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• Many	interesKng	talks	today	-	Amplitudes	has	caught	up	to	the	state	of	
the	art	in	calculaKons	relevant	for	GW	

• We	need	to	look	ahead.	What’s	next?	Where	to	start?	

• Historical	lesson:

Looking to the future

QCD N = 4

<latexit sha1_base64="XeX8arhZ/d+SgpXww42XgSuZqtA="></latexit>
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Start	here!

To	go	here!
See	e.g.	Johannes’,	Lance’s	talk!

See	previous	talks	today!



N = 8

<latexit sha1_base64="Khh53Dogfmb0Q2Ic7jGNzs63I60="></latexit>

SUGRA

• Many	interesKng	talks	today	-	Amplitudes	has	caught	up	to	the	state	of	
the	art	in	calculaKons	relevant	for	GW	

• We	need	to	look	ahead.	Where	to	start?	What’s	next?	

• Historical	lesson:

Looking to the future

Start	here!

To	go	here!

Einstein	Gravity



• Graviton	mulKplet	(massless)	

			+			fermions	

• Extremal	BH	~	half-BPS	mulKplet	(focus	on	scalar	component)	

					Central	charges		 	

																						 	

																													 														 	

• Force	between	BH	depends	on	alignment	of	charges																																										
(vanishes	for	aligned	charges	+	staKc	limit)	

• We	will	ignore	finite-size	effects	and	model	BH	as	a	point-like	BPS	superparKcle

CIJ
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Extremal BH in  supergravity

+			finite-size	correcKons

[Andrianopoli,	D’Auria,	Ferrara,	Fre,	Trigiante]

[Caron-Huot,	Zahraee]

Charge,	not	spin
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The calculation
p1
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Two-loop ( ) results

• Integrand:	Unitarity	construcKon	

• IntegraKon:	EFT	subtracKon,	
non-relaKvisKc	integraKon	(4D)	
&	velocity	resummaKon	

• Scaiering	angle	from	
Hamiltonian,	classical	dynamics	

• Integrand:	KK	reducKon	

• IntegraKon:	dimensional	
regularizaKon,	relaKvisKc	
velocity	differenKal	equaKons	

• Scaiering	angle	from	eikonal	
phase

Einstein	Gravity 	 				SupergravityN = 8
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[Bern,	Cheung,	Roiban,	Shen,	Solon,	Zeng] [JPM,	Ruf,	Zeng]

Methods	quesKoned	in	 [Damour] Independent	methods



• Loop	integrand	known	up	to	five	loops	

• Massless	parKcle	in	D+n-dim	=	BPS	state	in	D-dim	

										 										 						 	

						 	

• Kaluza-Klein	reducKon	-	massless	exchange

PM = pµ + p̃m
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p̃1 · p̃2 = m1m2 cos�
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{QA, QB} = �AB · P ! {QI↵, QJ�} = �IJ�↵� · p+ �↵�⌃IJ · p̃
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Integrands from KK reduction
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[Bern,	Brink,	Carrasco,	Chen,	Dixon,	Edison,	Green,	Johansson,	JPM,	Kosower,	
Perelstein,	Roiban,	Rozowski,	Schwarz,	Zeng]

10D 4D 6D CIJ
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• One-loop	integrand	
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Integrands from KK reduction

[Brink,	Green,	Schwarz;	Caron-Huot,	Zahraee]

[Bern,	Dixon,	Perelstein,	Rozowski;	JPM,	Ruf,	Zeng]
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t = �q2
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Only	scalar	
integrals

(Un)surprisingly	simple!

• Two-loop	integrand	
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• Classical	limit	=	Large	angular	momentum						

• Method	of	regions	

																																			

(!, `) ⇠ (m,m)

(!, `) ⇠ (|q|, |q|) ⇠ J�1 (m|v|,m|v|)
(!, `) ⇠ (|q||v|, |q|) ⇠ J�1 (m|v|2,m|v|)
(!, `) ⇠ (|q||v|, |q||v|) ⇠ J�1 (m|v|2,m|v|2)

Integration: Regions

[Beneke,	Smirnov]

hard:

soq:

potenKal:

radiaKon:

|v| = q0/|q|

<latexit sha1_base64="dphPjomfyaLK4TxDSdVLjviWkVE=">AAACDnicbVDLSgMxFL1TX7W+quLKTWgRBKHOiKAuhKIblxXsA9paMmnahiYz0yRTKNP+gwt/wK3u3Ylbl2679UtMRxe29UDIueck3MNxA86Utu2xlVhYXFpeSa6m1tY3NrfS2zsl5YeS0CLxuS8rLlaUM48WNdOcVgJJsXA5Lbvd64lf7lOpmO/d6UFA6wK3PdZiBGsjNdJ7w5orUH+ILlHv3j6Op96wkc7aOTsGmifOL8nmM7Wjx3F+UGikv2pNn4SCeppwrFTVsQNdj7DUjHA6StVCRQNMurhNq4Z6WFBVj+L4I3RglCZq+dIcT6NY/fsjwkKpgXDNS4F1R816E/E/rxrq1nk9Yl4QauqRqRSRK34Wt0KOtI8m3aAmk5RoPjAEE8lMdkQ6WGKiTYMpU4ozW8E8KZ3knNPcxa2TzV8BJEn0CUnYhwwcggNnkIcbKEARCETwBM/wYj1Yr9ab9Q4xEtbPDbswBevjGwZYoAk=</latexit>

• PotenKal	gravitons	off-shell,	mediate	instantaneous	interacKons	

ConservaKve	dynamics

# q

p1 � q/2 p1 + q/2

p2 + q/2 p2 � q/2

V (p, q)

