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Axion-Inflation
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and with a mechanism of production / exp
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⇤
Fµ⌫ F̃
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simplest realisation it consists in the following steps (for inclusion in numerical simulations

of hard thermal loops and Langevin-like dynamics see [49]). One uses the standard lattice

formulation of the gauge theory action with exact lattice gauge invariance and Minkowski

signature of the metric. The variation of the action with respect to the gauge fields (living

at the links of the lattice) and scalar fields (living at the lattice sites) produce a system of

equations in which the dynamical variables at time slice tn are expressed via those at two

preceding times tn�1 and tn�2. So, giving an initial condition at t0 and t1 (the Cauchy

problem) allows to follow the evolution of the system and address all sorts of questions one

is interested in. The initial conditions are chosen depending on the physical system under

consideration: for sphaleron transitions they are taken from an equilibrium ensemble at

some temperature, for preheating from knowing the spectrum of initial fluctuations of the

fields after inflation, etc.

It is very important that the procedure discussed above is gauge invariant. The vari-

ation of the action with respect to the zero component of the gauge field gives the lattice

Gauss constraint, which is exactly conserved during the (lattice) time evolution. The gauge

invariance insures the stability of numerics and keeps an (approximate) energy conserva-

tion; features that are necessary for a continuum interpretations of the results. It is an

empirical fact that the formulations that are not gauge invariant in discrete space-time

(and only invariant when the lattice spacing and time step go to zero) are plagued with

di↵erent non-physical numerical instabilities.

For a number of applications the simplest gauge-scalar actions should be extended by

an addition of the pieces that contain the so called topological term or Pontryagin density,

Q = Fµ⌫F̃µ⌫ , where the dual of the field strength is defined as usual by F̃µ⌫
⌘

1

2
✏µ⌫↵�F↵� ,

with ✏µ⌫↵� being the completely anti-symmetric tensor in four dimensions, with ✏0123 ⌘ 1.

The most interesting examples contain an axion field coupled linearly to Q as a(x)Fµ⌫F̃µ⌫ ,

and the theories with non-zero chemical potential µ for chiral fermions, leading to an

e↵ective bosonic Hamiltonian containing the Chern-Simons term for the gauge fields µncs,

with ncs /
R
d4xQ.

To investigate the time evolution of these systems one is faced with the following

problem. The realisation of Q on the lattice should be done in such a way that the

continuum topological properties of Q hold: the integral of Q over the volume of space-

time can be expressed via an integral over the boundary. To put it in other words, in

continuum one can write

Q = @µK
µ , (1.1)

where Kµ is the Chern-Simons current. The lattice analogue of this relation is

Q = �+

µK
µ, (1.2)

where �+
µ is the lattice di↵erence in positive direction of µ axis (more details are provided

in Sections 3, 4 and 5). If the lattice (gauge-invariant) definition of Q does not satisfy this

property, we will get unwanted lattice artifacts and the continuum extrapolation would be

di�cult. There are several interesting quantities which are very sensitive to the topological

property (1.1). For example, it is Eq. (1.1) which makes the axion mass ma to be zero
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gauge coupling strength, and Dµ ⌘ @µ � iAµ the covariant derivative. The field strength

and its dual are defined as usual by Fµ⌫ ⌘ @µA⌫ � @⌫Aµ and F̃µ⌫
⌘

1

2
✏µ⌫↵�F↵� . Given our

choice of Aµ ⌘ (�, ~A), we define the electric and magnetic fields as Ei = Ei = Ȧi�@i� and

Bi = Bi = ✏ijk@jAk. This leads to the relations Ei
⌘ F0i = �F 0i, Bi

⌘
1

2
✏ijkFjk, so that

Fµ⌫ = (�µ0�⌫i � �µi�⌫0)Ei + (�µi�⌫j � �µj�⌫i)✏ijkBk. Given our metric signature, we obtain

Fµ⌫F̃µ⌫ = +4 ~E ~B, and arrive at the final vectorial expressions of Eq. (2.1).

