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Aim of this talk

“Proper” color decompositions of the form

A(1, X, n) =
∑

σ∈B1,n
X

C(1, σ, n)A(1, σ, n)

=
∑

σ∈B1,n
X

C

(
. . .σ

1 n

)
A

(
. . .σ

1 n

)

“stretched” by 2 arb. chosen labels
1←−−− and −−−→ n

B1,n
X — basis of ≤ (n− 2)! permutations

indep. under KK relations Kleiss, Kuijf ’88

A(1, α, n, β) = (−1)|β|
∑

σ∈α�βT

A(1, σ, n)
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DDM decomposition Del Duca, Dixon, Maltoni ’99

An =
∑

σ∈Sn−2

f̃ a1aσ(2)b1 f̃ b1aσ(3)b2 . . . f̃ bn−4aσ(n−2)bn−3 f̃ bn−3aσ(n−1)an

×A(1, σ(2), . . . , σ(n−1), n)

=
∑

σ∈Sn−2

C

(

1 n

σ(2) σ(3) . . . σ(n−1)
)
A(1, σ(2), . . . , σ(n−1), n)

I.e. for pure gluons

C

(
σ

1 n

. . .
)

= C

(

1 n

σ(2) σ(3) . . . σ(n−1)
)

non-trivial!

C.f. standard SU(N) trace decomposition

An =
∑

σ∈Sn−1

{
Tr[T a1T aσ(2) . . . T aσ(n) ]+(−1)nc.c.

}
A(1, σ(2), . . . , σ(n))
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Color Feynman rules
C(. . . ) replaces exposed vertices by

f̃abc =

b

a c
, T a

ī =

a

i ̄

, T a
̄i =

a

̄ i

= −T a
ī .

Basic color algebra:

f̃daef̃ebc − f̃dbef̃eac = f̃abef̃dec

T aī T
b
jk̄ − T bī T ajk̄ = f̃abe T eik̄

(a)

a

b c

d

−

a

b c

d

=

a

b c

d

(b)

a

b k̄

i

−

a

b k̄

i

=

a

b k̄

i

SU(N) : T aīT
a
kl̄ = δil̄δk̄ − 1

Nc
δīδkl̄ — not used here directly

underlie color ordering for A(. . . )
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Outline

1. Preliminaries

2. Color decompositions
with flavored matter

3. Loops at full color

4. Summary & outlook
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Color Decompositions

with Flavored Matter*

*NB! Arbitrary matter but in distinct-flavor pairs, fermionic signs separate;
e.g. 4 quarks at any loop:

A


1

4

2

3

n

...

5

 = A


1

4

2

3

n

...

5

−A


1

4

2

3

n

...

5
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5-pt qg-stretch example
2

3
4

1 5

2
4 3

1 5

A5,2 = C(1, 2, 3, 4, 5)A(1, 2, 3, 4, 5) + C(1, 2, 4, 3, 5)A(1, 2, 4, 3, 5)

+ C(1, 3, 4, 2, 5)A(1, 3, 4, 2, 5)

3 4 2

1 5

Factorization limits fix basis above:

A
(

2
3

4

1 5

)
−−−−→
s45→0

A
(

2 3

1 p45

)
× i

s45
×A

(
4

p
45 5

)

A
(

2
4 3

1 5

)
−−−−→
s35→0

A
(

2 4

1 p
35

)
× i

s35
×A

(
3

p35 5

)

A
(

3 4 2

1 5

)
−−−−→
s25→0

A
(

3 4

1 p25

)
× i

s25
×A

(
2

p
25 5

)
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5-pt qg-stretch example
Factorization limits fix color factors:

C

(
2

3
4

1 5

)
= C

(
2 3

1 p45

)
C

(
4

p
45 5

)
= C

(
2 3 4

1 5

)

C

(
2

4 3

1 5

)
= C

(
2 4

1 p
35

)
C

(
3

p35 5

)
= C

(
2 4 3

1 5

)

C

(
3 4 2

1 5

)
= C

(
3 4

1 p25

)
C

(
2

p
25 5

)
= C

(
3 4 2

1 5

)

⇒ Decomposition: Atree
5,2 = C

(
2 3 4

1 5

)
A

(
2

3
4

1 5

)

