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! lore ::
:: a body of  traditions and knowledge on a subject or held by a particular group, typically passed from person to person by word of  mouth 

• simple physical arguments require the inclusion of non-linearities in the evolution; the 
C(olour)G(lass)C(ondensate) is the correct framework in which to address small-x 
physics

↪→ how sizeable are the effects ?

↪→ what is the relevant kinematical domain ?

↪→ can observables be computed from ‘first principles’ ?

• DGLAP provides extremely accurate description of ALL available experimental data 

↪→ can properties of the evolution be disentangled from ingenious choices of 
initial conditions ? 

↪→ how uncertain are extrapolations into the unmeasured small-x region ?

↪→ can results from non-linear approaches be accommodated in the description 
by simply tuning initial conditions?

• [how] can these questions be answered ?



! how to test the CGC?

• what is the CGC [in this talk]?

↪→ effective theory for description of small-x glue

↪→ well established non-linear evolution equations [B-JIMWLK]

↪→ large Nc approximation [BK] for suitable observables

↪→ NOT [at least in this talk] phenomenological models encoding ‘saturation 
physics’

• what to do

↪→ extract universal unintegrated gluon distribution from cleanest process [DIS]

↪→ use to compute observables [cf. talks by C. Marquet & J. Albacete]

↪→ devise a set-up in which to compare DGLAP and CGC evolutions



!

• at high energy [x << 1] the coherence length of the virtual photon fluctuation

• total virtual photon-proton cross section can be factorized as

dipole formulation of QCD

lc ∼ (2mNx)−1 " 0.1/x fm# RN

Dipole model of DIS

Dipole cross section. 
Strong interactions and 
x-dependence are here

σdip(x, r) = 2
∫

d2bN (x, b, r)

σγ∗ P
T,L (x,Q2)=

∫ 1

0
dz

∫
d2r

∣∣∣Ψγ∗→qq̄
T,L (z,Q, r)

∣∣∣
2
σdip(x, r)

!"It stems from kt-factorization theorem in the limit x->0 (Nikolaez-Zakharov-Mueller)

!"DIS x sections: Convolution of photon wavefunction with dipole cross section
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Photon wavefunction
Calculable within QED 

QED calculation
[imaginary part of] 
dipole-target scattering amplitude

:: all QCD information
:: all x dependence
:: non-perturbative, but x-evolution
  computable from first principles [rcBK]

interaction in the kinematic region where unitarity effects are expected to be important.
Other fit parameters also change noticeably after such direct inclusion of heavy quarks,
thus blurring their physical interpretation. We notice that a simple modification on the
assumptions concerning the normalization of the heavy quark contribution or, equivalently,
concerning the average radius of their transverse distribution, fixes the problem of stability
of the fits. For a consistent treatment of dynamical heavy quark effects we consider not only
its contribution to the DIS cross section but we also implement a variable flavor scheme
for the beta function to properly incorporate such effects in the running of the coupling.

This work is structured as follows: Section 2 is devoted to a brief review of our theoret-
ical set up, which relies on the dipole model formulation of the e+p scattering process and
in the use of the rcBK equation to describe the small-x dynamics of the dipole scattering
amplitude. There we discuss the free parameters in the fit, together with our choice of ini-
tial conditions for the solution of the rcBK equation. The implementation of the variable
flavor number scheme for the running of the coupling as well as the infrared regularization
of the coupling are discussed in section . The experimental data included in the fits and
the numerical method devised to perform the global fits are is discussed in section 3 Our
results are presented in section 4, where we first present the fits including only light quarks
in the analysis. We then include the effects of charm and beauty, finding in both cases a
good description of data. Finally, we wrap up with summary and conclusions.

2. Setup

In this section we briefly review the main ingredients needed for the calculation of the
inclusive and longitudinal DIS structure functions, which was extensively discussed in our
previous paper []. Neglecting the contribution from Z boson exchange, only relevant at Q2

much larger than those considered in this work, the reduced cross section can be expressed
in terms of the inclusive, F2, and longitudinal, FL, structure functions:

σr(x, Q2) = F2(x, Q2)− y2

1 + (1− y)2
FL(x, Q2), (2.1)

where y = Q2/sx is the inelasticity variable,
√

s the center of mass collision energy. In
turn, at x# 1, the inclusive and longitudinal structure functions can be expressed as

F2(x, Q2) =
Q2

4 π2αem
(σT + σL) , (2.2)

FL(x, Q2) =
Q2

4 π2αem
σL . (2.3)

where σT,L stands for the virtual photon-proton cross section for transverse (T ) and longi-
tudinal (L) polarization of the virtual photon. In the dipole model, valid at high energies
or small x, one writes [?, ?]:

σT,L(x, Q2) = 2
∑

f

∫ 1

0
dz

∫
db dr |Ψf

T,L(ef , mf , z,Q2, r)|2 N (b, r, x) , (2.4)
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! BK equation [simplest derivation] 

[rapidity evolution of scattering probability                 of      dipole with hadronic target] N(x, y; Y ) qq̄
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!r = !x − !y

!r1 = !x − !z

!r2 = !y − !z

∂N(r, Y )

∂Y
=

∫

d2z

2π
K(#r,#r1,#r2)

[

N(r1, Y )+N(r2, Y )−N(r, Y )−N(r1, Y )N(r2, Y )
]

homogeneous target with radius much larger than any dipole size 

neglect impact parameter dependence (2-dim into 1-dim)↪→

K(!r,!r1,!r2) = ᾱs

r2

r2
1
r2
2

, ᾱs =
αsNc

π

BFKL kernel: 
 probability of gluon 
 (two dipoles) emission 

non-linear effect
[double scattering]



! NLO-BK [evolution of dipole scattering amplitude]

NLO-BK = [all orders in αs Nf]+ [other conformal]

[running coupling] + [subtraction] :: numerically challenging ::

numerically demanding, but
contribution minimized in Balitsky’s 
subtraction scheme

Finally, we have checked that combining the subtraction
and running coupling contributions for both schemes adds
up to the same result. This is shown in Fig. 9, where we plot
the value of the total functional F ! R" S calculated
under the KW scheme [Eqs. (8) and (36) for the running
coupling term, R, and Eq. (41) for the subtraction term, S]
and under Balitsky’s scheme [Eqs. (7) and (35) for the
running coupling term and Eq. (40) for the subtraction

term]. The two results coincide within the estimation of
the numerical accuracy previously discussed. The agree-
ment between the two results is better in the small-!
region, where the two curves lay almost on top of each
other. In the saturation region, ! * 1, the agreement is
slightly worse, although the differences between the values
of F calculated in both schemes is still much less than the
differences between the running coupling terms them-
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! rcBK [Bal scheme]

• running coupling BK [rcBK]

! fully compatible with DIS data [the point of this talk]

! best, numerically implementable,  incarnation of non-linear QCD

K(!r,!r1,!r2) = ᾱs

r2

r2
1
r2
2

, ᾱs =
αsNc

π

LO-BK :: BFKL kernel

2.1 BK equation with running coupling

The CGC is equipped with a set of renormalization group equations, the BK-JIMWLK
equations, which allow to describe the small-x evolution of the dipole amplitude, and,
apart from trivial kinematic factors, that of the reduced cross section and of the structure
functions in Eq. (??) as well. The leading order BK equation [?, ?], which corresponds to
the large-Nc limit of the JIMWLK equation, resums radiative corrections in αs ln(1/x) to
all orders and also contains non-linear corrections ensuring unitarity of the theory. Only
recently the next-to-leading order corrections to the BK equation have become available.
They are, however, of a complicated structure and not amenable for numerical implemen-
tation. However, as argued in [?] and demonstrated in our previous analysis [?], considering
only a subset of the higher order effects, namely only running coupling corrections, renders
the BK equation compatible with experimental data while keeping the relative simplicity of
LO equation, since their inclussion can be achieved by just modifying the evolution kernel.
The impact parameter independent BK equation reads

∂N (r, x)
∂ ln(x0/x)

=
∫

dr1 Krun(r, r1, r2)

× [N (r1, x) +N (r2, x)−N (r, x)−N (r1, x)N (r2, x)] . (2.7)

with the the evolution kernel including running coupling corrections given by [?]