<latexit sha1_base64="ambRJDUEPHwdMmTaVNaaT4CMG9c=">AAACCHicbVC7SgNBFL3rM8ZHVi1thgQhooRdEdQuaGMZwTwgG8LsZJIMmdldZ2aFsOQHrO1stbcTW7/ANq1f4mRjYRIPXO7hnDvM4fgRZ0o7zthaWl5ZXVvPbGQ3t7Z3cvbuXk2FsSS0SkIeyoaPFeUsoFXNNKeNSFIsfE7r/uB64tcfqFQsDO70MKItgXsB6zKCtZHadq5W9HyBohM0WfdHbbvglJwUaJG4v6RQznvHT+PysNK2v71OSGJBA004VqrpOpFuJVhqRjgdZb1Y0QiTAe7RpqEBFlS1kjT4CB0apYO6oTQTaJSqf18kWCg1FL65FFj31bw3Ef/zmrHuXrQSFkSxpgGZSZH4YvpxN+ZIh2jSCuowSYnmQ0MwkcxkR6SPJSbadJc1pbjzFSyS2mnJPStd3rqF8hVAhiRfkIEDyEMRXDiHMtxABapAIIZneIFX69F6s96tD0ixZE037MMMrM8fxKqdHw==</latexit>

m2
i

�q2 ⇠ s
�q2 ⇠ J � 1

<latexit sha1_base64="lKONnTHBP3XuA8CTJMo4ApMsBeI="></latexit>



Velocity differential equations

• Single	variable!	canonical	form	

											 												 				
	

																													

I(q, p̄i, m̄i) = (�q2)a I(y)

<latexit sha1_base64="1AcABIx4z1+D14U0ZhKFKGfnjps="></latexit>

y = p̄1·p̄2

m̄1m̄2
= � +O(q2)

<latexit sha1_base64="8EsjJb4BiapWVtADcv2ndLfG23w="></latexit>

d~I(y) = ✏
P

i Aidlog↵i(y) ~I(y)

<latexit sha1_base64="PBppsiQGQFRJlRtWiCx0chIIG3I="></latexit>

• Special	variables																			 	

• DifferenKal	equaKons	for	soq	integrals	

                                                                                  

                            ,        

p̄i · q = 0

<latexit sha1_base64="MXYC+ldm1EWrKjfJbjXrYRMFPBo=">AAACDXicbVC7SgNBFL3rM8bXauxsBkPAKuyKYCyEgI1lBPOAbAizk0kyZPbhzKwQl3T2/oKW2tuJZfwGLS38AsHWycbCJB4Y7uGce5nDcUPOpLKsN2NufmFxaTm1kl5dW9/YNLe2KzKIBKFlEvBA1FwsKWc+LSumOK2FgmLP5bTq9k5HfvWKCskC/0L1Q9rwcMdnbUaw0lLT3HFcLFDYZMghrUChS3SCrKaZtfJWAjRL7F+SLWZyN1/Dz/dS0/xwWgGJPOorwrGUddsKVSPGQjHC6SDtRJKGmPRwh9Y19bFHZSNO0g9QTist1A6Efr5Cifr3IsaelH3P1ZseVl057Y3E/7x6pNqFRsz8MFLUJxMpYtcbf9yOOFIBGlWDWkxQonhfE0wE09kR6WKBidIFpnUp9nQFs6RykLcP88fndrZYADCH3/eQgl3Yg32w4QiKcAYlKAOBa7iDB3g0bo0n49l4gQRzxnhCBiZgvP4Awy+hSQ==</latexit>

`2 ! `2

<latexit sha1_base64="9fVqKfg7vyofqQsZ9WR0jnqsONY=">AAACHnicbZDLSgMxGIX/qbdab6Mu3QRLwVWZqYK60YIblxXsBTq1ZNK0Dc1cTDJKGfoEvoQ+gltdCt2JW936Em5Npwq29UDI4TsJ+XPckDOpLOvDSM3NLywupZczK6tr6xvm5lZFBpEgtEwCHoiaiyXlzKdlxRSntVBQ7LmcVt3e2Siv3lAhWeBfqn5IGx7u+KzNCFYaNc2cQzm/KiDnOsIt5AjW6SosRHD7S5K4aWatvJUIzRr7x2RPX/YTlZrmp9MKSORRXxGOpazbVqgaMRaKEU4HGSeSNMSkhzu0rq2PPSobcfKdAcpp0kLtQOjlK5TQvzdi7EnZ91x90sOqK6ezEfwvq0eqfdSImR9GivpkYorY9cYPtyOOVIBGXaEWE5Qo3tcGE8H07Ih0scBE6UYzuhR7uoJZUynk7YP88YWdLZ4AmMOvB0jDDuzCHthwCEU4hxKUgcAdPMITPBv3xtB4Nd4gUcoY77ANEzLevwEuwabv</latexit>

(`+ pi)2 �m2
i ! 2` · ui

<latexit sha1_base64="0nR3t1CAFUY0FtN5LFCg45b1NVg="></latexit>

ui = p̄i/m̄i

<latexit sha1_base64="CF6ZGEwt0En3HHQjf9u+zXRQ1cU=">AAACEHicbZA9SwMxHMb/V99qfTt1cBAkWASneieCOigFF8cK9gXacuTStA1N7o4kJ5SjX8JNN3HV3U1cHPwGrn4JV9Org219IOTH8yTkn8ePOFPacT6tzMzs3PxCdjG3tLyyumavb1RUGEtCyyTkoaz5WFHOAlrWTHNaiyTFwue06vcuhnn1hkrFwuBa9yPaFLgTsDYjWBvLs7dij6Ez1PCxRJHHDlIQHvPsvFNwUqFpcH8hX9y5G+q+5NlfjVZIYkEDTThWqu46kW4mWGpGOB3kGrGiESY93KF1gwEWVDWT9AMDtGecFmqH0qxAo9T9eyPBQqm+8M1JgXVXTWZD87+sHuv2STNhQRRrGpCxKRJfjB5uxxzpEA3bQS0mKdG8bwATyczsiHSxxESbDnOmFHeygmmoHBbco8LplZsvngPY798PkIVt2IV9cOEYinAJJSgDgQE8whM8W7fWi/VqvUGqjDXaYRPGZH38AM/dolc=</latexit>

[Henn]

• Symbol	alphabet:	   new	funcKons	e.g.		 	

												 			

{x, x+ 1, x� 1} !

