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Aim of this talk

“Proper” color decompositions of the form

A(1, X, n) ZClan (1,0,n)

UEB

S

Bln

“stretched” by 2 arb. chosen labels
l«— and —n

B;(’” — basis of < (n — 2)! permutations
indep. under KK relations Kleiss, Kuijf '88
A(l,a,n,pB) = |5|2A10n

ocapBT



DDM decomposition Del Duca, Dixon, Maltoni '99

An — Z ]‘Ealag_(z)bl f~b1ag(3)b2 . fbn—4ao-(n72)bn—3fbn—Sao-(nfl)an
0ESn_2 xA(1,0(2),...,0(n—=1),n)

c@0o@) . on-1)
= > C 3 3 % 3 3 A(1,0(2),...,0(n—1),n)
0ESH_2 1 n

l.e. for pure gluons

2. o2)e3) ... or-1)
C =C non-triviall
. - . .-

C.f. standard SU(NN) trace decomposition

Ap = Y AT T%@ . T4 (-1)"cc.} AL, 0(2), ..., 0(n))

O'ESnfl



Color Feynman rules

C(...) replaces exposed vertices by
b a a

Fab
fooe = Sﬁ% IS ,3\ | Tﬁ—/%\ =1
a ¢ i J J i

Basic color algebra:

b c b c b c

fdaefebc . fdbefeac — fabefdec é B é%: = }W—V—é
a i o a d
5 b k b k b 2

SU(N):  T3T5 = 6;10k5 — N%%%z‘ — not used here directly

underlie color ordering for A(...)



Outline

1. Preliminaries

2. Color decompositions
with flavored matter

3. Loops at full color

4. Summary & outlook
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Color Decompositions
with Flavored Matter’

*NB! Arbitrary matter but in distinct-flavor pairs, fermionic signs separate;

e.g. 4 quarks at any loop: 1 1 1
5 3 5 5
A ]l =A A :
n 2 n n
1 1 1 6/25
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5-pt qg-stretch example
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5-pt qg-stretch example

2. 0 1 3. 103
Aso=C(1,2,3,4,5)A(1,2,3,4,5) + C(1,2,4,3,5)A(1,2,4,3,5
+C(1,3,4,2,5)A(1,3,4,2,5)

3 4 03
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5-pt qg-stretch example
Factorization limits fix color factors:

(indet) (30 lobor) - Ad )

() () ede) (i)
o(ndg) el )eloda) ~e(mte)



5-pt qg-stretch example

Factorization limits fix color factors:



Observations from 5-pt example

dse=c(, 300) A(Qﬁﬁ
+0<1m5) A(f}é}:ﬁ;})
(i) ()

Presence of fact. channels in A,, ;; constrain basis of A(...)

= e

v

v

Factorization allows color recursion if lower-pt known

v

Comb-like structures unless stretch by quarks of same flavor

v

Luckily, gG stretch most studied (apart from pure gluons)
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Like-flavor g stretch
Basis: Melia '13

Consider A(1,2,0) = A(2,0,1): stretch by 2 <— and — 1

Bi}g = {U € [bracket structures|;_1 x [gluon insertions]n_gk}

({{ {1 ]
> e.g. pure-quark permutation A(i,ﬁ,i,é,z,g,ll)
» full Melia basis for n =6, k = 3:

O 41 LLrar1  LO{yy1 L4411
A(27§747§a67l)’ A(2a§7673747l)’ A(27§a §7674al)’ A(2a§7 &74767l)

» quark-bracket orientations chosen but fixed

» gluon are allowed everywhere (except between 1 and 2)
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Like-flavor g stretch
Basis: Melia '13

Consider A(1,2,0) = A(2,0,1): stretch by 2 <— and — 1

Bi}g = {U € [bracket structures|;_1 x [gluon insertions]n_gk}

({{ {1 ]
> e.g. pure-quark permutation A(i,ﬁ,i,é,z,g,ll)
full Melia basis for n = 6, k£ = 3:

Lir{1}] Liri1] IR Litr 1]
A(27§747§a67l)’ A(2a§7673747l)’ A(27§557674al)’ A(2a§7 &74767l)

v

v

quark-bracket orientations chosen but fixed

v

gluon are allowed everywhere (except between 1 and 2)