Krun(r, r1, r2) =
Nc αs(r2)

2π2

[
r2

r2
1 r2

2

+
1
r2
1

(
αs(r2

1)
αs(r2

2)
− 1

)
+

1
r2
2

(
αs(r2

2)
αs(r2

1)
− 1

)]
, (2.8)

where r2 = r−r1 and x0 is the value of x where the evolution starts. In our case x0 = 0.01
will be the highest experimental value of x included in the fit.

2.2 Variable flavor scheme and regularization of the coupling

The coupling in the rcBK kernel (??) is given, for a given number of active quark flavors
nf , by

αs,nf (r2) =
4π

β0,nf ln
(

4C2

r2Λnf

) , (2.9)

where
β0,nf = 11− 2

3
nf . (2.10)

Here, the constant C2 under the logarithm accounts for the uncertainty inherent to the
Fourier transform from momentum space, where the original calculation of the quark part
of the β function was performed [], to coordinate space. It will be one of the free parameters
in the fits.

In both our previous analysis [] and for the fits in subsection ?? only light quarks
were taken as contributing to the DIS cross section. In this case, only fluctuations of the
virtual photon wavefunction in (??) into dipoles of light quark flavor were included in the
calculation. Consistently, only light quark loops should be included in the calculation [] of
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same structure as LO-BK

modified kernel
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! AAMQs setup 

• DIS reduced cross section

• b-dependence governed by long-distance non-perturbative physics     
[extra model input]

• AAMQs resorts to translational invariance approximation

! proton homogeneous in transverse plane

σT,L(x, Q2) = σ0

∫ 1

0
dz

∫
dr

∣∣ΨT,L(z, Q2, r)
∣∣2N (r, x)

numerical implementation, it was shown [12] that considering only running coupling corrections
to the BK equation accounts for most of the NLO effects. The ability of the rcBK equation
to correctly describe experimental data was shown in [13]. There, a global fit of the inclusive
DIS structure function led to the public release of a parametrization of the dipole scattering
cross section at small values of x. Thus, running coupling BK (rcBK), the most reliable and
phenomenologically usable non-linear small-x evolution tool, has become the standard choice
for CGC computation of experimental observables (e.g., [14–16]).

The H1 and ZEUS combined data set for the DIS reduced cross section [17] poses a series
of new challenges and opportunities. On the one hand, the high-accuracy of the data puts
the rcBK equation under much more stringent test conditions and will eventually lead to a
better constrained parametrization. On the other hand, the data being given directly in terms
of the reduced cross section, the experimentally measured quantity, eliminates the theoretical
bias associated with the extraction of F2 and FL from data. Here, we present the first results
obtained both from the global fit of these data within the setup of [13] where only light quarks
were taken as contributing to the DIS cross section, and from a global fit in which available F c

2
data is used to constrain the heavy quark contribution to the DIS cross section.

In the kinematical domain (Q2 < 50 GeV, x < 0.01) considered in this work, the reduced DIS
cross-section σr can be written in terms of the virtual photon-proton cross-section σT,L, with T
(transverse) and L (longitudinal) the polarization of the virtual photon, as

σr(x, y,Q
2) =

Q2

4π2αem

(
σT +

2(1− y)

1 + (1− y)2
σL

)
. (1)

Here, y = Q2/sx (
√
s is the center of mass collision energy) is the inelasticity variable. In the

dipole formulation of QCD, valid for small-x, one has

σT,L(x,Q
2) =

∑

f

σ0,f

∫ 1

0
dz dr |Ψf

T,L(ef ,mf , z,Q
2, r)|2N (r, x) , (2)

where Ψf
T,L is the light-cone wave function for a virtual photon to fluctuate into a quark-

antiquark dipole of quark flavor f (with mass mf and electric charge ef ). N (r, x) is the
imaginary part of the dipole-target scattering amplitude averaged over impact parameter, with r
the transverse dipole size. σ0,f is (half) the transverse area over which quarks of a given flavour
are distributed. Light quarks are taken to be identically distributed (σ0,f=u,d,s = σ0,light). When
accounting for heavy flavour contributions in (1) we allow σ0,f=c,b = σ0,heavy to be different from
σ0,light. These are free fit parameters.

The evolution of N (r, x) is given by the rcBK equation:

∂N (r, x)

∂ ln(x0/x)
=

Nc αs(r2)

2π2

∫
dr1

[
r2

r21 r
2
2

+
1

r21

(
αs(r21)

αs(r22)
− 1

)
+

1

r22

(
αs(r22)

αs(r21)
− 1

)]

· [N (r1, x) +N (r2, x)−N (r, x)−N (r1, x)N (r2, x)] . (3)

where r2 = r−r1, and x0 (in our case x0 = 0.01) is the value of x where the evolution starts (the
highest value of x in the data included in the fits). The kinematic cost of the virtual photon to
fluctuate into a dipole of a given mass is accounted for by x = xexp (1+ 4m2

f/Q
2). The running

coupling in (3) is evaluated at 1-loop accuracy in coordinate space

αs,nf (r
2) =

4π

β0,nf ln
(

4C2

r2Λ2
nf

) , β0,nf = 11− 2

3
nf , (4)

only LO
[QED calculation]
NLO now available 

‘b-integration’N (b, r, x)

T (b)N (r, x)
:: no correlation in impact parameter :: 

∫
dbT (b)→ σ0

σ0N (r, x)

[Balitsky & Chirilli]

interaction in the kinematic region where unitarity effects are expected to be important.
Other fit parameters also change noticeably after such direct inclusion of heavy quarks,
thus blurring their physical interpretation. We notice that a simple modification on the
assumptions concerning the normalization of the heavy quark contribution or, equivalently,
concerning the average radius of their transverse distribution, fixes the problem of stability
of the fits. For a consistent treatment of dynamical heavy quark effects we consider not only
its contribution to the DIS cross section but we also implement a variable flavor scheme
for the beta function to properly incorporate such effects in the running of the coupling.

This work is structured as follows: Section 2 is devoted to a brief review of our theoret-
ical set up, which relies on the dipole model formulation of the e+p scattering process and
in the use of the rcBK equation to describe the small-x dynamics of the dipole scattering
amplitude. There we discuss the free parameters in the fit, together with our choice of ini-
tial conditions for the solution of the rcBK equation. The implementation of the variable
flavor number scheme for the running of the coupling as well as the infrared regularization
of the coupling are discussed in section . The experimental data included in the fits and
the numerical method devised to perform the global fits are is discussed in section 3 Our
results are presented in section 4, where we first present the fits including only light quarks
in the analysis. We then include the effects of charm and beauty, finding in both cases a
good description of data. Finally, we wrap up with summary and conclusions.

2. Setup

In this section we briefly review the main ingredients needed for the calculation of the
inclusive and longitudinal DIS structure functions, which was extensively discussed in our
previous paper []. Neglecting the contribution from Z boson exchange, only relevant at Q2

much larger than those considered in this work, the reduced cross section can be expressed
in terms of the inclusive, F2, and longitudinal, FL, structure functions:

σr(x, Q2) = F2(x, Q2)− y2

1 + (1− y)2
FL(x, Q2), (2.1)

where y = Q2/sx is the inelasticity variable,
√

s the center of mass collision energy. In
turn, at x# 1, the inclusive and longitudinal structure functions can be expressed as

F2(x, Q2) =
Q2

4 π2αem
(σT + σL) , (2.2)

FL(x, Q2) =
Q2

4 π2αem
σL . (2.3)

where σT,L stands for the virtual photon-proton cross section for transverse (T ) and longi-
tudinal (L) polarization of the virtual photon. In the dipole model, valid at high energies
or small x, one writes [?, ?]:

σT,L(x, Q2) = 2
∑

f

∫ 1

0
dz

∫
db dr |Ψf

T,L(ef , mf , z,Q2, r)|2 N (b, r, x) , (2.4)
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!

• allow for independent light and heavy i.c.

• should follow from ‘better’ treatment of b-dependence 

! heavy quark dipoles couple differently to target ...

• additional fit parameters ...

