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MOTIVATION 2

✦ Compute an important amplitude in pure GR: 

✦ Insights into relation between multi-loop amplitudes/classical 
gravitational dynamics  

✦ Develop tools to compute GR amplitudes 

✦ Explore two-loop numerical unitarity framework beyond 
planar QCD

✓ All-plus known, compute remaining helicities

✓ UV well studied, compute finite pieces [Weinberg], [’t Hooft and Veltman],  
[Goroff and Sagnotti], [Donoghue],  
[Bern et al]…

[Bern et al.], [Dunbar et al.]
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<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

A(2)
<latexit sha1_base64="ihr4HU8cZWdBS4loH43sU+S1Bl8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD1WvXisYD+gTctmu2mXbjZhd6OUkP/hxYMiXv0v3vw3btMctPXBwOO9GWbmeRFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO1409u533mkUrFQPOhZRN0AjwXzGcHaSIOkTzBH1+kgqdbP02G5YtfsDGiVODmpQI7msPzVH4UkDqjQhGOleo4daTfBUjPCaVrqx4pGmEzxmPYMFTigyk2yq1N0ZpQR8kNpSmiUqb8nEhwoNQs80xlgPVHL3lz8z+vF2r9yEyaiWFNBFov8mCMdonkEaMQkJZrPDMFEMnMrIhMsMdEmqJIJwVl+eZW06zXHrjn3F5XGTR5HEU7gFKrgwCU04A6a0AICEp7hFd6sJ+vFerc+Fq0FK585hj+wPn8AYeqRxA==</latexit><latexit sha1_base64="ihr4HU8cZWdBS4loH43sU+S1Bl8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD1WvXisYD+gTctmu2mXbjZhd6OUkP/hxYMiXv0v3vw3btMctPXBwOO9GWbmeRFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO1409u533mkUrFQPOhZRN0AjwXzGcHaSIOkTzBH1+kgqdbP02G5YtfsDGiVODmpQI7msPzVH4UkDqjQhGOleo4daTfBUjPCaVrqx4pGmEzxmPYMFTigyk2yq1N0ZpQR8kNpSmiUqb8nEhwoNQs80xlgPVHL3lz8z+vF2r9yEyaiWFNBFov8mCMdonkEaMQkJZrPDMFEMnMrIhMsMdEmqJIJwVl+eZW06zXHrjn3F5XGTR5HEU7gFKrgwCU04A6a0AICEp7hFd6sJ+vFerc+Fq0FK585hj+wPn8AYeqRxA==</latexit><latexit sha1_base64="ihr4HU8cZWdBS4loH43sU+S1Bl8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD1WvXisYD+gTctmu2mXbjZhd6OUkP/hxYMiXv0v3vw3btMctPXBwOO9GWbmeRFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO1409u533mkUrFQPOhZRN0AjwXzGcHaSIOkTzBH1+kgqdbP02G5YtfsDGiVODmpQI7msPzVH4UkDqjQhGOleo4daTfBUjPCaVrqx4pGmEzxmPYMFTigyk2yq1N0ZpQR8kNpSmiUqb8nEhwoNQs80xlgPVHL3lz8z+vF2r9yEyaiWFNBFov8mCMdonkEaMQkJZrPDMFEMnMrIhMsMdEmqJIJwVl+eZW06zXHrjn3F5XGTR5HEU7gFKrgwCU04A6a0AICEp7hFd6sJ+vFerc+Fq0FK585hj+wPn8AYeqRxA==</latexit><latexit sha1_base64="ihr4HU8cZWdBS4loH43sU+S1Bl8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD1WvXisYD+gTctmu2mXbjZhd6OUkP/hxYMiXv0v3vw3btMctPXBwOO9GWbmeRFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO1409u533mkUrFQPOhZRN0AjwXzGcHaSIOkTzBH1+kgqdbP02G5YtfsDGiVODmpQI7msPzVH4UkDqjQhGOleo4daTfBUjPCaVrqx4pGmEzxmPYMFTigyk2yq1N0ZpQR8kNpSmiUqb8nEhwoNQs80xlgPVHL3lz8z+vF2r9yEyaiWFNBFov8mCMdonkEaMQkJZrPDMFEMnMrIhMsMdEmqJIJwVl+eZW06zXHrjn3F5XGTR5HEU7gFKrgwCU04A6a0AICEp7hFd6sJ+vFerc+Fq0FK585hj+wPn8AYeqRxA==</latexit>

