
The Origin of the Six-Gluon Amplitude in Planar N=4 SYM

Based on work with

Lance Dixon and Georgios Papathanasiou

Zoomplitudes 2020 
May 11-15, 2020

Benjamin Basso

LPENS



Perturbative amplitude bootstrap 

Most efficient way of building amplitudes at weak coupling

(rely on knowledge of relevant space of functions) 

Pentagon flux-tube OPE 

Work at finite coupling around the collinear limit

(rely on integrability) 

String theory 

Strong coupling description in terms of minimal surfaces

(rely on gauge-string duality)

Gluon scattering amplitudes in planar N=4 SYM

Powerful techniques to compute amplitudes at various values of coupling constant

g2 = �/(4⇡)2

But the dream of re-summing / plotting an amplitude at finite coupling is not fulfilled yet 

(Lance’s talk)



Subtracting BDS / divergences in a friendly way  -  with

Closest target: 6-gluon MHV amplitude

It is IR finite and function of 3 Hexagon cross ratios

u1 =
s12s45
s123s345

, u2 =
s23s56
s234s123

, u3 =
s34s61
s345s234

E(ui) = lim
✏!0

A6(sij , ✏)

A6,BDS-like(sij , ✏)
= exp


R6 +

1

4
�cusp E(1)

�

Smaller polygons are “trivial” owing to dual conformal symmetry

and controlled by BDS ansatz / cusp anomalous dimension

[Alday,Maldacena’07]
[Drummond,Korchemsky,Sokatchev’07]

[Brandhuber,Heslop,Travaglini’07]
[Drummond,Henn,Korchemsky,Sokatchev’07]

=

Same as Hexagon Wilson Loop

E(1) =
X

i=1,2,3

Li2(1� 1/ui)
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Triple collinear limit aka “Origin”

1

2 3

4

56

s12, s34, s56 ! 0

Observation: 6-gluon amplitude shows Sudakov-like suppression

log E = ��oct

24
log2(u1u2u3)�

�hex

24

X

i

log2 (ui/ui+1) + C0

The Origin

Quadratic in logs and controlled by a few functions of the coupling alone

[Alday, Gaiotto,Maldacena’09]
[Caron-Huot,Dixon,Dulat,McLeod,vonHippel,Papathanasiou’19]

Opportunity to study an amplitude at finite coupling and to practice re-summation



Perturbation theory

Hexagon function bootstrap enabled calculation

of six-gluon amplitude through 7 loops

throughout the entire kinematical space 

[Dixon,Drummond,Henn’11]
[Dixon,Drummond,vonHippel,Pennington’13]

[Caron-Huot,Dixon,McLeod,vonHippel’16]
[Caron-Huot,Dixon,Dulat,McLeod,vonHippel,Papathanasiou’19]

All look very similar and written in terms of Riemann zeta values (no complicated MZVs) 

⇣(s) =
1X

n=1

1

ns

Weak coupling evidence and data

First 5 loops:

Emerging pattern: the anomalous dimension                  is simpler�oct
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Easy coefficient

Moreover: same anomalous dimension controls the light-like limit 
of large-charge 4pt function - dubbed “the Octagon” [Coronado’18]

[Kostov,Petkova,Serban’19]
[Belitsky,Korchemsky’19]

Immediate observation can be made (through at least 7 loops)

Large-charge BPS operators

at every corner 

Double logarithmic scaling for

light-likeframe controlled by �oct

Determined recently at finite coupling

O ⇠ �L

Grey = sum of

all planar graphs


inside square



WL = sum over complete basis of intermediate states

[Alday,Gaiotto,Maldacena,Sever,Vieira’10]
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Collinear limit and flux tube

Philosophy: Cusps 
on opposite sides of 
square can be 
thought of as

producing 
excitations 
propagating from 
one side to the other

parameterize the cross ratios, e.g.

Need hammer for 
other quantities… 

56

2 3

W6 =
X

 

P (0| )P ( |0)e�E⌧+iP�+a'
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[Alday,Gaiotto,Maldacena,Sever,Vieira’10]
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Collinear limit and flux tubeNeed hammer for 
other quantities… 
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Flux tube states?

Ground state: GKP string with energy density (tension) = �cusp

Excitations: fluctuations along the long string carrying energy =  twist

Philosophy: Cusps 
on opposite sides of 
square can be 
thought of as

producing 
excitations 
propagating from 
one side to the other



Pentagon OPE

Fundamental OPE building blocks are pentagon WLs with insertions

Pentagon transitions give us control on the OPE series for WLs

= X

[BB,Sever,Vieira’13]

OPE

cut

State with 
N excitations 
carrying 
rapidities 
(momenta) 
u1, …, uN

They can be bootstrapped thanks to integrability



Distance OPE - Origin?

collinear limit

u2
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1 1

1
Far from collinear limits (diagonals)

Edge of convergence domain

of OPE series

Must re-sum

But what exactly?

Relevant states here are lightest charged states (with charge = helicity) 

with helicity

' ! 1
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Tower of gluonic excitations

Fortunately not

everything



Gluonic contributions to Hexagon WL

At weak coupling the series truncates quickly as the N-gluon contributions

All ingredients can be determined at any coupling using integrability

1-particle exchange is enough through 3 loops,

2-particle exchange is enough through 8 loops,

etc.

Gluons dominance

W6 =
X

N>0

1

N !

X

a1,...,aN>1

e'
P

i ai

Z
du1 . . . duN

(2⇡)N

Q
i µiQ

i<j PijPji
e�⌧

P
i Ei+i�

P
i pi
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[BB,Sever,Vieira’14]

Simply related to subtracted amplitude

[Drummond,Papathanasiou’15]

W6 = E e
1
2�cusp(�

2+⌧2+⇣2)
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Integrals / sums can be expressed in terms of HPLs [Papathanasiou’13]



Sommeferld-Watson transform

Method: convert sum into contour integral

C

a

X

a>1

(�1)aea'f(a) =

Z

C

da ea'
if(a)

2 sin (⇡a)
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(like in Regge theory)

                  is dominated by nearest singularity (“Regge pole”) with ' ! 1
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In case at hand, the logarithms come from singularity at a = 0
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Example

Single-particle exchange at one loop

Integrand is smooth and small at

Regge pole arises because of singularities pinching contour u = ±ia/2
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Recipe: pick up the residue at                       and then at

Same OPE integrand as for expansion around collinear limit

but integrated along different contour of integration

W6 = 1 + g
2

1X

a=1

(�1)aea('�⌧)