+C

(
2 4 3

1 5

)
A

(
2

4 3

1 5

)

+C

(
3 4 2

1 5

)
A

(
3 4 2

1 5

)

8 / 25



5-pt qg-stretch example
Factorization limits fix color factors:

C

(
2

3
4

1 5

)
= C

(
2 3

1 p45

)
C

(
4

p
45 5

)
= C

(
2 3 4

1 5

)

C

(
2

4 3

1 5

)
= C

(
2 4

1 p
35

)
C

(
3

p35 5

)
= C

(
2 4 3

1 5

)

C

(
3 4 2

1 5

)
= C

(
3 4

1 p25

)
C

(
2

p
25 5

)
= C

(
3 4 2

1 5

)

⇒ Decomposition: Atree
5,2 = C

(
2 3 4

1 5

)
A

(
2

3
4

1 5

)

+C

(
2 4 3

1 5

)
A

(
2

4 3

1 5

)

+C

(
3 4 2

1 5

)
A

(
3 4 2

1 5

)

8 / 25



Observations from 5-pt example

A5,2 = C

(
2 3 4

1 5

)
A

(
2

3
4

1 5

)

+C

(
2 4 3

1 5

)
A

(
2

4 3

1 5

)

+C

(
3 4 2

1 5

)
A

(
3 4 2

1 5

)

I Presence of fact. channels in An,k constrain basis of A(. . . )

I Factorization allows color recursion if lower-pt known

I Comb-like structures unless stretch by quarks of same flavor

I Luckily, qq̄ stretch most studied (apart from pure gluons)
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Like-flavor qq̄ stretch
Basis: Melia ’13

Consider A(1, 2, σ) = A(2, σ, 1): stretch by 2←− and −→ 1

B2,1
n,k =

{
σ ∈ [bracket structures]k−1 × [gluon insertions]n−2k

}

I e.g. pure-quark permutation
[ { { } { } } ]

A(2, 3, 5, 6, 7, 8, 4, 1)

I full Melia basis for n = 6, k = 3:
[ { } { } ]

A(2, 3, 4, 5, 6, 1),
[ { } { } ]

A(2, 5, 6, 3, 4, 1),
[ { { } } ]

A(2, 3, 5, 6, 4, 1),
[ { { } } ]

A(2, 5, 3, 4, 6, 1)

I quark-bracket orientations chosen but fixed

I gluon are allowed everywhere (except between 1 and 2)

Decomposition: Johansson, AO ’15

proven by Melia ’15

An,k =
∑

σ∈B2,1
n,k

C(1, 2, σ)A(1, 2, σ)
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Like-flavor qq̄ stretch
Basis: Melia ’13

Consider A(1, 2, σ) = A(2, σ, 1): stretch by 2←− and −→ 1

B2,1
n,k =

{
σ ∈ [bracket structures]k−1 × [gluon insertions]n−2k

}

Decomposition: Johansson, AO ’15

An,k =
∑

σ∈B2,1
n,k

C(1, 2, σ)A(1, 2, σ)

C

(
σ

2 1

. . .
)

= (−1)k−1 [2|σ |1]

∣∣∣∣∣
g → Ξ

ag
l(g)

q → {q|T b⊗ Ξbl(q)−1

q̄ → |q}
{q|T a|q̄} = T aiq ı̄q̄ , [2|T a|1] = T aı̄2i1 = −T ai1 ı̄2

Ξal =
l∑

r=1

I⊗ · · · ⊗ I⊗
r︷ ︸︸ ︷

T ar ⊗ I⊗ · · · ⊗ I⊗ I︸ ︷︷ ︸
l

=
Ξa

l =

a

...





l =

...

+

...

+

...