O(6)
<latexit sha1_base64="sGgX24LhATRnYpMQnCWfMu6l00g=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCvZRERD0WvXizgv2AJpbJdtsu3WzC7kYsIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC2LOlHacb6uwsrq2vlHcLG1t7+zu2fvllooSSWiTRDySnQAU5UzQpmaa004sKYQBp+1gfD31249UKhaJez2JqR/CULABI6CN1LPLqUeA49us6o0hjuHh/KRnV5yaMwNeJm5OKihHo2d/ef2IJCEVmnBQqus6sfZTkJoRTrOSlygaAxnDkHYNFRBS5aez2zN8bJQ+HkTSlNB4pv6eSCFUahIGpjMEPVKL3lT8z+smenDpp0zEiaaCzBcNEo51hKdB4D6TlGg+MQSIZOZWTEYggWgTV8mE4C6+vExapzXXqbl3Z5X6VR5HER2iI1RFLrpAdXSDGqiJCHpCz+gVvVmZ9WK9Wx/z1oKVzxygP7A+fwDPoJOg</latexit><latexit sha1_base64="sGgX24LhATRnYpMQnCWfMu6l00g=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCvZRERD0WvXizgv2AJpbJdtsu3WzC7kYsIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC2LOlHacb6uwsrq2vlHcLG1t7+zu2fvllooSSWiTRDySnQAU5UzQpmaa004sKYQBp+1gfD31249UKhaJez2JqR/CULABI6CN1LPLqUeA49us6o0hjuHh/KRnV5yaMwNeJm5OKihHo2d/ef2IJCEVmnBQqus6sfZTkJoRTrOSlygaAxnDkHYNFRBS5aez2zN8bJQ+HkTSlNB4pv6eSCFUahIGpjMEPVKL3lT8z+smenDpp0zEiaaCzBcNEo51hKdB4D6TlGg+MQSIZOZWTEYggWgTV8mE4C6+vExapzXXqbl3Z5X6VR5HER2iI1RFLrpAdXSDGqiJCHpCz+gVvVmZ9WK9Wx/z1oKVzxygP7A+fwDPoJOg</latexit><latexit sha1_base64="sGgX24LhATRnYpMQnCWfMu6l00g=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCvZRERD0WvXizgv2AJpbJdtsu3WzC7kYsIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC2LOlHacb6uwsrq2vlHcLG1t7+zu2fvllooSSWiTRDySnQAU5UzQpmaa004sKYQBp+1gfD31249UKhaJez2JqR/CULABI6CN1LPLqUeA49us6o0hjuHh/KRnV5yaMwNeJm5OKihHo2d/ef2IJCEVmnBQqus6sfZTkJoRTrOSlygaAxnDkHYNFRBS5aez2zN8bJQ+HkTSlNB4pv6eSCFUahIGpjMEPVKL3lT8z+smenDpp0zEiaaCzBcNEo51hKdB4D6TlGg+MQSIZOZWTEYggWgTV8mE4C6+vExapzXXqbl3Z5X6VR5HER2iI1RFLrpAdXSDGqiJCHpCz+gVvVmZ9WK9Wx/z1oKVzxygP7A+fwDPoJOg</latexit><latexit sha1_base64="sGgX24LhATRnYpMQnCWfMu6l00g=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCvZRERD0WvXizgv2AJpbJdtsu3WzC7kYsIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC2LOlHacb6uwsrq2vlHcLG1t7+zu2fvllooSSWiTRDySnQAU5UzQpmaa004sKYQBp+1gfD31249UKhaJez2JqR/CULABI6CN1LPLqUeA49us6o0hjuHh/KRnV5yaMwNeJm5OKihHo2d/ef2IJCEVmnBQqus6sfZTkJoRTrOSlygaAxnDkHYNFRBS5aez2zN8bJQ+HkTSlNB4pv6eSCFUahIGpjMEPVKL3lT8z+smenDpp0zEiaaCzBcNEo51hKdB4D6TlGg+MQSIZOZWTEYggWgTV8mE4C6+vExapzXXqbl3Z5X6VR5HER2iI1RFLrpAdXSDGqiJCHpCz+gVvVmZ9WK9Wx/z1oKVzxygP7A+fwDPoJOg</latexit>

[Weinberg], [’t Hooft and Veltman],  
[Goroff and Sagnotti], [Donoghue], …



Main Challenges 4

✦ EH Feynman rules are complicated

Feynman-diagram based 
calculation out of question 

 (Generalised) Unitarity⇒

✦ EH interactions have high power-counting (QCD2)