Z
du

2⇡

�(a2 + iu)�(a2 � iu)

(u2 + a2

4 )�(a)
e
2iu� +O(g4)

<latexit sha1_base64="FIroARV2CGCTdr/Ah2GZnGz5u7g="></latexit>

a = 0

<latexit sha1_base64="2tiyif4OYrGxibbN2msVXiX7olU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkohel4MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c381hMqzRP5aMYpBjEdSB5xRo2VfEpuiNsrV9yqOwdZJV5OKpCj0St/dfsJy2KUhgmqdcdzUxNMqDKcCZyWupnGlLIRHWDHUklj1MFkfuyUnFmlT6JE2ZKGzNXfExMaaz2OQ9sZUzPUy95M/M/rZCa6DiZcpplByRaLokwQk5DZ56TPFTIjxpZQpri9lbAhVZQZm0/JhuAtv7xKmhdVr1a9fKhV6rd5HEU4gVM4Bw+uoA730AAfGHB4hld4c6Tz4rw7H4vWgpPPHMMfOJ8/YS2Nvg==</latexit>

u = ia/2

<latexit sha1_base64="cK/+4kGV1BgCq+R4wuQKCYzz7V8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8xd0Q0YsS8OIxgnlAsoTZSW8yZHZ2nZkVQshPePGgiFd/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3k795hMqzWP5YEYJ+hHtSx5yRo2VWim5Jpyel7uFoltyZyDLxMtIETLUuoWvTi9maYTSMEG1bntuYvwxVYYzgZN8J9WYUDakfWxbKmmE2h/P7p2QU6v0SBgrW9KQmfp7YkwjrUdRYDsjagZ60ZuK/3nt1IRX/pjLJDUo2XxRmApiYjJ9nvS4QmbEyBLKFLe3EjagijJjI8rbELzFl5dJo1zyKqWL+0qxepPFkYNjOIEz8OASqnAHNagDAwHP8ApvzqPz4rw7H/PWFSebOYI/cD5/AHAjjus=</latexit>

a = 0

<latexit sha1_base64="2tiyif4OYrGxibbN2msVXiX7olU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkohel4MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c381hMqzRP5aMYpBjEdSB5xRo2VfEpuiNsrV9yqOwdZJV5OKpCj0St/dfsJy2KUhgmqdcdzUxNMqDKcCZyWupnGlLIRHWDHUklj1MFkfuyUnFmlT6JE2ZKGzNXfExMaaz2OQ9sZUzPUy95M/M/rZCa6DiZcpplByRaLokwQk5DZ56TPFTIjxpZQpri9lbAhVZQZm0/JhuAtv7xKmhdVr1a9fKhV6rd5HEU4gVM4Bw+uoA730AAfGHB4hld4c6Tz4rw7H4vWgpPPHMMfOJ8/YS2Nvg==</latexit>



Lift to finite coupling

Weak coupling Finite coupling

u

<latexit sha1_base64="1Xu72J+NB7Zp1zLvKs4fmL6RSDw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoicpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWaqb9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1a9bNYq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AOMRjP0=</latexit>

u

<latexit sha1_base64="1Xu72J+NB7Zp1zLvKs4fmL6RSDw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoicpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWaqb9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1a9bNYq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AOMRjP0=</latexit>

The pole in rapidity is replaced by a Zhukowski cut

u �! x(u) =
u+

p
u2 � (2g)2

2

<latexit sha1_base64="MLhVPX7b+L1WXrZtAMLQtlH9ZAQ="></latexit>

The song remains the same: 1) take contour integral in u space 2) read off residue at a = 0 

Bonus: new representation shows up by passing to the second sheet



Quasi Gaussian integral

Get (infinite-dimensional) integral representation

Gaussian weight is controlled by celebrated BES kernel

with matrix element given by integral of product of Bessel functions

[Beisert,Eden,Staudacher’06]

[BB,Dixon,Papathanasiou’20]

E = N
Z 1Y

i=1

d⇠i F (⇠) e�⇠M⇠+2ig⌧⇠1

<latexit sha1_base64="HZ/YZPdAgUGn+hJ5UVtrm/sVCSw="></latexit>

M = 1 +K

<latexit sha1_base64="J//E8xWy3iqgYwqMynNr1y2yehc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCWRim6UghtBhAr2AW0ok+mkHTqZhJlJoYT+iRsXirj1T9z5N07aLLT1wMDhnHu5Z44fc6a043xbhZXVtfWN4mZpa3tnd8/eP2iqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx/dZn5rTKVikXjSk5h6IR4IFjCCtZF6tv2ArpF71g2xHvp+ej/t2WWn4syAlombkzLkqPfsr24/IklIhSYcK9VxnVh7KZaaEU6npW6iaIzJCA9ox1CBQ6q8dJZ8ik6M0kdBJM0TGs3U3xspDpWahL6ZzBKqRS8T//M6iQ6uvJSJONFUkPmhIOFIRyirAfWZpETziSGYSGayIjLEEhNtyiqZEtzFLy+T5nnFrVYuHqvl2k1eRxGO4BhOwYVLqMEd1KEBBMbwDK/wZqXWi/VufcxHC1a+cwh/YH3+ANZAkoI=</latexit>

�cusp = 4g2


1

1 +K

�

11

<latexit sha1_base64="AkrQaIttgZxhi8KPkIHxNk6J1E0="></latexit>



Strictly Gaussian integral

The integrand F is a (complicated) Fredholm determinant

Nicely we observed (in PT) that it becomes Gaussian at the origin

Integrals can then be done explicitly

* Log of amplitude is quadratic in logs of cross ratios 

E = N
Z 1Y

i=1

d⇠i e
�⇠(M+�M)⇠+2ig⌧⇠1

<latexit sha1_base64="J6ilIeTMABJ5FSQG/7i+ZDItn7I="></latexit>

** Anomalous dimensions expressed as inverse element of shifted kernel

Entirely Gaussian but with a modified kernel M + �M

<latexit sha1_base64="XAogobUvwcEhmcMPM9dP4YiuKMU=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKRE8S8OIlEME8MFnC7GQ2GTI7u8z0CiHkL7x4UMSrf+PNv3GS7EETCxqKqm66u4JECoOu++2srK6tb2zmtvLbO7t7+4WDw4aJU814ncUy1q2AGi6F4nUUKHkr0ZxGgeTNYHg79ZtPXBsRqwccJdyPaF+JUDCKVnqsnnd6XCIl1W6h6JbcGcgy8TJShAy1buGr04tZGnGFTFJj2p6boD+mGgWTfJLvpIYnlA1pn7ctVTTixh/PLp6QU6v0SBhrWwrJTP09MaaRMaMosJ0RxYFZ9Kbif147xfDaHwuVpMgVmy8KU0kwJtP3SU9ozlCOLKFMC3srYQOqKUMbUt6G4C2+vEwaFyWvXLq8LxcrN1kcOTiGEzgDD66gAndQgzowUPAMr/DmGOfFeXc+5q0rTjZzBH/gfP4Ait+QLQ==</latexit>