+ . . . +

...
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Like-flavor qq̄ stretch
Basis: Melia ’13

Consider A(1, 2, σ) = A(2, σ, 1): stretch by 2←− and −→ 1

B2,1
n,k =

{
σ ∈ [bracket structures]k−1 × [gluon insertions]n−2k

}

Decomposition: Johansson, AO ’15

An,k =
∑

σ∈B2,1
n,k

C

( σ

2 1

. . .
)
A

( σ

2 1

. . .
)

5-pt example: A5,2 = C

(

2 1

4
5 3

)
A

(
5

3
4

2 1

)

+C

(

2 1

3 4
5

)
A

(
3 4 5

2 1

)

+C




2 1

3 4

5

+

2 1

3 4

5

A
(

3
5

4

2 1

)
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Towards arbitrary stretches
So far: gg stretch for pure YM [DDM]

qq̄ stretch for QCD [Melia+JO]

Want generic stretch:

A(1, X, n) =
∑

σ∈B1,n
X

C

(
. . .σ

1 n

)
A

(
. . .σ

1 n

)

Res
s1P=0

A
(

. . .P ∪ R

1 n

)
= A

(
. . .P

1 p̄

)
×A

(
. . .R

p n

)

=
∑

π∈B1,p̄
P

∑

ρ∈Bp,nR

C

(
. . .π

1 p̄

)
C

(
. . .
ρ

p n

)
A

(
. . .π

1 p̄

)
A

(
. . .
ρ

p n

)

Res
s1P=0

A
(

. . .P ∪ R

1 n

)
= Res

s1P=0

∑

σ∈B1,n
P∪R

C

(
. . .σ

1 n

)
A

(
. . .σ

1 n

)

=
∑

(σ1,σ2)∈UP,R
[
B1,n
P∪R
]C
(

. . .
σ1 σ2

. . .

1 n

)
A

(
. . .
σ1

1 p̄

)
A

(
. . .
σ2

p n

)
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Towards arbitrary stretches
∑

π∈B1,p̄
P

∑

ρ∈Bp,nR

C

(
. . .π

1 p̄

)
C

(
. . .
ρ

p n

)
A

(
. . .π

1 p̄

)
A

(
. . .
ρ

p n

)

=
∑

(σ1,σ2)∈UP,R
[
B1,n
P∪R

]C
(

. . .
σ1 σ2

. . .

1 n

)
A

(
. . .
σ1

1 p̄

)
A

(
. . .
σ2

p n

)
,

UP,R
[
B1,n
P∪R

]
=
{

(π, ρ) ∈ SP × SR

∣∣∣ π ⊕ ρ ∈ B1,n
P∪R, Res

s1P=0
A(1, π, ρ, n) 6= 0

}

Provided “co-unitarity” UP,R
[
B1,n
P∪R

]
= B1,p̄

P × Bp,nR

⇒ C

(
. . .
π ρ

. . .

1 n

)
= C

(
. . .π

1 p̄

)
C

(
. . .
ρ

p n

)

Minimal example:

A4,2 = C

(

1

2

4

3
)
A

(
2 3

1 4

)
= C

(

2 1

3 4
)
A

(
3 4

2 1

)

OK for qQ failure for qq̄: no fact. channel
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Arbitary stretches
Observation: length of all bases’ must be Melia’s

(n− 2)!

k!
Skip to result: allow flips for unclosed brackets

QF =
⋃

f∈F

⋃

E∈P(F\f)

{
(
{
f)⊕ π ⊕ (

}

f̄)⊕ ρ
∣∣ (π, ρ) ∈ QE ×Q(F\f)\E

}

QF =
⋃

f∈F

⋃

E∈P(F\f)

{
(
{
f)⊕ π ⊕ (

}

f̄)⊕ ρ
∣∣ (π, ρ) ∈ QE ×Q(F\f)\E

}

∪
{

(

[

f̄)⊕ π ⊕ (
]

f)⊕ ρ
∣∣ (π, ρ) ∈ QE ×Q(F\f)\E

}

Gn−2k =
{
σ ∈ SG

∣∣ G = {g2k+1, . . . , gn}
}

qq̄ : B2,1
n,k =

{
A(2, σ, 1)

∣∣ σ ∈ Q2(k−1) � Gn−2k

}
Melia ’13

qQ : B1,4
n,k =

{
A(1, σ, 4)

∣∣ (1)⊕ σ ⊕ (4) ∈ Q2k � Gn−2k

}

qg : B1,n
n,k =

{
A(1, σ, n)

∣∣ (1)⊕ σ ∈ Q2k � Gn−2k

}

gg : Bn−1,n
n,k =

{
A(n−1, σ, n)

