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Hadronic matrix elements

Effective Hamiltonian yields A(B → H) =
∑
λi Ci(µ)〈H|Oi |B〉(µ)

above mb, perturbative Wilson coefficients Ci(µ)

below mb, operators yielding matrix elements 〈H|Oi |B〉(µ)

D

π

b c

B

Strong interaction
in nonperturbative regime

How to compute 〈H|Oi |B〉 ?
Model building
Lattice simulations
Sum rules
Light flavour symmetries
(isospin, SU(3). . . )
Heavy flavour symmetries
(HQET. . . )
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Isospin symmetry
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Isospin symmetry

QCD interactions are flavour blind : increase symmetry when mu = md
(very good approximation, since mu,md � Λ)

=⇒Notion of isospin I = 1/2 :
Iz = 1/2

Iz = −1/2

(
u
d

)
,

(
d̄
−ū

)
I = 0 Ds I = 1/2 (Bd ,B+) I = 1 (π+, π0, π−)

Useful due to Wigner-Eckart theorem, to reduce matrix elements
matrix element = spin projections × reduced matrix element

〈jm|Ok
q |j ′m′〉 = 〈jm|j ′m′; kq〉 × 〈j ||Ok ||j ′〉

k is rank of operator O (scalar, vector, tensor. . . ), q its component
〈jm|j ′m′; kq〉 Clebsch-Gordan coefficient
〈j ||T k ||j ′〉 reduced matrix element (independent of m’s)

=⇒possible to analyse all processes with isospin amplitude
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Penguin pollution in B → π+π−

Tree Penguin

A(B0 → π+π−) = VudV ∗ubt +
∑

q=u,c,t

VqdV ∗qbpq

Time-dependent asymmetry

A(t) = Sπ+π− sin(∆mt)− Cπ+π− cos(∆mt)

=
√

1− C2
π+π− sin 2αeff sin(∆mt)− Cπ+π− cos(∆mt)

Combining CKM for t+− and B-B̄ mixing: Sπ+π− = sin(2α) + O(p+−

t+− )
=⇒Penguin pollution: handle on p+− and t+− to extract sin(2α) ?
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Isospin analysis for B → ππ

In terms of isospin quantities Q(I)
Iz

Two operators for b̄ → ūud̄ : O(3/2)
1/2 and O(1/2)

1/2 (adding 3 I = 1/2)

Two inital states: |B+〉 = |B(1/2)
1/2 〉 and |B0〉 = |B(1/2)

−1/2〉
Three final states: [I = 1 forbidden by Bose symmetry]

〈π+π0| = 〈ππ(2)
1 | 〈π+π−| =

√
1
3
〈ππ(2)

0 |+
√

2
3
〈ππ(0)

0 |

〈π0π0| =

√
2
3
〈ππ(2)

0 | −
√

1
3
〈ππ(0)

0 |

From B(1/2), O(3/2) can only yield I = 2 final states,
and O(1/2) only I = 0, so two reduced amplitudes

A2 =
1

2
√

3
〈ππ(2)||O(3/2)||B(1/2)〉 A0 = − 1√

6
〈ππ(0)||O(1/2)||B(1/2)〉
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Trapping the penguin in B0 → π+π−

B+,B0 : A+0 = 3A2 A+− =
√

2(A2 − A0) A00 = 2A2 + A0

B−,B0 : Ā+0 = 3Ā2 Ā+− =
√

2(Ā2 − Ā0) Ā00 = 2Ā2 + Ā0

Two triangular relations

A+− +
√

2A00 =
√

2A+0

Ā+− +
√

2Ā00 =
√

2Ā+0

allowing one to build two triangles from Br and CP-asymmetries
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Trapping the penguin in B0 → π+π−

A+0 is I = 2 final state, only from tree and I = 3/2 penguins
Electroweak penguins I = 1/2,3/2

(Z , γ emit I = 0,1 pairs ūγµu + d̄γµd , ūγµu − d̄γµd)
=⇒only I = 3/2 contributes to A+0 penguin
Gluon penguins I = 1/2 (gluon emits I = 0 pairs ūγµu + d̄γµd)
=⇒do not contribute to A+0 penguin