F (⇠) = F (⇠,', ⌧,�)

<latexit sha1_base64="Y0OmVxRnsLkXKrhrsc4A2hAsV1c=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoLUiZkYpulIIgLivYC7SlnEkzbWgyMySZYil9Aze+ihsXirh16863MdPOQlsPJHz8/zkk53dDzpS27W8rtbS8srqWXs9sbG5t72R392oqiCShVRLwQDZcUJQzn1Y105w2QklBuJzW3cF17NeHVCoW+Pd6FNK2gJ7PPEZAG6mTPb7Jtx5YAV/iKZzg1hBk2I9BQ2RuxXoCCp1szi7a08KL4CSQQ0lVOtmvVjcgkaC+JhyUajp2qNtjkJoRTieZVqRoCGQAPdo06IOgqj2e7jPBR0bpYi+Q5vgaT9XfE2MQSo2EazoF6L6a92LxP68Zae+iPWZ+GGnqk9lDXsSxDnAcDu4ySYnmIwNAJDN/xaQPEog2EWZMCM78yotQOy06peLZXSlXvkriSKMDdIjyyEHnqIxuUQVVEUGP6Bm9ojfryXqx3q2PWWvKSmb20Z+yPn8ADfeaLQ==</latexit>

' ! 1

<latexit sha1_base64="Mev5eySksnE6v2JG7ejWN2y0Xh0=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmkoispuHFZwT6gCWUynTRDJ5Mwc1MJpeDGX3HjQhG3/oQ7/8bpY6GtBy4czrmXe+8JUsE1OM63VVhZXVvfKG6WtrZ3dvfs/YOmTjJFWYMmIlHtgGgmuGQN4CBYO1WMxIFgrWBwM/FbQ6Y0T+Q95CnzY9KXPOSUgJG69pE3JCqNOPYU70dAlEoesMdlCHnXLjsVZwq8TNw5KaM56l37y+slNIuZBCqI1h3XScEfEQWcCjYueZlmKaED0mcdQyWJmfZH0x/G+NQoPRwmypQEPFV/T4xIrHUeB6YzJhDpRW8i/ud1Mgiv/BGXaQZM0tmiMBMYEjwJBPe4YhREbgihiptbMY2IIhRMbCUTgrv48jJpnlfcauXirlquXc/jKKJjdILOkIsuUQ3dojpqIIoe0TN6RW/Wk/VivVsfs9aCNZ85RH9gff4Aaw6YBA==</latexit>



One kernel to rule them all

Partition BES kernel into 4 blocks and introduce angle 

All anomalous dimensions encoded in

(K��)ij = K2i�1,2j�1

(K�•)ij = K2i�1,2j

etcK(↵) = 2 cos↵


cos↵K�� sin↵K�•
sin↵K•� cos↵K••

�

<latexit sha1_base64="jh9Qf3f2Iq0OOUSqIt98ZmbwPk8="></latexit>

with original undeformed case corresponding to ↵ = ⇡/4

<latexit sha1_base64="GPosiScSJoCXPXHtYtfmaJB02ks=">AAACSXicdVDNS8MwHE03P+b8qnr0EhyCB5mtTPSiDLx4nOA+oC0zzdItmLYhSYVR+u958ebN/8GLB0U8mXUbuE1/EHi8934feT5nVCrLejUKxaXlldXSWnl9Y3Nr29zZbck4EZg0ccxi0fGRJIxGpKmoYqTDBUGhz0jbf7ge6e1HIiSNozs15MQLUT+iAcVIaapr3qduPsQRfd9LraqV1/ECyGZ89v8+FzE+QBm8hC6nJ7Wsa1amGlwE00EVMKlG13xxezFOQhIpzJCUjm1x5aVIKIoZycpuIglH+AH1iaNhhEIivTQ/LoOHmunBIBb6RQrm7O+OFIVSDkNfO0OkBnJeG5F/aU6iggsvpRFPFInweFGQMKhiOIoV9qggWLGhBggLqm+FeIAEwkqHX9Yh2PNfXgSt06pdq57d1ir1q0kcJbAPDsARsME5qIMb0ABNgMETeAMf4NN4Nt6NL+N7bC0Yk549MFOF4g9MDqpI</latexit>

�↵ = 4g2


1

1 +K(↵)

�

11

<latexit sha1_base64="mg0tu3BMquEUEveP3b5iaOyoOkc="></latexit>

�oct = �↵=0

<latexit sha1_base64="igmOkY1+GUrJX7xNnbYhMGdlcwg=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIglBmpKIbpeBClxXsBdpSzqSpDU1mhuSMWIZ5CDe+ihsXirh14c63Mb0gav0h8POdczg5vx9JYdB1P53M3PzC4lJ2Obeyura+kd/cqpkw1oxXWShD3fDBcCkCXkWBkjcizUH5ktf9wfmoXr/l2ogwuMZhxNsKbgLREwzQok7+oHUBSkEnaSG/Q62SkGGa0lP6zUFGfbDATTv5glt0x6KzxpuaApmq0sl/tLohixUPkEkwpum5EbYT0CiY5GmuFRseARvADW9aG4Dipp2Mj0rpniVd2gu1fQHSMf05kYAyZqh826kA++ZvbQT/qzVj7J20ExFEMfKATRb1YkkxpKOEaFdozlAOrQGmhf0rZX3QwNDmmLMheH9PnjW1w6JXKh5dlQrls2kcWbJDdsk+8cgxKZNLUiFVwsg9eSTP5MV5cJ6cV+dt0ppxpjPb5Jec9y9TQp5T</latexit>