Lagrangian Eq. (2.1) describes a system of scalar electro-dynamics in the presence of

an axion-like field a(x), with M some mass scale undetermined at this point. Note that

we maintain explicitly the speed of propagation of the axion c2s as a free parameter, as this

will be convenient for us later on. Action Eq. (2.1) is invariant under the transformations

'(x) ! e+i�(x)'(x), Aµ(x) ! Aµ(x) + @µ�(x), with �(x) 2 < and ei�(x) 2 U(1). Varying

the action, one obtains the equations of motion (EOM)

DµD
µ' = V,'⇤ , (2.2)

@⌫F
µ⌫

�
e2

4⇡2

a

M
@⌫F̃

µ⌫ = e2jµ +
e2

4⇡2

@⌫a

M
F̃µ⌫ , (2.3)

@0@0a� c2s@i@ia =
c2s

4⇡2M
Fµ⌫F̃

µ⌫ , (2.4)

where the (unit-charge) current is defined as jµ = 2Im{'⇤Dµ'}, so that

jµ = (⇢, ~J) ⌘ (2Im{�⇤�̇}, 2Im{�⇤ ~D�}) (2.5)

Eqs. (2.2)-(2.4) can be rewritten in a vectorial form as

DoDo'� ~D ~D' = �V,|'|2' , (2.6)

~̇E + ~r⇥ ~B +
e2

4⇡2

a

M
( ~̇B � ~r⇥ ~E) = e2 ~J �

e2

4⇡2M
ȧ ~B +

e2

4⇡2M
~ra⇥ ~E , (2.7)

~r ~E +
e2

4⇡2

a

M
~r ~B = e2⇢�

e2

4⇡2M
~ra · ~B , (2.8)

ä� c2s ~r
2a =

c2s
4⇡2M

~E · ~B , (2.9)

with Eq. (2.8) representing the Gauss constraint in the presence of an axion.

As mentioned in Section 1, it is well known that the Pontryagin density represents

a topological term, as it can be written as a total derivative Fµ⌫F̃µ⌫ = @µKµ. This is

reflected by the Bianchi identities, i.e. the term @⌫F̃µ⌫ = 0 in Eq. (2.3), or equivalently

its vectorial counterparts ( ~̇B � ~r⇥ E) = 0 in Eq. (2.7), and ~r ~B = 0 in Eq. (2.8). Those

terms simply represent vanishing contributions in the EOM, so it is customary to remove

them. It is nonetheless convenient for us to keep such terms in the EOM, despite their

null contribution. The reason for this will become clear, however, only in Sec. 4, after we

introduce the lattice discretization scheme(s) for the action Eq. (2.1).

For the time being, let us simply note now that due to the topological nature of the

Fµ⌫F̃µ⌫ operator, action Eq. (2.1) is also (’topologically’) invariant under a(x) ! a(x)+C,

with C an arbitrary constant. This is reflected in the fact that the linear coupling of
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We leave the potential V (ϕ) arbitrary, except to assume that it is sufficiently flat to sup-

port the required amount of inflation (Ne
>∼ 60). We assume a spatially flat Friedmann-

Robertson-Walker (FRW) space-time with metric

ds2 ≡ gµνdx
µdxν = −dt2 + a2(t) dx · dx (2.3)

= a2(τ)
[

−dτ2 + dx · dx
]

(2.4)

where on the second line we have introduced conformal time, τ , related to cosmic time as

adτ = dt. Derivatives with respect to cosmic time are denoted as ∂tf ≡ ḟ and with respect

to conformal time as ∂τf ≡ f ′. The Hubble rate H ≡ ȧ/a has conformal time analogue

H ≡ a′/a.

We are first interested in the gauge quanta which are produced by the homogeneous

rolling inflaton φ(τ). To this end, we can ignore the inflaton and metric perturbations

in the equations of motion of the gauge field (see section 5 for the complete treatment).

Extremizing the action with respect to A0, and choosing the Coulomb gauge A0 = 0, then

gives
(

%∇ · %A
)′

= 0, from which we set %∇ · %A = 0. The equations of motion for %A then read

%A′′ −∇2 %A− α

f
φ′ %∇× %A = 0 (2.5)

As we discuss in subsection 2.1, this equation describes the production of the quanta of

the gauge fields that results from the motion of the inflaton.