O(`2)
<latexit sha1_base64="hmILRgkCDSFjrApWTFxBK0g0pmM=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSDES9gNgh6DXrwZwTwgu4bZSScZMvtgZjYQlvyJFw+KePVPvPk3TpI9aGJBQ1HVTXdXkAiutON8W2vrG5tb24Wd4u7e/sGhfXTcVHEqGTZYLGLZDqhCwSNsaK4FthOJNAwEtoLR7cxvjVEqHkePepKgH9JBxPucUW2krm1nHqOC3E/LHgrxVL3o2iWn4sxBVombkxLkqHftL68XszTESDNBleq4TqL9jErNmcBp0UsVJpSN6AA7hkY0ROVn88un5NwoPdKPpalIk7n6eyKjoVKTMDCdIdVDtezNxP+8Tqr7137GoyTVGLHFon4qiI7JLAbS4xKZFhNDKJPc3ErYkErKtAmraEJwl19eJc1qxXUq7sNlqXaTx1GAUziDMrhwBTW4gzo0gMEYnuEV3qzMerHerY9F65qVz5zAH1ifPzeykrg=</latexit><latexit sha1_base64="hmILRgkCDSFjrApWTFxBK0g0pmM=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSDES9gNgh6DXrwZwTwgu4bZSScZMvtgZjYQlvyJFw+KePVPvPk3TpI9aGJBQ1HVTXdXkAiutON8W2vrG5tb24Wd4u7e/sGhfXTcVHEqGTZYLGLZDqhCwSNsaK4FthOJNAwEtoLR7cxvjVEqHkePepKgH9JBxPucUW2krm1nHqOC3E/LHgrxVL3o2iWn4sxBVombkxLkqHftL68XszTESDNBleq4TqL9jErNmcBp0UsVJpSN6AA7hkY0ROVn88un5NwoPdKPpalIk7n6eyKjoVKTMDCdIdVDtezNxP+8Tqr7137GoyTVGLHFon4qiI7JLAbS4xKZFhNDKJPc3ErYkErKtAmraEJwl19eJc1qxXUq7sNlqXaTx1GAUziDMrhwBTW4gzo0gMEYnuEV3qzMerHerY9F65qVz5zAH1ifPzeykrg=</latexit><latexit sha1_base64="hmILRgkCDSFjrApWTFxBK0g0pmM=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSDES9gNgh6DXrwZwTwgu4bZSScZMvtgZjYQlvyJFw+KePVPvPk3TpI9aGJBQ1HVTXdXkAiutON8W2vrG5tb24Wd4u7e/sGhfXTcVHEqGTZYLGLZDqhCwSNsaK4FthOJNAwEtoLR7cxvjVEqHkePepKgH9JBxPucUW2krm1nHqOC3E/LHgrxVL3o2iWn4sxBVombkxLkqHftL68XszTESDNBleq4TqL9jErNmcBp0UsVJpSN6AA7hkY0ROVn88un5NwoPdKPpalIk7n6eyKjoVKTMDCdIdVDtezNxP+8Tqr7137GoyTVGLHFon4qiI7JLAbS4xKZFhNDKJPc3ErYkErKtAmraEJwl19eJc1qxXUq7sNlqXaTx1GAUziDMrhwBTW4gzo0gMEYnuEV3qzMerHerY9F65qVz5zAH1ifPzeykrg=</latexit><latexit sha1_base64="hmILRgkCDSFjrApWTFxBK0g0pmM=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSDES9gNgh6DXrwZwTwgu4bZSScZMvtgZjYQlvyJFw+KePVPvPk3TpI9aGJBQ1HVTXdXkAiutON8W2vrG5tb24Wd4u7e/sGhfXTcVHEqGTZYLGLZDqhCwSNsaK4FthOJNAwEtoLR7cxvjVEqHkePepKgH9JBxPucUW2krm1nHqOC3E/LHgrxVL3o2iWn4sxBVombkxLkqHftL68XszTESDNBleq4TqL9jErNmcBp0UsVJpSN6AA7hkY0ROVn88un5NwoPdKPpalIk7n6eyKjoVKTMDCdIdVDtezNxP+8Tqr7137GoyTVGLHFon4qiI7JLAbS4xKZFhNDKJPc3ErYkErKtAmraEJwl19eJc1qxXUq7sNlqXaTx1GAUziDMrhwBTW4gzo0gMEYnuEV3qzMerHerY9F65qVz5zAH1ifPzeykrg=</latexit>