<latexit sha1_base64="zDy/8PFcOyl93kb+iNgBhlG/YMU="></latexit>

Li2(1� x2)

<latexit sha1_base64="aCnjB4LJe9mecqXf21vXmz9sHoI=">AAACC3icbVC7SgNBFL0bXzG+1lgKshiEWBh2g6A2ErCxsIhgEiGJYXYySYbMPpi5KwlLPsEP0EKw0t5ObPUfbP0JWycbC18Hhns4517mcNxQcIW2/WakpqZnZufS85mFxaXlFXM1W1VBJCmr0EAE8twlignuswpyFOw8lIx4rmA1t3809muXTCoe+Gc4DFnTI12fdzglqKWWmW0gG2B8wketYt7ZGVwUt1tmzi7YCay/xPkiudLG9Rg35Zb53mgHNPKYj1QQpeqOHWIzJhI5FWyUaUSKhYT2SZfVNfWJx1QzTrKPrC2ttK1OIPXz0UrU7xcx8ZQaeq7e9Aj21G9vLP7n1SPs7Ddj7ocRMp/+SBG73uTjTiQsDKxxMVabS0ZRDDUhVHKd3aI9IglFXV9Gl+L8ruAvqRYLzm7h4NTJlQ4BzNePO0jDOmxCHhzYgxIcQxkqQGEAt3APD8aV8Wg8Gc+QIGVMJqzBDxgvn2nAoIM=</latexit>

y = 1+x2

2x

<latexit sha1_base64="As1M8RsebxrlZeMRyhXMF1OBrFY=">AAACDXicbVC7SgNBFL0bo8b4Wh+dzWAUBCHsBkEtlICNZQSTCJsYZiezyZDZBzOzkrjkF/QXtNTeTiwVP8HWn7ASnUQLNR4Y7uGce5nDcSPOpLKsFyM1lh6fmMxMZadnZufmzYXFigxjQWiZhDwUJy6WlLOAlhVTnJ5EgmLf5bTqdg4GfvWMCsnC4Fj1Ilr3cStgHiNYaalhLvfQHqp5ApPE3uyeFvpJodtvmDkrbw2BRon9TXLFtfeLZ+cjXWqYr7VmSGKfBopwLKVjW5GqJ1goRjjtZ2uxpBEmHdyijqYB9qmsJ8P0fbSulSbyQqFfoNBQ/XmRYF/Knu/qTR+rtvzrDcT/PCdW3k49YUEUKxqQXykS1//62Is5UiEaVIOaTFCieE8TTATT2RFpY12N0gVmdSn23wpGSaWQt7fyu0d2rrgPYD6+XUMGVmAVNsCGbSjCIZSgDATO4Qpu4Na4NO6Me+MBhkgZXxOW4BeMp085U6GO</latexit>

log x ⇠ arcsinh
q

��1
2

<latexit sha1_base64="A5ckYii1vjXvJpGbrTmGXomfQTs="></latexit>

More	generally,	Harmonic	polylogs	(HPL) [Remiddi,	Vermaseren]

Relevant	
at	 ?	O(G4)

<latexit sha1_base64="hOzcF49TDl/5Vda+/E/VD89t90g=">AAACCXicbVC7SgNBFL0bXzG+1kelzeIixCbsSkDtAhaxM4J5QLKG2clsMmT2wcxsICwp0gn+gq2CpZ0IVn6Fbb7ESWJhEg8M93DOvczhuBGjQlrWt5ZaWl5ZXUuvZzY2t7Z39N29ighjjkkZhyzkNRcJwmhAypJKRmoRJ8h3Gam63auxX+0RLmgY3Ml+RBwftQPqUYykkpq63vCR7GDEkptBtnifP23qppWzJjAWif1LzMKBNzSH2w+lpj5qtEIc+ySQmCEh6rYVSSdBXFLMyCDTiAWJEO6iNqkrGiCfCCeZJB8YJ0ppGV7I1QukMVH/XiTIF6Lvu2pznFPMe2PxP68eS+/CSWgQxZIEeCZF4vrTj72YGTI0xrUYLcoJlqyvCMKcquwG7iCOsFTlZVQp9nwFi6RylrPzuctb2yzk4bD4OvqENBzBMWTBhnMowDWUoAwYevAEz/CiPWpv2rv2AROktOmEfZiB9vUDV0CesQ==</latexit>

[Sudakov]

" q

p̄1 � q/2 p̄1 + q/2

p̄2 + q/2 p̄2 � q/2



Static boundary conditions

• RadiaKon	and	potenKal	regions	split	in	near-staKc	limit		 	

• Integrals	in	potenKal	region	saKsfy	same	differenKal	equaKons	as	soq	
integrals!	Only	need	to	calculate	appropriate	boundary	condiKons.	

• PotenKal	region	integral			with	cut	maier	propagators	

										Graviton:							 	

													Maier:							 	

• 	Evaluated	by	residue	prescripKon	

v ⌧ 1

<latexit sha1_base64="JqeusoRUd4/7P59WmBpv4STXUWo=">AAAB/nicbVC7SgNBFL0bXzG+Vi1tBoNgFXZFMGJhwMYygnlAsoTZyWwyZPbBzGwgLIH8gq1WNnZi6xfoN9hai9iIrZONhYkeGO7hnHuZw3EjzqSyrBcjMze/sLiUXc6trK6tb5ibW1UZxoLQCgl5KOoulpSzgFYUU5zWI0Gx73Jac3tnY7/Wp0KyMLhUg4g6Pu4EzGMEKy3V+qjJObJbZt4qWCnQX2L/kPzpx/vn2+j5pNwyX5vtkMQ+DRThWMqGbUXKSbBQjHA6zDVjSSNMerhDG5oG2KfSSdK4Q7SnlTbyQqFfoFCq/r5IsC/lwHf1po9VV856Y/E/rxErr+gkLIhiRQMylSJx/cnHXsyRCtG4C9RmghLFB5pgIpjOjkgXC0yUbiynS7FnK/hLqgcF+7BwfGHnS0UA8+nrFrKwA7uwDzYcQQnOoQwVINCDK7iGG2Nk3Bn3xgOkyBiTCdswBePxGwpfnW4=</latexit>

1
`2 = 1

!2�`2 = � 1
`2 � !2

(`2)2 � !4

(`2)3 + · · ·

<latexit sha1_base64="Kh5wkz0gTEHFa6YsBnHNz6jWqAc="></latexit>

1
2ui·` = 1

2(u0
i !�ui`)

<latexit sha1_base64="mX3Ymz+y9ArEwC0faf+R6+mzDl4="></latexit>

⇥

<latexit sha1_base64="npIvJcrDyVA+yPFXROa/7jbFTOs=">AAAB/XicbVC7SgNBFL0bXzG+Vi1tBoNgFXZFMHYBG8EmgnlAsoTZySQZM7O7zMwKYQn+gq12FnZiYeMf+AVpbP0HsXWysTCJB4Z7OOcO93D8iDOlHefDyiwsLi2vZFdza+sbm1v29k5VhbEktEJCHsq6jxXlLKAVzTSn9UhSLHxOa37/bOzXbqhULAyu9CCinsDdgHUYwdpI1aZmgqqWnXcKTgo0T9xfki/B1+tolLkot+zPZjsksaCBJhwr1XCdSHsJlpoRToe5ZqxohEkfd2nD0ACbI16Sph2iA6O0USeU5gUaperfHwkWSg2EbzYF1j01643F/7xGrDtFL2FBFGsakKkUiS8mhzsxRzpE4ypQm0lKNB8YgolkJjsiPSwx0aawnCnFna1gnlSPCu5x4fTSzZeKAPb79yNkYQ/24RBcOIESnEMZKkDgGu7gHh6sW+vJerZeIEXGmkzYhSlYbz8v6pwj</latexit>

(Similar	to	NRQCD/NRGR)

!