The produced gauge quanta have two key effects: they backreact on the homogeneous

background dynamics (see subsection 2.2) and also source inflaton perturbations (see sub-

section 2.3). Both effects are governed by the equation of motion of the inflaton, and the

00 Einstein equation, which read, respectively

ϕ′′ + 2Hϕ′ −∇2ϕ+ a2
dV

dϕ
= a2

α

f
%E · %B

H2 =
1

3M2
p

[
1

2
ϕ′2 +

1

2

(

%∇ϕ
)2

+ a2 V +
a2

2

(

%E2 + %B2
)
]

(2.6)

In these equations we have retained the spatial dependence of ϕ (due to the inflaton

perturbations), and we have introduced the physical “electric” and “magnetic” fields2

%B =
1

a2
%∇× %A, %E = − 1

a2
%A′ (2.7)

2.1 Production of Gauge Field Fluctuations

During inflation, the motion of the inflaton leads to an instability for the fluctuations

of the gauge field. To see this effect, we start from the equation of motion for Aµ in

the background of the homogeneous inflaton φ(t), eq. (2.5) above. We decompose the

q-number field %A(τ,x) as

%A(τ,x) =
∑

λ=±

∫
d3k

(2π)3/2

[

%ελ(k)aλ(k)Aλ(τ,k)e
ik·x + h.c.

]

(2.8)

2We do not assume that Aµ necessarily corresponds to the Standard Model electro-magnetic gauge

potential.
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Photon: 2 helicities

inflaton      = pseudo-scalar axion

The rolling inflaton excites the gauge field(s)

V (') +
'

⇤
Fµ⌫ F̃

µ⌫ '

simplest realisation it consists in the following steps (for inclusion in numerical simulations

of hard thermal loops and Langevin-like dynamics see [49]). One uses the standard lattice

formulation of the gauge theory action with exact lattice gauge invariance and Minkowski

signature of the metric. The variation of the action with respect to the gauge fields (living

at the links of the lattice) and scalar fields (living at the lattice sites) produce a system of

equations in which the dynamical variables at time slice tn are expressed via those at two

preceding times tn�1 and tn�2. So, giving an initial condition at t0 and t1 (the Cauchy

problem) allows to follow the evolution of the system and address all sorts of questions one

is interested in. The initial conditions are chosen depending on the physical system under

consideration: for sphaleron transitions they are taken from an equilibrium ensemble at

some temperature, for preheating from knowing the spectrum of initial fluctuations of the

fields after inflation, etc.

It is very important that the procedure discussed above is gauge invariant. The vari-

ation of the action with respect to the zero component of the gauge field gives the lattice

Gauss constraint, which is exactly conserved during the (lattice) time evolution. The gauge

invariance insures the stability of numerics and keeps an (approximate) energy conserva-

tion; features that are necessary for a continuum interpretations of the results. It is an

empirical fact that the formulations that are not gauge invariant in discrete space-time

(and only invariant when the lattice spacing and time step go to zero) are plagued with

di↵erent non-physical numerical instabilities.

For a number of applications the simplest gauge-scalar actions should be extended by

an addition of the pieces that contain the so called topological term or Pontryagin density,

Q = Fµ⌫F̃µ⌫ , where the dual of the field strength is defined as usual by F̃µ⌫
⌘

1

2
✏µ⌫↵�F↵� ,

with ✏µ⌫↵� being the completely anti-symmetric tensor in four dimensions, with ✏0123 ⌘ 1.

The most interesting examples contain an axion field coupled linearly to Q as a(x)Fµ⌫F̃µ⌫ ,

and the theories with non-zero chemical potential µ for chiral fermions, leading to an

e↵ective bosonic Hamiltonian containing the Chern-Simons term for the gauge fields µncs,

with ncs /
R
d4xQ.

To investigate the time evolution of these systems one is faced with the following

problem. The realisation of Q on the lattice should be done in such a way that the

continuum topological properties of Q hold: the integral of Q over the volume of space-

time can be expressed via an integral over the boundary. To put it in other words, in

continuum one can write

Q = @µK
µ , (1.1)

where Kµ is the Chern-Simons current. The lattice analogue of this relation is

Q = �+

µK
µ, (1.2)

where �+
µ is the lattice di↵erence in positive direction of µ axis (more details are provided

in Sections 3, 4 and 5). If the lattice (gauge-invariant) definition of Q does not satisfy this

property, we will get unwanted lattice artifacts and the continuum extrapolation would be

di�cult. There are several interesting quantities which are very sensitive to the topological

property (1.1). For example, it is Eq. (1.1) which makes the axion mass ma to be zero
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gauge coupling strength, and Dµ ⌘ @µ � iAµ the covariant derivative. The field strength

and its dual are defined as usual by Fµ⌫ ⌘ @µA⌫ � @⌫Aµ and F̃µ⌫
⌘

1

2
✏µ⌫↵�F↵� . Given our

choice of Aµ ⌘ (�, ~A), we define the electric and magnetic fields as Ei = Ei = Ȧi�@i� and