∣∣ σ ∈ Q2k � Gn−2k−2

}





new

Formal construction and proof of co-unitarity in 1908.02695
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Distinct-flavor qQ stretch

B1,4
n,k =

{
A(1, σ, 4)

∣∣ (1)⊕ σ ⊕ (4) ∈ Q2k � Gn−2k

}

For perm. (1, σ, 4) =
(
{1, σ1, 2}, σ2, {5, σ3, 6}, σ4, . . . , σ2u−2, {3, σ2u−1, 4}

)
⇒

C

( σ

1 4

. . .
)

= C

(
σ1 2 σ2 5 σ3 6 σ4

1

. . . . . . . . . . . .

. . .

σ2u−2 3 σ2u−1

4

. . . . . .

)

e.g. A6,3 = C

(
2 5 6 3

1 4

) { } { } { }
A(1, 2, 5, 6, 3, 4)

+ C

(
2 6 5 3

1 4

) { } [ ] { }
A(1, 2, 6, 5, 3, 4)

+ C

(
5 6

2 3

1 4

) { { } } { }
A(1, 5, 6, 2, 3, 4)

+ C

(
2 3

5 6
1 4

) { } { { } }
A(1, 2, 3, 5, 6, 4)
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Similarly: qg and gg stretches

B1,n
n,k =

{
A(1, σ, n)

∣∣ (1)⊕ σ ∈ Q2k � Gn−2k

}

C

( σ

1 n

. . .
)

= C

(
π q̄ ρ

1 n

. . . . . .

)
, where σ =

(
π, q̄}, ρ

)

Bn−1,n
n,k =

{
A(n−1, σ, n)

∣∣ σ ∈ Q2k � Gn−2k−2

}

C

( σ

n−1 n

. . .
)

= C

(
π q ρ

n−1 n

. . . . . .

)
, where σ =

(
π, {q, ρ

)

implicitly used @1-loop in Kälin ’17

NB! Induction via other valid fact. channel possible

Tree-level summary:
I All (1← stretches → n) intertwined by mutual factorization

I All decompositions but qq̄ implied by factorization dividing 1 and n
— for free once amp. bases are chosen co-unitary

I Fortunately, qq̄ and pure glue previously known [DDM, Melia + JO]
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Loops at Full Color
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Full-color 2-loop amplitude in pure YM
Badger, Mogull, AO, O’Connell ’15

A(2)
5 =∑

σ∈S5

σ ◦ I
[
C

(
4

5

3

2

1
){

1

2
∆

(
4

5

3

2

1
)

+ ∆

(
4

5

3

1
2

)
+

1

2
∆

(
4

5

2

1

3

)
+ ∆

(
5

3

2

1

4

)

+
1

2
∆

(
4

5

3

2

1
)

+
1

2
∆

(
4

5

3

2

1 )
+

1

2
∆

(
4

5

3

2

1

+
4

5

3

2

1
)}

+C

(
5

3

2

1

4

){
1

2
∆

(
5

3

2

1

4

)
+ ∆

(
5

4

3

1
2
)

+
1

2
∆

(
5

4
3
2

1
)}

+
1

2
C

(
4

5

3

2

1
){

1

2
∆

(
4

5

3

2

1
)

+ ∆

(
4

5

3

1
2

)
+ ∆

(
4 3

2
5
1 )}

+C

(
4

5

2

1

3

){
1

4
∆

(
4

5

2

1

3

)
+

1

2
∆

(
4

5

2

1
3

)
+

1

2
∆

(
4

5

2

1

3

)
+ ∆

(
5

2

1

3

4

)}

+C

(
5

3

2

1

4

){
1

4
∆

(
5

3

2

1

4

)
+

1

2
∆

(
5

3
4

1
2
)

+ ∆

(
5

3

2

1

4

)

+
1

2
∆

(
4 3

2

1

5 +
4 3

2

1

5

)}
+ . . .

