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Can such amplitudes be obtained from fixed-spin calculations?

An integer-spin-! particle has:      !"""""single-photon form factors

#!$%""single-graviton form factors

Rahal, Ren;
Khriplovich,
Pomeransky

split in several symmetric tensor structures (all fixed by group theory)

Arbitrary spin dependence requires arbitrary-large spin 
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More technical:

Momentum-space spin operator: S0(p)µ ⌘ 1
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in spin-! representation
of Lorentz group

Finite-dimensional representations: symmetric product of sufficiently-many matrices 
can be reduced to sums of fewer factors

Arbitrary spin-dependent interactions require arbitrary-large spin 

Sym[M µ 1 ! 1 . . . M µ n ! n ]
!
!
!
n>n 0

!
"

k<n 0 ," ! ! k

ck, " Sym[M µ ! 1 ! ! 1 . . . M µ ! k ! ! k ]
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Depending on order in &, reduction may be compensated by classical divergence



Porto; Porto,  Rothstein;
Levi, Steinhoff

Why a higher/arbitrary-spin field theory?

- Provides framework for a natural diffeo-based completion of 3-point 
interactions of HS fields and gravitons (i.e. of arbitrary multipole moments)

- Prime applications: gravitational wave physics/spinning particle eff. interactions

- Provides framework for direct comparison with existing GR calculations and 
identification of variables (e.g. multipole moments            multipole moments)

- 4D field theory             efficient and powerful computational techniques
developed for scattering amplitudes 

- Existing Lagrangian-based approach:
Worldline formalism, developed and used for the PN expansion

- A Lagrangian to aim for: HS fields are quasi-dynamical sources 
propagate but '(")(*" form closed loops

- Provides framework for a natural inclusion of additional structures that 
do not have a 3-point matrix element (i.e. nonlinear response functions)

See also Yu-tin’s talk



Holstein, Ross

Cheng, Huang, Kim, Lee

Damgaard, Haddad, Helset

1PM amplitude of two Kerr black holes; arbitrary spins; GR methods VinesO(G)
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Earlier work on amplitudes in classical limit in presence of spin: 

Lots!
Damour, Holstein, Ross, Vaydia, Cachazo, Guevara, Bautista, Kälin, Porto, Arkani-Hamed, 
Cheng, Huang, Kim, Lee, Buonanno, Steinhoff, Vines, Aoude, Damgaard, Haddad, Helset, 
O’Connell, Maybee, Ochirov

Massive spinor helicity; a 4-point completion of the 3-point 
tree-level minimal amplitude; PN expansion

Spin-1/2 and spin-1 calculations, PN expansion

Spin-1/2, effective heavy-particle theory; full + dependence

Same from minimal tree-level !!, amplitudes Guevara, Ochirov, Vines
see also Huang’s and Vines’s talks 



A plan

Why higher-spin field theories; classical limit (1)

Asymptotic states and classical limit (2); Minimal and non-minimal actions

One-loop four-point amplitude to bilinear order in spin

O(G) scattering of compact objects

Conclusions and outlook



From fields to spin vectors

Standard description of integer higher-spin fields: 
symmetric  traceless  transverse   rank-- tensors
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between Lorentz generators
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Singh, Hagen

More important for our purpose: prevent use of representation-specific relations 
between Lorentz generators

Relax them 
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: localize the spin in some direction as much as allowed by quantum mechanics 

Spin coherent state:
ni = ! (0)" i ! (0) = Ui

j ! (0)+ " j ! (0)+
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

! (0) = exp( zS+ ! z! S" )! (0)+
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> Klauder, Skagerstam

Rest-frame spin vector: S = sn = |S|n
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Polarization tensors:

Rest-frame spin vector:
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Playing with boosts:
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Khriplovich, Pomeransky
Rahal, Ren

Starting point for a Lagrangian:

Tµ! =
1
4

! s(p + q)
!

pµ p! F1(q2, (S áq)2) + p(µ M ! )" q" F2(q2, (S áq)2)

+terms that lead to local 4-point interactions] ! s(p)
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Most general spin-dependent PT-symmetric stress tensor
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1
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A “minimal-minimal” action:
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Most general spin-dependent PT-symmetric stress tensor

A “minimal” action

Required by tree-level unitarity
Deser, Porrati, Waldron, Cuccieri, Liu, Giannakis

H = 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> H =

s
2(s ! 1)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

vs.

