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Inkroduckion

Scattering amplitudes in (planar) N=4 sYMm:
encoded in "Amplituhedra”

| More general paradigm:

| positive geometries

- -» regions with boundaries equipyeo& with rational '
differential forms

-» the forms are logarithmic on any boundary

(picture by A, Gilmore)
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Inkroduckion

Scattering amplitudes in (planar) N=4 sYMm:
encoded in "Amplituhedra”

= — = w— —— i — e ——— S— _

,\ Conjecture:

- amplituhedra encode physical singularities of

f ampti&ud&s in the structure of their boundaries
-> Facebks (= codim 1): straightforward

-> What happens cieeper LA geom&rv?

— —

In this talle:
Boundaries of Mom Ample->Singularities of Tree Ampls
Bouv\d&arj Stratification + Full Classification of Sings
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Sinqularities for Scabtering Ampls

Color-ordered amplitudes: pure Yang-mills
* Multi-particle poles when sum of adjacent momenta goes on-shell:

Pfj= (p; +Pigq t+ - +pj)2 — 0

P~0 . 1 h .
A1, n) s Y AL oo Pl AT (P 1 i = 1)

n—j+i
h=+1 L)
* Collinear and soft sinqularities: universal factorization properties

AR it G 1Y, ) PN gt PR SpLCSEG, (4 1))

n—1
h==+1

. . —0 .. - ;
ATy s ) T AT ) SOf(s", )
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Sinqularities for Scabtering Ampls

Color-ordered amplitudes: N=4 super Yang-Mills
* Multi-particle poles when sum of adjacent momenta goes on-shell:

2

Pl.,j—>0
An,k(1’° cos I’l) —

M~

L 1 . .
[d4nPi’jAj—i+2,k'(l’ ...,], Pl,])P_zAl’l—]-H,k—kq‘1(Pl,]’] + 1,...,l - 1)
L,J

k'=1

* Collinear and soft sinqularities:

-0 . .
pallp2 A, (1,2,3,.. )P12 Jd4;7P12 [SphtgeeAn_l,k(Plz,B,...,n)+Spht“eeAn 1k—1(P12,3, ...,n)]

I\Parame&rised by %?3% rised by
keti&i&v-ﬂpresarvivg o (12) =0
suger-ﬂspu%&EMQ function kei.nt&y-ﬂdetraasims:}

su[per“spu%mf\g function

Splitg*(z; 171, 12, 1p,,) =

=2 (12> H(ﬂPuA \/—’71A —V1I—2zmy)
SpLit™(z; 1y, 1, 11p,,) = H<’71A’72A+ L= 20 aflp12a = V22 aMIp ,0)
( —2 [12 12
S VZ(

z momentum fraction
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Sinqularities for Scabtering Ampls

Color-ordered amplitudes: N=4 super Yang-Mills
* Multi-particle poles when sum of adjacent momenta goes on-shell:

-
An,k(l’” .y I’l) ]—)

M~

L 1 . .
[d4nPi’jAj—i+2,k'(l’ ...,], Pl,])P_zAl’l—]-H,k—kq‘1(Pl,]’] + 1,...,l - 1)
L,J

k'=1

* Collinear and soft sinqularities:

2 —>
pullpe - A, (12.3.....m) 2255 Jd“nplz [SPLtIA,_; 1 (P12,3e. s )FSPLCA, 1 1 1(P12,3,..., 1)

paramebrised b i N
<§2> -0 (23) >0 J Pﬁ;?“_")%"‘fﬁ‘f‘fg |
) W

J £ g
—0 —
pe>0 1 A, (1,2,3,00,m) 255 SOl A, x(1,3,000m) A (1,2,3,..,m) 225 Soft™ A, 1(1,3,...,n)

[13]
[12][23]

ketia&yt@rasmviv\g} (13) heticiﬁydﬁtzreast Softee

_ 4
ft= =n,

sup@;r*swf& function ol = (12)(23) super“swf& function
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Sinqularities for Scabtering Ampls