�cusp = �↵=⇡/4

<latexit sha1_base64="XXJHywtGrCafrPuDRHiW3D+4F84=">AAACGXicbVDLSgNBEJz1bXxFPXoZDIKnuCsRvSiCBz1GMA9IQuidTMzgzO4w0yuGZX/Di7/ixYMiHvXk3zh5IGosaCiquunuCrUUFn3/05uanpmdm19YzC0tr6yu5dc3qjZODOMVFsvY1EOwXIqIV1Cg5HVtOKhQ8lp4czbwa7fcWBFHV9jXvKXgOhJdwQCd1M77zXNQCtppE/kdGpWyxOoso8f02wCpezAQtNgrZe18wS/6Q9BJEoxJgYxRbuffm52YJYpHyCRY2wh8ja0UDAomeZZrJpZrYDdwzRuORqC4baXDzzK645QO7cbGVYR0qP6cSEFZ21eh61SAPfvXG4j/eY0Eu0etVEQ6QR6x0aJuIinGdBAT7QjDGcq+I8CMcLdS1gMDDF2YORdC8PflSVLdLwal4sFlqXB6Mo5jgWyRbbJLAnJITskFKZMKYeSePJJn8uI9eE/eq/c2ap3yxjOb5Be8jy84K6Bi</latexit>

�hex = �↵=⇡/3

<latexit sha1_base64="b8CFTfPQo1rt3nqfCvjPQMErcGY=">AAACGHicbZA9SwNBEIb3/DZ+RS1tFoNgFe80oo0SsNBSwaiQhDC3mZjF3btjd04Mx/0MG/+KjYUitun8N25iEL9eWHh5ZobZecNESUu+/+6NjU9MTk3PzBbm5hcWl4rLKxc2To3AmohVbK5CsKhkhDWSpPAqMQg6VHgZ3hwN6pe3aKyMo3PqJdjUcB3JjhRADrWKW41j0BpaWYPwjozOuniX5/yAf3FQSRcGIJFbO3mrWPLL/lD8rwlGpsRGOm0V+412LFKNEQkF1tYDP6FmBoakUJgXGqnFBMQNXGPd2Qg02mY2PCznG460eSc27kXEh/T7RAba2p4OXacG6trftQH8r1ZPqbPfzGSUpISR+FzUSRWnmA9S4m1pUJDqOQPCSPdXLrpgQJDLsuBCCH6f/NdcbJeDSnn3rFKqHo7imGFrbJ1tsoDtsSo7YaesxgS7Z4/smb14D96T9+q9fbaOeaOZVfZDXv8DSZOf4Q==</latexit>



One kernel to rule them all

Partition BES kernel into 4 blocks and introduce angle 

All anomalous dimensions encoded in

(K��)ij = K2i�1,2j�1

(K�•)ij = K2i�1,2j

etc

D(↵) = log det (1 +K(↵))

<latexit sha1_base64="bUwXV2lqzYfvQEXhRad3sARITv0="></latexit>

K(↵) = 2 cos↵


cos↵K�� sin↵K�•
sin↵K•� cos↵K••

�

<latexit sha1_base64="jh9Qf3f2Iq0OOUSqIt98ZmbwPk8="></latexit>

Constant uses determinant

with original undeformed case corresponding to

C0 = D(⇡/4)�D(⇡/3)� 1

2
D(0)� ⇣2

2
�cusp

↵ = ⇡/4

<latexit sha1_base64="GPosiScSJoCXPXHtYtfmaJB02ks=">AAACSXicdVDNS8MwHE03P+b8qnr0EhyCB5mtTPSiDLx4nOA+oC0zzdItmLYhSYVR+u958ebN/8GLB0U8mXUbuE1/EHi8934feT5nVCrLejUKxaXlldXSWnl9Y3Nr29zZbck4EZg0ccxi0fGRJIxGpKmoYqTDBUGhz0jbf7ge6e1HIiSNozs15MQLUT+iAcVIaapr3qduPsQRfd9LraqV1/ECyGZ89v8+FzE+QBm8hC6nJ7Wsa1amGlwE00EVMKlG13xxezFOQhIpzJCUjm1x5aVIKIoZycpuIglH+AH1iaNhhEIivTQ/LoOHmunBIBb6RQrm7O+OFIVSDkNfO0OkBnJeG5F/aU6iggsvpRFPFInweFGQMKhiOIoV9qggWLGhBggLqm+FeIAEwkqHX9Yh2PNfXgSt06pdq57d1ir1q0kcJbAPDsARsME5qIMb0ABNgMETeAMf4NN4Nt6NL+N7bC0Yk549MFOF4g9MDqpI</latexit>

�↵ = 4g2


1

1 +K(↵)

�

11

<latexit sha1_base64="mg0tu3BMquEUEveP3b5iaOyoOkc="></latexit>

�oct = �↵=0

<latexit sha1_base64="igmOkY1+GUrJX7xNnbYhMGdlcwg=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIglBmpKIbpeBClxXsBdpSzqSpDU1mhuSMWIZ5CDe+ihsXirh14c63Mb0gav0h8POdczg5vx9JYdB1P53M3PzC4lJ2Obeyura+kd/cqpkw1oxXWShD3fDBcCkCXkWBkjcizUH5ktf9wfmoXr/l2ogwuMZhxNsKbgLREwzQok7+oHUBSkEnaSG/Q62SkGGa0lP6zUFGfbDATTv5glt0x6KzxpuaApmq0sl/tLohixUPkEkwpum5EbYT0CiY5GmuFRseARvADW9aG4Dipp2Mj0rpniVd2gu1fQHSMf05kYAyZqh826kA++ZvbQT/qzVj7J20ExFEMfKATRb1YkkxpKOEaFdozlAOrQGmhf0rZX3QwNDmmLMheH9PnjW1w6JXKh5dlQrls2kcWbJDdsk+8cgxKZNLUiFVwsg9eSTP5MV5cJ6cV+dt0ppxpjPb5Jec9y9TQp5T</latexit>

�cusp = �↵=⇡/4

<latexit sha1_base64="XXJHywtGrCafrPuDRHiW3D+4F84=">AAACGXicbVDLSgNBEJz1bXxFPXoZDIKnuCsRvSiCBz1GMA9IQuidTMzgzO4w0yuGZX/Di7/ixYMiHvXk3zh5IGosaCiquunuCrUUFn3/05uanpmdm19YzC0tr6yu5dc3qjZODOMVFsvY1EOwXIqIV1Cg5HVtOKhQ8lp4czbwa7fcWBFHV9jXvKXgOhJdwQCd1M77zXNQCtppE/kdGpWyxOoso8f02wCpezAQtNgrZe18wS/6Q9BJEoxJgYxRbuffm52YJYpHyCRY2wh8ja0UDAomeZZrJpZrYDdwzRuORqC4baXDzzK645QO7cbGVYR0qP6cSEFZ21eh61SAPfvXG4j/eY0Eu0etVEQ6QR6x0aJuIinGdBAT7QjDGcq+I8CMcLdS1gMDDF2YORdC8PflSVLdLwal4sFlqXB6Mo5jgWyRbbJLAnJITskFKZMKYeSePJJn8uI9eE/eq/c2ap3yxjOb5Be8jy84K6Bi</latexit>