⇠<latexit sha1_base64="kc5c6gsEtZKPcNR7LcXBcFcl9w8=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fs7gnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelAhurO9/e6W19Y3NrfJ2ZWd3b/+genjUNnGqGbZYLGLdiahBwRW2LLcCO4lGKiOBj9HkNvcfn1AbHqsHO00wlHSk+JAzanOpZ7jsV2t+3Z+DrJKgIDUo0OxXv3qDmKUSlWWCGtMN/MSGGdWWM4GzSi81mFA2oSPsOqqoRBNm81tn5MwpAzKMtStlyVz9PZFRacxURq5TUjs2y14u/ud1Uzu8DjOuktSiYotFw1QQG5P8cTLgGpkVU0co09zdStiYasqsi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld486T34r17H4vWklfMHMMfeJ8/H6+ORw==</latexit><latexit sha1_base64="kc5c6gsEtZKPcNR7LcXBcFcl9w8=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fs7gnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelAhurO9/e6W19Y3NrfJ2ZWd3b/+genjUNnGqGbZYLGLdiahBwRW2LLcCO4lGKiOBj9HkNvcfn1AbHqsHO00wlHSk+JAzanOpZ7jsV2t+3Z+DrJKgIDUo0OxXv3qDmKUSlWWCGtMN/MSGGdWWM4GzSi81mFA2oSPsOqqoRBNm81tn5MwpAzKMtStlyVz9PZFRacxURq5TUjs2y14u/ud1Uzu8DjOuktSiYotFw1QQG5P8cTLgGpkVU0co09zdStiYasqsi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld486T34r17H4vWklfMHMMfeJ8/H6+ORw==</latexit><latexit sha1_base64="kc5c6gsEtZKPcNR7LcXBcFcl9w8=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fs7gnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelAhurO9/e6W19Y3NrfJ2ZWd3b/+genjUNnGqGbZYLGLdiahBwRW2LLcCO4lGKiOBj9HkNvcfn1AbHqsHO00wlHSk+JAzanOpZ7jsV2t+3Z+DrJKgIDUo0OxXv3qDmKUSlWWCGtMN/MSGGdWWM4GzSi81mFA2oSPsOqqoRBNm81tn5MwpAzKMtStlyVz9PZFRacxURq5TUjs2y14u/ud1Uzu8DjOuktSiYotFw1QQG5P8cTLgGpkVU0co09zdStiYasqsi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld486T34r17H4vWklfMHMMfeJ8/H6+ORw==</latexit><latexit sha1_base64="kc5c6gsEtZKPcNR7LcXBcFcl9w8=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fs7gnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelAhurO9/e6W19Y3NrfJ2ZWd3b/+genjUNnGqGbZYLGLdiahBwRW2LLcCO4lGKiOBj9HkNvcfn1AbHqsHO00wlHSk+JAzanOpZ7jsV2t+3Z+DrJKgIDUo0OxXv3qDmKUSlWWCGtMN/MSGGdWWM4GzSi81mFA2oSPsOqqoRBNm81tn5MwpAzKMtStlyVz9PZFRacxURq5TUjs2y14u/ud1Uzu8DjOuktSiYotFw1QQG5P8cTLgGpkVU0co09zdStiYasqsi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld486T34r17H4vWklfMHMMfeJ8/H6+ORw==</latexit>O(`)
<latexit sha1_base64="XNUtwKlBAnHp4tUfyf1eKS4FTJ0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXgzgnlAdg2zk95kyOyDmVklLPkPLx4U8eq/ePNvnCR70MSChqKqm+4uPxFcadv+tgorq2vrG8XN0tb2zu5eef+gpeJUMmyyWMSy41OFgkfY1FwL7CQSaegLbPuj66nffkSpeBzd63GCXkgHEQ84o9pID5nLqCC3k6qLQpz2yhW7Zs9AlomTkwrkaPTKX24/ZmmIkWaCKtV17ER7GZWaM4GTkpsqTCgb0QF2DY1oiMrLZldPyIlR+iSIpalIk5n6eyKjoVLj0DedIdVDtehNxf+8bqqDSy/jUZJqjNh8UZAKomMyjYD0uUSmxdgQyiQ3txI2pJIybYIqmRCcxZeXSeus5tg15+68Ur/K4yjCERxDFRy4gDrcQAOawEDCM7zCm/VkvVjv1se8tWDlM4fwB9bnD5EskeM=</latexit><latexit sha1_base64="XNUtwKlBAnHp4tUfyf1eKS4FTJ0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXgzgnlAdg2zk95kyOyDmVklLPkPLx4U8eq/ePNvnCR70MSChqKqm+4uPxFcadv+tgorq2vrG8XN0tb2zu5eef+gpeJUMmyyWMSy41OFgkfY1FwL7CQSaegLbPuj66nffkSpeBzd63GCXkgHEQ84o9pID5nLqCC3k6qLQpz2yhW7Zs9AlomTkwrkaPTKX24/ZmmIkWaCKtV17ER7GZWaM4GTkpsqTCgb0QF2DY1oiMrLZldPyIlR+iSIpalIk5n6eyKjoVLj0DedIdVDtehNxf+8bqqDSy/jUZJqjNh8UZAKomMyjYD0uUSmxdgQyiQ3txI2pJIybYIqmRCcxZeXSeus5tg15+68Ur/K4yjCERxDFRy4gDrcQAOawEDCM7zCm/VkvVjv1se8tWDlM4fwB9bnD5EskeM=</latexit><latexit sha1_base64="XNUtwKlBAnHp4tUfyf1eKS4FTJ0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXgzgnlAdg2zk95kyOyDmVklLPkPLx4U8eq/ePNvnCR70MSChqKqm+4uPxFcadv+tgorq2vrG8XN0tb2zu5eef+gpeJUMmyyWMSy41OFgkfY1FwL7CQSaegLbPuj66nffkSpeBzd63GCXkgHEQ84o9pID5nLqCC3k6qLQpz2yhW7Zs9AlomTkwrkaPTKX24/ZmmIkWaCKtV17ER7GZWaM4GTkpsqTCgb0QF2DY1oiMrLZldPyIlR+iSIpalIk5n6eyKjoVLj0DedIdVDtehNxf+8bqqDSy/jUZJqjNh8UZAKomMyjYD0uUSmxdgQyiQ3txI2pJIybYIqmRCcxZeXSeus5tg15+68Ur/K4yjCERxDFRy4gDrcQAOawEDCM7zCm/VkvVjv1se8tWDlM4fwB9bnD5EskeM=</latexit><latexit sha1_base64="XNUtwKlBAnHp4tUfyf1eKS4FTJ0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXgzgnlAdg2zk95kyOyDmVklLPkPLx4U8eq/ePNvnCR70MSChqKqm+4uPxFcadv+tgorq2vrG8XN0tb2zu5eef+gpeJUMmyyWMSy41OFgkfY1FwL7CQSaegLbPuj66nffkSpeBzd63GCXkgHEQ84o9pID5nLqCC3k6qLQpz2yhW7Zs9AlomTkwrkaPTKX24/ZmmIkWaCKtV17ER7GZWaM4GTkpsqTCgb0QF2DY1oiMrLZldPyIlR+iSIpalIk5n6eyKjoVLj0DedIdVDtehNxf+8bqqDSy/jUZJqjNh8UZAKomMyjYD0uUSmxdgQyiQ3txI2pJIybYIqmRCcxZeXSeus5tg15+68Ur/K4yjCERxDFRy4gDrcQAOawEDCM7zCm/VkvVjv1se8tWDlM4fwB9bnD5EskeM=</latexit>