Color-ordered amplitudes: N=4 super Yang-Mills

collinear
Limaiks

mu&impo\r&iate
factorizakions

soft

Limaiks

(Gi+1)=0=(i—1i) ii+1]=0=1[i—1i]
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Sinqularities for Scabtering Ampls

Color-ordered amplitudes: N=4 super Yang-Mills

mui&iwpa\rﬁate collinear
factorizations Limiks

soft

Limaiks

K (ii+1)=0=(i—11) [ii+1]=0=1[i—1i] ///

we waht to ti.assbfj these using the momentum mp&udram
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Scattering amplitudes in N=4 sYM

Au&ti&j

Ampt&uc&e <> Wilsown tootze
P1
P = — Tit1
Q?AZQ?A_Q?fl X1
//74 - . | \ . |
on-shell superspace | H dual superspace
(AF, AF, m) (AS, 2§, 0904

&\\ " bOSOMLlO& Lon Incidence relakions

/j‘za = x?a)‘ia
A A

2 _ —
—— s

mm&um amyti&ukecirom

@

omentum-twistor superspace

Z54 = (B, X

+ bosownizakion

Fourier transform
on ;'

twiskor superspace

WA (:uz 9 )\oz’ n; ) \
amplituhedronN__
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Scattering amplitudes in N=4 sYM

on-shell superspace
(AT A )

Nown-chiral superspace g =" Jigt
a ,r|ja sF : . =1
(/lianilﬂia i)’ Cl,a,r,r—l,z { & :

Associate a,a with SU(RIxSU(R) R-symmetry indices:

ﬂa—>d/1a, ﬁd_)d/fd

n-point super-amplitude in non-chiral space <-> 21 form

(S. He, C. Zhang)
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Amplitudes as forms

(A, ni’"lef‘fl, ﬁf), a,a,r,ir =1,2

l

n-point super-amplitude in non-chiral space <-> 2n form

A= (A" Ay,

P
N - dg® =y A4di’
Ex&mgte: 4*{@0&&1& MHV 2n-4 form 7" =27

i=1
gt . (12) o (23) (34)  (41) {d“f": LA
o dlogm /\dlog<13> /\dlog<13> Adlog(l—3> I

Q4,2 =

Geomelry whose canonical form gives the amplitude form?

Momenkum ampii&ukec:&rom M!
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Momenbtum Amplituhedron

Bosonized spinor helicity variables:

/~\A=< A > A=(,a) =1 k+2 AA—< A ) A=(a,a)=1 n—k+?2
I ~ . '. 9 ’ 90 I ¢g-}’]la ’ - 9 - 9

{mo&rix A Posi&ive and  wabrix Al Fosi&ive}

| ?osi&ive regicﬂ

Momentum amplituhedron: Image of the positive Grassmannian
G {lg,n) through the map

DO Gylkn) - Gk k+2)XGn—k,n—k+2)
defined as:

YA ZC AA ZJ_AA
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Momenbtum Amplituhedron

n n

A YA A 1 AA
Ya—zcai/\i Y, _aniAi

Facels: codimension-1 boundaries

(Yii+1)=0, [Yii+1]1=0 Collinear Limiks

Siist.itp =0, p=2,...n—4 Factorizations

Siitl..itp = Z <YJ°1J'2>[leJ°2]

IS 1 <}pLi+p
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Momenbtum Amplituhedron

n n

A YA A 1 AA
Ya—zcai/\i Y, _aniAi

Facels: codimension-1 boundaries

(Yii+1) =0, [Yii+1]1=0 Collinear Limits
Siist.itp =0, p=2,...n—4 Factorizations
et R,