Neglecting I = 3/2 electroweak penguin, A+0 is pure tree
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α from B → ππ

Introducing P and T including CKM moduli

A+0 = eiγ(T 00 + T +−)√
2A+− = eiγT +− − Pe−iβ
√

2A00 = eiγT 00 + Pe−iβ

Ā+0 = e−iγ(T 00 + T +−)

Introducing Ãij = exp(−2iβ)Āij ,
2α between A+0 and Ã+0, 2αeff between A+− and Ã+−

Reconstruct 2 independent triangles from BR and direct asym
Measure mixed CP-asymmetry in π+π− as sin(2αeff )
Up to discrete ambiguity, determine sin(2α)

Gronau, London
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Current application of the method

  (deg)!
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 (Belle)"" #B 
 (WA)"" #B 

CKM fit 

α = (89.0+4.4
−4.2)◦ (ππ, ρπ, ρρ)

So accurate that isospin-breaking effects should be taken into account
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SU(3) symmetry
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SU(3)

mu = md = ms = m : Lq = Ψi∂/Ψ−mΨ̄Ψ Ψ =

 u
d
s


Lq inv. under SU(3) flavour rotations Ψ→ V Ψ V †V = 1 det V = 1

Two axes of quantisation: isospin Iz and hypercharge Y = 2(Q − Iz)

Iz

Y

Iz

Y

decuplet 10 octet 8
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SU(3) decomposition

Representations are not I = 0,1/2,1 . . . but µ = 1,3,8,10 . . .

3 : (B+,Bd ,Bs), (D0,D−,D−s ) 8 + 1 : (π,K , η, η′), (ρ,K ∗, φ, ω)

A particular composant is not only given by Iz , but by ν = Y , I, Iz
Clesbch-Gordan are replaced by composition symbols, actually

Clebsch-Gordan × isoscalar symbol(
µ1 µ2 µ3
ν1 ν2 ν3

)
= 〈I1I1z I2I2z ; I3I3z〉 ×

(
µ1 µ2 µ3

I1Y1 I2Y2 I3Y3

)

Wigner-Eckart theorem can be used again to express a given process
with (tabulated) composition symbols & (unknown) reduced amplitudes

〈(M1M2)(µ)||O(µ′)||B(3)〉
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Diagrammatic representation

Exactly like for isospin,
possible to use a
diagrammatic representation
(but overcomplete)

T : (colour-favoured)
tree
C : colour-suppressed
tree
P : penguin
E : exchange
A : annihilation
PA : penguin annihilation

(penguin with VtDV ∗tb,
tree with VuDV ∗ub)
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SU(3) symmetry illustrated

In addition to isospin symmetry (embedded by definition)
among ∆S = 1 processes:

A(B0 → π−K +) = A(Bs → K +K−)− A(Bs → π+π−)

−(T ′ − P ′e−iγ) = −(T ′ − P ′e−iγ + E ′ + PA′) + (E ′ + PA′)

between ∆S = 0 and ∆S = 1 processes
√

2A(B+ → π0K +) + A(B+ → π+K 0) =
Vus

Vud

√
2A(B+ → π+π0)

−(T ′ + C′ − P ′e−iγ + A′) + (−P ′e−iγ + A′) =
Vus

Vud
(−C − T )

(relation between isospin 2 ππ and isospin 3/2 πK )
Gronau, Hernandez, London, Rosner

Sébastien Descotes-Genon (LPT-Orsay) Analytic methods in QCD (2) 6/9/10 16



SU(3) illustrated for α

A(B0 → π+π−) = Teiγ − Pe−iβ A(B+ → K 0π+) = P ′

Estimate of α by bounding modulus of P from B+ → π+K 0 ?
Not competitive for PP modes because r = P/T large
But can be used for longitudinally polarised ρ+ρ− and K ∗0ρ+