]

Integrated by Badger, Chicherin, Gehrmann, Heinrich, Henn, Peraro, Wasser, Zhang, Zoia ’19
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General color construction Badger, Mogull, AO, O’Connell ’15

Methodology in AO, Page ’16

Full color within unitarity/integrand reduction:*

A(L)
n =

∑

i∈KK-indep. 1PI graphs

∫
dLD`

(2π)LD
Ci ∆i

Si
∏
l∈iDl

e.g. for pure YM:
num./cut vertices: color factors:

∑

σ∈Sn/Dn

σ(n−1)σ(2)

σ(1) σ(n)

. . .

−→
∑

σ∈Sn−2
← 1 n→

σ(2) σ(3) σ(n−1)

. . .

*
Bern, Dixon, Dunbar, Kosower ’94; Britto, Cachazo, Feng ’04; Ossola, Papadopoulos, Pittau ’06;

Mastrolia, Mirabella, Ossola, Peraro ’12; Badger, Frellesvig, Zhang ’12; Bourjaily, Herrmann, Trnka ’17 [Enrico’s talk]20 / 25



General color construction Badger, Mogull, AO, O’Connell ’15

Methodology in AO, Page ’16

Full color within unitarity/integrand reduction:*

A(L)
n =

∑

i∈KK-indep. 1PI graphs

∫
dLD`

(2π)LD
Ci ∆i

Si
∏
l∈iDl

e.g. for pure YM at 2 loops:

k → ∑

|σ|=k
C

( }
σ

)
∆

( }
σ

)

(a)

k

→ ∑

|σ1∪σ2|=k
C

(

︸ ︷︷ ︸
σ1

)
∆

(σ2
{

σ2
{

︸ ︷︷ ︸
σ1

)

(b)

*
Bern, Dixon, Dunbar, Kosower ’94; Britto, Cachazo, Feng ’04; Ossola, Papadopoulos, Pittau ’06;

Mastrolia, Mirabella, Ossola, Peraro ’12; Badger, Frellesvig, Zhang ’12; Bourjaily, Herrmann, Trnka ’17 [Enrico’s talk]21 / 25



1 loop with matter
3 types of vertices:

�
X → �

σ∈Bg∗,g�∗
X

C

� �
σ

�
Δ

� �
σ

�

g�∗

g∗g∗

g�∗

Figure 4. Inserting a gluon-gluon stretch tree basis into coloured cuts of a one-loop amplitude.

Here the distinct-flavour amplitudes on the right-hand side are taken with equal quark

masses but with a relative sign, implementing the fermionic antisymmetry of the like-

flavour amplitude on the left-hand side.

Working in D = 4 − 2� dimensions, the one-particle irreducible topologies that one

should consider in eq. (4.1) at one loop have up to five vertices, each with three or more

edges. Two of these edges are loop-momentum dependent, to which we shall refer as

“loop edges” and the rest correspond to the external particles. For each such topology,

one then dresses it in all possible ways with full-colour tree amplitudes to find the set

of possible unordered unitarity cuts. From these diagrams we compute the symmetry

factor Si in eq. (4.1). For each diagram, one can now make a choice of the associated

set of KK-independent ordered unitarity cut diagrams that are summed over in eq. (4.1)

and correspond to the numerators Δi. In this one-loop case, we choose to stretch the

constituent tree amplitudes across the loop edges, which specifies the KK-independent

basis of each corner to be the ones of this paper. This choice brings two advantages. First,

none of the ordered topologies have legs pointing inside the loop, and so all numerators can

be readily associated with the leading-colour ordered amplitudes. Secondly, all kinematic

factorisation limits which intertwine the loop-dependent numerators are also respected by

the colour factor through the colour factorisation relation (2.2). Therefore, all colour-

ordered numerators related by factorisation come with the same colour factor.

Let us now consider how this procedure captures the combinatorics of multi-quark

one-loop amplitudes. In contrast to the purely gluonic case, there are two novelties. The

most evident is that the two “loop edges” across which the tree amplitudes are stretched

can now correspond to any two different particles in the theory. The second is that, due

to internal quarks running inside the loop, the tree amplitudes in the vertices cannot be

reduced to distinct flavour amplitudes. We shall work through these details by considering

each possible type of stretch in turn. For every vertex inside a cut, its loop edges may

correspond to either

• two internal gluons, as depicted in figure 4;

• one quark and one gluon, illustrated in figure 5;

• two internal quarks, as shown in figure 6 for the case of the like-flavour edges.