L min = ! R(e,! ) +
1
2

gµ! " (! )µ " s" (! )! " s !
1
2

m2" s" s +
H
8

R(e,! )efgh " sM ef M gh " s
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



! (! )µ " s " #µ " s +
i
2

! µef M ef " s
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

L non-min =
!!

n =1

(! 1)n

(2n)!
CES 2n

m2n " (! )f 2n á á á" (! )f 3 Rf 1 af 2 b" (! )a" s S(f 1 . . . Sf 2n ) " (! )b" s

!
!!

n =1

(! 1)n

(2n + 1)!
CBS 2n

m2n +1 " (! )f 2n +1 á á á" (! )f 3

1
2

#ab(c|f 1 Rab
|d) f 2 " (! )c" sS(f 1 . . . Sf 2n +1 ) " (! )d" s

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Sa !
" i
2m

! abcdM cd# (" )b
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

A covariantization of           comes from the action:Tµ!
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modeled on Levi, Steinhoff’s worldline action

Stress tensor – expected general structure 
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Degeneracy: to this order quadrupole operator is the same as the             operator CES 2
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S1

S2Sew together two of them 1PM scattering of two bodies
with arbitrary spin-induced 
multipoles 

! (p + q)(q áS0)n ! (p)
! (p + q)! (p)

! (q áS(p))n + O(q)
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Vines

Covariant spin vector
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Calibrate to Kerr black hole: fix free coefficients by comparing with Vines’s
Kerr stress tensor:

- Similar results from world-line + promoting the spin vector 
to Pauli-Lubansky operator + massive spinor helicity  

Cheng, Huang, Kim; +Lee

Guevara, Ochirov, Vines- Also, from minimal amplitudes (w/o free coefficients) 

modeled on Levi, Steinhoff’s worldline action

See Huang’s talk

A covariantization of           comes from the action:Tµ!
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Double copy of the 3-point vertex with arbitrary coefficients
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For the purpose of the 3-point vertex, 
nonabelian nature is not relevant

A higher-spin-YM Lagrangian:
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Double copy of the 3-point vertex with arbitrary coefficients
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- Its 3-point vertex:

- The double-copy of said 3-point vertex:

- A useful identity:

s = sL + sR
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E.g. double copy of minimal (lowest-derivative) coupling

- The vertex factor:

- The double copy of said vertex factor:

- The useful identity:
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nonzero quadrupole H coupling

axion coupling for 
asymmetric double copy



Higher-spin amplitudes at one loop (with an eye towards arbitrary spin multipoles 
and higher loops/orders in &) 

Lagrangian vertices: each factor of spin brings one more derivative

- high-tensor integrals
- arbitrary-order in spin                arbitrary-rank tensor integrals

--, .," amplitudes contain one numerator momentum per spin factor

IBP reduction cumbersome. At 1 loop: use massive version of Forde’s formalism
Kilgore; Badger

Lorentz generator                 Spin dependence 

Decompose products of Lorentz generators into irreducible representations 
/01(20taking classical limit

Mµ⌫M⇢� =
1

2
{Mµ⌫ ,M⇢�}+ 1

3
[Mµ⌫ ,M⇢�]
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Each commutator reduces nr. of spins           increasingly subleading in classical limit

At 3 loops, at most 3commutators can give classical results.

direct link between integral basis coefficients and generalized cuts
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Illustrate some of these issues with the part of the one-loop amplitude 
that yields all the                 termsS1 ! S2
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H term is quadratic and symmetric in 4 -s             cannot contribute
Focus on the covariant derivative part of minimal  action