AL(B0 → ρ+ρ−) = TLeiγ − PLe−iβ AL(B+ → K ∗0ρ+) = P ′L

|PL| = ξ′
|Vtd |
|Vts|

fρ
fK∗
|AL(B+ → K ∗0ρ+)|

ξ′ estimate of SU(3) breaking (to be determined !)
|Vtd |/|Vts| moduli of CKM matrix elements included in P and P ′

fρ/fK∗ takes into account the production of different mesons
(factorisable corrections)
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α from ρρ and K ∗ρ

Using older values of
B(K ∗0ρ+) and fL(K ∗0ρ+)

ξ′ large range (central
value inspired by
factorisation)
δ strong phase between
PL and TL

Contours for different
values of SU(3)
symmetry breaking

Using current values, α = [91.2+9.1
−6.6

+1.2
−3.9]◦

Beneke, Gronau, Rohrer, Spranger
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SU(3) illustrated for Bs decays

A subgroup of SU(3) is U-spin : d ↔ s (rather than u ↔ d)
=⇒Very interesting in connection with Bs decays

A(B+ → K 0π+) = P
A(B0 → K +π−) = Tei(δd+γ) + P

ξA(Bs → K−π+) =
1
λ̃

Tei(δs+γ) − λ̃P

T and P are real (and include CKM moduli),
δd ,s strong phases between T and P
λ̃ = |Vus|/|Vud | from d ↔ s
ξ estimate of SU(3) breaking (inspired by factorisation)

ξ =
fK
fπ

FB0π(m2
K )

FBsK (m2
π)

m2
B0 −m2

π

m2
Bs −m2

K

=⇒CDF/D0 data on Br and asymmetry for Bs → K−π+
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γ from Bd ,s → Kπ

One can build four (measured) quantities for K±π∓

Γ(B0 → K +π−) + Γ(B̄0 → K−π+)

Γ(B+ → K 0π+) + Γ(B̄− → K̄ 0π−)
= 1 + r2 + 2r cos γ cos δd

ξ2 Γ(Bs → K−π+) + Γ(B̄s → K +π−)

Γ(B+ → K 0π+) + Γ(B̄− → K̄ 0π−)
= λ̃2 + (r/λ̃)2 − 2r cos γ cos δs

Γ(B0 → K +π−)− Γ(B̄0 → K−π+)

Γ(B+ → K 0π+) + Γ(B̄− → K̄ 0π−)
= 2r sin γ sin δd

ξ2 Γ(Bs → K−π+)− Γ(B̄s → K +π−)

Γ(B+ → K 0π+) + Γ(B̄− → K̄ 0π−)
= −2r sin γ sin δs

Enough to fit 4 unknowns : r = T/P, δd , δs, γ, with current inputs

(r , γ, δd , δs) = (−0.128,60◦,23◦,155◦)
(r , γ, δd , δs) = (−0.121,25◦,58◦,111◦)

=⇒Large U-spin breaking (δd ,s, ξT 6= ξP ?) Chiang, Gronau, Rosner
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Limitations

Isospin, U-spin, SU(3) flavour symmetry:
Relate process by exploit underlying symmetries of QCD
Requires further measurements of other processes
Affected by sizeable errors

Several sources of uncertainties for isospin
difference of electric chages (in particular for ew penguins)
difference of masses (quarks, and thus mesons)
π0 − η − η′ and ρ− ω mixing
Bose statistics with finite width resonances

Difficulty to assess precisely the error for SU(3) or U-spin
Estimation from other methods
Guesstimate (often 30%, but depends on the quantity considered)
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Heavy-quark symmetry and HQET
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Heavy-quark symmetry

Hierachy of scale in heavy-light systems
heavy quark of mass MQ,
light quark dynamics interacting through
soft gluons
dynamics with energy of order Λ� MQ

In reference frame of B hadron, heavy quark practically at rest
=⇒Heavy quark static source of gluons,

characterised by spin and colour numbers, but not mass

On top of that, spin-flip transitions with gluons induced by
magnetic moment transitions, suppressed by O(gs/MQ)

When MQ � other scales in presence, properties of heavy hadrons
independent of spin and mass of the heavy source of colour
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Effective theory of an infinitely heavy quark