<latexit sha1_base64="8jxTX+3EPeNRKfui7MFNwaBu/bI=">AAAB/XicbVC7SgNBFL0bX3F9RS1tBoNgFXZFUAsxaGMZwTwgWcLsZDYZM7O7zMwKYQn+gq22Yie2foKtndj6JU42FibxwHAP59zLHI4fc6a043xZubn5hcWl/LK9srq2vlHY3KqpKJGEVknEI9nwsaKchbSqmea0EUuKhc9p3e9fjPz6LZWKReG1HsTUE7gbsoARrI1Ua0WCdnG7UHRKTgY0S9xfUjx7t0/jp0+70i58tzoRSQQNNeFYqabrxNpLsdSMcDq0W4miMSZ93KVNQ0MsqPLSLO0Q7Rmlg4JImhdqlKl/L1IslBoI32wKrHtq2huJ/3nNRAfHXsrCONE0JBMpUl+MPw4SjnSERlWgDpOUaD4wBBPJTHZEelhiok1htinFna5gltQOSu5h6eTKLZbPAfIk/YA87MAu7IMLR1CGS6hAFQjcwD08wKN1Zz1bL9YrZMhZ4wnbMAHr7Qf8OprB</latexit>

⇥

<latexit sha1_base64="npIvJcrDyVA+yPFXROa/7jbFTOs=">AAAB/XicbVC7SgNBFL0bXzG+Vi1tBoNgFXZFMHYBG8EmgnlAsoTZySQZM7O7zMwKYQn+gq12FnZiYeMf+AVpbP0HsXWysTCJB4Z7OOcO93D8iDOlHefDyiwsLi2vZFdza+sbm1v29k5VhbEktEJCHsq6jxXlLKAVzTSn9UhSLHxOa37/bOzXbqhULAyu9CCinsDdgHUYwdpI1aZmgqqWnXcKTgo0T9xfki/B1+tolLkot+zPZjsksaCBJhwr1XCdSHsJlpoRToe5ZqxohEkfd2nD0ACbI16Sph2iA6O0USeU5gUaperfHwkWSg2EbzYF1j01643F/7xGrDtFL2FBFGsakKkUiS8mhzsxRzpE4ypQm0lKNB8YgolkJjsiPSwx0aawnCnFna1gnlSPCu5x4fTSzZeKAPb79yNkYQ/24RBcOIESnEMZKkDgGu7gHh6sW+vJerZeIEXGmkzYhSlYbz8v6pwj</latexit>

⇥

<latexit sha1_base64="npIvJcrDyVA+yPFXROa/7jbFTOs=">AAAB/XicbVC7SgNBFL0bXzG+Vi1tBoNgFXZFMHYBG8EmgnlAsoTZySQZM7O7zMwKYQn+gq12FnZiYeMf+AVpbP0HsXWysTCJB4Z7OOcO93D8iDOlHefDyiwsLi2vZFdza+sbm1v29k5VhbEktEJCHsq6jxXlLKAVzTSn9UhSLHxOa37/bOzXbqhULAyu9CCinsDdgHUYwdpI1aZmgqqWnXcKTgo0T9xfki/B1+tolLkot+zPZjsksaCBJhwr1XCdSHsJlpoRToe5ZqxohEkfd2nD0ACbI16Sph2iA6O0USeU5gUaperfHwkWSg2EbzYF1j01643F/7xGrDtFL2FBFGsakKkUiS8mhzsxRzpE4ypQm0lKNB8YgolkJjsiPSwx0aawnCnFna1gnlSPCu5x4fTSzZeKAPb79yNkYQ/24RBcOIESnEMZKkDgGu7gHh6sW+vJerZeIEXGmkzYhSlYbz8v6pwj</latexit>



The amplitudes
• One-loop	

I(p)III = � 1
(4⇡)4

⇣
�q2

µ̄2

⌘�2✏
(

1
(�q2)

⇡2

2m2
1m

2
2(�
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h
1
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6 + 2
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i
+ 1p

�q2
i⇡3(m1+m2)

2m3
1m

3
2(��1)

p
�2�1

<latexit sha1_base64="psGjxD3QWZM382ObYWR2BFL33Vk="></latexit>

�⇡2(2m2m1�+m2
1+m2

2)
8m4

1m
4
2(�

2�1)2
1
✏

)
+ · · ·

<latexit sha1_base64="qoyUfOT6YSzT/vvxN7Yz4WzCPDM="></latexit>

• Two-loop	

1 4

32

[Cristofoli,	Damgaard,	di	
Vecchia,	Heissenberg]
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Eikonal exponentiation

• ConvoluKons	are	simple	(propagator	integrals)	

																							 	

																														

f1(q?)⌦ f2(q?) =
1
N

R
dD�2`?
(2⇡)D�2 f1(`?) f2(q? � `?)

<latexit sha1_base64="2j2WFynk67SGcDoqlHibqWdOVp8="></latexit>

1
qa?

⌦ 1
qb?

= 1
qa+b�D+2
?

