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QCD simulations

Fixed Order Parton Shower High Energy Jets

Expansion in Soft & Collinear High Energy
αn
s αn

s logn q2 ∼ αn
s logn z logn θ αn

s logn(s/|t|)
inclusive exclusive exclusive

σ, kinematics unitary, Jet structure σ, large energies, ∆y

CKKW-L, Powheg, ... Multiplicative Merging

Modified CKKW-L Merging
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High Energy Jets framework

HEJ provides an all order resummation of logarithms log(s/|t|). All
approximations are made on a Matrix Element level, while keeping the full
Phase Space dependency. This allows easy matching & merging of HEJ
with Fixed-Order Matrix Elements, giving both leading-order and leading
logarithm accuracy.

⇒ Stabilises observables which depend on large ∆y ∼ log(s/|t|)

dσHEJ
resum =

∞∑
n=2

dΩnf (x1, x2, µf )
∣∣∣M(p, µr )HEJ

n

∣∣∣2
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Matching & Merging HEJ with FO

HEJ is fully differential, all approximates on Amplitude/ME

⇒ Replace HEJ with full ME for first M jets (k-Factor)∣∣∣M(p, µr )HEJ
n

∣∣∣2 → kn(p)
∣∣∣M(p, µr )HEJ

n

∣∣∣2

kn(p) =
M∑

m=2

∫
dΩ′mδ

(
p′ − jm(p)

) ∣∣∣M(p′, µr )LOm

∣∣∣2∣∣∣M(p′, µr )HEJ,LO
m

∣∣∣2
⇒ Mapping jm(p) of n parton to m (Born)-jets
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Matching & Merging HEJ with FO

σ
resum,match
2j =

∑
f1,f2

∑
m

m∏
j=1

∫ pBj⊥=∞

pB
j⊥=0

d2pBj⊥

(2π)3

∫ dyBj

2

 (2π)4 δ(2)

 m∑
k=1

pBk⊥



· xBa fa(x
B
a ,Q

B
a ) xBb fb(x

B
b ,Q

B
b )
|MB |

2

(ŝB )2

· |Mtree
HEJ|

−2
(2π)−4+3m 2m

(ŝB )2

xBa fa,f1 (x
B
a ,Q

B
a ) xB

b
fb,f2 (x

B
b
,QB

b
)

·
∞∑
n=2

∫ p1⊥=∞

p1⊥=.9pj,⊥

d2p1⊥

(2π)3

∫ pn⊥=∞

pn⊥=.9pj,⊥

d2pn⊥

(2π)3

n−1∏
i=2

∫ pi⊥=∞

pi⊥=λ

d2pi⊥

(2π)3
(2π)4 δ(2)

 n∑
k=1

pk⊥


· Ty

n∏
i=1

(∫
dyi

2

)
Oe

mj

m−1∏
l=1

δ
(2)(pBJl⊥

− jl⊥)

  m∏
l=1

δ(yBJl
− yJl )

O2j ({pi})

· xafa,f1 (xa,Qa) xb fb,f2 (xb,Qb)
|Mf1 f2→f1g···gf2

HEJ ({pi})|
2

ŝ2
.

Fixed Order

Overlap HEJ
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Parton Showers

Parton Shower resum soft and collinear logarithms log(q2) through
consecutive evaluation of splitting probabilities PP . The total energy of
an process is distributed over many particles, without changing the
cross-section (unitary).

⇒ No-splitting probability = Sudakov Form factor

∆P
α(x , ρi , ρj) = exp

(
−
∫ ρi

ρj

dρ

∫
dzPP

α (ρ, z , x)

)

dσP = CP
0

∞∏
i=0

(
PP(ρi )∆P(ρi , ρi+1) dzi dρi

)
⇒ Distributing momenta over many partons
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CKKW-L
Matching & Merging PS with FO

Goal Add different multiplicity ME together

⇒ Transform FO from inclusive to exclusive states

→ Add Sudakov

Goal Generate N hardest emissions through ME

⇒ Cut phase space at (arbitrary) tMS (Merging Scale)

→ t(ρ) > tMS ⇒ ME region

→ t(ρ) < tMS ⇒ PS region

⇒ Shower freely from ρ(tMS)

dσCKKW-L =
N∑

n=2

dσFOn ∆P(tn, tMS)
n∏

i=1

∆P(ρi−1, ρi )
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CKKW-L
Reverting FO splittings

Construct states S0, . . .Sn with scales
ρ0, . . . ρn from FO event

→ How would have the shower generated a
FO state?