Heavy quark with momentum: pµ = MQvµ + kµ

where vµ velocity of hadron (pµB = mBvµ, v2 = 1) and k = O(Λ)

Propagation of heavy quark
i

p/−MQ
=

i(p/ + MQ)

p2 −M2
Q

=
i[MQ(v/ + 1) + k/]

2(v · k) + k2 =
i

v · k
P+ + O(k/MQ)

with projectors P± = 1±v/
2 P2

+ = P+,P2
− = P−,P±P∓ = 0
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Sébastien Descotes-Genon (LPT-Orsay) Analytic methods in QCD (2) 6/9/10 24



Effective theory of an infinitely heavy quark

Heavy quark with momentum: pµ = MQvµ + kµ

where vµ velocity of hadron (pµB = mBvµ, v2 = 1) and k = O(Λ)

Propagation of heavy quark
i

p/−MQ
=

i(p/ + MQ)

p2 −M2
Q

=
i[MQ(v/ + 1) + k/]

2(v · k) + k2 =
i

v · k
P+ + O(k/MQ)

with projectors P± = 1±v/
2 P2

+ = P+,P2
− = P−,P±P∓ = 0

Interaction with gluons

igsP+γµT aP+ = igsP+(P−γµ + 2vµ)T a = igsvµT a

Effective theory for the projection of heavy quark (only 1 spin d.o.f) ?

hv (x) = exp(imQv · x)P+Q(x)
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Effective theory and symmetries

Infinitely heavy quark described by Lagrangian

L = h̄v (ivµ∂µ + gT avµGa
µ)hv = h̄v (ivµDµ)hv

can be extended to two heavy flavours (b and c) at the same velocity v

L = b̄v (ivµDµ)bv + c̄v (ivµDµ)cv

Symmetries
Flavour SU(2) (as long as mb � Λ and mc � Λ)(

bv
cv

)
→ U

(
bv
cv

)
UU† = U†U = 1 det U = 1

Spin SU(2): No Dirac structure in the Lagrangian
=⇒spin of heavy-quark unchanged under interactions with gluons
No explicit Lorentz invariance (preferred direction: vµ)
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Spectrum

In the rest frame of the heavy meson: J = L + S
L angular momentum of light d.o.f.
S angular momentum for heavy quark

Mesons fully characterised by (l ,ml ; s,ms)
spectrum degenerate in ms, organised in doublets

l = 0 j = 1/2 Λb(5620)

l = 1/2 j = 0,1 degenerate pseudoscalar and vector

B(5279),B∗(5325) Bs(5366),B∗s (5412)

D(1869),D∗(2010) Ds(1968),D∗s (2112)

l = 1 j = 1/2,3/2 Σb(5807),Σ∗b(5829)

l = 3/2 j = 1,2 D1(2420),D∗2(2460) Ds1(2536),Ds2(2573)

Splitting is spin breaking ∝ Λ2/mQ: mB∗−mB
mD∗−mD

=
mB∗s
−mBs

mD∗s
−mDs

= mc
mb

= 1/3
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Sébastien Descotes-Genon (LPT-Orsay) Analytic methods in QCD (2) 6/9/10 26



Description of (B,B∗)

How to describe spin degrees of freedom of (B,B∗) ?

H ' uQ v̄q v/uQ = uQ v̄qv/ = −v̄q

In rest frame v = (1, ~0), spin operator S = γ5γ
0~γ/2

Up : u↑Qα = δ1α, v̄
↑
qα = −δ3α Down : u↓Qα = δ2α and v̄↓qα = −δ4α

Spin 0: u↑Q v̄↓q + u↓Q v̄↑q =

(
0 I
0 0

)
= 1+γ0

2 γ5

Spin 1:
Jz = 1 : u↑Q v̄↑q = 1+γ0

2 ε/(+)

Jz = 0 : u↑Q v̄↓q − u↓Q v̄↑q = 1+γ0
2 ε/(0)