F (✏)

<latexit sha1_base64="11oeZx2dVCj4YBdcG025qQ5V7LI="></latexit>

• ExponenKaKon	in	momentum	space

								

e.g.	leading	phase			 	

							Inverse	relaKon:				

iM(�, q?) = cexp (i�(�, q?))� 1 = i�(�, q?)� 1
2!�(�, q?)⌦ �(�, q?) + · · ·

<latexit sha1_base64="KS9B/tkEyIR8gqyDMvXoqOiLnh0="></latexit>

i�(0) =

<latexit sha1_base64="DOv/s7opVkvREEnlGEkGD3sDrv0=">AAACBXicbVC7SgNBFL0bXzG+Vi1tFoMQm7CrglqoARvLCOYBySbMzk6SITO7y8ysEJbU/oJt7O3E1kLwH2z9CVsnGwuTeGC4h3PuZQ7HixiVyrY/jczC4tLySnY1t7a+sbllbu9UZRgLTCo4ZKGoe0gSRgNSUVQxUo8EQdxjpOb1r8d+7Z4IScPgTg0i4nLUDWiHYqS01KJNnzCFWknBPhxetM28XbRTWPPE+SX5q/fjFOW2+dX0QxxzEijMkJQNx46UmyChKGZkmGvGkkQI91GXNDQNECfSTdLUQ+tAK77VCYV+gbJS9e9FgriUA+7pTY5UT856Y/E/rxGrzpmb0CCKFQnwVIrE45OPOzGzVGiNK7F8KghWbKAJwoLq7BbuIYGw0sXldCnObAXzpHpUdE6K57dOvnQJYH58jyALe7APBXDgFEpwA2WoAAYBjzCCJ+PBeDZejFdIkTEmE3ZhCsbbD+plnTY=</latexit>

� = M� i
2M⌦M� 1

3M⌦M⌦M+ · · ·

<latexit sha1_base64="SDItAfTcIjDsoHEDsCOR0ORJHlc="></latexit>

• Ladder	contribuKons	cancel	exactly!	Only	H	maiers.

“Resums”	ladders	
at	leading	power

1 2

34

a

<latexit sha1_base64="SiJIcDFUfkAanQZmcLMzD9I6H48=">AAAB+HicbVC7SgNBFL0bXzG+Vi1tBoNgFXZVUBsN2FgmYB6QLGF2MpsMmZ1dZmaFuOQLbLXXSmz9BcF/sPUnbJ1sLEzigeEezrmXORw/5kxpx/m0cguLS8sr+dXC2vrG5pa9vVNXUSIJrZGIR7LpY0U5E7Smmea0GUuKQ5/Thj+4GvuNWyoVi8SNHsbUC3FPsIARrI1UxR276JScDGieuL+kePl+nKHSsb/a3YgkIRWacKxUy3Vi7aVYakY4HRXaiaIxJgPcoy1DBQ6p8tIs6AgdGKWLgkiaJzTK1L8XKQ6VGoa+2Qyx7qtZbyz+57USHZx5KRNxoqkgUylSP5x8HCQc6QiNW0BdJinRfGgIJpKZ7Ij0scREm64KphR3toJ5Uj8quSel86pbLF8A2B/fz5CHPdiHQ3DhFMpwDRWoAQEK9/AAj9ad9WS9WK+QIWdNJuzCFKy3H8kmmDI=</latexit>

b

<latexit sha1_base64="YSaWYgCO8YQySU0mN/4WArM7FZI=">AAAB+HicbVC7SgNBFL0bXzG+Vi1tBoNgFXZVUBsN2FgmYB6QLGF2MpsMmZ1dZmaFuOQLbLXXSmz9BcF/sPUnbJ1sLEzigeEezrmXORw/5kxpx/m0cguLS8sr+dXC2vrG5pa9vVNXUSIJrZGIR7LpY0U5E7Smmea0GUuKQ5/Thj+4GvuNWyoVi8SNHsbUC3FPsIARrI1U9Tt20Sk5GdA8cX9J8fL9OEOlY3+1uxFJQio04VipluvE2kux1IxwOiq0E0VjTAa4R1uGChxS5aVZ0BE6MEoXBZE0T2iUqX8vUhwqNQx9sxli3Vez3lj8z2slOjjzUibiRFNBplKkfjj5OEg40hEat4C6TFKi+dAQTCQz2RHpY4mJNl0VTCnubAXzpH5Uck9K51W3WL4AsD++nyEPe7APh+DCKZThGipQAwIU7uEBHq0768l6sV4hQ86aTNiFKVhvP8q6mDM=</latexit>

1 2

34

1 2

34

1 2

34

�(2)(�, q?) = �64⇡(Gm1m2)3
(��cos�)4p

�2�1
arcsinh

q
��1
2

1
✏

⇣
q2?
µ̄2

⌘�2✏

<latexit sha1_base64="hy+7kGU3yrglAniO+HWaSnP3/YE="></latexit>



Scattering angle

• In	terms	of	angular	momentum			 	

										

J = p be cos�/2

<latexit sha1_base64="TatBza2LGp8A1CGXY/ysPyovCRk=">AAACDXicbVC7SgNBFL0bXzG+1kcnyGAQLCTuBkEtlICNWEUwD8iGMDuZJENmH8zMCnHJN1hrpaX2dmKp32DrT9g6m1iYxAPDPZxzL3M4bsiZVJb1aaSmpmdm59LzmYXFpeUVc3WtLINIEFoiAQ9E1cWScubTkmKK02ooKPZcTitu9yzxK9dUSBb4V6oX0rqH2z5rMYKVlhrmxsVJiJw9t0GRQwLpkA7bzzfMrJWzBkCTxP4l2cLWXYL7YsP8cpoBiTzqK8KxlDXbClU9xkIxwmk/40SShph0cZvWNPWxR2U9HqTvox2tNFErEPr5Cg3Uvxcx9qTsea7e9LDqyHEvEf/zapFqHdVj5oeRoj4ZSRG73vDjVsSRClBSDWoyQYniPU0wEUxnR6SDBSZKF5jRpdjjFUyScj5nH+SOL+1s4RTAfP9+hDRswjbsgg2HUIBzKEIJCNzAAzzBs3FrvBivxhsMkDKGE9ZhBMbHD05xoPg=</latexit>

� =
Gm1m2

J
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+
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�

• Scaiering	angle	from	eikonal	phase	

																														 	iM4(�, q?) /
R
d2beeibe·q?