⇠<latexit sha1_base64="kc5c6gsEtZKPcNR7LcXBcFcl9w8=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fs7gnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelAhurO9/e6W19Y3NrfJ2ZWd3b/+genjUNnGqGbZYLGLdiahBwRW2LLcCO4lGKiOBj9HkNvcfn1AbHqsHO00wlHSk+JAzanOpZ7jsV2t+3Z+DrJKgIDUo0OxXv3qDmKUSlWWCGtMN/MSGGdWWM4GzSi81mFA2oSPsOqqoRBNm81tn5MwpAzKMtStlyVz9PZFRacxURq5TUjs2y14u/ud1Uzu8DjOuktSiYotFw1QQG5P8cTLgGpkVU0co09zdStiYasqsi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld486T34r17H4vWklfMHMMfeJ8/H6+ORw==</latexit><latexit sha1_base64="kc5c6gsEtZKPcNR7LcXBcFcl9w8=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fs7gnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelAhurO9/e6W19Y3NrfJ2ZWd3b/+genjUNnGqGbZYLGLdiahBwRW2LLcCO4lGKiOBj9HkNvcfn1AbHqsHO00wlHSk+JAzanOpZ7jsV2t+3Z+DrJKgIDUo0OxXv3qDmKUSlWWCGtMN/MSGGdWWM4GzSi81mFA2oSPsOqqoRBNm81tn5MwpAzKMtStlyVz9PZFRacxURq5TUjs2y14u/ud1Uzu8DjOuktSiYotFw1QQG5P8cTLgGpkVU0co09zdStiYasqsi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld486T34r17H4vWklfMHMMfeJ8/H6+ORw==</latexit><latexit sha1_base64="kc5c6gsEtZKPcNR7LcXBcFcl9w8=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fs7gnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelAhurO9/e6W19Y3NrfJ2ZWd3b/+genjUNnGqGbZYLGLdiahBwRW2LLcCO4lGKiOBj9HkNvcfn1AbHqsHO00wlHSk+JAzanOpZ7jsV2t+3Z+DrJKgIDUo0OxXv3qDmKUSlWWCGtMN/MSGGdWWM4GzSi81mFA2oSPsOqqoRBNm81tn5MwpAzKMtStlyVz9PZFRacxURq5TUjs2y14u/ud1Uzu8DjOuktSiYotFw1QQG5P8cTLgGpkVU0co09zdStiYasqsi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld486T34r17H4vWklfMHMMfeJ8/H6+ORw==</latexit><latexit sha1_base64="kc5c6gsEtZKPcNR7LcXBcFcl9w8=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJFmyu3fs7gnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelAhurO9/e6W19Y3NrfJ2ZWd3b/+genjUNnGqGbZYLGLdiahBwRW2LLcCO4lGKiOBj9HkNvcfn1AbHqsHO00wlHSk+JAzanOpZ7jsV2t+3Z+DrJKgIDUo0OxXv3qDmKUSlWWCGtMN/MSGGdWWM4GzSi81mFA2oSPsOqqoRBNm81tn5MwpAzKMtStlyVz9PZFRacxURq5TUjs2y14u/ud1Uzu8DjOuktSiYotFw1QQG5P8cTLgGpkVU0co09zdStiYasqsi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld486T34r17H4vWklfMHMMfeJ8/H6+ORw==</latexit>

Complicated integrand 
 Analytics from numerics⇒VS

Issues addressed by 
two-loop numerical unitarity

𝒪(100) 𝒪(1000) 𝒪(10000)Terms:
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✦ Computing the amplitude, D = 4 − 2ϵ