Jz = −1 : u↓Q v̄↓q = 1+γ0
2 ε/(−)

where ε(±,0)
µ polarisation vectors

For an arbitrary velocity: M̃(v) =
1 + v/

2
γ5 , M̃∗(v , ε) =

1 + v/
2

ε/

with normalisation |X̃ 〉 = limMQ→∞
1√
MQ
|X 〉
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B → D(∗)`ν form factors

B → D(∗) described by form factors, function of q2 = (p − p′)2

〈D(p′)|c̄γµb|B̄(p)〉 = (p + p′)µf+ +
M2

B −M2
D

q2 qµ[f0 − f+]

〈D∗(p′, ε)|c̄γµγ5b|B̄(p)〉 = [MB + MD∗ ]ε∗µA1 +
ε∗ · q

MB + MD∗
(p + p′)µA2

+
ε · q
q2 qµ [(MB + MD∗)A1 − (MB −MD∗)A2 − 2MD∗A0]

〈D∗(p′, ε)|c̄γµb|B̄(p)〉 =
−2i

MB + MD∗
εµνρσε

∗νpρp′σV

Meson velocities vµ = pBµ/MB, v ′µ = pDµ/MD

Recoil energy of D in B rest frame E = mD(v · v ′ − 1)

q2 = m2
B + m2

D − 2mBmD(v · v ′) up to q2
max = (mB −mD)2

v · v ′ varies between no-recoil limit (v · v ′ − 1)min = 0
and (v · v ′ − 1)max = (mB−mD)2

2mBmD
' 0.6
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Physical picture

In the heavy quark limit, for B → D(∗)`ν

Relations between D and D∗ by heavy-quark symmetry on c spin
In no-recoil limit v = v ′, b → c unnoticed by light quark
For v 6= v ′, exchange of (soft) gluons to reorganise light cloud
. . . decreasing the overlap between initial B and final D
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Form factors and Isgur-Wise function

Another embodiment of Wigner-Eckart theorem

〈D(v ′)|c̄Γb|B(v)〉 → −ξ(v · v ′)Tr[
¯̃D(v ′)ΓB̃(v)]

〈D∗(v ′, ε)|c̄Γb|B(v)〉 → −ξ(v · v ′)Tr[
¯̃D∗(v ′, ε)ΓB̃(v)]

Tr(. . .) ≡ Clebsch-Gordan (configuration of spin projections)
ξ ≡ reduced matrix element

Isgur-Wise function, depending only on v · v ′ (since v2 = v ′2=1)

In heavy-quark limit, form factors expressed in terms of ξ

MB + MD

2
√

MBMD
ξ(v · v ′) = f+ =

(
1− q2

MB + MD)2

)−1

f0

MB∗ + MD

2
√

MB∗MD
ξ(v · v ′) = V = A0 = A2 =

(
1− q2

MB∗ + MD)2

)−1

A1
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Isgur-Wise function ξ

ξ also arises in

〈B(v)|c̄vγ
0bv |〉B(v)〉 = −ξ(v2 = 1)Tr[

¯̃B(v)γ0B̃(v)] =⇒ ξ(1) = 1

Conservation of B-number
If v · v ′ = 1, q2

max = (MB −MD)2 (b → c unnoticed by light quark)
f+[(MB −MD)2] = (MD ±MB)/(2

√
MBMD) useful normalisation point

Models to get away from ω = v · v ′ = 1

ξ(ω) = 1− ρ2(ω − 1) + O[(ω − 1)2]

. . .

(
2

ω + 1

)2ρ2

,e−ρ
2(ω−1),

2
ω + 1

exp
[
−(2ρ2 − 1)

ω − 1
ω + 1

]
. . .

Determine them using non-perturbative methods (lattice, sum
rules), or extract from one decay to get another
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Heavy-quark expansion and HQET

Highers order in 1/MQ: Heavy-Quark Effective Theory
Grinstein, Wise, Neubert. . .