Bi = Bi = ✏ijk@jAk. This leads to the relations Ei
⌘ F0i = �F 0i, Bi

⌘
1

2
✏ijkFjk, so that

Fµ⌫ = (�µ0�⌫i � �µi�⌫0)Ei + (�µi�⌫j � �µj�⌫i)✏ijkBk. Given our metric signature, we obtain

Fµ⌫F̃µ⌫ = +4 ~E ~B, and arrive at the final vectorial expressions of Eq. (2.1).

Lagrangian Eq. (2.1) describes a system of scalar electro-dynamics in the presence of

an axion-like field a(x), with M some mass scale undetermined at this point. Note that

we maintain explicitly the speed of propagation of the axion c2s as a free parameter, as this

will be convenient for us later on. Action Eq. (2.1) is invariant under the transformations

'(x) ! e+i�(x)'(x), Aµ(x) ! Aµ(x) + @µ�(x), with �(x) 2 < and ei�(x) 2 U(1). Varying

the action, one obtains the equations of motion (EOM)

DµD
µ' = V,'⇤ , (2.2)

@⌫F
µ⌫

�
e2

4⇡2

a

M
@⌫F̃

µ⌫ = e2jµ +
e2

4⇡2

@⌫a

M
F̃µ⌫ , (2.3)

@0@0a� c2s@i@ia =
c2s

4⇡2M
Fµ⌫F̃

µ⌫ , (2.4)

where the (unit-charge) current is defined as jµ = 2Im{'⇤Dµ'}, so that

jµ = (⇢, ~J) ⌘ (2Im{�⇤�̇}, 2Im{�⇤ ~D�}) (2.5)

Eqs. (2.2)-(2.4) can be rewritten in a vectorial form as

DoDo'� ~D ~D' = �V,|'|2' , (2.6)

~̇E + ~r⇥ ~B +
e2

4⇡2

a

M
( ~̇B � ~r⇥ ~E) = e2 ~J �

e2

4⇡2M
ȧ ~B +

e2

4⇡2M
~ra⇥ ~E , (2.7)

~r ~E +
e2

4⇡2

a

M
~r ~B = e2⇢�

e2

4⇡2M
~ra · ~B , (2.8)

ä� c2s ~r
2a =

c2s
4⇡2M

~E · ~B , (2.9)

with Eq. (2.8) representing the Gauss constraint in the presence of an axion.

As mentioned in Section 1, it is well known that the Pontryagin density represents

a topological term, as it can be written as a total derivative Fµ⌫F̃µ⌫ = @µKµ. This is

reflected by the Bianchi identities, i.e. the term @⌫F̃µ⌫ = 0 in Eq. (2.3), or equivalently

its vectorial counterparts ( ~̇B � ~r⇥ E) = 0 in Eq. (2.7), and ~r ~B = 0 in Eq. (2.8). Those

terms simply represent vanishing contributions in the EOM, so it is customary to remove

them. It is nonetheless convenient for us to keep such terms in the EOM, despite their

null contribution. The reason for this will become clear, however, only in Sec. 4, after we

introduce the lattice discretization scheme(s) for the action Eq. (2.1).

For the time being, let us simply note now that due to the topological nature of the

Fµ⌫F̃µ⌫ operator, action Eq. (2.1) is also (’topologically’) invariant under a(x) ! a(x)+C,

with C an arbitrary constant. This is reflected in the fact that the linear coupling of
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We leave the potential V (ϕ) arbitrary, except to assume that it is sufficiently flat to sup-

port the required amount of inflation (Ne
>∼ 60). We assume a spatially flat Friedmann-

Robertson-Walker (FRW) space-time with metric

ds2 ≡ gµνdx
µdxν = −dt2 + a2(t) dx · dx (2.3)

= a2(τ)
[

−dτ2 + dx · dx
]

(2.4)

where on the second line we have introduced conformal time, τ , related to cosmic time as

adτ = dt. Derivatives with respect to cosmic time are denoted as ∂tf ≡ ḟ and with respect

to conformal time as ∂τf ≡ f ′. The Hubble rate H ≡ ȧ/a has conformal time analogue

H ≡ a′/a.