�hex = �↵=⇡/3

<latexit sha1_base64="b8CFTfPQo1rt3nqfCvjPQMErcGY=">AAACGHicbZA9SwNBEIb3/DZ+RS1tFoNgFe80oo0SsNBSwaiQhDC3mZjF3btjd04Mx/0MG/+KjYUitun8N25iEL9eWHh5ZobZecNESUu+/+6NjU9MTk3PzBbm5hcWl4rLKxc2To3AmohVbK5CsKhkhDWSpPAqMQg6VHgZ3hwN6pe3aKyMo3PqJdjUcB3JjhRADrWKW41j0BpaWYPwjozOuniX5/yAf3FQSRcGIJFbO3mrWPLL/lD8rwlGpsRGOm0V+412LFKNEQkF1tYDP6FmBoakUJgXGqnFBMQNXGPd2Qg02mY2PCznG460eSc27kXEh/T7RAba2p4OXacG6trftQH8r1ZPqbPfzGSUpISR+FzUSRWnmA9S4m1pUJDqOQPCSPdXLrpgQJDLsuBCCH6f/NdcbJeDSnn3rFKqHo7imGFrbJ1tsoDtsSo7YaesxgS7Z4/smb14D96T9+q9fbaOeaOZVfZDXv8DSZOf4Q==</latexit>



Very efficient at weak coupling

Matrix truncates

Easy to get perturbative expansion

1

1 +K(↵)
= 1�K(↵) +K(↵)2 � . . .

* Same structure as for cusp (     of increasing transcendentality)

�↵ = 4g2 � 16⇣2 cos
2 ↵ g4 + 32⇣4 cos

2 ↵(3 + 5 cos2 ↵) g6 + . . .

<latexit sha1_base64="gkC8BQJszkszXRtNH5ln3wH3oFE="></latexit>

** Coefficients dressed with even powers of cos↵

<latexit sha1_base64="OquUFs3fARDTbWaraNZvcjvltKE="></latexit>

⇣

<latexit sha1_base64="9p35NytcIX2iSPk+dILeNORi7kY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHisYNpCG8pmu2mXbjZhdyLU0N/gxYMiXv1B3vw3bj8QbX0w8Hhvhpl5YSqFQdf9cgorq2vrG8XN0tb2zu5eef+gYZJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHNxO/+cC1EYm6x1HKg5j2lYgEo2glv/PIkXbLFbfqTkF+iLdIKjBHvVv+7PQSlsVcIZPUmLbnphjkVKNgko9LnczwlLIh7fO2pYrG3AT59NgxObFKj0SJtqWQTNXfEzmNjRnFoe2MKQ7MojcR//PaGUZXQS5UmiFXbLYoyiTBhEw+Jz2hOUM5soQyLeythA2opgxtPiUbwtLLy6RxVvXOqxd355Xa9TyOIhzBMZyCB5dQg1uogw8MBDzBC7w6ynl23pz3WWvBmc8cwh84H9/rUI7B</latexit>

Agreement with perturbation theory through 7 loops! 



Very efficient at weak coupling

Matrix truncates

Easy to get perturbative expansion

1

1 +K(↵)
= 1�K(↵) +K(↵)2 � . . .

* Same structure as for cusp (     of increasing transcendentality)

Numerically (large order behaviour)


           *  Radius of convergence is independent of angle:


            ** Nature of branch point depends on it

                                                         e.g. looks like �(g,↵)� �(gc,↵) / (gc � g)2↵/⇡

gc = ±i/4

�↵ = 4g2 � 16⇣2 cos
2 ↵ g4 + 32⇣4 cos

2 ↵(3 + 5 cos2 ↵) g6 + . . .

<latexit sha1_base64="gkC8BQJszkszXRtNH5ln3wH3oFE="></latexit>

** Coefficients dressed with even powers of cos↵

<latexit sha1_base64="OquUFs3fARDTbWaraNZvcjvltKE="></latexit>

⇣

<latexit sha1_base64="9p35NytcIX2iSPk+dILeNORi7kY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHisYNpCG8pmu2mXbjZhdyLU0N/gxYMiXv1B3vw3bj8QbX0w8Hhvhpl5YSqFQdf9cgorq2vrG8XN0tb2zu5eef+gYZJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHNxO/+cC1EYm6x1HKg5j2lYgEo2glv/PIkXbLFbfqTkF+iLdIKjBHvVv+7PQSlsVcIZPUmLbnphjkVKNgko9LnczwlLIh7fO2pYrG3AT59NgxObFKj0SJtqWQTNXfEzmNjRnFoe2MKQ7MojcR//PaGUZXQS5UmiFXbLYoyiTBhEw+Jz2hOUM5soQyLeythA2opgxtPiUbwtLLy6RxVvXOqxd355Xa9TyOIhzBMZyCB5dQg1uogw8MBDzBC7w6ynl23pz3WWvBmc8cwh84H9/rUI7B</latexit>



Special point - “Octagon”

When               the kernel becomes block diagonal

Similarly for the log of the determinant

K(0) =


2K�� 0
0 2K••

�

Odd zeta’s go away, left with integer powers of

The sums can be taken exactly

D(0) =
1

4
log


sinh (4⇡g)

4⇡g

�

[Belitsky,Korchemsky’19]

↵ = 0

<latexit sha1_base64="Y3t78pSB1rqXh+CphOh+k0Y/VHs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBhZREKrpRCm5cVrAPaEKZTCft0MkkzEyUUvspblwo4tYvceffOGmz0NZzuXA4517mzgkSzpR2nG+rsLK6tr5R3Cxtbe/s7tnl/ZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9FN5rcfqFQsFvd6nFA/wgPBQkawNlLPLnunWSEP82SI0RVyenbFqTozoGXi5qQCORo9+8vrxySNqNCEY6W6rpNof4KlZoTTaclLFU0wGeEB7RoqcESVP5mdPkXHRumjMJamhUYz9ffGBEdKjaPATEZYD9Wil4n/ed1Uh5f+hIkk1VSQ+UNhypGOUZYD6jNJieZjQzCRzNyKyBBLTLRJq2RCcBe/vExaZ1W3Vj2/q1Xq13kcRTiEIzgBFy6gDrfQgCYQeIRneIU368l6sd6tj/lowcp3DuAPrM8fXnySIA==</latexit>