AAMQs setup :: including heavy quarks

Q2
0,light(b)

‘b-integration’

σlight
0

Q̄2
0,light γlight

Q2
0,heavy(b) Q̄2

0,heavy(b)

σheavy
0

γheavy

other for the three light quarks, σ0:

σT,L(x, Q2) = σ0

∑

f=u,d,s

∫ 1

0
dz dr |Ψf

T,L(ef , mf , z,Q2, r)|2 N light(r, x)

+σheavy
0

∑

f=c,b

∫ 1

0
dz dr |Ψf

T,L(ef , mf , z,Q2, r)|2 N heavy(r, x) . (2.16)

As we shall discuss in section 4, such assumption is not only a physically well motivated
one, but it turns out to necessary in order to attain a good description of data, and also for
the stability of the fits with respect to the inclusion or not of the heavy quark contribution.
Finally, the superscripts light and heavy in the dipole scattering amplitudes in Eq. (??)
refers to the fact that we may consider different initial values of the parameters in the
initial condition for light and heavy quarks. This additional assumption would duplicate
the number of free parameters but turns out not to be mandatory for a good description
of data, as discussed in section 4.

2.5 Summary of the theoretical setup and free parameters

In summary, we will calculate the reduced cross section and the charm and beauty con-
tribution to the inclusive structure functions according to the dipole model under the
translational invariant approximation Eq. (??). The small-x dependence is completely de-
scribed by means of the BK equation including running coupling corrections, Eqs. (??-??),
for which three different initial conditions GBW, MV and scaling are considered. All in
all, the free parameters to be fitted to experimental data are:

• σ0 : The total normalization of the cross section in Eq. (??).

• Q2
s 0 : The saturation scale of the proton at the highest experimental value of Bjorken-

x included in the fit, x0 = 10−2, in Eqs. (??) and (??).

• C2: The parameter relating the running of the coupling in momentum space to the
one in dipole size in Eq. (??).

• γ : The anomalous dimension of the initial condition for the evolution in Eqs. (??)
and (??). As discussed in Section ??, in some cases (GBW) γ can be fixed to 1,
obtaining equally good fits to data than when it is considered a free parameter.
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!

• 2 families of initial conditions

! generalized GBW and MV forms

↪→ fit parameters

! initial saturation scale 

! anomalous dimension         [sharpness of edge fall-off]

! scaling ic

↪→ evolve rcBK to very high [asymptotic] rapidity and re-scale back to initial rapidity

! Weigert et al. report viability of this approach

! AAMQs unable to fit the data with scaling i.c. 

AAMQs setup :: initial conditions

mass of the Z boson. The factor C2 under the logarithm in Eq. (2.11) will be one of

the free parameters in the fit. It reflects the uncertainty in the Fourier transform from
momentum space, where the original calculation of αsNf corrections was performed,

to coordinate space. Alternatively, we could have fixed C2 to the value suggested
in [47], e−5/3−2γE , and chosen either ΛQCD or αfr as the free parameters controlling
the IR dynamics. Indeed, we have checked that such choices yield equally good fits

as those presented in Section 4 without changing much the value of the other free
parameters. However, both αfr and, specially, ΛQCD, are more tightly constrained

from both theoretical and phenomenological studies than C2.

2.4 Initial conditions for the evolution

Finally we have to specify the initial condition (i.c.) for the evolution or, equivalently,
the precise shape of the proton unintegrated gluon distribution (UGD), φ(x, k), at

the highest experimental value of Bjorken-x included in the fit, x0 = 0.01 (which,
by definition, corresponds to rapidity Y = 0). The UGD is related to the dipole

scattering amplitude via a Fourier transform:

φ(x, k) =

∫

dr

2 π r2
eik·r N (x, r) . (2.12)

This is a genuinely non-perturbative object which needs to be modeled. We will

consider two different families of initial conditions. The first one is inspired in the
original GBW ansatz [28] for the dipole scattering amplitude and parametrized in

the following way:

NGBW (r, Y =0) = 1 − exp

[

−
(

r2 Q2
s 0

4

)γ ]

. (2.13)

The second family of initial conditions [69] follows closely the McLerran-Venugopalan
(MV) model:

NMV (r, Y =0) = 1 − exp

[

−
(

r2Q2
s 0

4

)γ

ln

(

1

r ΛQCD
+ e

)]

, (2.14)

where Q2
s 0 is the initial saturation scale squared in both cases.

Eqs. (2.13) and (2.14) differ with respect to the original GBW and MV models
in the inclusion of an anomalous dimension, γ, which will be another of the free

parameters in the fit. The GBW and MV functional forms are recovered by setting
γ = 1 in Eq. (2.13) and Eq. (2.14) respectively. The anomalous dimension controls
the slope of the scattering amplitude in the transition from the dilute region to the

black disk region. The main difference between MV and GBW i.c. is their different
UV behaviour, which is more easily appreciated in momentum space. For γ = 1

and large transverse momenta k, the UGD resulting from the MV i.c. falls off as
φMV ∼ 1/k2, as expected from rather general perturbative considerations, while the
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the running coupling (??). Thus, the number of active flavors in (??) is taken to be fixed
and equal to the number of light quarks nf = 3.

Since the rcBK equation is an integro-differential equation where the phase space for
all dipole sizes is explored, including arbitrarily large dipole sizes (which correspond to
emission of gluons with arbitrarily small transverse momenta), a prescription to regulate
the coupling in the infrared is needed. Following our previous work [], we freeze the coupling
to a constant value αfr = 0.7 for dipole sizes larger than the scale at which the running
coupling reaches αfr.

When heavy quark (charm and beauty) contributions are included in the calculation
of the DIS cross section, as it is the case for the fits in subsection ??, fluctuations of
the virtual photon wavefunction in (??) into dipoles of heavy quark flavor are allowed.
Accordingly, such contributions should be accounted for in the computation of the running
coupling (??). Thus, the number of active flavors nf in (??) should be set to the number
of quark flavors lighter than the momentum scale associated with the scale r2 at which the
coupling is evaluated µ2 = 4C2/r2. The setup of this variable flavor scheme is completed
by matching the branches of the coupling with adjacent nf at the scale corresponding to
the quark masses r2

! = 4C2/m2
f . For the 1-loop accuracy at which the coupling (??) is

evaluated, the matching condition is simply given by []

αs,nf−1(r2
!) = αs,nf (r2

!) , (2.11)

which results in

Λnf−1 = (mf )
1−

β0,nf
β0,nf−1 (Λnf )

β0,nf
β0,nf−1 . (2.12)

The values of the Λnf , Λ3 in the fixed nf scheme and Λ3, Λ4, and Λ5 for variable nf are
determined by using an experimentally measured value of αs as reference. It is well a well
known fact that the running of the QCD coupling evaluated to 1-loop, is of insufficiently
accuracy to describe the experimental observed coupling evolution. Thus, different choices
of reference measurement will result in slightly different values for the Λnf . We will use as
reference points the experimentally measured value of αs at the Z0 and τ mass scales.

maybe the final expressions for coupling should go into an appendix

2.3 Initial conditions for the evolution

Finally, to complete all the ingredients needed for the the calculation of the reduced cross
section Eq. (??) we need to specify the initial conditions for the rcBK evolution equation
Eq. (??). Similar to our previous work we consider GBW initial conditions, inspired in the
phenomenological model of [?]:

NGBW (r, x=x0) = 1− exp

[
−

(
r2 Q2

s 0

)γ

4

]
. (2.13)

and MV initial conditions, which originate from a semiclassical calculation of multiple
rescatterings [?]:

NMV (r, x=x0) = 1− exp

[
−

(
r2 Q2

s 0

)γ

4
ln

(
1

r Λ
+ e

)]
. (2.14)
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:: differ in UV behaviour ::



!

• running coupling in rcBK is 1-loop in coordinate space

! for light only :: fixed flavour number Nf = 3

! for light+heavy :: variable flavour scheme, coupling matched at quark masses

! C accounts for uncertainty in Fourier transform from momentum to coordinate 
space [fit parameter]

! Λs fixed by reference to experimentally measured value of αs [either Z0 mass or τ 
mass] 

! IR regulated by setting                                             , or any other suitable value. 