✦ Decomposition of integrand

A(`l) =
X

�

X

i2M� [S�

c�,i(D)
m�,i(`l, D)Q

j2P�
⇢j

<latexit sha1_base64="ubiGoevWL3St87GW5c/IOVkxg+Q="></latexit><latexit sha1_base64="ubiGoevWL3St87GW5c/IOVkxg+Q="></latexit><latexit sha1_base64="ubiGoevWL3St87GW5c/IOVkxg+Q="></latexit><latexit sha1_base64="ubiGoevWL3St87GW5c/IOVkxg+Q="></latexit>

✓ Construct surface  terms that integrate to zeroSΓ

✓ Dimension  simple to determine|MΓ ∪ SΓ |

✓ Compute coefficients  from generalised unitaritycΓ,i

A =
X

�

X

i2M�

c�,i(D) I�,i(D)
<latexit sha1_base64="iRU88v5XPde6NuODORvo3rDrMgo="></latexit><latexit sha1_base64="iRU88v5XPde6NuODORvo3rDrMgo="></latexit><latexit sha1_base64="iRU88v5XPde6NuODORvo3rDrMgo="></latexit><latexit sha1_base64="iRU88v5XPde6NuODORvo3rDrMgo="></latexit>

[Abreu, Febres Cordero, Ita, Jaquier, Page, Zeng, 17,18,19]

✦ All integrals (4-point 2-loop massless) are known
[Anastasiou, Smirnov, Tausk, Tejeda-Yeomans, Veretin, 99,00]
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Z
[dD`l]

m�,i(`l, D)Q
j2P�

⇢j
= 0

<latexit sha1_base64="6GBDXRtlWZqHnunWZx/QKp5jki0="></latexit><latexit sha1_base64="6GBDXRtlWZqHnunWZx/QKp5jki0="></latexit><latexit sha1_base64="6GBDXRtlWZqHnunWZx/QKp5jki0="></latexit><latexit sha1_base64="6GBDXRtlWZqHnunWZx/QKp5jki0="></latexit>

✦ For each , construct numerators such thatΓ

✦ “Integration-by-parts” IBP relations … 
Z
[dD`l]

@

@`⌫i

"
u⌫
iQ

k2P�
⇢k

#
= 0

<latexit sha1_base64="+fnCUtUJQEtxzaXDscFI0gURo+E="></latexit><latexit sha1_base64="+fnCUtUJQEtxzaXDscFI0gURo+E="></latexit><latexit sha1_base64="+fnCUtUJQEtxzaXDscFI0gURo+E="></latexit><latexit sha1_base64="+fnCUtUJQEtxzaXDscFI0gURo+E="></latexit>