�oct = �↵=0 =
2

⇡2
log cosh (2⇡g)

<latexit sha1_base64="iOpxwa+MPIBu7/pGe7196IZTURI="></latexit>



Numerics I

Truncate matrix at large order and invert it numerically

Solid lines: weak and strong coupling expansion

Same strategy as for cusp
[Benna,Benvenuti,Klebanov,Scardicchio’06]

�↵/2g

<latexit sha1_base64="EpgmIvVIQBT+clsVMz9T3xu1Uw8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZNS0ZUUXOiygn1AE8LNdNoOnUnCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu994QJZ0o7zre1tLyyurZe2Chubm3v7Np7+00Vp5LQBol5LNshKMpZRBuaaU7biaQgQk5b4fB64rceqFQsju71KKG+gH7EeoyANlJgH3o3IAQEmQc8GcAYn+FKP7BLTtmZAi8SNycllKMe2F9eNyapoJEmHJTquE6i/QykZoTTcdFLFU2ADKFPO4ZGIKjys+n1Y3xilC7uxdJUpPFU/T2RgVBqJELTKUAP1Lw3Ef/zOqnuXfoZi5JU04jMFvVSjnWMJ1HgLpOUaD4yBIhk5lZMBiCBaBNY0YTgzr+8SJqVslstn99VS7WrPI4COkLH6BS56ALV0C2qowYi6BE9o1f0Zj1ZL9a79TFrXbLymQP0B9bnD0yUlHc=</latexit>

g

<latexit sha1_base64="Yyf5fcfoE9eofKG3sHMBzhHCUFE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoicpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWag775Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC+qXq162axV6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ac3ZjO8=</latexit>

↵ =
⇡

4
(cusp)

<latexit sha1_base64="IReSI9zHFCTCwdHXwTpcPC1CyCA=">AAACGXicbVDJSgNBEO1xN25Rj14ag6AgYUYielECXjxGMAtkQqjp9JjGnpm2u0YMw/yGF3/FiwdFPOrJv7GzHNweFDzeq6KqXqCkMOi6n87U9Mzs3PzCYmFpeWV1rbi+0TBJqhmvs0QmuhWA4VLEvI4CJW8pzSEKJG8G12dDv3nLtRFJfIkDxTsRXMUiFAzQSt2i6+9TH6TqAz2hfqiBZb4SeVbJqX9zk0KP7vrI71BHGUuNyve6xZJbdkegf4k3ISUyQa1bfPd7CUsjHiOTYEzbcxV2MtAomOR5wU8NV8Cu4Yq3LY0h4qaTjT7L6Y5VejRMtK0Y6Uj9PpFBZMwgCmxnBNg3v72h+J/XTjE87mQiVinymI0XhamkmNBhTLQnNGcoB5YA08LeSlkfbDxowyzYELzfL/8ljYOyVykfXlRK1dNJHAtki2yTXeKRI1Il56RG6oSRe/JInsmL8+A8Oa/O27h1ypnMbJIfcD6+AKrmoCM=</latexit>

↵ = 0 (oct)

<latexit sha1_base64="16/8sqeAEEnQPWtd2BUPPB5Bxt4=">AAACDHicbVDJSgNBFOyJW4xb1KOXxiBEkDAjEb0oAS8eI5gFMiG86XSSJj1Lut+IYcgHePFXvHhQxKsf4M2/sbMcNLGgoaiqx+tXXiSFRtv+tlJLyyura+n1zMbm1vZOdnevqsNYMV5hoQxV3QPNpQh4BQVKXo8UB9+TvOb1r8d+7Z4rLcLgDocRb/rQDURHMEAjtbI594S6IKMe0EtqU3cwiKFN8y7yB1R+EjIcHZuUXbAnoIvEmZEcmaHcyn657ZDFPg+QSdC64dgRNhNQKJjko4wbax4B60OXNwwNwOe6mUyOGdEjo7RpJ1TmBUgn6u+JBHyth75nkj5gT897Y/E/rxFj56KZiCCKkQdsuqgTS4ohHTdD20JxhnJoCDAlzF8p64EChqa/jCnBmT95kVRPC06xcHZbzJWuZnWkyQE5JHnikHNSIjekTCqEkUfyTF7Jm/VkvVjv1sc0mrJmM/vkD6zPH4GFmgs=</latexit>

↵ =
⇡

3
(hex)

<latexit sha1_base64="Rm/5dup6K6n6ZwSE3e7FHOHMxQo=">AAACGHicbVDJSgNBEO1xjXGLevTSGAQFiTMu6EUJePGoYFTIhFDTqTGNPYvdNWIY5jO8+CtePCji1Zt/Yyfm4Pag4PFeFVX1glRJQ6774YyMjo1PTJamytMzs3PzlYXFc5NkWmBDJCrRlwEYVDLGBklSeJlqhChQeBFcH/X9i1vURibxGfVSbEVwFctQCiArtSub/gb3QaVd4AfcDzWI3E9lkW8X3L+5yaDD13zCO9JR3sW7Yr1dqbo1dwD+l3hDUmVDnLQr734nEVmEMQkFxjQ9N6VWDpqkUFiU/cxgCuIarrBpaQwRmlY+eKzgq1bp8DDRtmLiA/X7RA6RMb0osJ0RUNf89vrif14zo3C/lcs4zQhj8bUozBSnhPdT4h2pUZDqWQJCS3srF12w6ZDNsmxD8H6//Jecb9W8ndru6U61fjiMo8SW2QpbYx7bY3V2zE5Ygwl2zx7ZM3txHpwn59V5+2odcYYzS+wHnPdPv5Wfog==</latexit>