AAMQs setup :: running coupling

2.1 BK equation with running coupling

The CGC is equipped with a set of renormalization group equations, the BK-JIMWLK
equations, which allow to describe the small-x evolution of the dipole amplitude, and,
apart from trivial kinematic factors, that of the reduced cross section and of the structure
functions in Eq. (??) as well. The leading order BK equation [?, ?], which corresponds to
the large-Nc limit of the JIMWLK equation, resums radiative corrections in αs ln(1/x) to
all orders and also contains non-linear corrections ensuring unitarity of the theory. Only
recently the next-to-leading order corrections to the BK equation have become available.
They are, however, of a complicated structure and not amenable for numerical implemen-
tation. However, as argued in [?] and demonstrated in our previous analysis [?], considering
only a subset of the higher order effects, namely only running coupling corrections, renders
the BK equation compatible with experimental data while keeping the relative simplicity of
LO equation, since their inclussion can be achieved by just modifying the evolution kernel.
The impact parameter independent BK equation reads

∂N (r, x)
∂ ln(x0/x)

=
∫

dr1 Krun(r, r1, r2)

× [N (r1, x) +N (r2, x)−N (r, x)−N (r1, x)N (r2, x)] . (2.7)

with the the evolution kernel including running coupling corrections given by [?]

Krun(r, r1, r2) =
Nc αs(r2)

2π2

[
r2

r2
1 r2

2

+
1
r2
1

(
αs(r2

1)
αs(r2

2)
− 1

)
+

1
r2
2

(
αs(r2

2)
αs(r2

1)
− 1

)]
, (2.8)

where r2 = r−r1 and x0 is the value of x where the evolution starts. In our case x0 = 0.01
will be the highest experimental value of x included in the fit.

2.2 Variable flavor scheme and regularization of the coupling

The coupling in the rcBK kernel (??) is given, for a given number of active quark flavors
nf , by

αs,nf (r2) =
4π

β0,nf ln
(

4C2

r2Λnf

) , (2.9)

where
β0,nf = 11− 2

3
nf . (2.10)

Here, the constant C2 under the logarithm accounts for the uncertainty inherent to the
Fourier transform from momentum space, where the original calculation of the quark part
of the β function was performed [], to coordinate space. It will be one of the free parameters
in the fits.

In both our previous analysis [] and for the fits in subsection ?? only light quarks
were taken as contributing to the DIS cross section. In this case, only fluctuations of the
virtual photon wavefunction in (??) into dipoles of light quark flavor were included in the
calculation. Consistently, only light quark loops should be included in the calculation [] of
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2.3 Regularization of the infrared dynamics

The BK equation is an integro-differential equation that involves integration over
all available phase-space for soft gluon emission. In the running coupling case, Eqs.
(2.8-2.10), the coupling has to be evaluated at arbitrarily large values of the dipole

size (small gluon momentum), and a regularization prescription to avoid the Landau
pole becomes necessary. A celebrated feature of the BK equation is its ability to

fix [66] the problem of infra-red diffusion characteristic of its linear counterpart, the
BFKL equation. The non-linear terms in the BK equation ensure that the dynamics

in the phase space region within the unitarity limit, i.e. for r ! 1/Qs, is frozen.
Such feature is shared by both the LO and running coupling BK equations, since it
is ultimately rooted in the non-linear combination of N ’s in the r.h.s. of Eq. (2.9),

which is identical in both cases. Thus, if Qs is perturbatively large, Qs ! ΛQCD,
then all the relevant dynamics takes place deep in the ultra-violet region of the phase

space, r ≤ 1/Qs. In such scenario the details about the regularization of the running
coupling in the infra-red become irrelevant for the result of the evolution.

Unfortunately, we can anticipate that such will not be the case in this work.
Taking the results by Golec-Biernat and Wüsthoff [28] as a guidance, one can estimate

that the proton saturation scale at the largest values of Bjorken-x to be considered in
this work, x ∼ 10−2, is of the order of Q2

s(x=10−2) ≈ (3·10−4/10−2)0.288 GeV2 % 0.36
GeV2. The fits to be presented in Section 4 yield even smaller values of the initial

saturation scale of the proton. Although larger than Λ2
QCD, such values for the

initial scale are not large enough to avoid sensitivity to the infra-red (IR) dynamics.

Actually, the detailed study of the infrared-renormalon ambiguities carried out in [48]
demonstrated that the sensitivity of the solutions of the evolution equation to several

different prescriptions used to regularize the coupling is relatively large even for initial
saturation scales as large as Q2

s ∼ 1÷2 GeV2. On the bright side, theoretical studies
of the Schwinger-Dyson equations for the gluon propagator in the IR and lattice

QCD results (see e.g. [67,68] and references therein) indicate that the strong coupling
freezes to a constant value, αfr, in the IR. Moreover, the value at which the coupling

freezes has been determined to be αfr ∼ 0.5÷0.7. While these results are somewhat
controversial and yet subject to discussion in the literature, in particular the very
definition of an infrared coupling, we will take them as a guidance to regularize the IR

dynamics. Otherwise, our prescription can be regarded as purely phenomenological.

Thus, for small dipole sizes r < rfr, with αs(r2
fr) ≡ αfr = 0.7, we shall evaluate

the running coupling according to the usual one-loop QCD expression:

αs(r
2) =

12π

(11Nc − 2Nf) ln
(

4 C2

r2Λ2
QCD

) , (2.11)

with Nf = 3, whereas for larger sizes, r > rfr, we freeze the coupling to the fixed value
αfr = 0.7. We take ΛQCD = 0.241 GeV, such that αs(MZ) = 0.1176, with MZ the
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!

• combined H1/ZEUS data for reduced cross-section

! cuts                     :: 

! very small errors

! sigma reduced better [no extraction uncertainty]

• old non-HERA data [E665, NMC]

• including charm [all available F2charm within cuts ]

! normalization uncertainties not considered 

[solved by recent H1/ZEUS combined]

• kinematical redefinition of Bjorken x

! only use data where full evolution can be computed from i.c.

AAMQs setup :: data set

The only published direct measurements of the longitudinal structure function

FL(x, Q2) were obtained recently by the H1 [17] and ZEUS [18] Collaborations, and
they are not included in the fit.

All in all, 847 data points are included. Statistical and systematic uncertain-

ties were added in quadrature, and normalization uncertainties not considered. [A
more involved treatment separating uncorrelated and correlated/normalization er-

rors could be done only at the expense of adding one more fitting parameter for
each of the 17 data sets used, thus making the minimization task impossible due to

CPU-time requirements.] Since the minimization algorithms require a large number
of calls to the function we have implemented a parallelization of the numeric code.
Finally, the BK evolution equation including running coupling corrections is solved

using a Runge-Kutta method of second order with rapidity step ∆hy = 0.05, see
further details in [49].

In order to smoothly go to photoproduction, we follow [28] and use the redefini-
tion of the Bjorken variable

x̃ = x

(

1 +
4m2

f

Q2

)

, (3.1)

with mf = 0.14 GeV for the three light flavors we consider in Eq. (2.4).

4. Results

4.1 Fits to F2 and description of FL

The values of the free parameters obtained from the fits to data for the two different
initial conditions, GBW and MV, are presented in Table 1. A partial comparison

between the experimental data [1–16] and the results of the fit for F2(x, Q2) is shown
in Fig. 2.

Initial condition σ0 (mb) Q2
s0 (GeV2) C2 γ χ2/d.o.f.

GBW 31.59 0.24 5.3 1 (fixed) 916.3/844=1.086

MV 32.77 0.15 6.5 1.13 906.0/843=1.075

Table 1: Values of the fitting parameters from the fit to F2(x,Q2) data from [1–16] with

x ≤ 10−2 and for all available values of Q2, 0.045 GeV2 ≤ Q2 ≤ 800 GeV2.

On the other hand, FL(x, Q2) offers an additional constrain on the gluon distri-
bution and is expected to have more discriminating power on different approaches,

particularly in the low-Q2 region [70]. In Fig. 3 we show a comparison between
experimental data [17, 18] and our predictions for FL(x, Q2).

Several comments are in order. First, the two different initial conditions yield
very good fits to F2-data, with χ2/d.o.f. ∼ 1, and almost identical results for FL.