Volume form

3

Differential form with log si&gutmi&ées on all boundaries

Sum over cells of pushwfarwa:ds of canonical diff-form
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Momenbtum Amplituhedron

n n

A YA A 1 AA
Ya—zcai/\i Y, _aniAi

Facels: codimension-1 boundaries

(Yii+1)=0, [Yii+1]1=0 Collinear Limiks
Siist.itp =0, p=2,...n—4 Factorizations
i — e N

Q,;: volume form with logarithmic singularities on all
boundaries of the space
Q,,= ) dlogaf Adlogag A ... Adlogag,_,

Logo\:&kmw differential form
e

L. Ferro (LMU g UH) Zoowmplitudes 2020, 13,08.2020



Momenbtum Amplituhedron

A YA A 1 AA
Ya—zcai/\i Ya_zcaiAi

= Volume form
Q,,= Y dlogaf Adlogag A ... Adlogag,_,
= Volume function

n—k k
Q Ad'Ps*P) =Ty, )]V, Vd?Y,16%P)Q,,

a=1 a=1

- Ampii&ud@; Reference subspaces

A2 = 54(p) qus; .. .d(pg—kjd(;;. dPh Q, (Y*, V5, A, )
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Momenbtum Amplituhedron

n n

Example =Y cuyhl Yi= ) chAf
i=1 i=1
* MHV .4 o\m[ptiﬁuc{ez
(Y12) _(¥23) _(¥34) _ (V14) T
Ty T sy B T sy T (i)
4
- L {r12) (Y23) o (¥34) o (Y14)
94,2—j/=\1dlogaj—dlog<Y13> A dlog By log 5T 10g—<Y13>
= (1234)° Yd*Y ) Yd?Y.
B (Y12)(Y23)<Y34)(Y41)< YY) |
PN

—

Diverqgences oh the 4 facets of the momentum ampti%uhec&row
Yii+1)=0,i=1,..4
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Momenbtum Amplituhedron

E’ixo\mptas =Y cuyhl Yi= ) chAf

* NMHV ampt&udes:

_ (612 (234) (456) _ (123) (345) (561)
96,3 — Q6,3 * Q6,3 + Q6,3 — Q6,3 + Q6,3 + Q6,3

00123) ((Y12)[12456] + (Y 13)[13456] + (Y23)[23456] _2([1745]( 12345) + [V46](12346) + [Y'56](12356))*
53 S (Y 12)(Y23) [ P4S][ 756 [(Y 1|5+ 6|47 1(Y3|4 +5|6F]

Spurwus sinqularities

Diverqences on the 15 facets of the momentum ampli&uhedrm\:
Yii+1)=0,i=1,..6, [Yi+1]=0,i=1,..6, S, 1.4,=0,i=123

l
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Sinqularities from Boundaries

Baumdarfj stratificakion from Mathematica package amplituhedronBoundaries.m

up o n=2 and all k (extended to n=11 via dual gr&[;?hs) (T. Lukowski, R. Moermain)
| based on positroidsm

(3. Bourjaily)
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Sinqularities from Boundaries

Bo»u,mciarj stratificakion from Mathematica package amplituhedronBoundaries.m

up to n=2 and all k (extended to n=11 via dual gro\[yhs) (T. Lukowski, R. Moerman)
| based on positroids.m

> labeled by plabic diagrams of cells in G(i,n) (3. Bourjaily)

collinear collinear factorization

Codim 1 boundaries

L. Ferro (LMU g UH) Zoowmplitudes 2020, 13,08.2020



Sinqularities from Boundaries

Boumd&rj stratificakion from Mathematica package amplituhedronBoundaries.m

up to n=2 and all k (extended to n=11 via dual graphs) (T. Lukowski, R. Moerman)
| based on positroids.m

> labeled by plabic diagrams of cells in G(i,n) (3. Bourjaily)

collinear collinear factorization

Codim 1 boundaries

(Yii+1)=0

QA3,1 Eo!a cell ¢
Aszz E:op cell

&OF cell
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Sinqularities from Boundaries