Decomposition: Johansson, AO '15
proven by Melia '15
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Like-flavor g stretch
Basis: Melia '13

Consider A(1,2,0) = A(2,0,1): stretch by 2 <— and — 1

BZ}C = {0 € [bracket structures|;_1 x [gluon insertions]n_gk}

Decomposition: Johansson, AO '15
Ang =Y C(1,2,0) A(1,2,0)
UEBi’}C
2. s 9 = Z¢,
“l, 1 =D 2ol ¢ = {d T"® =)
B q— lq}
{q|Ta|Q} = Tiifqv [Q‘Tau] = Tgh = —Ti(ih

T

l




Like-flavor g stretch
Basis:
Consider A(1,2,0) = A(2,0,1): stretch by 2 <— and — 1

Melia '13

Bi’}g = {a € [bracket structures|;_1 X [gluon insertions]n,gk}

Johansson, AO '15

= o, )y )

UGBi%C

5 3 —
5-pt le: =C = 1A
pt example: A5 2 <2 é é .

Decomposition
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Towards arbitrary stretches

So far: gg stretch for pure YM [DDM]
qq stretch for QCD [Melia+JO]

Want generic stretch:

L= ¥ e ) 4( )

UGB

13 /25



Towards arbitrary stretches

So far: gg stretch for pure YM [DDM]
qq stretch for QCD [Melia+JO]

Want generic stretch:

AL X,n) = ) C( A}/_ >A<1—\CUL>

eBln

( o) A ) )
> )l )4l )

eBl P peBR"
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Towards arbitrary stretches

So far: gg stretch for pure YM [DDM]
qq stretch for QCD [Melia+JO]

Want generic stretch:

A1, X, n) Z C( _\CL >A<1¥>

GGB

S Se) Al Alwn)
Z > e )l o)A o)A ()

lpPGBP”
PUR 9. 9.
R =R A
51,550“4<1AOL,L) Res, ; ¢ C%ﬁ) C%ﬁ)
o€bB R

I AN EVBES

1,
(Ul,Jz)EuP,R[BPSR] 13/25



Towards arbitrary stretches

> T e )l ) ()

ﬂEB}D’E PEBIJ)?,)TL

s )

(o1 ,UQ)GMP,R[BJIZ:SR]

Upr[Bplr] = {(ﬂ,p) €Sp x Sp \ T®p € By, Res A(1,m,p,n) # o}
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Towards arbitrary stretches

™

IS SR (I V0 L P V200 O VA X A VY

rEBLP peBY"
o1 [op] o1 o2
- ¥ c( N )A(—\cﬁ>A(—\Cﬁ>
1 n 1 p p "
(Gl,UQ)GMP,R[B};SR]

Upr[Bplr] = {(ﬂ,p) €Sp x Sp \ T®p € By, Res A(1,m,p,n) # o}

Provided “co-unitarity” Up r[Bp! ] = Bp? x BE"

o ) )l

Minimal example:

Agz = O(ij) A(:}il) = C(i:i?) A<2M1)

OK for ¢q@Q failure for ¢q: no fact. channel
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Arbitary stretches

Observation: length of all bases’ must be Melia's

(n —2)!
k!

Skip to result: allow flips for unclosed brackets
}

or= U { erd(f)®p | (mp) € Qr x Qr e}
fEF EeP(F\ ) )

-UJ U {pere(er|(xr) cQsxQrme}

FEF BEP(F\f) | |

u{(pere(f)@p] (rp) € Qpx Qrpme}

Gnor={0€Sa | G={gart1,---,9n}}
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Arbitary stretches
Observation: length of all bases’ must be Melia's

Skip to result: allow flips for unclosed brackets

(n —2)!
k!