– 12 –

x ≤ 10−2, Q2 ≤ 50 GeV2



! AAMQs setup :: summary

• rcBK + virtual photon-proton cross section

• LO photon impact factor

• translational invariance [no b dependence]

• fit parameters 

! total normalization of cross section [effective area with uniform initial 
condition: from b-integration]

! IR uncertainty in running coupling [from FT]

! initial saturation scale [in ic]

! anomalous dimension [in ic]

! ‘light only‘ :: 4 parameters [#data=345]

! with heavy :: 7 parameters [8 parameters if free light mass] [#data=349]

↪→ [allowing for different distribution of heavy in proton]



! old vs. new
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Figure 2: Comparison between a selection of experimental data [1–16] and the results

from the fit for F2(x,Q2). Solid red lines correspond to GBW i.c., and dotted blue ones to

MV i.c. The error bars correspond to statistical and systematic errors added in quadrature.

As remarked in the previous Section the main difference between the two initial

conditions is their behavior at small r. In principle this difference is large, but the
fact that the values of γ resulting from the fit are different for the different initial

conditions, should compensate it in a limited region of r. We thus conclude that the
kinematical coverage of the existing experimental data on F2 (and FL) is too small
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! results [light only]

• fully consistent with results obtained with 
‘old’ HERA data [AAMS]

! very mild change of parameters

! tension with high Q2 data [and this 
is good] :: not shown

• fitted initial conditions are numerically 
‘essentially identical’

! physically meaningful
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Fits with only light flavours

Everything OLD coupling= fixed number of flavours
Data used: combined hera + non hera

Results: cut in Q2 = 50 GeV2, ndat = 325.

fit χ2

d.o.f Q2
S,0 σ0 γ C m2

l

GBW
a αf = 0.7 1.226 0.241 32.357 0.971 2.46 fixed
a’ αf = 0.7 (Λmτ

) 1.235 0.240 32.569 0.959 2.507 fixed
b αf = 0.7 1.264 0.2633 30.325 0.968 2.246 1.74E-2
c αf = 1 1.279 0.254 31.906 0.981 2.378 fixed
c’ αf = 1 (Λmτ

) 1.244 0.2329 33.608 0.9612 2.451 fixed
d αf = 1 1.248 0.239 33.761 0.980 2.656 2.212E-2

MV
e αf = 0.7 1.171 0.165 32.895 1.135 2.52 fixed
f αf = 0.7 1.161 0.164 32.324 1.123 2.48 1.823E-2
g αf = 1 1.140 0.1557 33.696 1.113 2.56 fixed
h αf = 1 1.117 0.1597 33.105 1.118 2.47 1.845E-2
h’ αf = 1 (Λmτ

) 1.104 0.168 30.265 1.119 1.715 1.463E-2

When fixed, mlight = 140 MeV (m2
light,fixed = 1.96·10−2 GeV2) , αfrozen always

fixed.

When not specified, the value of Λ is the corresponding to αs(mZ).

1

The only published direct measurements of the longitudinal structure function

FL(x, Q2) were obtained recently by the H1 [17] and ZEUS [18] Collaborations, and
they are not included in the fit.

All in all, 847 data points are included. Statistical and systematic uncertain-

ties were added in quadrature, and normalization uncertainties not considered. [A
more involved treatment separating uncorrelated and correlated/normalization er-

rors could be done only at the expense of adding one more fitting parameter for
each of the 17 data sets used, thus making the minimization task impossible due to

CPU-time requirements.] Since the minimization algorithms require a large number
of calls to the function we have implemented a parallelization of the numeric code.
Finally, the BK evolution equation including running coupling corrections is solved

using a Runge-Kutta method of second order with rapidity step ∆hy = 0.05, see
further details in [49].

In order to smoothly go to photoproduction, we follow [28] and use the redefini-
tion of the Bjorken variable

x̃ = x

(

1 +
4m2

f

Q2

)

, (3.1)

with mf = 0.14 GeV for the three light flavors we consider in Eq. (2.4).

4. Results

4.1 Fits to F2 and description of FL

The values of the free parameters obtained from the fits to data for the two different
initial conditions, GBW and MV, are presented in Table 1. A partial comparison

between the experimental data [1–16] and the results of the fit for F2(x, Q2) is shown
in Fig. 2.

Initial condition σ0 (mb) Q2
s0 (GeV2) C2 γ χ2/d.o.f.

GBW 31.59 0.24 5.3 1 (fixed) 916.3/844=1.086

MV 32.77 0.15 6.5 1.13 906.0/843=1.075

Table 1: Values of the fitting parameters from the fit to F2(x,Q2) data from [1–16] with

x ≤ 10−2 and for all available values of Q2, 0.045 GeV2 ≤ Q2 ≤ 800 GeV2.

On the other hand, FL(x, Q2) offers an additional constrain on the gluon distri-
bution and is expected to have more discriminating power on different approaches,

particularly in the low-Q2 region [70]. In Fig. 3 we show a comparison between
experimental data [17, 18] and our predictions for FL(x, Q2).

Several comments are in order. First, the two different initial conditions yield
very good fits to F2-data, with χ2/d.o.f. ∼ 1, and almost identical results for FL.
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results [light + heavy]

• excellent global  σred / F2 + F2c description χ2/#dof ~ 1.3



! results [light + heavy]

• σ0charm < σ0light

! also charm has a gentler fall-off in i.c [γcharm < γlight]

• F2c constrained

Fits with heavy quarks

Everything NEW coupling= matched nf = 3, 4, 5.

Results: cut in Q2=50 GeV2, ndat=329.

fit χ2

d.o.f Q2
S,0 σ0 γ Q2

S,0,c σ0,c γc C m2
l

GBW
a αf = 0.7 1.269 0.2294 36.953 1.259 0.2289 18.962 0.881 4.363 fixed
a’ αf = 0.7 (Λmτ

) 1.302 0.2341 36.362 1.241 0.2249 20.380 0.919 7.858 fixed
b αf = 0.7 1.231 0.2386 35.465 1.263 0.2329 18.430 0.883 3.902 1.458E-2
c αf = 1 1.356 0.2373 35.861 1.270 0.2360 13.717 0.789 2.442 fixed
d αf = 1 1.221 0.2295 35.037 1.195 0.2274 20.262 0.924 3.725 1.351E-2

MV
e αf = 0.7 1.395 0.1673 36.032 1.355 0.1650 18.740 1.099 3.813 fixed
f αf = 0.7 1.244 0.1687 35.449 1.369 0.1417 19.066 1.035 4.079 1.445E-2
g αf = 1 1.325 0.1481 40.216 1.362 0.1378 13.577 0.914 4.850 fixed
h αf = 1 1.298 0.156 37.003 1.319 0.147 19.774 1.074 4.355 1.692E-2

2



! efele

• H1 and ZEUS direct measurements

! not included in the fit [independent test]
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! DGLAP comparison

• comparison with NNPDF underway [JGM, J. Rojo, P. Quiroga]

x
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Q
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10

2
10
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Fitted region, N
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 C
Causally connected region, N
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 DDisconnected region, N

)2 , Q
min

(x

NLO evolution

Figure 2: Causal structure of DGLAP evolution in the (x,Q2) plane. The arrow lines denote the
trajectories followed by the maxima of the curves in Fig. 1. The upper right (blue) region contains
the data used to determined PDFs which are then evolved to the causally connected (green) region
below it. No information can be obtained on the (red) ’disconnected’ region in the lower left corner.
In practice, the boundary between the connected and disconnected region will be approximated
by a vertical line with x = xmin. The number of data points in each region are listed in Table 1
below.

uncertainty. We will address this issue, which has already been raised in the past with
somewhat contradictory conclusions [13, 14] in the last part of this paper. Second, such
deviations might provide evidence for effects which, if included systematically, could affect
LHC observables in a non-negligible way. For instance, recent computation of small x
resummation corrections to various hard processes [15–19] shows that their effect at the
LHC is expected to be of the same size or larger than NNLO corrections. Our results may
support the need for a systematic inclusion of these effects.