⇒ Undo splittings (Shower History)

→ Select most likely history ∼∏PP(ρi )
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CKKW-L Algorithm
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CKKW-L
Phase space filling

ρ

z z z

tMS

ρ ρ ρ

(a) (b) (c) (d)
ρmax ρmax ρmax ρmax

z

a) ME+ME b) PS+PS c) ME+PS d) PS+PS
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Merging HEJ with PS

HEJ is already exclusive

⇒ Cross-section includes unitary ∆H and non-unitary R term

→ Exact form of ∆H and R unknown (and do not matter)

dσHEJ
resum =

∞∑
n=2

dΩnR(p)
n∏

i=1

[
PH(ρi )∆H(ρi−1, ρi )

]
Goal m hardest emissions from HEJ, softer from PS

→ Generate history of HEJ states (similar to CKKW-L)

⇒ Switch to (unrestricted) shower when PS becomes dominant

dσHEJ+PS =
∞∑
n=2

dΩnR(p)
m−1∏
i=1

(
PH
i ∆H

i ,i−1
)

·∆H
m,m−1P

P+!H
m

n∏
i=m+1

(
PP
i ∆P

i ,i−1
)
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Merging HEJ with PS
Cutting the phase space

HEJ splitting probability

Similar to derivation of PP

PH :=
1

2

1

16π2
|Mn+1

HEJ|2
|Mn

HEJ|2

Use PH for cut

→ PP > PH ⇒ PS region

→ PP < PH ⇒ HEJ region

Overlap PP+!H = PP

PH

→ Use PP+!H in trial shower

⇒ Extra Sudakov ∆P+!H
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HEJ+Pythia merging algorithm

n == 2?

History::History

generate all Pythia shower histories

History::filterClusterings

throw away all Non-��� histories

Has
one k⊥,i

ordered?

History::select

select according to Pythia weight

History::doTrialShower

Trial emission from k⊥,i

trial
< k⊥,i ?

i +1 == n
(original
event)?

n < N ?

is ���

state?

# > P H

P P ?

???
generate emission n +1

is ���

state?

# > P H

P P ?

PartonLevel::next
Shower freely from state Si

History::getStartingConditions

replace event with k⊥,i+1

HEJ LHEF

no

yes, keep ordered no, keep all

k⊥,i =most clustered

below above

veto all MPI

yes

no, ++ i

no

yes

yes

no

n == N , k⊥,N

n < N

no, k⊥,n+1

yes

no, retry yes, keep k⊥,n+1

n
==

2,skip
m

ergin
g

generate history

trial shower

last emission
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HEJ+Pythia merging algorithm
Generating the HEJ histories

n == 2?

History::History

generate all Pythia shower histories

History::filterClusterings

throw away all Non-��� histories

Has
one k⊥,i

ordered?

History::select

select according to Pythia weight

History::doTrialShower

Trial emission from k⊥,i

trial
< k⊥,i ?

i +1 == n
(original
event)?

n < N ?

is ���

state?

# > P H

P P ?

???
generate emission n +1

is ���

state?

# > P H

P P ?

PartonLevel::next
Shower freely from state Si

History::getStartingConditions

replace event with k⊥,i+1

HEJ LHEF

no

yes, keep ordered no, keep all

k⊥,i =most clustered

below above

veto all MPI

yes

no, ++ i

no

yes

yes

no

n == N , k⊥,N

n < N

no, k⊥,n+1

yes

no, retry yes, keep k⊥,n+1
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==
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trial shower
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HEJ+Pythia merging algorithm
Trial shower

n == 2?

History::History

generate all Pythia shower histories

History::filterClusterings

throw away all Non-��� histories

Has
one k⊥,i

ordered?

History::select

select according to Pythia weight
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Trial emission from k⊥,i
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is ���
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is ���

state?

# > P H

P P ?

PartonLevel::next
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HEJ+Pythia merging
Phase space filling

ρ

z z z

tMS

ρ ρ ρ

(a) (b) (c) (d)
ρmax ρmax ρmax ρmax

z

a) HEJ+HEJ b) PS+PS c) HEJ+PS d) PS+PS

⇒ Completely equivalent to CKKW-L

⇒ Main difference: tMS is not a fixed scale, but fuzzy
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Conclusion

There is no single perfect calculation

⇒ FO (inclusive), PS (soft & collinear), HEJ (large rapidities)

(Almost) always more then one effect for each observable

⇒ Combine (merge) different predictions

→ FO+PS: e.g. CKKW-L

→ FO+HEJ: Multiply matrix elements

⇒ FO+PS+HEJ: Modified CKKW-L merging
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Backup slides
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Sudakov veto algorithm

Generate ∆P(ρi−1, ρi ) for each i ∈ [1, n]

⇒ Sudakov veto algorithm

⇒ Generate emission from S ′ = S0 (Trial Shower)

if ρ′ < ρi+1: trial shower from next state Si+1

else ρ′ > ρi+1 veto whole event

⇒ keeps

1−
∫ ρi

ρi+1

dt

∫
dzPP(t) = ∆P(ρi , ρi+1)
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Matching & Merging HEJ with FO
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LHC@13 TeV

anti− kt, R = 0.4, pj,⊥ > 30 GeV, |yj| < 4.4

2 jet matching

≤3 jet matching

≤4 jet matching

⇒ Small ∆y through FO matching

⇒ Large ∆y HEJ approximation already accurate
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