(iD/−MQ)Q = 0 separated in ”good” and ”bad” components

Q = e−iMQv ·x
[

1 + v/
2

+
1− v/

2

]
Q = e−iMQv ·x [hv + Hv ]

hv has no mass term, whereas Hv is the ”heavy” component

i(v · D)hv = −P+iD/Hv i(v · D)Hv + 2MQHv = P−iD/hv

Hv = O(1),hv = O(1/MQ), solved recursively

L = hv (iv ·D)hv +
1

2MQ
hv

[
D2 − (v · D)2 +

gs

2
σµνGµν

]
hv +O

(
1

M2
Q

)

Corrections to kinetic term (motion of heavy quark in meson)
Chromomagnetic moment (mass splitting in doublets)
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(iD/−MQ)Q = 0 separated in ”good” and ”bad” components

Q = e−iMQv ·x
[

1 + v/
2

+
1− v/

2

]
Q = e−iMQv ·x [hv + Hv ]

hv has no mass term, whereas Hv is the ”heavy” component

i(v · D)hv = −P+iD/Hv i(v · D)Hv + 2MQHv = P−iD/hv

Hv = O(1),hv = O(1/MQ), solved recursively

L = hv (iv ·D)hv +
1

2MQ
hv

[
D2 − (v · D)2 +

gs

2
σµνGµν

]
hv +O

(
1

M2
Q

)

Corrections to kinetic term (motion of heavy quark in meson)
Chromomagnetic moment (mass splitting in doublets)
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Higher orders

High-energy (above MQ): corrections in αs
Integrate out physics from M to µ between M and Λ

(hard gluons, energetic light quarks)
Matching QCD/HQET to get same physics

Low-energy (below MQ): corrections in 1/MQ

L = h̄v (iv · D)hv

+
1

2MQ
h̄v

[
[D2 − (v · D)2] + Cmag(mQ, µ)

gs

2
σµνGµν

]
hv + O

(
1

M2
Q

)

c̄γµb → C1(mb,mc , ω, µ)c̄v ′γ
µbv + C2(mb,mc , ω, µ)c̄v ′vµbv

+
1

MQ

∑
i

Di(mb,mc , ω, µ) c̄v ′Γ
µ
i bv + O

(
1

M2
Q

)
=⇒Computable corrections C,D . . .

but also new 1/mb,c-suppressed functions for B → D(∗)
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Illustration for |Vcb| (1)

dΓ(B → D∗`ν)

dω
=

G2
F

48π3 |Vcb|2m3
D∗
√
ω2 − 1P(ω)|F(ω)|2

dΓ(B → D`ν)

dω
=

G2
F

48π3 |Vcb|2(mB + mD)2m3
D(ω2 − 1)3/2|G(ω)|2

ω = v · v ′, P(ω) phase space
F and G form factors, related to ξ, include 1/M-corrections

F(ω) = ηQEDηA

[
1 + O

((
1

mb
− 1

mc

)2
)]

+ (ω − 1)ρ2 + O[(ω − 1)2]

G(1) = ηQEDηV

[
1 + O

(
MB −MD

MB + MD

)]
ηQED and ηA,V perturbative corrections from QED and HQET
F(ω) has no 1/mQ corrections (Luke’s theorem)
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Illustration for |Vcb| (2)

2ρ
0.5 1 1.5 2

]
-3

| [
10

cb
 |V×

F(
1)

 

30

35

40

HFAG
End of 2009

OPAL
(part. reco.)

OPAL
(excl.)

DELPHI
(part. reco.)

BELLE

DELPHI 
(excl.)

BABAR (excl.)

BABAR (D*0)

BABAR (Global Fit)

AVERAGE

 = 12χ ∆

/dof = 38.7/23 (CL =   2 %)2χ

2ρ
1 1.5

]
-3

| [
10

cb
 |V×

G
(1

) 

30

40

50

HFAG
End of 2009

CLEO

BELLE

BABAR global fit

BABAR tagged

AVERAGE

 = 12χ ∆

/dof = 1.3/ 82χ

=⇒Need F(1) and G(1) from lattice, sum rules to determine |Vcb|

|Vcb| also extracted from inclusive B → Xc`ν by 1/mb expansion

Stéphane’s, Olivier’s and Zoltan’s lectures
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SCET, NRQCD, HMχPT. . .