Obtain needed quadruple and triple cuts from the two-graviton cut
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�1�2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

l1
l2

1s1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

4s1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

3s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1s1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

4s1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

3s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

qs11<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

qs2
2<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Four-dimensional helicity states  may be used for gravitons
or keeping dimension generic and use trees that trivialize the projector
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Higher-spin-graviton-graviton four-point tree for H=0
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Evaluate directly from the action; turns out to have interesting KLT-like structure

The building blocks – amplitudes for abelian vectors:

Consistent with standard KLT -- it has a form independent of 3-A vertex:

iM (10, 20, 3h , 4h ) = ! 16! iG
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Evaluate directly from the action; turns out to have interesting KLT-like structure

The building blocks – amplitudes for abelian vectors:

p3�1
M�1�2,�1�2(1s, 2s, 3h, 4h) = 0 p3�2

M�1�2,�1�2(1s, 2s, 3h, 4h) = 0

p4�1M
�1�2,�1�2(1s, 2s, 3h, 4h) = 0 p4�2M

�1�2,�1�2(1s, 2s, 3h, 4h) = 0
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Obeys generalized Ward identities              physical state projector is trivialized in cuts
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The                            one-loop amplitude:S1S2 ! S1S2
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Bern, Luna, RR, Shen, Zeng
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All               poles 
related to 
IBP reduction

�2 = 1
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The                            one-loop amplitude:S1S2 ! S1S2
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Comparison with low-spin calculations at one loop

! i á! j ! 1 , ! 1M µ! ! 4 = Sµ! (p1) , ! 2M µ! ! 3 = Sµ! (p2)
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Damgaard, Haddad, HelsetReproduces spin-1/2 amp. from “Heavy BH Effective theory” 

- Capture only leading order in the large spin expansion
- Makes it subtle to extract complete classical physics through e.g. EFT matching

Holstein, Ross

Chung, Huang, Kim, Lee

Expansion of                                                            in COM momentum agrees with 

Expansion of                     in COM momentum agrees with

iM 1 loop
! + " = c! I ! + c" I "
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Tree-level and one-loop amplitudes of GR  + HS fields to bilinear order in spin:
Bern, Luna, RR, Shen, Zeng

(Mostly) In terms of rest frame spin:



For comparison: NNLO Hamiltonian Hartung, Steinhoff, Schäfer



Tree-level and one-loop amplitudes of GR  + HS fields to bilinear order in spin:
Bern, Luna, RR, Shen, Zeng

(Mostly) In terms of rest frame spin:

a(j,k )
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- have simple expressions

- Expansion of polarization tensors: further spin dependence
- same spin-dependent structures

! 4 á! 1 = exp
!
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"
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- Input in the construction of an effective Hamiltonian See next talk, by Chia-Hsien Shen

- Input direct amplitudes               observables connection Kälin, Porto



Video from 
http://gw-indigo.org/tiki-index.php?page=Inspiralling%20black-hole%20binaries
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Summary
- Particle physics methods offer new ways of thinking about interesting 

problems in General Relativity

- There exists a higher-spin field theory that is useful for computing classical 
(limits of) amplitudes to any order in &

- Computed the                            to bi-linear order in classical spins and to 
all orders in velocity

S1S2 ! S1S2
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Summary and outlook

Future looks bright and loud!

- Particle physics methods offer new ways of thinking about interesting 
problems in General Relativity

- There exists a higher-spin field theory that is useful for computing classical 
(limits of) amplitudes to any order in &

- Computed the                            to bi-linear order in classical spins and to 
all orders in velocity

S1S2 ! S1S2
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- Prime applications of this formalism are to gravitational wave physics
Some obvious problems:
- Higher orders in Newton’s constant in presence of spin 
- Higher orders in spin (multipoles)
- Emission of radiation from interactions of spinning bodies

Expect new results in the future

- Interface with formalism of  Kosower, Maybee, O’Connell, Vines
- Constraints on HS theory from fundamental properties (in progress)



Thanks