�
ei�(�,be) � 1

�

<latexit sha1_base64="zwlzXRF79Q6/nhQOF5+CqCyRjDE="></latexit>

• Checks:	probe	limit,	staKc	limit	(BPS)	

									 								 	

• IdenKcal	result	when	using	EFT	matching	&	classical	EOM

1
2�p = arctan

h
GM2⌫p

J
2(�p�cos�p)

2

(�2
p�1)1/2

i

<latexit sha1_base64="q+TFErOLDPgGzRuv7yI3vLVN1Ug="></latexit>

⌫p = mp

M

<latexit sha1_base64="Up32ib+AnRFzJZoGKQxENFtdOxo="></latexit>

Newtonian	result!

StaKonary	phase	approx. sin �
2 = � 1

2p
@

@be
�(�, be)

<latexit sha1_base64="PyQOpzh2VedBHWG/k/V6uO/o1k8=">AAACTHicbVDPaxNBFH6b1pqmtkY99jI0FFrQsBsEFRGCXjy22LSFbAhvJ2+ToTOzy8ysEJb16t/kn+BFvHoSPLWevRWhk21B++ODYb73fTPz3nxJLoV1YfgjaCwt31u531xtrT1Y33jYfvT40GaF4TTgmczMcYKWpNA0cMJJOs4NoUokHSUn7xb+0UcyVmT6wM1zGimcapEKjs5L4/aH2AodpwZ5zGeC9dgb9ozVdRlVZY/l1VUV52icQMmqfzQZk7cnJB3u+HemCp96aXfc7oTdsAa7TaIr0ulHnz6//rr 0e2/c/hVPMl4o0o5LtHYYhbkblYsuXFLVigtLOfITnNLQU42K7KisP1+xba9MWJoZv7Rjtfr/jRKVtXOV+JMK3cze9BbiXd6wcOnLUSl0XjjS/NoUZaIuG6eFZC5ji2TZRBjiTs49QW6En53xGfrsnM+/5UOJbkZwmxz2utHz7qv9qNN/C9Dk5XdowiZswQ5E8AL68B72YAAcvsBPOIWz4FvwJzgP/kKNRnC5wxO4hsbKBb6tuHE=</latexit>

~q = � @
@~be

�(�,~be)

<latexit sha1_base64="luPt/m1j0ncRg5s/bD6SUEoa9pU="></latexit>

See	Emil’s	talk!

See	Chia-Hsien’s	talk!



EFT vs. Eikonal

• Non-relaKvisKc	

• EFT	integrand	subtracKon	avoids	
calculaKng	IR	divergent	integrals	

• Non-relaKvisKc	loop-by	loop	
integraKon	avoids		 		&		 .	
Special	scheme.	Very	efficient	to	
target	classical	contribuKons	

• Fully	relaKvisKc,	but	need	to	
establish	exponenKaKon	

• Evaluate	infrared	divergent	
integrals	

• Requires	higher	orders	in	  and		
  to	check	exponenKaKon.	More	
standard	scheme

✏/✏

<latexit sha1_base64="qdXZMAFJYOzQQVRXDc+XTW3zFvI=">AAACCnicbZBLSwMxFIXv1Fetr6ku3QwtgiDUGRHUXdGNywr2Ae1QMmmmDc0kQ5JRytB/4NKtW927E7f+ALfd+ktMWwXbeiHk45xccjhBzKjSrjuyMkvLK6tr2fXcxubW9o6d360pkUhMqlgwIRsBUoRRTqqaakYasSQoChipB/2rsV+/I1JRwW/1ICZ+hLqchhQjbaS2nW+RWFEm+PEvtO2iW3In4yyC9wPFcqF19DgqDypt+6vVETiJCNeYIaWanhtrP0VSU8zIMNdKFIkR7qMuaRrkKCLKTyfRh86BUTpOKKQ5XDsT9e9GiiKlBlFgXkZI99S8Nxb/85qJDs/9lPI40YTjmRRpEE0/DhPmaOGMe3E6VBKs2cAAwpKa7A7uIYmwNu3lTCnefAWLUDspeaelixuvWL4EyOL0E7KwDwU4BA/OoAzXUIEqYLiHJ3iGF+vBerXerHeYTMaa3rAHM2N9fAMAg5+k</latexit>

q/q

<latexit sha1_base64="puUi6WZ3+MXakuc1MSU2JqgHqfo=">AAAB+nicbVC7SgNBFL0bXzG+opY2Q4IgCHFXBLVbtLGMaB6QLGF2MpsMmX1kZlZY1nyCnWhvJ7Z+iG1av8TJxsIkHhju4Zx7mcNxI86kMs2xkVtaXlldy68XNja3tneKu3t1GcaC0BoJeSiaLpaUs4DWFFOcNiNBse9y2nAH1xO/8UCFZGFwr5KIOj7uBcxjBCst3Q1Php1i2ayYGdAisX5J2S61j5/HdlLtFL/b3ZDEPg0U4VjKlmVGykmxUIxwOiq0Y0kjTAa4R1uaBtin0kmzqCN0qJUu8kKhX6BQpv69SLEvZeK7etPHqi/nvYn4n9eKlXfhpCyIYkUDMpMidf3px17MkQrRpAfUZYISxRNNMBFMZ0ekjwUmSrdV0KVY8xUskvppxTqrXN5aZfsKIE/SL8jDAZTgCCw4BxtuoAo1INCDJ3iBV+PReDPejQ/IkDOmE/ZhBsbnDyexmR0=</latexit>

✏

<latexit sha1_base64="tWigXpymyeyCd24BV+/+XqrKO80=">AAAB/3icbVC7SgNBFL3rM66vqKXNYBCswq4IaiEGbSwjmAckS5idzCZDZmaXmVkhLCn8BVvtLOzE1i+wtRNbv8RJYmESDwz3cM69zOGECWfaeN6XMze/sLi0nFtxV9fWNzbzW9tVHaeK0AqJeazqIdaUM0krhhlO64miWISc1sLe5dCv3VKlWSxvTD+hgcAdySJGsLFSvUkTzXgsW/mCV/RGQLPE/yWF83f3LHn6dMut/HezHZNUUGkIx1o3fC8xQYaVYYTTgdtMNU0w6eEObVgqsaA6yEZ5B2jfKm0Uxco+adBI/XuRYaF1X4R2U2DT1dPeUPzPa6QmOgkyJpPUUEkmUmShGH8cpRyZGA3LQG2mKDG8bwkmitnsiHSxwsTYylxbij9dwSypHhb9o+LptV8oXQDkSPYBOdiFPTgAH46hBFdQhgoQ4HAPD/Do3DnPzovzCiPMOeMJOzAB5+0HyAqbxg==</latexit>