Boumd&rj stratificakion from Mathematica package amplituhedronBoundaries.m

up to n=2 and all k (extended to n=11 via dual graphs) (T. Lukowski, R. Moermoan)
| based on positroids.m

> labeled by plabic diagrams of cells in G(i,n) (3. Bourjaily)

1+ 1 1 1+ 1

Codim 1 boundaries

further foactorizations

Codim 2 boundaries and collinear Limiks

(Yii+1)=0=(Yi—1i) [Vii+1]=0=[Vi-1i]

Intersection of two consecutive
codim 1 collinear boundaries

L. Ferro (LMU g UH) Zoowmplitudes 2020, 13,08.2020



Sinqularities from Boundaries

Boumd&rj stratificakion from Mathematica package amplituhedronBoundaries.m

up to n=2 and all k (extended to n=11 via dual graphs) (T. Lukowski, R. Moerman)
| based on positroids.m

> labeled by plabic diagrams of cells in G(i,n) (3. Bourjaily)

1+ 1 1 1+ 1

Codim 1 boundaries

further foactorizations

Codim 2 boundaries and collinear Limiks

+ generalization d&apev in the geame&rvj
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Sinqularities from Boundaries

Creneric Boumd&rj

* black lollipop - helicity-preserving soft Limit

* white lollipop - heliciby-reducing soft Limit

* single line - forward-Limit

* top cell, collinear Limit or foctorizakion channel for an
amplitude Ave with Wan and K'sk, Can be any boundary of M as
long as ik is a connected diagram
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Sinqularities from Boundaries

E?xam[zetas
% MHV, <=> for k=2 ik agrees with boundary stratification of Gr{2n)

erresev\h&ves:

Codim 1 boundaries

Codim 2 boundaries

Codim 3 boundaries Codim 4 boundaries
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Sinqularities from Boundaries

E?xam[zetas
ve NMHV

Qeyrasem&a&vesz

Codim 1 boundaries

Codim 2 boundaries

Codim 3 boundaries

5
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Sinqularities from Boundaries

v Number of boundaries for a given dimension:
(mkN\d|loO 1 2 3 4 5 6 7 8 9 10 11 12
4,2) 6 12 10 4 1
(5.2) |10 30 40 30 15 5 1
6,2) |15 60 110 120 9 50 21 6 1
(6,3) 20 90 180 215 180 114 54 15 1
(7,2) |21 105 245 350 350 266 161 77 28 7 1
(7,3) 30 210 560 910 1050 938 665 350 119 21 1
(8,2) 28 168 476 840 1050 1008 784 504 266 112 36 8 1
(8,3) 56 420 1400 2870 4200 4788 4424 3262 1820 720 188 28 1
(8,4) 70 560 1960 4200 6426 7672 7420 5696 3264 1280 300 32 1

+ parity conjuqgates (k) = (n-k)

Grenerating fc

Fn,k(x) — Z (_x)dima

Gn,k

F,(1)=1

w Euler characteristic = 1 —=> indicabkes that M is (2n-4)-diml ball
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Sinqularities from Boundaries

Dual g'mphs: enumerakion enabting to 90 up to n=11 any ¢

-» Each bouv\darj Labelled bj a partial triangulation of a
reqular n-gon + additional decorations

Connecked

n external legs n-gon

borders between

/"‘> disconnected pleces
f _ :,,'Jg”

N
/ AN )
Disconneckted ‘ @ , ,

@ | e, black lollipop
' \ v
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Conclusions

Momenkum ampii&uhedrah

_ Fos&wa geometry for tree-level amplitudes tn N=4 sYM U
o S:,M.O'r‘ kei.w::,% space \:‘

M Classified all physical singularities of tree-level ampls in N=4
sYM bfj sEudvng tts boundaries

MEach singularity comes from a subsequent multi-particle
factorizakion and collinear Limik

M Singularities translated to geometry as appropriate
intersection of facets

0

Proof that momentum ampii&uhedrom s a ball?
Looy ampti&udﬁs?

0
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