Collinear

Soft
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HQET is not (always) enough

HQET: heavy-light system
where light degrees of freedom remain ”soft” E = O(Λ)

What if in a process, the quarks, gluons become suddenly energetic ?
B → π: reorganisation of light quark through energetic gluons

static b-quark and soft cloud→ qq̄ pair colinear in π direction
B → ππ,B → Xsγ: repartition of momenta between light quarks
even more complicated
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Relevant degrees of freedom and scales

Several degrees of freedom
hard gluons/quarks : ph = O(M,M,M,M)

soft gluons/quarks : ps = O(Λ,Λ,Λ,Λ)

collinear gluons/quarks : pc = (M,0,0,M) + O(Λ,Λ,Λ,Λ)
[energetic, but along one direction, with p2

c = Λ2)]

Starting from rest frame pB = (MB,0,0,0)

B → ππ: pµπ = (Eπ,0,0,±
√

E2
π −m2

π)
obtained through exchange between soft and collinear quarks

with gluons of virtuality (ps + pc)2 =
√

MΛ

B → Xsγ: pµγ = (Eγ ,0,0,−Eγ), pµX = (MB − Eγ ,0,0,Eγ)
cut on Eγ = O(MB/2) =⇒p2

X = MB(MB − 2Eγ) = O(MΛ)

=⇒Several scales: M, Λ,
√

MΛ
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SCET

Soft-Collinear Effective Theory = Effective theory of QCD
keeping only the energy modes of quarks and gluons for factorisation

(others integrated out)
Stewart et al., Beneke et al.

explains how soft and collinear quarks/gluons communicate with
each other, and with hard interactions
organizes the interactions in an expansion in Λ/M

=⇒SCET much more complicated Lagrangian than HQET
large number of d.o.f. involved
various interactions through soft/collinear gluons
used for inclusive decays, nonleptonic decays. . .
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Illustration 1: B → ππ

Collinear

Soft

”Simple” language to separate scales M,
√

ΛM,Λ

hard gluons integrated and separated
. . . from soft/collinear d.o.f., which define hadronic quantities
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Illustration 2: B → light meson form factors

Vector V ,A = qγµb,qγµγ5b (semileptonic B → π, ρ . . . `ν)
Tensor T ,T5 = q[γµ, γν ]b,q[γµ, γν ]γ5b (radiative B → K (∗)γ)

〈P |Vµ|B〉 = f+

[
pµ + p′µ −

M2 −m2
P

q2 qµ
]

+ f0
M2 −m2

P
q2 qµ ,

〈P |Tµνqν |B〉 = i
fT

M + mP

[
q2(pµ + p′µ)− (M2 −m2

P)qµ
]
,

〈V |Vµ|B〉 = i
2V

M + mV
εµνρσpνp′ ρε∗σ ,

〈V |Aµ|B〉 = 2mV A0
ε∗ · q

q2 qµ + (M + mV )A1

[
ε∗µ − ε∗ · q

q2 qµ
]

−A2
ε∗ · q

M + mV

[
pµ + p′µ −

M2 −m2
V

q2 qµ
]
,

〈V |Tµνqν |B〉 = −2T1ε
µνρσpνp′ ρε∗σ ,〈

V
∣∣Tµν

5 qν
∣∣B〉 = −iT2

[
(M2 −m2

V )ε∗µ − (ε∗ · q)(pµ + p′µ)
]

−iT3(ε∗ · q)

[
qµ − q2

M2 −m2
V

(pµ + p′µ)

]
.
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Relations between form factors

For energetic E = O(MB) light mesons, all form factors expressed in
terms of three form factors ζ, ζ//, ζ⊥ at leading order in αs and E/M

Charles et al.

f+(q2) = ζ(EP) , f0(q2) =

(
1− q2

M2 −m2
P

)
ζ(EP) ,

fT (q2) =
(

1 +
mP

M

)
ζ(EP) , A0(q2) =

(
1−

m2
V

MEV

)
ζ//(EV ) +

mV

M
ζ⊥(EV ) ,

A1(q2) =
2EV

M + mV
ζ⊥(EV ) , A2(q2) =

(
1 +

mV

M

)[
ζ⊥(EV )− mV

EV
ζ//(EV )