q

<latexit sha1_base64="3Su3koO4DRN4YUrx9QUKUcAcekI=">AAAB+HicbVA9SwNBFHwXv2L8iloqchgEq3AngtoFbSwTMB+QHGFvs5cs2d07d/eEeKS0stXeTmyt8jNsbW39E24uFiZxYHnDzHvsMH7EqNKO82llFhaXlleyq7m19Y3Nrfz2Tk2FscSkikMWyoaPFGFUkKqmmpFGJAniPiN1v3819ut3RCoaihs9iIjHUVfQgGKkjVS5becLTtFJYc8T95cUSvujyvfDwajczn+1OiGOOREaM6RU03Ui7SVIaooZGeZasSIRwn3UJU1DBeJEeUkadGgfGaVjB6E0T2g7Vf9eJIgrNeC+2eRI99SsNxb/85qxDs69hIoo1kTgqRSJzycfBzGzdWiPW7A7VBKs2cAQhCU12W3cQxJhbbrKmVLc2QrmSe2k6J4WLypuoXQJkMXJB2RhDw7hGFw4gxJcQxmqgIHAIzzBs3VvvViv1hukyFiTCbswBev9B7wumQU=</latexit>

EFT	for	PM	scaNering Eikonal	exponen@a@on
[Cheung,	Rothstein,	Solon] [Old	subject,	e.g.	AmaK,	Ciafaloni,	Veneziano]



Applications



Integrability of BH orbits

• No	precession	at	order		 	(no	triangle)	and	all	orders	in	probe	limit!
Conjectured	to	hold	to	al	orders.	

• No	precession	possible	at		 	

• But	angle	deviates	from	(integrable)	Newtonian	result	

G2

<latexit sha1_base64="QLuCfAX2QYNWYylfk6CHfhA6Y8s=">AAAB+nicbVC7SgNBFL3rM66vqKXNYhCswm4Q1EIMWmgZ0TwgWcPsZJIMmZldZmaFsOYTbLXXSmz9B1s7sfVLnGwsTOKB4R7OuZc5nCBiVGnX/bJmZufmFxYzS/byyuraenZjs6LCWGJSxiELZS1AijAqSFlTzUgtkgTxgJFq0Dsb+tVbIhUNxbXuR8TnqCNom2KkjXR1flNoZnNu3k3hTBPvl+RO3u3j6PnTLjWz341WiGNOhMYMKVX33Ej7CZKaYkYGdiNWJEK4hzqkbqhAnCg/SaMOnF2jtJx2KM0T2knVvxcJ4kr1eWA2OdJdNekNxf+8eqzbh35CRRRrIvBYiiTgo4/bMXN06Ax7cFpUEqxZ3xCEJTXZHdxFEmFt2rJNKd5kBdOkUsh7+/mjSy9XPAXI4OQDMrANO7AHHhxAES6gBGXA0IF7eIBH6856sl6sV0gxY40mbMEYrLcfFAKZFQ==</latexit>

O(G3)

<latexit sha1_base64="nqFrFM315aDCOgQIomMZ0m82XFs=">AAACCXicbVC7SgNBFL3rM8bXqqXNkiBEhLCrgtotWmhnBPOAJIbZySQZMju7zMwGwpIvsLW01d5ObP0B27R+ibMbC5N4YLiHc+5lDscLGZXKtsfGwuLS8spqZi27vrG5tW3u7FZkEAlMyjhggah5SBJGOSkrqhiphYIg32Ok6vWvEr86IELSgN+rYUiaPupy2qEYKS21TLPhI9XDiMW3o8L1w8lhy8zbRTuFNU+cX5J3c42jp7E7LLXM70Y7wJFPuMIMSVl37FA1YyQUxYyMso1IkhDhPuqSuqYc+UQ24zT5yDrQStvqBEI/rqxU/XsRI1/Koe/pzSSnnPUS8T+vHqnOeTOmPIwU4XgqRez5k487EbNUYCW1WG0qCFZsqAnCgursFu4hgbDS5WV1Kc5sBfOkclx0TosXd07evQTI4PgLMrAPOSiAA2fgwg2UoAwYBvAML/BqPBpvxrvxASkWjMmEPZiC8fkD7CWeZQ==</latexit>

[Caron-Huot,	Zahraee]
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<latexit sha1_base64="yS82AhPkJ/PNcgyzFucQJNDwzZA="></latexit>

[Kaelin,	Porto]

• EOB																													related	to	Dual	Conformal	Invariance	
				(Extension	of	Laplace-Runge-Lenz	symmetry)	

[Buonanno,	Damour]

[Caron-Huot,	Henn;	Caron-Huot	QCDMG18]
Is	it	there	in	physical	angle?



Graviton dominance

• Leading	eikonal	phase	and	angle	dominated	by	graviton	exchange	

• How	about	subleading	 ?G

<latexit sha1_base64="x2r1IEGW0m/E451j7GtFYNE3IS8=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXZFUAsxaKFlAuYBcQmzk9lkyOzsMjMrxCVfYKu9YCG2/oStndj6JU42FibxwHAP59zLHI4fc6a043xZubn5hcWl/LK9srq2vlHY3KqrKJGE1kjEI9n0saKcCVrTTHPajCXFoc9pw+9fjPzGLZWKReJaD2LqhbgrWMAI1kaqXrYLRafkZECzxP0lxbN3+zR+/rQr7cL3TSciSUiFJhwr1XKdWHsplpoRTof2TaJojEkfd2nLUIFDqrw0CzpEe0bpoCCS5gmNMvXvRYpDpQahbzZDrHtq2huJ/3mtRAfHXspEnGgqyESK1A/HHwcJRzpCoxZQh0lKNB8YgolkJjsiPSwx0aYr25TiTlcwS+oHJfewdFJ1i+VzgDxJPyAPO7AL++DCEZThCipQAwIU7uEBHq0768l6sV4hQ84aT9iGCVhvP+XOmHE=</latexit>

• High-energy	limit	=	probe	parKcle	moving	in	Aichelburg-Sexl	shockwave	

                                                                                                      M4 ⇠ �(1�iGs)
�(1+iGs)