✦ … that don’t increase propagator power

u⌫
i

@

@`⌫i
⇢j = fj⇢j

<latexit sha1_base64="ZLR5XqUbaMbIIudEoUCbXXw4d1s=">AAACMXicbVDLSsNAFJ34rPUVdelmsAiuSiKCboSimy4r2Ac0NUymk3baySTMQyghv+TGPxE3XSji1p9w0hTR1gMD5557LnfuCRJGpXKcqbWyura+sVnaKm/v7O7t2weHLRlrgUkTxywWnQBJwignTUUVI51EEBQFjLSD8W3ebz8SIWnM79UkIb0IDTgNKUbKSL5d135Ks4fU4zqDXigQTr0ECUURy34Y9AhjM19hE8PYT0fZNSyH/qgoR75dcarODHCZuHNSAXM0fPvF68dYR4QrzJCUXddJVC/NN2JGsrKnJUkQHqMB6RrKUURkL51dnMFTo/RhGAvzuIIz9fdEiiIpJ1FgnBFSQ7nYy8X/el2twqteSnmiFeG4WBRqBlUM8/hgnwqCFZsYgrCg5q8QD5GJTZmQyyYEd/HkZdI6r7pO1b27qNRu5nGUwDE4AWfABZegBuqgAZoAgyfwCt7Au/VsTa0P67OwrljzmSPwB9bXN69bq58=</latexit><latexit sha1_base64="ZLR5XqUbaMbIIudEoUCbXXw4d1s=">AAACMXicbVDLSsNAFJ34rPUVdelmsAiuSiKCboSimy4r2Ac0NUymk3baySTMQyghv+TGPxE3XSji1p9w0hTR1gMD5557LnfuCRJGpXKcqbWyura+sVnaKm/v7O7t2weHLRlrgUkTxywWnQBJwignTUUVI51EEBQFjLSD8W3ebz8SIWnM79UkIb0IDTgNKUbKSL5d135Ks4fU4zqDXigQTr0ECUURy34Y9AhjM19hE8PYT0fZNSyH/qgoR75dcarODHCZuHNSAXM0fPvF68dYR4QrzJCUXddJVC/NN2JGsrKnJUkQHqMB6RrKUURkL51dnMFTo/RhGAvzuIIz9fdEiiIpJ1FgnBFSQ7nYy8X/el2twqteSnmiFeG4WBRqBlUM8/hgnwqCFZsYgrCg5q8QD5GJTZmQyyYEd/HkZdI6r7pO1b27qNRu5nGUwDE4AWfABZegBuqgAZoAgyfwCt7Au/VsTa0P67OwrljzmSPwB9bXN69bq58=</latexit><latexit sha1_base64="ZLR5XqUbaMbIIudEoUCbXXw4d1s=">AAACMXicbVDLSsNAFJ34rPUVdelmsAiuSiKCboSimy4r2Ac0NUymk3baySTMQyghv+TGPxE3XSji1p9w0hTR1gMD5557LnfuCRJGpXKcqbWyura+sVnaKm/v7O7t2weHLRlrgUkTxywWnQBJwignTUUVI51EEBQFjLSD8W3ebz8SIWnM79UkIb0IDTgNKUbKSL5d135Ks4fU4zqDXigQTr0ECUURy34Y9AhjM19hE8PYT0fZNSyH/qgoR75dcarODHCZuHNSAXM0fPvF68dYR4QrzJCUXddJVC/NN2JGsrKnJUkQHqMB6RrKUURkL51dnMFTo/RhGAvzuIIz9fdEiiIpJ1FgnBFSQ7nYy8X/el2twqteSnmiFeG4WBRqBlUM8/hgnwqCFZsYgrCg5q8QD5GJTZmQyyYEd/HkZdI6r7pO1b27qNRu5nGUwDE4AWfABZegBuqgAZoAgyfwCt7Au/VsTa0P67OwrljzmSPwB9bXN69bq58=</latexit><latexit sha1_base64="ZLR5XqUbaMbIIudEoUCbXXw4d1s=">AAACMXicbVDLSsNAFJ34rPUVdelmsAiuSiKCboSimy4r2Ac0NUymk3baySTMQyghv+TGPxE3XSji1p9w0hTR1gMD5557LnfuCRJGpXKcqbWyura+sVnaKm/v7O7t2weHLRlrgUkTxywWnQBJwignTUUVI51EEBQFjLSD8W3ebz8SIWnM79UkIb0IDTgNKUbKSL5d135Ks4fU4zqDXigQTr0ECUURy34Y9AhjM19hE8PYT0fZNSyH/qgoR75dcarODHCZuHNSAXM0fPvF68dYR4QrzJCUXddJVC/NN2JGsrKnJUkQHqMB6RrKUURkL51dnMFTo/RhGAvzuIIz9fdEiiIpJ1FgnBFSQ7nYy8X/el2twqteSnmiFeG4WBRqBlUM8/hgnwqCFZsYgrCg5q8QD5GJTZmQyyYEd/HkZdI6r7pO1b27qNRu5nGUwDE4AWfABZegBuqgAZoAgyfwCt7Au/VsTa0P67OwrljzmSPwB9bXN69bq58=</latexit>

✓ Compute the  by solving syzygy equationsuν
i

[Gluza, Kajda, Kosower 10;
Schabinger 11]

[Ita 15; Abreu, Febres Cordero, Ita, Jaquier, Page, Zeng 17]

see also [Boehm,  Georgoudis,  Larsen,  Schulze, Zhang, … 16 - 19] 
and [Agarwal, von Manteuffel 19]
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✦ Surface terms with  and :uν
i t(ℓl) m�,k= u⌫

i
@t(`l)

@`⌫i
+ t(`l)

 
@u⌫

i

@`⌫i
�
X

k2P�

fk

!
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✦ Linear algebra: independent surface terms, determine , infer |SΓ | |MΓ |

✦  are power-counting/theory independentuν
i

Analytic decomposition of 
integrand into master 

integrands and surface terms

[Ita 15; Abreu, Febres Cordero, Ita, Jaquier, Page, Zeng 17]
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A(`l) =
X

�

X

i2M� [S�

c�,i(D)
m�,i(`l, D)Q

j2P�
⇢j
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✦ In on-shell configuration of , integrand factorisesℓl
X

states

Y

k2T�

Atree
k (`�l ) =

X

�0��

c�0 m�0(`�l )Q
j2(P�0\P�)

⇢j(`�l )
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✦ Need efficient computation of tree amplitudes (numerical)

✓ Berends-Giele recursion
✓ -dimensional state sum, Ds Ds = 6,…,10

✦ Solve cut equations numerically: never construct analytic integrand

Compute amplitude at a 
numerical phase-space point

[Bern, Dixon, Dunbar, Kosower 94,95]

[Berends, Giele, 88]
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✦ Analytic  dependenceϵ
✓ Compute at enough values to determine rational function

[Thiele’s formula]

✦ Rational dependence on all variables: compute in finite field
✓ No loss of precision in numerical manipulations