Because our basic strategy consists of comparing to data the results of perturbative
evolution, we must first discuss which kinematic regions are connected by perturbative
evolution in a causal way, i.e., such that the results of evolution to one region are affected
by a change in the boundary condition in the other region. TheDGLAP evolution equation
for the vector of PDFs f(x,Q2) has the form

Q2
df

(

x,Q2
)

dQ2
=

∫ 1

x

dy

y
P

(

αs(Q
2),

x

y

)

f
(

y,Q2
)

, (1)

where P (αs, x) is a splitting function matrix. Because of the convolution, the solution
f(x̄, Q̄2) of Eq. (1) at some point z = (x̄, Q̄2) only depends on the boundary condition
f(y,Q2

0) in the range y ∈ [x̄, 1]. Hence, a priori the past causal cone of the point (x̄, Q̄2)
is given by the region (x > x̄, Q2 < Q̄2).

However, the bulk of the contribution to the convolution integral Eq. (1) comes from
a small range in x, so that in practice evolution mostly proceeds along trajectories that
go along a path from larger (x0, Q2

0) to smaller (x̄, Q̄2). This picture in fact becomes

3

rcBK

NLO-DGLAP

comparison

test the evolution NOT the choice of initial conditions



! unfitted region [preliminary]
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! as a matter of principle

Conclusions are up to you



!  AAMQs 1.0

http://www-fp.usc.es/phenom/aamqs/aamqs.html

IGFAE and USC Phenomenology Group .......

...Phenomenology Group

 

 

Dipole-proton cross section

The imaginary part of the dipole-proton scattering amplitude is available as a FORTRAN routine for

public use. This quantity has been fitted to lepton-proton data using the Balitsky-Kovchegov

evolution equations with running coupling. More details can be found at

J. L. Albacete, N. Armesto, J. G. Milhano, P. Quiroga Arias and C. A. Salgado, arXiv:1012.4408

Please refer to this publication when using the routine.

In order to compute the dipole cross section, simply multiply the output from the routine by the

corresponding values in Table 1 of arXiv:1012.4408 (the actual values depend on the chosen set

of parameters). These values are

For the fits with only light flavors (subroutine aamqs10l):

sigma0=32.357 mb for GBW initial conditions, set a

sigma0=32.895 mb for MV initial conditions, set e

 

For the fits with light+heavy flavors (subroutine aamqs10h):

sigma0=35.465 mb for GBW initial conditions, light, set b

sigma0=18.430 mb for GBW initial conditions, heavy, set b

sigma0=35.449 mb for MV initial conditions, light, set f

sigma0=19.066 mb for MV initial conditions, heavy, set f

Full instructions and explanations can also be found at the headers of the routines.

To download the code, please follow this link

 

The main novelties on these parametrizations with respect to our older one

arXiv:0902.1112 are the use of the new (H1 and ZEUS combined) HERA data with

much smaller error bars as well as the inclusion of heavy flavors in the fits.

If you find any problem, please, let us know

 

 

 

 

 

 

 

          

IGFAE and USC Phenomenology Group .......

http://www-fp.usc.es/phenom/aamqs/aamqs.html
http://www-fp.usc.es/phenom/aamqs/aamqs.html


! backups



! linearity

• evolution towards larger Q2 increases dilution 

• assumption of linearity is self-consistent

DGLAP

large Q2

evolution [DGLAP] in Q2 is intrinsically linear

BFKL

small x
large boost
high energy

ln 1/x = Y ∼ ln s

• evolution towards smaller x increases density 

• assumption of perpetual linearity violated

• evolution in x should account for the ensemble 

:: parton overlap, parton recombination, phase space reduction ::

evolution in x becomes naturally non-linear

both DGLAP and BFKL are linear approaches

evolution independent of ensemble

:: underlying assumption ::
• ensemble is dilute and remains so throughout evolution

• no collective behaviour in parton splitting

neither approach is sufficient :: need non-linear generalization of BFKL



! gluon dominance

• the infrared sensitivity of parton splitting [bremsstrahlung] favours the emission of soft 
[small-x] gluons :: at small-x the ensemble is gluon dominated

• both BFKL and DGLAP (DLA) predict a very steep rise of  the gluon distribution

• observed at HERA

• if perpetuated leads to unitarity [Froissart bound] violation

14 1.3 The small-x problem

At small-x the evolution is dominated by gluons. The gluon distribution function is given

by [86,87]

xg(x,Q2) ∼ exp
{(

48
11− 2

3Nf
ln

lnQ2/Λ2

lnQ2
0/Λ2

ln 1/x
)1/2}

. (1.22)

In the case of BFKL, the gluon distribution behaves in a even more singular way

xg(x,Q2) ∼ x−12 ln 2αs
π ∼ x−0.5 . (1.23)

1.3 The small-x problem

As discussed in the previous section, both linear evolution schemes — BFKL and DLA-

DGLAP — predict a sharp rise of the gluon density as x becomes small. The largeness of

the gluon density, regardless of the specific rate of growth, poses many important theoretical

problems.

On one hand, this growth translates into a similar increase of the the total cross section, with

the eventual violation of unitarity bounds. The Froissart-Martin bound [88, 89] limits the

total cross of hadron-hadron processes to grow not faster than the square of the logarithm of

the centre of mass energy s, i.e.

σh−h
tot ! (ln s)2 . (1.24)

The analogous bound for DIS has been recently suggested [90]. For fixed Q2, and in the limit

of very small-x, it is given by

σγ∗−h
tot ! (ln 1/x)5/2 . (1.25)

In both DGLAP and BFKL the evolution is independent of the number of partons already

present in the hadron’s wave function. Such a picture holds only if the number of partons is

not too large or, in other words, their density is sufficiently small for interactions amongst

them to be safely neglected. As the density grows, gluons start to overlap, and recombination

Gluon distribution function
∆εδομένα γλουονικής συνάρτησης κατανομής

H
1 

C
ol

la
bo

ra
tio

n

Γιατί (απότομη) αύξηση σε μικρό x;

∆.Ν. Τριανταφυλλόπουλος (ECT*) Κορεσμός παρτονίων στην QCD ΕΜΠ, Αθήνα, Οκτ. 2007 8 / 22
! Why sharp increase of gluon density at small-x?

14 1.3 The small-x problem

At small-x the evolution is dominated by gluons. The gluon distribution function is given

by [86,87]

xg(x,Q2) ∼ exp
{(

48
11− 2

3Nf
ln

lnQ2/Λ2

lnQ2
0/Λ2

ln 1/x
)1/2}

. (1.22)

In the case of BFKL, the gluon distribution behaves in a even more singular way

xg(x,Q2) ∼ x−12 ln 2αs
π ∼ x−0.5 . (1.23)

1.3 The small-x problem

As discussed in the previous section, both linear evolution schemes — BFKL and DLA-

DGLAP — predict a sharp rise of the gluon density as x becomes small. The largeness of

the gluon density, regardless of the specific rate of growth, poses many important theoretical

problems.

On one hand, this growth translates into a similar increase of the the total cross section, with

the eventual violation of unitarity bounds. The Froissart-Martin bound [88, 89] limits the

total cross of hadron-hadron processes to grow not faster than the square of the logarithm of

the centre of mass energy s, i.e.

σh−h
tot ! (ln s)2 . (1.24)

The analogous bound for DIS has been recently suggested [90]. For fixed Q2, and in the limit

of very small-x, it is given by

σγ∗−h
tot ! (ln 1/x)5/2 . (1.25)

In both DGLAP and BFKL the evolution is independent of the number of partons already

present in the hadron’s wave function. Such a picture holds only if the number of partons is

not too large or, in other words, their density is sufficiently small for interactions amongst

them to be safely neglected. As the density grows, gluons start to overlap, and recombination

BFKL

DLA-DGLAP

the growth of partonic density should be 
tempered by non-linearities when the density 

becomes large



! proton vs. nuclear pdfs

• proton case

! collinear factorization theorems proven for some processes

! wealth of data (DIS, DY, jets)

↪→ very reliable pdfs in ‘data covered’ kinematical range

! large number of parameters in i.c.