We are first interested in the gauge quanta which are produced by the homogeneous

rolling inflaton φ(τ). To this end, we can ignore the inflaton and metric perturbations

in the equations of motion of the gauge field (see section 5 for the complete treatment).

Extremizing the action with respect to A0, and choosing the Coulomb gauge A0 = 0, then

gives
(

%∇ · %A
)′

= 0, from which we set %∇ · %A = 0. The equations of motion for %A then read

%A′′ −∇2 %A− α

f
φ′ %∇× %A = 0 (2.5)

As we discuss in subsection 2.1, this equation describes the production of the quanta of

the gauge fields that results from the motion of the inflaton.

The produced gauge quanta have two key effects: they backreact on the homogeneous

background dynamics (see subsection 2.2) and also source inflaton perturbations (see sub-

section 2.3). Both effects are governed by the equation of motion of the inflaton, and the

00 Einstein equation, which read, respectively

ϕ′′ + 2Hϕ′ −∇2ϕ+ a2
dV

dϕ
= a2

α

f
%E · %B

H2 =
1

3M2
p

[
1

2
ϕ′2 +

1

2

(

%∇ϕ
)2

+ a2 V +
a2

2

(

%E2 + %B2
)
]

(2.6)

In these equations we have retained the spatial dependence of ϕ (due to the inflaton

perturbations), and we have introduced the physical “electric” and “magnetic” fields2

%B =
1

a2
%∇× %A, %E = − 1

a2
%A′ (2.7)

2.1 Production of Gauge Field Fluctuations

During inflation, the motion of the inflaton leads to an instability for the fluctuations

of the gauge field. To see this effect, we start from the equation of motion for Aµ in

the background of the homogeneous inflaton φ(t), eq. (2.5) above. We decompose the

q-number field %A(τ,x) as

%A(τ,x) =
∑

λ=±

∫
d3k

(2π)3/2

[

%ελ(k)aλ(k)Aλ(τ,k)e
ik·x + h.c.

]

(2.8)

2We do not assume that Aµ necessarily corresponds to the Standard Model electro-magnetic gauge

potential.
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where “h.c.” denotes the Hermitian conjugate of the preceding term, the annihilation/creation

operators obey [

aλ(k), a
†
λ′(k′)

]

= δλλ′δ(3)(k− k′) (2.9)

Here "ελ are circular polarization vectors satisfying "k ·"ε±
(

"k
)

= 0, "k×"ε±
(

"k
)

= ∓ik"ε±
(

"k
)

,

"ε±
(

"−k
)

= "ε±
(

"k
)∗

, and normalized according to "ελ
(

"k
)∗

· "ελ′

(

"k
)

= δλλ′ .

Inserting the decomposition (2.8) into eq. (2.5) results in the equation of motion

[
∂2

∂τ2
+ k2 ± 2kξ

τ

]

A±(τ, k) = 0, ξ ≡ αφ̇

2fH
(2.10)

for the c-number mode functions A±. During inflation the parameter ξ may be treated as

constant, as its time variation is subleading in a slow roll expansion.

From equation (2.10) we see that one of the polarizations of "Aλ experiences a tachyonic

instability for k/(aH) <∼ 2ξ. Without loss of generality, we assume that φ̇ > 0 during

inflation, so that the mode exhibiting the instability is A+. In appendix A we review the

solutions of (2.10) and show that the growth of fluctuations is well described by [15]

A+(τ, k) ∼=
1√
2k

(
k

2ξaH

)1/4

eπξ−2
√

2ξk/(aH) (2.11)

in the interval (8ξ)−1 <∼ k/(aH) <∼ 2ξ [18] of phase space that accounts for most of the

power in the produced gauge fluctuations. The phase space of growing modes is non-

vanishing for ξ >∼ O(1), which we assume throughout. Notice the exponential enhancement

eπξ in the solution (2.11), which arises due to tachyonic instability, and reflects significant

nonperturbative gauge particle production in the regime ξ >∼ 1. On the other hand, the

production of gauge field fluctuations is uninterestingly small for ξ < 1. Note also that the

other polarization state, A−(τ, k), is not produced and can therefore be ignored.