}
or= U { erd(f)®p | (mp) € Qr x Qr e}

fEF E€P(F\f) )

-UJ U {pere(er|(xr) cQsxQrme}

FEF BEP(F\f) | |

u{(pere(f)@p] (rp) € Qpx Qrpme}

Gnar = {0 €Sa | G={gart1,---

qq : BZ}C = {A(Z 0,1) ’ o€ Qop—1) W gn72k}

@Q: B ={ALoD) |V @0e @) € QoG o}
qg9 : Biz ={A(Lo,n) | ()@ o € Qo W Gn_oi}

qgg : BZ;l’n = {A(n—l,a, n) | o € Qo LU gn_gk_z}

Formal construction and proof of co-unitarity in 1908.02695

agn}}

Melia '13

NEW
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Distinct-flavor ¢() stretch
By ={ALoD) | (D) @o® @) € QopwGnox}

For perm. (l ) = ({1,0172}a0—23{530—376}70—47"'702u—2;{3 UZu—la4}) =

(7 o1 2 o9 5 o3 6 o4 O2u—2 3 U2u 1
of Vool il ni 3 ou
l—‘> L—4 1 4
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Similarly: qg and gg stretches

nk_{Al o.n) | (1) @0 € Qo W Gp_oi}

implicitly used ©@1-loop in Kilin '17
-1 I
B," = {A(n—1,0,n) | 0 € Qop W Gr—2i—2}

(oot () e o
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Similarly: qg and gg stretches

nk_{Al o.n) | (1) @0 € Qo W Gp_oi}

implicitly used @1-loop in Kalin '17
-1 I
B," = {A(n—1,0,n) | 0 € Qop W Gr—2i—2}

() = S ) e o= 0

NB! Induction via other valid fact. channel possible

Tree-level summary:
> All (1 + stretches — n) intertwined by mutual factorization

» All decompositions but ¢g implied by factorization dividing 1 and n
— for free once amp. bases are chosen co-unitary

» Fortunately, ¢§ and pure glue previously known [DDM, Melia 4+ JO]
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Loops at Full Color



Full-color 2-loop amplitude in pure YM

Badger, Mogull, AO, O'Connell '15

AP =

5 [P 0F5) 12 () + 32 (F)  +(55)

(a2 22 (Pe) 2 ()
b)) o) b))
Se(ZR) 3a(ER) + () +»(51)

o) (3o () + 32 (<) + 4o (R + 2 (<)}
o) {3a(<eF) 3 (<L) (<)

Integrated by Badger, Chicherin, Gehrmann, Heinrich, Henn, Peraro,
19/25



General color construction Badger, Mogull, AO, O'Connell 15

Methodology in AO, Page '16

Full color within unitarity/integrand reduction:”

AW — 3 /dLDe Ci A
" (2m)EP Si TTie; D

i € KK-indep. 1Pl graphs

e.g. for pure YM:

num./cut vertices: color factors:
- a(2) o(3) o(n—1)

*
Bern, Dixon, Dunbar, Kosower '94; Britto, Cachazo, Feng '04; Ossola, Papadopoulos, Pittau '06;
Mastrolia, Mirabella, Ossola, Peraro '12; Badger, Frellesvig, Zhang '12; Bourjaily, Herrmann, Trnka '17 [Enrico’s talk]pq 25



General color construction Badger, Mogull, AO, O'Connell 15

Methodology in AO, Page '16

Full color within unitarity/integrand reduction:”

AW — 3 /dLDE Ci A
" (2m)EP Si TTie; D

i € KK-indep. 1Pl graphs

e.g. for pure YM at 2 loops:

=z o(E))a( )
: ﬁ‘ (a)
#ﬂé

*
Bern, Dixon, Dunbar, Kosower '94; Britto, Cachazo, Feng '04; Ossola, Papadopoulos, Pittau '06;
Mastrolia, Mirabella, Ossola, Peraro '12; Badger, Frellesvig, Zhang '12; Bourjaily, Herrmann, Trnka '17 [Enrico’s talk]o1 /25



1 loop with matter
3 types of vertices:

C:IM et zeldrs( )
Folr=gex zc({;f} )A(%}g)

oeBY
fermionic — may be replaced by + for scalars
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n-pt 1-loop example

Agll)l in QCD: 2 quarks & (n—2) gluons; NB! arrows are fermionic

= bubble color-dressed numerators decompose as

Bl o(3) )
15 2 o(4 2 C.r<3)
(gl -y o [% (e

€S2

consistent with Kalin '17
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Summary & outlook

» Subject: flexible Kleiss-Kuijf-reduced color representations
» New bases and decompositions for g@), gg and gg stretches