Analytic  and  dependence at numerical 
phase-space point amplitude from numerics

ϵ Ds

✦ Analytic  dependenceDs

✓ EH: Quartic polynomial 
✓ GB: Cubic polynomial / , vanishes at  (Ds − 2) Ds = 4

[Peraro, 16]
[Abreu, Dormans, Febres Cordero, Ita, Page, Sotnikov 18, 19]

[von Manteuffel, Schabinger, 15], [Peraro, 16]

A =
X

�

X

i2M�

c�,i(✏, Ds, s, x = t/s) I�,i
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A =
X

�

X

i2M�

c�,i(✏, Ds, s, x = t/s) I�,i
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R(2) = A(2) � SA(1) +
S2

2
A(0)
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✦ Analytic dependence in  is rational but complicatedx

✓ UV finite by construction

S =
X

i<j

1

✏2
(�(pi + pj)

2)1�✏
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✓ Remove soft

Compute analytic amplitude from numerics

✓ Target genuine two-loop contribution 

✦ Reconstruct analytic form of finite remainder ( )Ds = 4 − 2ϵ

[Abreu, Dormans, Febres Cordero, Ita, Page, Sotnikov 18, 19]

R(2)
~h

=
X

i

di(x)hi(x)
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✦ Full framework automated in Caravel

✦ Well tested in QCD calculations
✓ Analytic planar 5-parton amplitudes

✦ New developments for four-graviton amplitudes
✓ Non-planar topologies
✓ GB, R3 Feynman rules

✓ For EH: cubic-interaction reformulation

✦ 20 numerical evaluations for each helicity

Analytic 4-graviton 2-loop amplitudes: 
𝒜( + + + + ), 𝒜( − + + + ), 𝒜( − − + + )

Soon to be released!

[Abreu, Febres Cordero, Ita, Jaquier, Page, Ruf, Sotnikov 20]

[Cheung, Remmen 17]

[Abreu, Dormans, Febres Cordero, Ita, Page, Sotnikov 18, 19]

[Abreu, Dormans, Febres Cordero, Ita, Kraus, Page, Pascual, Ruf, Sotnikov 20]
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✦ Computed the three independent helicities for

✓ EH gravity

✓ One-loop GB✓ Tree-level GB-GB

✓ Tree-level R3 R3

GB

GB GB

✦ Checks

✓ 1-loop amplitudes [Dunbar, Norridge 95], [Bern, Cheung, Chi, Davies, Dixon, Nohle, unpub.]

✓ GB tree and 1-loop:  and + + + + − − + +
[Bern, Cheung, Chi, Davies, Dixon, Nohle, 15, unpub.]

✓ R3 tree [Bern, Cheung, Chi, Davies, Dixon, Nohle, 15], [Dunbar, Jehu, Perkins, 17]

✓ 2-loop: + + + + [Bern, Cheung, Chi, Davies, Dixon, Nohle, unpub.], [Dunbar, Jehu, Perkins, 17]

✓ Remainders are finite, correct symmetry, no spurious poles
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✦ Remainders

f(s, t, u) =
s

60

�
14s2 � 9t u

�
log(�s)
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R(2)
++++ = f(s, t, u) + f(t, u, s) + f(u, s, t)

+
117617

21600
s t u+ 30 s t u (cGB(µ)� 2cR3(µ))
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✓ : up to weight 1, symmetric on , , + + + + s t u

✓ : up to weight 2, only logs, symmetric on , , − + + + s t u

✓ : up to weight 4, classical polylogs− − + +

[Bern, Cheung, Chi, Davies, Dixon, Nohle, unpub.]
[Dunbar, Jehu, Perkins, 17]
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L = log(�s/t)
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Julio’s  
talk

-channel Regge limit ( ):s s ≫ − t > 0
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✦ -dependence of remainderμ

CGB =

✓
53

90

1

✏
+ cGB(µ)

◆
µ�2✏
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✦ Remainders depend on a single coupling

R(2)
{�,�,+,+} = 0 c(µ) + . . .
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R(2)
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c(µ) = cGB(µ)� 2 cR3(µ)
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✓ GB counter-term is evanescent 

✓ same combination in 5-point 2-loop all-plus [Dunbar, Jehu, Perkins, 17]

[Bern, Cheung, Chi, Davies, Dixon, Nohle, 15]
[Bern, Chi, Dixon, Edison, 17]
[Dunbar, Godwin, Jehu, Perkins, 17]
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Summary 15

✦ Two-loop numerical unitarity is a mature framework

✓ Efficient approach to obtain analytic results

✓ Generic: state of the art results in QCD & GR

✦ Computed the full set of four-graviton helicity amplitudes

✓ Confirm known + + + +

✓ New results for  and − + + + − − + +
✓ Led to new insights into relation between multi-loop 

amplitudes and classical gravitational dynamics 
[Bern, Ita, Parra-Martinez, Ruf, 20]

✓ Interesting coupling and  dependence in remainderμ
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