]
,

V (q2) =
(

1 +
mV

M

)
ζ⊥(EV ) , T2(q2) =

(
1− q2

M2 −m2
V

)
ζ⊥(EV ) ,

T1(q2) = ζ⊥(EV ) , T3(q2) = ζ⊥(EV )− mV

E

(
1−

m2
V

M2

)
ζ//(EV ) .
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Higher-order corrections

Corrections in αs can be computed
Beneke, Feldmann. . .

fi(q2) = Ci(q2)ξi(q2) + φB ⊗ Ti ⊗ φπ

ξi = ζ, ζ//, ζ⊥ are universal (soft) form factors

Ci and Ti dominated by hard gluons (above
√

MΛ) and can be
computed perturbatively: Ci = 1 + O(αs),Ti = O(αs)

φB and φπ are light-cone distribution amplitudes

〈0|ū(z)γµγ5d(0)|π+(p)〉 = ipµFπ
∫ 1

0
dx eix(p·z)φ(x) z2 = 0

Hadronic quantity, corresponding to probability amplitude of
finding in π(p) a quark with long momentum xp

=⇒but still only leading-order in E/M
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Illustration for |Vub|

Differential decay rate as a function of leptonic q2

dΓ(B → π`ν)

dq2 =
G2

F
24π3 p3

π|Vub|2|f+(q2)|2

where pπ =
√
~p2
π in B rest frame

Soft-pion configurations (large-q2) suppressed by phase space
Still need a representation over all q2 range

(Too) general representation

f+(q2) =
gBB∗π

M2
B∗ − q2

+
1
π

∫ ∞
(MB+Mπ)2

dt
Im[f+(t)]

t − q2

Many parametrisation models (only poles, polynomial. . . )
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More information on B → π form factors

)2 (GeV2q
0 5 10 15 20 25

+,
0

f

0

2

4

6

8

10 HPQCD
FNAL/MILC
LCSR

0f

+f

Extract |Vub| from exclusive decays combining
Lattice QCD (high q2) + Sum rule/SCET (low q2) + parametrisation

|Vub| also extracted from inclusive B → Xu`ν by 1/mb expansion

Stéphane’s, Olivier’s and Zoltan’s lectures
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Other effective theories

Non-Relavistic QCD (NRQCD)
Heavy-heavy systems (ψ, Υ, Bc)
Hierarchy of scales

in quarkonium rest frame, heavy quark momenta p = MQv + k
slowly moving k0 ∼ MQv2, ~k ∼ MQv, v� 1
different from HQET where k0 ∼ ~k ∼ Λ
v and ”softness” of scales depend on the system
several versions of the effective theory

Heavy-Meson Chiral Perturbation Theory (HMχPT)
Treatment of soft pions and kaons interacting with heavy B,B∗

Theory of mesons rather than quarks (no perturbative matching)
Fundamental parameters

masses and decay constants of light and heavy-light mesons
gBB∗π coupling
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Conclusions
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Conclusions (1)

Hadronic quantities
Defined in an unambiguous way (decay constants, form factors,
matrix elements. . . )
Parametrise our ignorance of low-energy QCD
Symmetries powerful tool to simplify the problem (a bit)

Light-quark symmetries mq → 0
Isospin, SU(3), U-spin
allows one to reduce the number of unknown parameters
illustration with α and γ for nonleptonic decays
generic, but with large corrections for SU(3)
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Conclusions (1)

Heavy-quark symmetry MQ →∞
Useful if other scales comparable or lower than MQ

1/MQ expansion implemented in an effective theory (HQET)
Spin of heavy quark unaffected by soft gluons
Predictions on heavy-light spectrum, exclusive decay rates
Interesting to determine |Vcb|
Other effective theories when further relevant degrees of freedom
(SCET, NRQCD. . . )

Not clever enough to determine hadronic quantities. . .
Need to work hand in hand with lattice QCD
to disentangle strong and weak interactions

in heavy-flavour dynamics
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