Numerics I

�↵/2g

<latexit sha1_base64="EpgmIvVIQBT+clsVMz9T3xu1Uw8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZNS0ZUUXOiygn1AE8LNdNoOnUnCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu994QJZ0o7zre1tLyyurZe2Chubm3v7Np7+00Vp5LQBol5LNshKMpZRBuaaU7biaQgQk5b4fB64rceqFQsju71KKG+gH7EeoyANlJgH3o3IAQEmQc8GcAYn+FKP7BLTtmZAi8SNycllKMe2F9eNyapoJEmHJTquE6i/QykZoTTcdFLFU2ADKFPO4ZGIKjys+n1Y3xilC7uxdJUpPFU/T2RgVBqJELTKUAP1Lw3Ef/zOqnuXfoZi5JU04jMFvVSjnWMJ1HgLpOUaD4yBIhk5lZMBiCBaBNY0YTgzr+8SJqVslstn99VS7WrPI4COkLH6BS56ALV0C2qowYi6BE9o1f0Zj1ZL9a79TFrXbLymQP0B9bnD0yUlHc=</latexit>

g

<latexit sha1_base64="Yyf5fcfoE9eofKG3sHMBzhHCUFE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoicpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWag775Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC+qXq162axV6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ac3ZjO8=</latexit>

�hex

2g
! 8

3
p
3
⇡ 1.54

<latexit sha1_base64="dnjZRSNlaCQRaynS44kk4FcocE4="></latexit>

�oct

2g
! 2

⇡
⇡ 0.63

<latexit sha1_base64="tuWptBARqbYVMIODE9+YuaDrs5o="></latexit>

�cusp

2g
! 1

<latexit sha1_base64="VOhK82TXHUaR1egc3jk0pThtMMk=">AAACGHicbVBNS8NAEN34WetX1aOXxSJ4qokoehLBgx4rWC00pUy2m3bpbhJ2J2oJ+Rle/CtePCjitTf/jds2B78eDDzem2FmXpBIYdB1P52Z2bn5hcXSUnl5ZXVtvbKxeWPiVDPeYLGMdTMAw6WIeAMFSt5MNAcVSH4bDM7H/u0d10bE0TUOE95W0ItEKBiglTqVfT/UwDL/ApSCTuYjf0CtMpaaJM/z7KCXU1+LXh9B6/ieep1K1a25E9C/xCtIlRSodyojvxuzVPEImQRjWp6bYDsDjYJJnpf91PAE2AB6vGVpBIqbdjZ5LKe7VunSMNa2IqQT9ftEBsqYoQpspwLsm9/eWPzPa6UYnrQzESUp8ohNF4WppBjTcUq0KzRnKIeWANPC3kpZH2xSaLMs2xC83y//JTcHNe+wdnR1WD07LeIokW2yQ/aIR47JGbkkddIgjDySZ/JK3pwn58V5dz6mrTNOMbNFfsAZfQGt/KFl</latexit>

�↵ ⇡ 8↵g

⇡ sin (2↵)

<latexit sha1_base64="sPi+UxpTC5ZhJ2CBupzDnlBQmts=">AAACJnicbZDLSgMxFIYzXmu9VV26CRZBN2VGKnajFFzoUsFaoVPKmTTThiaZkGTEMszTuPFV3LioiLjzUUwvC28/BH6+cw4n548UZ8b6/oc3N7+wuLRcWCmurq1vbJa2tm9NkmpCGyThib6LwFDOJG1YZjm9U5qCiDhtRoPzcb15T7VhibyxQ0XbAnqSxYyAdahTOg0vQAjoZCFw1Ycch6CUTh5wGGsgWW2KcS/PQsVwaJjMDo6m8DDPO6WyX/Enwn9NMDNlNNNVpzQKuwlJBZWWcDCmFfjKtjPQlhFO82KYGqqADKBHW85KENS0s8mZOd53pIvjRLsnLZ7Q7xMZCGOGInKdAmzf/K6N4X+1VmrjWjtjUqWWSjJdFKcc2wSPM8NdpimxfOgMEM3cXzHpg8vHumSLLoTg98l/ze1RJahWjq+r5frZLI4C2kV76AAF6ATV0SW6Qg1E0CN6RiP06j15L96b9z5tnfNmMzvoh7zPLxDopiA=</latexit>

Same strategy as for cusp
[Benna,Benvenuti,Klebanov,Scardicchio’06]Truncate matrix at large order and invert it numerically

Solid lines: weak and strong coupling expansion



Strong coupling expansion

Systematic analysis for the anomalous dimension 

Transcendental numbers

Series is divergent and non-Borel summable

Borel ambiguity generates exponentially small scale

�↵ ⇡ 8↵g

⇡ sin (2↵)

<latexit sha1_base64="sPi+UxpTC5ZhJ2CBupzDnlBQmts=">AAACJnicbZDLSgMxFIYzXmu9VV26CRZBN2VGKnajFFzoUsFaoVPKmTTThiaZkGTEMszTuPFV3LioiLjzUUwvC28/BH6+cw4n548UZ8b6/oc3N7+wuLRcWCmurq1vbJa2tm9NkmpCGyThib6LwFDOJG1YZjm9U5qCiDhtRoPzcb15T7VhibyxQ0XbAnqSxYyAdahTOg0vQAjoZCFw1Ycch6CUTh5wGGsgWW2KcS/PQsVwaJjMDo6m8DDPO6WyX/Enwn9NMDNlNNNVpzQKuwlJBZWWcDCmFfjKtjPQlhFO82KYGqqADKBHW85KENS0s8mZOd53pIvjRLsnLZ7Q7xMZCGOGInKdAmzf/K6N4X+1VmrjWjtjUqWWSjJdFKcc2wSPM8NdpimxfOgMEM3cXzHpg8vHumSLLoTg98l/ze1RJahWjq+r5frZLI4C2kV76AAF6ATV0SW6Qg1E0CN6RiP06j15L96b9z5tnfNmMzvoh7zPLxDopiA=</latexit>


1� s1

8⇡g
� ↵s2

64⇡3g2
� . . .