In order to concretely discuss the details we discuss these three cases using the example of

two-particle cuts of an n-point two-quark amplitude at one loop. Similar to the adjoint case

– 24 –

�
σ

�
Δ

� �
σ

�f∗

g∗

f∗

g∗

f

�
X → �

σ∈Bf∗,g∗
X

C

�

Figure 5. Inserting a quark-gluon stretch tree basis into coloured cuts of a one-loop amplitude.

of ref. [20], we shall see how the symmetry factors cancel in the construction. To do this, we

first organise the contributions to eq. (4.1) into colour-dressed numerators corresponding

to an unordered graph; we denote such numerators by Δ̃i.

Consider an s12-channel bubble topology, in which a purely gluonic loop is exposed.

The symmetry factor of this bubble is 2. The coloured numerator is given by

1

2
Δ̃

�

1
2

n

...

3
�

=
�

σ∈Sn−2

C




1

2

σ(n)

...

σ(4)

σ(3)

Δ

�

1
2

σ(n)

...

σ(3)
�

. (4.3)

The set of permutations over which one sums in each corner is given by the bases with

two fixed gluon legs. In the concrete example of eq. (4.3), the explicit permutations and

the colour factors on the right-hand side of the cut are dictated by the DDM decomposi-

tion (1.1). The colour factor on the left-hand side at this point is also a simple comb-like

structure involving both quarks. The sum over the permutations 1↔ 2 on the left naturally

produces two copies of each colour-ordered numerator, which when considered under the

integral sign cancel the symmetry factor 2. This may be familiar from the purely gluonic

case [20]. This property relies on the permutation sum generating two copies of each term

related only by a reflection across the axis of the bubble. For this to hold in more general

cases with multiple quark lines on either side, one must take care to use a basis with a

quark bracket signature such that the basis is invariant under the exchange []↔ {}.8

Next, consider a bubble cut which involves two distinct gluonic and fermionic loop

lines, whose symmetry factor is unity. Flavour conservation implies that the flavour of the

internal quark line coincides with an external quark pair split by the unitarity cut. For

such a bubble in the two-quark amplitude, the colour decomposition presented in figure 5

should be applied to both sides of the cut. Schematically, this gives

Δ̃




l l+1

1 2

3

. .
.

n

. . .


 =

�
C




...

1

...

...

2

...


 Δ̃

�

. . .

1
. .

.

. .
.

2

. . .
�

, (4.4)

8In Section 3.2 and 3.3, when we allowed the unnested quark brackets to come in both combinations {}
and [], we chose the signature for all the nested quark brackets to remain canonical. This convention may be

switched to have all the nested brackets follow the signature of their enclosing bracket, i. e. [ . . .{. . .}. . . ]→
[ . . .[ . . . ]. . . ]. At one loop, this choice allows the colour decompositions to respect the reflection invariance

of the bubbles with internal gluons. This convention is also consistent with ref. [33].
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}
X → −θ[f' F̄ ]

∑

σ∈Bf∗,f̄ ′∗X

C

( }
σ

)
∆

( }
σ

)

+ θ[f'q∈X]
∑

σ∈Bq∗,F̄∗X

C

(

f

}
σ

)
∆

( }
σ

)

f∗

F̄ ∗

q∗

f∗

q∗
f̄ ′∗

F̄ ∗

f̄ ′∗

F̄

fermionic − may be replaced by + for scalars 22 / 25



n-pt 1-loop example

A(1)
n,1 in QCD: 2 quarks & (n−2) gluons; NB! arrows are fermionic

⇒ bubble color-dressed numerators decompose as

1

2
∆̃

(
1
2

n

...

3
)

=
∑

σ∈Sn−2

C




1

2

σ(n)

...

σ(4)

σ(3)

∆

(
1
2

σ(n)

...

σ(3)
)

∆̃

(
l l+1

1 2

3

. .
.

n

. . .

)
=
∑

C




...

1

...

...

2

...


∆

(
. . .

1
. .

.

. .
.

2

. . .
)

∆̃

(
f

1
2

n

...

3
)

=
∑

σ∈Sn−2

{
−C




1

2

σ(n)

...