Gs
t (�t)iGs

<latexit sha1_base64="rVt1jarPPmi21MkIq8Cp5J1l30E="></latexit>

�1PM = 4Gm1m2�
J ⇠ 2Gs

J

<latexit sha1_base64="1eblcofe54xAl2wMCh+FPF47Lck="></latexit>



Graviton dominance @ 

• Classical	high-energy	limit				 	

• High-energy	limit	of	 	angle	

                                                                                                                      

                                                                  

J � � � 1

<latexit sha1_base64="Nc6KARMlbOeiUH1ydykEwY6IRQo=">AAACCnicbZC7TsMwGIX/cC3l1sLIYlEhMVUJQgImKlgQU5HoRWqiynGd1KqdRLYDqqK+Aa/ACjsbYuUBWFl5CzbclIG2HMnyp/P7l4+On3CmtG1/WguLS8srq4W14vrG5tZ2qbzTVHEqCW2QmMey7WNFOYtoQzPNaTuRFAuf05Y/uBzPW3dUKhZHt3qYUE/gMGIBI1gbq1sqX7thiFzFQoHRGJ1uqWJX7VxoHpxfqJx/B7nq3dKX24tJKmikCcdKdRw70V6GpWaE01HRTRVNMBngkHYMRlhQ5WV59BE6ME4PBbE0J9Iod/9uZFgoNRS+eSmw7qvZ2dj8b9ZJdXDqZSxKUk0jMpUi88Xk4yDlSMdo3AvqMUmJ5kMDmEhmsiPSxxITbdormlKc2QrmoXlUdY6rZzdOpXYBUCDZBxRgD/bhEBw4gRpcQR0aQOAeHuEJnq0H68V6td4g14I1uWEXpmS9/wDLY57y</latexit>

N = 8

<latexit sha1_base64="ZlCF0H9ZoMx3oXFwFN5rnDokqN8=">AAACBHicbVA9SwNBFHwXv+L5FbW0OQyCVbgTwVgEgzZWEsF8QHKEvc1esmRv79zdE8KR1r9gq9jaia2trZ3Y+kvcu1iY6MDyhpn32GG8iFGpbPvTyM3NLywu5ZfNldW19Y3C5lZDhrHApI5DFoqWhyRhlJO6ooqRViQICjxGmt7wLPWbN0RIGvIrNYqIG6A+pz7FSGnJ7QRIDTBiycW4Uu4WinbJzmD9Jc4PKZ68mZXo8cOsdQtfnV6I44BwhRmSsu3YkXITJBTFjIzNTixJhPAQ9UlbU44CIt0kCz229rTSs/xQ6MeVlam/LxIUSDkKPL2ZhpSzXir+57Vj5ZfdhPIoVoTjqRSJF0w+9mNmqdBKG7F6VBCs2EgThAXV2S08QAJhpXszdSnObAV/SeOg5ByWji+dYvUUII+Td8jDDuzCPjhwBFU4hxrUAcM13ME9PBi3xpPxbLxAhpwxmbANUzBevwEd4Z2T</latexit>

�3PM
=8

�!1
= � 16G3m3

1m
3
2�

3 log(�)
J3 + · · ·

<latexit sha1_base64="jOC1lHlMOdiTMvt0StMWGrdcEQQ="></latexit>

[JPM,	Ruf,	Zeng]

(massive)

[Bern,	Cheung,	Roiban,	Shen,	Solon,	Zeng]

• Graviton	seems	to	dominate	also	at	 .	Requires	explanaKon.			

											

O(G3)

<latexit sha1_base64="nqFrFM315aDCOgQIomMZ0m82XFs=">AAACCXicbVC7SgNBFL3rM8bXqqXNkiBEhLCrgtotWmhnBPOAJIbZySQZMju7zMwGwpIvsLW01d5ObP0B27R+ibMbC5N4YLiHc+5lDscLGZXKtsfGwuLS8spqZi27vrG5tW3u7FZkEAlMyjhggah5SBJGOSkrqhiphYIg32Ok6vWvEr86IELSgN+rYUiaPupy2qEYKS21TLPhI9XDiMW3o8L1w8lhy8zbRTuFNU+cX5J3c42jp7E7LLXM70Y7wJFPuMIMSVl37FA1YyQUxYyMso1IkhDhPuqSuqYc+UQ24zT5yDrQStvqBEI/rqxU/XsRI1/Koe/pzSSnnPUS8T+vHqnOeTOmPIwU4XgqRez5k487EbNUYCW1WG0qCFZsqAnCgursFu4hgbDS5WV1Kc5sBfOkclx0TosXd07evQTI4PgLMrAPOSiAA2fgwg2UoAwYBvAML/BqPBpvxrvxASkWjMmEPZiC8fkD7CWeZQ==</latexit>

• High-energy	limit	of	Einstein	gravity	angle	

																	�
3PM
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3 log(�)
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<latexit sha1_base64="QxerJhvb2XXdZk62TgpDf5jDBqA="></latexit>



Graviton dominance @ 

• All	universal!	

							 									

• Recent	calculaKon	of	full	4-pt	two-loop	graviton	amplitude	in	GR	

• Previous	results	for	 	

[Abreu,		Jaquier,	Febres	Cordero,	Ita,		Page,	Ruf,		Sotnikov]

(massless)

See	Samuel’s	talk!

[Dixon,	Boucher-Veronneau]

• Relevant		contribuKons	at	two	loops	

																														

Massless	HE	limit		

			� � J � 1
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 Massless angle is universal 
            through

	One	loop	angle,	quantum,	non-universal

Two	loop	angle	universal

[Bern, JPM, Ita, Ruf]

Requires	an	explanaKon!

It	also	agrees	with	[Amati, Ciafaloni, Veneziano] and	disagrees	with	[Damour]
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Summary
• Developed	new	methods	for	calculaKon	of	classical	scaiering	
amplitudes	

• Combined	with	old	techniques	(eikonal)	to	calculate	scaiering	angle	of	
extremal	BH	in		 		supergravity								

• Eikonal	and	EFT	methods	agree	-	confirmaKon	of	BCRSSZ	

• No	precession	at		 ,	but	angle	deviates	from	Newton	

• ’t	Hooq’s	graviton	dominance	seems	to	extend	to	subleading	order	for	
both	massive	and	massless	(why?	proof?)	

• 		supergravity	is	an	excellent	theoreKcal	laboratory	

• Looking	to	the	future:	What’s	next?	Spin?	 ?	
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Thank	you!
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