�

<latexit sha1_base64="F2rwKlAAq3DyVfXodnfzmAPEt+Q="></latexit>

LO analysis for constant

D(↵) = 4⇡g


1

4
� ↵

2

⇡2

�
+O(log g)

<latexit sha1_base64="GN8BYdsT6TaxsQAIRwA9eOS54ak="></latexit>

Not clear how to expand it systematically

⇤2 ⇠ g↵/⇡e�4(⇡�2↵)g

<latexit sha1_base64="8PcpEg4JYJvjTNyHEu910xiCRE0=">AAACHnicbVC7SgNBFJ31GeMramkzGIRYJO6GBK0kYGNhEcE8ILsJd2cnyZDZBzOzQlj2S2z8FRsLRQQr/Rsnj0ITDwwczjmXO/e4EWdSmea3sbK6tr6xmdnKbu/s7u3nDg6bMowFoQ0S8lC0XZCUs4A2FFOctiNBwXc5bbmj64nfeqBCsjC4V+OIOj4MAtZnBJSWermqfavDHnSTcoptyXw86CY28GgI53bEUky7SbFS0LRYnslneJD2cnmzZE6Bl4k1J3k0R72X+7S9kMQ+DRThIGXHMiPlJCAUI5ymWTuWNAIyggHtaBqAT6WTTM9L8alWPNwPhX6BwlP190QCvpRj39VJH9RQLnoT8T+vE6v+pZOwIIoVDchsUT/mWIV40hX2mKBE8bEmQATTf8VkCAKI0o1mdQnW4snLpFkuWZVS9a6Sr13N68igY3SCCshCF6iGblAdNRBBj+gZvaI348l4Md6Nj1l0xZjPHKE/ML5+AFTcoVg=</latexit>

sk+1 = � k(
1
2 + ↵

⇡ )�  k(
1
2 � ↵

⇡ ) + (1 + (�1)k) k(1)

<latexit sha1_base64="mDhOiu1xWko4XVewWL91AHafAPQ="></latexit>



Numerics II

g

<latexit sha1_base64="Yyf5fcfoE9eofKG3sHMBzhHCUFE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoicpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWag775Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC+qXq162axV6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ac3ZjO8=</latexit>

D(↵)/2g

<latexit sha1_base64="Q8al3wP3lnkncUeqTQ/QMig39JA=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL3E3RPQkAT14jGAekCyhdzKbDJl9ODMbCCHf4cWDIl79GG/+jZNkD5pY0FBUddPd5cWCK23b31ZmbX1jcyu7ndvZ3ds/yB8eNVSUSMrqNBKRbHmomOAhq2uuBWvFkmHgCdb0hrczvzliUvEofNTjmLkB9kPuc4raSO4dKXZQxAM8vyj3u/mCXbLnIKvESUkBUtS6+a9OL6JJwEJNBSrVduxYuxOUmlPBprlOoliMdIh91jY0xIApdzI/ekrOjNIjfiRNhZrM1d8TEwyUGgee6QxQD9SyNxP/89qJ9q/dCQ/jRLOQLhb5iSA6IrMESI9LRrUYG4JUcnMroQOUSLXJKWdCcJZfXiWNcsmplC4fKoXqTRpHFk7gFIrgwBVU4R5qUAcKT/AMr/BmjawX6936WLRmrHTmGP7A+vwB4eWQ3w==</latexit>

↵ =
⇡

4
(cusp)

<latexit sha1_base64="IReSI9zHFCTCwdHXwTpcPC1CyCA=">AAACGXicbVDJSgNBEO1xN25Rj14ag6AgYUYielECXjxGMAtkQqjp9JjGnpm2u0YMw/yGF3/FiwdFPOrJv7GzHNweFDzeq6KqXqCkMOi6n87U9Mzs3PzCYmFpeWV1rbi+0TBJqhmvs0QmuhWA4VLEvI4CJW8pzSEKJG8G12dDv3nLtRFJfIkDxTsRXMUiFAzQSt2i6+9TH6TqAz2hfqiBZb4SeVbJqX9zk0KP7vrI71BHGUuNyve6xZJbdkegf4k3ISUyQa1bfPd7CUsjHiOTYEzbcxV2MtAomOR5wU8NV8Cu4Yq3LY0h4qaTjT7L6Y5VejRMtK0Y6Uj9PpFBZMwgCmxnBNg3v72h+J/XTjE87mQiVinymI0XhamkmNBhTLQnNGcoB5YA08LeSlkfbDxowyzYELzfL/8ljYOyVykfXlRK1dNJHAtki2yTXeKRI1Il56RG6oSRe/JInsmL8+A8Oa/O27h1ypnMbJIfcD6+AKrmoCM=</latexit>

↵ = 0 (oct)
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Stringy theory

String ending on WL contour at boundary of AdS

Minimal area can be found using TBA equations

Two main regimes

“IR”  = collinear limit (iterative solution controlled by fluctuations of GKP string)

“UV” = symmetric polygon, but also near origin behaviour

Figure 1: The polygon is specified at the AdS boundary by the positions of the cusps xi.
These positions are related to an ordered sequence of momenta ki by ki = xi−xi−1. The two
dimensional a minimal surface streches in the AdS bulk and ends on the polygonal contour
at the boundary.

2 The classical sigma model and Hitchin equations

The classical AdS5 sigma model is integrable. This can be shown by exhibiting a one pa-
rameter family of flat connections. For our problem, it will be convenient to choose this
one parameter family in a special way which will simplify its asymptotic behavior on the
worldsheet. In fact, to make this choice we will make use of the Virasoro constraints of the
theory. This has been explained in detail in previous papers [22, 23, 24, 25, 26, 27]. Instead
of repeating the whole discussion, we will present a slightly more abstract and algebraic
version here.

2.1 General integrable theories and Hitchin equations

Let us assume that we have a coset space G/H . Let us assume that the Lie algebra G
has a Z2 symmetry that ensures integrability. In other words, imagine that the Lie algebra
has the decomposition G = H + K so that H is left invariant under the action of the Z2

generator while elements in K are sent to minus themselves. We then write the G invariant
currents J = g−1dg. This is a flat current dJ + J ∧ J = 0. We can decompose J in terms its
components along H and K as

J = g−1dg = H + K (3)

When we gauge the sigma model we add a gauge field along H, and we can do local H
gauge transformations. The equations of motion of the system can be written in terms of
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area



Origin from TBA

1) Exact solution on the diagonal [Alday,Gaiotto,Maldacena’09]

2) Problem can also be solved off the diagonal if close enough to origin

Simplification: TBA equations linearize

It confirms the prediction

[Ito,Satoh,Suzuki’18]

at the origin

It agrees with formula for 

log E ⇠ � 3g

2⇡
log2 u
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Conclusion

Six-gluon MHV amplitude exponentiates and simplifies at origin of kinematical space

Lots of intriguing relations (starting from the double-logarithmic behaviour itself)

Meaning / universality of tilted BES kernel and associated angle

What about higher multiplicity? Double-logs observed through 4 loops for heptagon

New relations between correlators and WLs? 
New factorisation?

Hidden geometry of amplitudes?

(Lance’s talk)  How general is that?

Why? Field theory argument?



Thank you!