σ(4)

σ(3)

∆

(
f

1
2

σ(n)

...

σ(3)
)

+ θ[f ' 1 ' 2]C




1

2

σ(n)

...

σ(4)

σ(3)

∆

(
f

1
2

σ(n)

...

σ(3)
)}

consistent with Kälin ’17
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Summary & outlook

I Subject: flexible Kleiss-Kuijf-reduced color representations

I New bases and decompositions for qQ, qg and gg stretches

I Previous results reused via factorization Del Duca, Dixon, Maltoni ’99
Melia ’13

Johansson, AO ’15

I Applicable to graviton-matter amplitudes via color-kinematics
Plefka, Wormsbecher ’18

I Applicable to loops via gen. unitarity via method of
Badger, Mogull, AO, O’Connell ’15

AO, Page ’16

also used in Bourjaily, Herrmann, Langer, McLeod, Trnka ’19
[Enrico’s talk]

I Implemented in numerical unitary framework
Abreu, Febres Cordero, Ita, Page, Sotnikov ’18

Abreu, Dormans, Febres Cordero, Ita, Page, Sotnikov ’19

I Orthogonal/complementary to SU(N) trace methods
Bern, Kosower ’90

Bern, Dixon, Kosower ’94

Edison, Naculich ’11

Ita, Ozeren ’11

Reuschle, Weinzierl ’13

Schuster ’13

I Hopefully helpful for future calculations beyond leading color!
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Thank you, and stay safe!
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Backup slides
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Tensor in JO color factors

Ξal =

l∑

s=1

1⊗ · · · ⊗ 1⊗
s︷ ︸︸ ︷

T a ⊗ 1⊗ · · · ⊗ 1⊗ 1︸ ︷︷ ︸
l

Ξa
l =

a

...





l =

...

+

...

+

...

+ . . . +

...

[
Ξal , Ξbl

]
= f̃abc Ξcl
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Loop-level KK relations
Badger, Mogull, AO, O’Connell ’15

AO, Page ’16

Question: do irred. numerators ∆i satisfy extra relations?
Answer: yes, they inherit KK relations from cuts.

Invitation: Loop level applications

Badger, Mogull, AO, O’Connell (2015) [4]

A(1, 2, 3, 4) + A(1, 2, 4, 3) + A(1, 4, 2, 3) = 0

4 points, 2 loops:

l3

l4l1

l2

1

2

4

3
l4

l3l1

l2

1

2

3

4
l2 l3

1

2

4

3

l4 l1

5 points, 2 loops:

4

5

3

1

2

4

5

3

2

1

4

5

3

1

2

4 / 32
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2-loop example in detail

∆̃

(

3

4

2

1ℓ2 ℓ1
)

= C

(

3

4

2

1
)

∆

(

3

4

2

1ℓ2 ℓ1
)

+C

(

4

3

2

1
)

∆

(

4

3

2

1

ℓ2

ℓ1
)

+C

(

3

4

2

1
)

∆

(

3

4

2

1ℓ2 ℓ1
)

=

{
C
(

3

4

2

1)
− C

(
3

4

2

1)}
∆

(

3

4

2

1ℓ2 ℓ1
)

+

{
C
(

4

3

2

1)
− C

(
3

4

2

1)}
∆

(

4

3

2

1

ℓ2

ℓ1
)

= C

(

3

4

2

1
)

∆

(

3

4

2

1ℓ2 ℓ1
)

+ C

(

4

3

2

1
)

∆

(

4

3

2

1

ℓ2

ℓ1
)
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DDM-based 1-loop decomposition

Del Duca, Dixon, Maltoni ’99

A(1)
n =

∑

σ∈Sn/Dn
f̃ b1aσ(1)b2 f̃ b2aσ(2)b3 . . . f̃ bnaσ(n)b1 A(1)(σ(1), σ(2), . . . , σ(n))

=
∑

σ∈Sn/Dn
C

(
σ(n−1)σ(2)

σ(1) σ(n)

. . . )
A(1)(σ(1), σ(2), . . . , σ(n))

k → ∑

|σ|=k
C

( }
σ

)
∆

( }
σ

)
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DDM-based 1-loop decomposition
Del Duca, Dixon, Maltoni ’99