↪→ very ‘accommodating’

↪→ large uncertainty where data not available [small-x for moderate Q2]

• but [see later] small x effects beyond collinear approach



! proton vs. nuclear pdfs

• nuclear case 

! collinear factorizability is a working assumption

↪→ encoding of all nuclear effects in npdfs is a huge leap of faith

↪→ could be reliably tested in pA LHC collisions [will discuss later]

! relatively scarce data

! standardly encoded as nuclear modification of proton pdfs [inherits 
proton pdf uncertainties]
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Figure 2: The kinematical reach of the DIS, DY and pion production data (see Table 1)
corresponding to the factorization scale choices explained in the text. The points indicate
the lowest x and Q2 values in which partons are sampled in the cross-section calculation.
Also the BRAHMS data [37] for negatively charged hadron production is shown as it will be
discussed later in Sec. 4. The dashed horizontal line indicates the kinematical cut imposed
on the data.

DIS cross-section at NLO, the main gluon constraint provided by DIS still comes
through the scale evolution of sea quarks that is driven by the gluons.

• Drell-Yan dilepton production

The DY data, taken together with DIS, can discriminate between valence and
sea quarks near x = 0.1. The DY cross-section retains also some sensitivity to
the sea quarks at larger x but, unfortunately, the precision of the current data
is not enough to exploit this constraint in its full potential. The invariant mass
M2 in our data sample is typically large, M2 ! Q2

0, and consequently there are
sizable evolution effects that constrain the gluons also.

• Inclusive pion production

This type of data is usually accompanied by a rather large normalization un-
certainty stemming, among other sources, from the model-dependent quantity
〈Ncoll〉. Apart from the normalization uncertainty, the shape of Rπ

dAu can never-
theless act as a vital constraint, especially for the nuclear modification for gluons.
The slight downward trend seen in the large-pT part of Rπ

dAu at midrapidity [28]
indicates the need for a gluon EMC-effect, and the smallest-pT part of the Rπ

dAu

would not be satisfactorily reproduced without shadowing (see Fig. 9 ahead).

7

pdf of parton in 
nucleon inside nucleus

fi/A(x, Q2) = RA
i (x, Q2)fi/p(x, Q2)

nuclear modification 
pdf of parton in
 free nucleon



! Balitsky-Kovchegov (BK) equation

! closed evolution for scattering probability

! is unitary [scattering probability cannot grow above 1]

! large Nc limit (mean field) of infinite hierarchy [equivalent to target evolution]

! no other consistent truncation possible

! numerical results for full hierarchy deviate 10% (0.1%) at most from full B-JIMWLK

∂N(r, Y )

∂Y
=

∫

d2z

2π
K(#r,#r1,#r2)

[

N(r1, Y )+N(r2, Y )−N(r, Y )−N(r1, Y )N(r2, Y )
]

N(x, y) = 〈n(x, y)〉target = 1/Nc〈1 − V (x)V †(y)〉target

∂

∂Y
〈n(x, y)〉 = · · · 〈n(x, y)n(y, z)〉

∂

∂Y
〈n(x, y)n(y, z)〉 = · · ·

· · ·

〈n(x, y)n(y, z)〉 = 〈n(x, y)〉〈n(y, z)〉 + o(1/N2

c
) = N(x, y)N(y, z) + o(1/N2

c
)

large      limitNc



! on why B is B’

applicable. In our case x0 = 0.01 will be the highest experimental value of x included

in the fit.

The calculations in [46, 47] proceeded by including αs Nf corrections (Nf being
the number of flavors) into the evolution kernel to all orders and by then completing
Nf to the one-loop QCD beta-function via replacing Nf → −6πβ2, with β2 = (11Nc−
2Nf )/(12π). The calculation of the αs Nf corrections is particularly simple in the
s-channel light-cone perturbation theory (LCPT) formalism used to derive the BK

and JIMWLK equations: there αs Nf corrections are solely due to chains of quark
bubbles placed onto the s-channel gluon lines, as sketched in Fig. 1A. Importantly,
at the same degree of accuracy a new physical channel is opened, namely the emission

of a quark-antiquark pair, instead of a gluon, as depicted in Fig. 1B. The calculation
in [48] relied instead on the use of dispersive methods, arriving at the same results

as in the perturbative calculation in [47].

Neglecting the impact parameter dependence, the improved BK evolution equa-
tion for the dipole scattering amplitude obtained after resumming the subleading
αsNf corrections to all orders in [46, 47] can be written in the following, rather

general form [49]:
∂N (r, Y )

∂Y
= R[N ] − S[N ] , (2.7)

where both R and S are functionals of the dipole scattering amplitude, N . The
first, running coupling, term R[N ] in Eq. (2.7) gathers all the αs Nf factors needed

to complete the QCD beta function, resulting in a functional form identical to the
LO one but involving a modified kernel which provides the scale setting for the

running of the coupling. In turn, the second term in the r.h.s. of Eq. (2.7), S[N ],
the subtraction term, accounts for conformal, non running-coupling contributions.

A

x
0

z

x
1

x
0

1
x

z

z

1

21!"

"

B

Figure 1: Schematic representation of the diagrams contributing to the evolution to all

orders in αsNf . The s-channel gluon line can be attached to either the quark (upper line)

or the antiquark (lower line).

It would be erroneous to identify the gluon and quark-antiquark emission chan-

nels with the running and subtraction terms in Eq. (2.7) respectively. Importantly,
the quark-antiquark channel contains a logarithmic ultra-violet (UV) divergence as-

– 7 –

Finally, we have checked that combining the subtraction
and running coupling contributions for both schemes adds
up to the same result. This is shown in Fig. 9, where we plot
the value of the total functional F ! R" S calculated
under the KW scheme [Eqs. (8) and (36) for the running
coupling term, R, and Eq. (41) for the subtraction term, S]
and under Balitsky’s scheme [Eqs. (7) and (35) for the
running coupling term and Eq. (40) for the subtraction

term]. The two results coincide within the estimation of
the numerical accuracy previously discussed. The agree-
ment between the two results is better in the small-!
region, where the two curves lay almost on top of each
other. In the saturation region, ! * 1, the agreement is
slightly worse, although the differences between the values
of F calculated in both schemes is still much less than the
differences between the running coupling terms them-
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! predictions

• F2 and FL extrapolated to LHeC and UHECR kinematical conditions

! near independence on [tested] initial conditions

! first principle approach allows for credible extrapolation

↪→ ‘all’ relevant physics included
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Figure 4: Predictions for F2(x,Q2) (top) and FL(x,Q2) (bottom) versus x, for 10−8 ≤
x ≤ 10−2 and Q2 = 10−1, 1, 10, 102 , 103 GeV2 (lines from bottom to top). Solid black lines

show the results obtained with GBW i.c., and dotted red lines those obtained with MV i.c.

function, is more apparent in FL than in F2. This fact stresses, in our view, the

importance of FL measurements to distinguish different scenarios for the small-x
dynamics: fixed order perturbative QCD, resummation schemes or saturation models
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importance of FL measurements to distinguish different scenarios for the small-x
dynamics: fixed order perturbative QCD, resummation schemes or saturation models
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! vs. DGLAP

• AAMS 1.0 F2 and FL cannot be fitted by NLO-DGLAP [Rojo, LHeC working group]

• i.e., pseudo-data (for LHeC) generated from AAMS is inconsistent with NLO-
DGLAP 

• differences cannot be absorbed into initial condition [in which there are ∼200 
parameters]
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Figure 3: NNPDF1.2 DGLAP fits (green stars) to pseudodata (red bars) for proton F2

(left plot) and FL (right plot) generated by extrapolation of our fits down to x = 10−6 for
Q2 = 2, 5, 10 and 20 GeV2.

F2 can be well fitted by DGLAP, the best DGLAP fit to pseudotata underestimate FL at
small Q2 and overshoots it at the largest Q2 considered, yielding a large χ2/d.o.f.. One
concludes that a precise experimental determination of FL at the LHeC over a large enough
Q2 range might suffice to pin down the kinematic region where departure between DGLAP
and non-linear (or, maybe, linear resummed small-x evolution) takes place, while F2 does
not offer such discrimination power.
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!

