23SWZky6y1VqKYFE833/fB/0nJtp2K71+VSvX6/CCkPTsApOAcOqII6uAIN0AQEDMEjeALP1oP1Yr1ab4vSnLUM9hiswHr/Aq2wmA8=</latexit>!

WH (incl.): NNLO     N3LO<latexit sha1_base64="L4kffmivLpuIQOX+aVsXN1b7H2E=">AAACAHicdVDLSgMxFM3UV62vqks3wSK4GmZqbe2u4MZlRfuAdiiZNNOGZiZDckcopSDu3eovuBO3/ol/4GeYaStY0QOBwzk393H8WHANjvNhZVZW19Y3spu5re2d3b38/kFTy0RR1qBSSNX2iWaCR6wBHARrx4qR0Bes5Y8uU791x5TmMrqFccy8kAwiHnBKwEg3XZC9fMGxS9WKUzzHju3MgFPlrFquYHehFNAC9V7+s9uXNAlZBFQQrTuuE4M3IQo4FWya6yaaxYSOyIB1DI1IyLQ3ma06xSdG6eNAKvMiwDP1548JCbUeh76pDAkM9W8vFf/yOgkEF96ER3ECLKLzQUEiMEic3o37XDEKYmwIoYqbXTEdEkUomHSWpqS9lQ70NGei+b4f/0+aRdst28XrUqFWu5+HlEVH6BidIhdVUA1doTpqIIoG6BE9oWfrwXqxXq23eWnGWgR7iJZgvX8BlkWYAA==</latexit>!



Conclusion

• We have entered a new era for fixed-order computations for the 
LHC!

➡ First NNLO result for 2-to-3 processes start to appear.

➡ New results for observables at N3LO.

• Important questions (not covered here):

➡ PDFs? 
➡ Matching NNLO computations to parton showers?

➡ Impact of these higher-order calculations not negligible!

➡ EW/mixed QCD-EW corrections?