1-loop KK relations by Bern, Kosower ’90

A(1)
n =

∑

σ∈Sn/Dn
C

(
σ(n−1)σ(2)

σ(1) σ(n)

. . . )
A(1)(σ(1), σ(2), . . . , σ(n)),

k → ∑

|σ|=k
C

( }
σ

)
∆

( }
σ

)

A(1)(1, 2, . . . , n) = I

[ ∑

1≤i1<i2<i3
<i4<i5≤n

∆


 i1

i2−1

i2
i3−1i3

i4−1

i4

i5 i1−1
i5−1


+

∑

1≤i1<i2
<i3<i4≤n

∆




i1

i2

i3

i4

i1−1

i3−1

i2−1

i4−1




+
∑

1≤i1<i2<i3≤n
∆

( i3 i1−1

i2

i1

i2−1
i3−1

)
+

∑

1≤i1<i2≤n
∆
(

i1−1 i1
i2−1i2

)
+
∑

1≤i1≤n
∆
(

i1
i1−1

)]
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DDM stretches at 2 loops Badger, Mogull, AO, O’Connell ’15

Generalization and subtleties in AO, Page ’16

k → ∑

|σ|=k
C

( }
σ

)
∆

( }
σ

)

(a)

k

→ ∑

|σ1∪σ2|=k
C

(

︸ ︷︷ ︸
σ1

)
∆

(σ2
{

σ2
{

︸ ︷︷ ︸
σ1

)

(b)

k

→ ∑

|σ1∪σ2∪σ3|=k
C

(
σ2
{ )

∆

(
σ2
{ )

+ C

(

︸ ︷︷ ︸
σ1

σ3︷ ︸︸ ︷

)
∆

( )
σ2
{

σ3︷ ︸︸ ︷

︸ ︷︷ ︸
σ1

︸ ︷︷ ︸
σ1

︸ ︷︷ ︸
σ1

σ3︷ ︸︸ ︷ σ3︷ ︸︸ ︷

σ2
{
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3-loop topologies

(a) (b)

(h)(g)

(c)
(d)

(f )(e)

33 / 25



3-loop topologies (d) and (f)

k

}
σ1σ3

{

︸︷︷︸
σ2

}
σ1σ3

{

︸︷︷︸
σ2

`1`2

`1`2

)
∆

(

)
∆

(

︸︷︷︸
σ2

}
σ1σ3

{

︸︷︷︸
σ2

}
σ1σ3

{

`1`2

)

)

`1`2

→ ∑

|σ1∪σ2∪σ3|=k
C

(

+ C

(

k ︸︷︷︸
σ4

}
σ3

}
σ2

`2

`3

σ1︷︸︸︷

︸︷︷︸
σ4

σ1︷︸︸︷
`1

}
σ3

}
σ2
`2

`1

`3

︸︷︷︸
σ4

}
σ3

}
σ2

`3

σ1︷︸︸︷

︸︷︷︸
σ4

σ1︷︸︸︷

}
σ3

}
σ2

`3

`1

`2

`1

`2

)
∆

(

)
∆

(

)
+ . . .+ C

(

→ ∑

|σ1∪σ2∪σ3∪σ4|=k
C

( )
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3-loop topologies (g) and (h)

k
︸︷︷︸
σ3

σ4
{

σ5
{

}
σ2

}
σ1

︸︷︷︸
σ3

σ4
{

σ5
{

}
σ2

}
σ1

)
∆

(
→ ∑

|σ1∪σ2∪σ3∪σ4∪σ5|=k
C

(

︸︷︷︸
σ3

σ4
{

σ5
{

}
σ2

}
σ1

`1

`2`3

`4`1

`2`3

`4

`1

`2`3

`4)
∆
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+ . . .
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σ3

σ4
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σ5
{
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σ2

}
σ1
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`2`3

`4
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→ ∑
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σ2
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∆
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3-loop N = 4 example AO, Page ’16

integrand by Bern, Carrasco, Dixon, Johansson, Kosower, Roiban ’07

integrated by Henn, Mistlberger ’16

A(3)
N=4 =

∑
σ∈S4

σ ◦ I
[
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8
C

( 14

3 2

)
∆
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3 2
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