• explore entire functional space for i.c. [NNPDF]

• perform NLO fit to subset of data

• extrapolate only to causally connected region where data exists and compare

DGLAP i.c. independent statements (i)
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Figure 2: Causal structure of DGLAP evolution in the (x,Q2) plane. The arrow lines denote the
trajectories followed by the maxima of the curves in Fig. 1. The upper right (blue) region contains
the data used to determined PDFs which are then evolved to the causally connected (green) region
below it. No information can be obtained on the (red) ’disconnected’ region in the lower left corner.
In practice, the boundary between the connected and disconnected region will be approximated
by a vertical line with x = xmin. The number of data points in each region are listed in Table 1
below.

uncertainty. We will address this issue, which has already been raised in the past with
somewhat contradictory conclusions [13, 14] in the last part of this paper. Second, such
deviations might provide evidence for effects which, if included systematically, could affect
LHC observables in a non-negligible way. For instance, recent computation of small x
resummation corrections to various hard processes [15–19] shows that their effect at the
LHC is expected to be of the same size or larger than NNLO corrections. Our results may
support the need for a systematic inclusion of these effects.

Because our basic strategy consists of comparing to data the results of perturbative
evolution, we must first discuss which kinematic regions are connected by perturbative
evolution in a causal way, i.e., such that the results of evolution to one region are affected
by a change in the boundary condition in the other region. TheDGLAP evolution equation
for the vector of PDFs f(x,Q2) has the form

Q2
df

(

x,Q2
)

dQ2
=

∫ 1

x

dy

y
P

(

αs(Q
2),

x

y

)

f
(

y,Q2
)

, (1)

where P (αs, x) is a splitting function matrix. Because of the convolution, the solution
f(x̄, Q̄2) of Eq. (1) at some point z = (x̄, Q̄2) only depends on the boundary condition
f(y,Q2

0) in the range y ∈ [x̄, 1]. Hence, a priori the past causal cone of the point (x̄, Q̄2)
is given by the region (x > x̄, Q2 < Q̄2).

However, the bulk of the contribution to the convolution integral Eq. (1) comes from
a small range in x, so that in practice evolution mostly proceeds along trajectories that
go along a path from larger (x0, Q2

0) to smaller (x̄, Q̄2). This picture in fact becomes

3
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!

• small, but systematic, deviations from data found for F2 [of all places...] HERA data

! not NNLO [goes in the wrong direction]

! not a mass effect [too small] :: should be settled by NNPDF 2.1

! solvable by BFKL resummation in DGLAP kernel [interim fix...]

•  predictive power rapidly degrades with 1/x

DGLAP i.c. independent statements (ii)
Caola, Forte, Rojo
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Figure 6: The proton structure function F2(x,Q2) computed using NNPDF1.2 (left) or NNPDF2.0
(right) PDFs obtained from fits with different values of Acut.

global compatibility of the NLO DGLAP framework, as discussed in Sect. 3. A further
difference between NNPDF1.2 and NNPDF2.0 is an improved treatment of normaliza-
tion uncertainties based on the so–called t0 method [28], which avoids the biases of other
commonly used methods to deal with normalization uncertainties.

The “safe” region, where non–DGLAP effects are likely to be negligible, is defined as

Q2 ≥ Acut · x
λ, (2)

with λ = 0.3. This definition has the feature of only considering small-x data unsafe when
their scale is low enough, with the cutoff scale higher at smaller x; its detailed shape is
inspired by saturation and resummation studies. We have performed fits with only data
which pass the cut Eq. (2) included, with a variety of choices for Acut, shown in Fig. 2.
Results depend smoothly on Acut.

As a first test, we have computed the proton structure function F2 and compared it
with data (see Fig. 6) at Q2 = 3.5 GeV2, where a significant x range falls below the cut
(see Fig. 2). Clearly, the prediction obtained from backward evolution of the data above
the cut exhibits a systematic downward trend. This deviation, which becomes more and
more apparent as Acut is raised, is visible but marginal when the NNPDF1.2 set based
on old HERA data is used, but it becomes rather more significant when using NNPDF2.0
and new HERA data. Interestingly, with old HERA data the uncut fit agrees well with
the data, showing that whatever the possible deviation between data and theory, it is
absorbed by the PDFs. This is no longer possible when the more precise combined HERA
data are used: in such case, even when no cut is applied, the theory cannot reproduce the
data fully. This suggests that at low-x and Q2 the scale dependence predicted using NLO
DGLAP is stronger than the scale dependence seen in the data.

In order to quantify this observed deviation from NLO DGLAP, we introduce the
statistical distance

dstat(x,Q
2) ≡

Fdata − Ffit
√

σ2
data + σ2

fit

, (3)

i.e. the difference between the observable Fdata and the NLO DGLAP prediction Ffit in
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As a first test, we have computed the proton structure function F2 and compared it
with data (see Fig. 6) at Q2 = 3.5 GeV2, where a significant x range falls below the cut
(see Fig. 2). Clearly, the prediction obtained from backward evolution of the data above
the cut exhibits a systematic downward trend. This deviation, which becomes more and
more apparent as Acut is raised, is visible but marginal when the NNPDF1.2 set based
on old HERA data is used, but it becomes rather more significant when using NNPDF2.0
and new HERA data. Interestingly, with old HERA data the uncut fit agrees well with
the data, showing that whatever the possible deviation between data and theory, it is
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As a first test, we have computed the proton structure function F2 and compared it
with data (see Fig. 6) at Q2 = 3.5 GeV2, where a significant x range falls below the cut
(see Fig. 2). Clearly, the prediction obtained from backward evolution of the data above
the cut exhibits a systematic downward trend. This deviation, which becomes more and
more apparent as Acut is raised, is visible but marginal when the NNPDF1.2 set based
on old HERA data is used, but it becomes rather more significant when using NNPDF2.0
and new HERA data. Interestingly, with old HERA data the uncut fit agrees well with
the data, showing that whatever the possible deviation between data and theory, it is
absorbed by the PDFs. This is no longer possible when the more precise combined HERA
data are used: in such case, even when no cut is applied, the theory cannot reproduce the
data fully. This suggests that at low-x and Q2 the scale dependence predicted using NLO
DGLAP is stronger than the scale dependence seen in the data.

In order to quantify this observed deviation from NLO DGLAP, we introduce the
statistical distance

dstat(x,Q
2) ≡

Fdata − Ffit
√

σ2
data + σ2

fit

, (3)

i.e. the difference between the observable Fdata and the NLO DGLAP prediction Ffit in
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Figure 6: The proton structure function F2(x,Q2) computed using NNPDF1.2 (left) or NNPDF2.0
(right) PDFs obtained from fits with different values of Acut.
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with data (see Fig. 6) at Q2 = 3.5 GeV2, where a significant x range falls below the cut
(see Fig. 2). Clearly, the prediction obtained from backward evolution of the data above
the cut exhibits a systematic downward trend. This deviation, which becomes more and
more apparent as Acut is raised, is visible but marginal when the NNPDF1.2 set based
on old HERA data is used, but it becomes rather more significant when using NNPDF2.0
and new HERA data. Interestingly, with old HERA data the uncut fit agrees well with
the data, showing that whatever the possible deviation between data and theory, it is
absorbed by the PDFs. This is no longer possible when the more precise combined HERA
data are used: in such case, even when no cut is applied, the theory cannot reproduce the
data fully. This suggests that at low-x and Q2 the scale dependence predicted using NLO
DGLAP is stronger than the scale dependence seen in the data.

In order to quantify this observed deviation from NLO DGLAP, we introduce the
statistical distance

dstat(x,Q
2) ≡

Fdata − Ffit
√
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, (3)

i.e. the difference between the observable Fdata and the NLO DGLAP prediction Ffit in
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! nuclear AAMQs

• nuclei

! direct fit of nuclear DIS data with proton parameters [2 nuclear params] 

! data not sufficient for independent fit

• impact parameter dependence essential for access to larger range of observables

! requires non-perturbative input [therefore modelling...]

• strong reliance on ‘kt-factorized’ formulae [but see Horowitz & Kovchegov]

! include further [non-DIS] observables in fit

↪→ risk of exhausting prediction ground by fitting it ...

Q2
s,A = c Aδ Q2

s,p



! AAMQS collaboration

• 4 institutes

• 5 scientists

• ~200 cpu cores

• installation and commissioning in 2009

• online from early 2010

AAMQs

installation [Spring 2009]

http://www-fp.usc.es/phenom/aamqs/aamqs.html

http://www-fp.usc.es/phenom/aamqs/aamqs.html
http://www-fp.usc.es/phenom/aamqs/aamqs.html