» Previous results reused via factorization Del Duca, Dixon, Maltoni 99
ella

Johansson, AIO 15

» Applicable to graviton-matter amplitudes via color-kinematics

Plefka, Wormsbecher '18
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Summary & outlook

» Subject: flexible Kleiss-Kuijf-reduced color representations
» New bases and decompositions for g@), gg and gg stretches

» Previous results reused via factorization Del Duca, Dixon, Maltoni 99
ella

Johansson, AIO 15

» Applicable to graviton-matter amplitudes via color-kinematics

Plefka, Wormsbecher '18

» Applicable to loops via gen. unitarity via method of
Badger, Mogull, AO, O'Connell '15
AO, Page '16
also used in Bourjaily, Herrmann, Langer, McLeod, Trnka '19
[Enrico’s talk]
» Implemented in numerical unitary framework

Abreu, Febres Cordero, Ita, Page, Sotnikov '18
Abreu, Dormans, Febres Cordero, Ita, Page, Sotnikov '19

» Orthogonal/complementary to SU(V) trace methods
Bern, Kosower '90
Bern, Dixon, Kosower '94
Edison, Naculich '11
Ita, Ozeren '11
Reuschle, Weinzierl '13
Schuster '13

» Hopefully helpful for future calculations beyond leading color!
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Thank you, and stay safe!



Backup slides



Tensor in JO color factors

S

R1eT'®1®---®11




Loop-level KK relations

Badger, Mogull, AO, O’Connell '15

AO, Page '16
Question: do irred. numerators A; satisfy extra relations?
Answer: yes, they inherit KK relations from cuts.
A(1,2,3,4) + A(1,2,4,3) + A(1,4,2,3) =0
4 points, 2 loops:
2 3
ly 3
ly
1 4
5 points, 2 loops:
5 1 5 2 5 1
2 1
2
4 3 4 3 4 3
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2-loop example in detail

> _ > ° _ Rt
< < < <
N O O —
TR S TE ST
N
N



DDM-based 1-loop decomposition

Del Duca, Dixon, Maltoni '99

Ag) _ Z fhraambs fhracbs  Fbnasmyby A(l)(g(l),a(g),m’g(n))

€Sy /Dy

= Z C (U(Z) _Q_ "("1)> A(l)(g(l)v 0'(2), ) O’(TL))

€S, /Dy o(1) a(n)

v

o 2 (El)a(kk)
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DDM-based 1-loop decomposition

Del Duca, Dixon, Maltoni '99
1-loop KK relations by Bern, Kosower '90

.A'(nl) = Z C (0(2) —;:é— ‘7("_1)> A(l) (U(l)a 0(2)’ ce 70(”))7

€Sy /Dy a(1) a(n)

v

GRr(=ERI Sy

~ iy ip—1
A(l)(1,2,...,n)zll > Al - Sl > A
1<iy <ip<is i1 1<y <ia e
<ig<iz<n <iz<ig<n o

i3 i1—1

-1 i i

+ A(l A ,>+ > Ao )+ Y A((><)]
3— 1= — 1
1<i <ia<iz<n i i1 1<i1<ia<n 1<i1<n
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DDM StretCheS at 2 |Oops Badger, Mogull, AO, O'Connell '15

Generalization and subtleties in AO, Page '16

(#Q H‘ﬂac@}n)&( K}U)
(a)
SRS
’ (b) o o
P o G = )A@%)
2 T i}
¥ @-@>A<>




3-loop topologies
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3-loop topologies (d) and (f)

34 /25



3-loop topologies (g) and (h)
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3-loop N = 4 example

1 4
SC(

A

3 _
N=4 —

Z ool

oESy

S @unng

+1e(=T1)

AO, Page '16
integrand by Bern, Carrasco, Dixon, Johansson, Kosower, Roiban '07

A integrated by Henn, Mistlberger '16

4 /2‘ 0
2. ‘ 0

1 ) :
4 1 NG 1 N
1 o/t
+ZC’<~ ){A<~ 11>+A<B<
3 2 370, 2 37 1, 2
1 4 1 N 1
+2C<Eg){A<Egﬁ)+A<
3 2 370 2 :
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