We have thus seen that the motion of the homogeneous inflaton φ(t) leads to produc-

tion of gauge field quanta δAµ. There are two key physical effects associated with the

interactions of these produced quanta with the inflaton. The first effect is the backreaction

of the produced quanta on the homogeneous dynamics of φ(t), a(t). In the next subsec-

tion we study the conditions under which backreaction effects are negligible. The second

key physical effect is the production of inflaton fluctuations via inverse decay ; this is the

subject of subsection 2.3.

2.2 Backreaction Effects

Backreaction effects can be accounted for using the mean of the field equations (2.6):

φ̈+ 3Hφ̇+ V ′(φ) =
α

f
〈 "E · "B〉 (2.12)

3H2 =
1

M2
p

[
1

2
φ̇2 + V (φ) +

1

2
〈 "E2 + "B2〉

]

(2.13)

where we have switched to physical time. The expectation values appearing in (2.12,2.13)

encode the backreaction of the produced gauge quanta on the homogeneous dynamics of
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interactions of these produced quanta with the inflaton. The first effect is the backreaction

of the produced quanta on the homogeneous dynamics of φ(t), a(t). In the next subsec-

tion we study the conditions under which backreaction effects are negligible. The second
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We leave the potential V (ϕ) arbitrary, except to assume that it is sufficiently flat to sup-

port the required amount of inflation (Ne
>∼ 60). We assume a spatially flat Friedmann-

Robertson-Walker (FRW) space-time with metric

ds2 ≡ gµνdx
µdxν = −dt2 + a2(t) dx · dx (2.3)

= a2(τ)
[

−dτ2 + dx · dx
]

(2.4)

where on the second line we have introduced conformal time, τ , related to cosmic time as

adτ = dt. Derivatives with respect to cosmic time are denoted as ∂tf ≡ ḟ and with respect

to conformal time as ∂τf ≡ f ′. The Hubble rate H ≡ ȧ/a has conformal time analogue

H ≡ a′/a.

We are first interested in the gauge quanta which are produced by the homogeneous

rolling inflaton φ(τ). To this end, we can ignore the inflaton and metric perturbations

in the equations of motion of the gauge field (see section 5 for the complete treatment).

Extremizing the action with respect to A0, and choosing the Coulomb gauge A0 = 0, then

gives
(

%∇ · %A
)′

= 0, from which we set %∇ · %A = 0. The equations of motion for %A then read

%A′′ −∇2 %A− α

f
φ′ %∇× %A = 0 (2.5)

As we discuss in subsection 2.1, this equation describes the production of the quanta of

the gauge fields that results from the motion of the inflaton.

The produced gauge quanta have two key effects: they backreact on the homogeneous

background dynamics (see subsection 2.2) and also source inflaton perturbations (see sub-

section 2.3). Both effects are governed by the equation of motion of the inflaton, and the

00 Einstein equation, which read, respectively

ϕ′′ + 2Hϕ′ −∇2ϕ+ a2
dV

dϕ
= a2

α

f
%E · %B

H2 =
1

3M2
p

[
1

2
ϕ′2 +

1

2

(

%∇ϕ
)2

+ a2 V +
a2

2

(

%E2 + %B2
)
]

(2.6)

In these equations we have retained the spatial dependence of ϕ (due to the inflaton

perturbations), and we have introduced the physical “electric” and “magnetic” fields2

%B =
1

a2
%∇× %A, %E = − 1

a2
%A′ (2.7)

2.1 Production of Gauge Field Fluctuations

During inflation, the motion of the inflaton leads to an instability for the fluctuations

of the gauge field. To see this effect, we start from the equation of motion for Aµ in

the background of the homogeneous inflaton φ(t), eq. (2.5) above. We decompose the

q-number field %A(τ,x) as

%A(τ,x) =
∑

λ=±

∫
d3k

(2π)3/2

[

%ελ(k)aλ(k)Aλ(τ,k)e
ik·x + h.c.

]

(2.8)

2We do not assume that Aµ necessarily corresponds to the Standard Model electro-magnetic gauge

potential.
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Photon: 2 helicities

inflaton      = pseudo-scalar axion

The rolling inflaton excites the gauge field(s)

V (') +
'

⇤
Fµ⌫ F̃

µ⌫ '

simplest realisation it consists in the following steps (for inclusion in numerical simulations

of hard thermal loops and Langevin-like dynamics see [49]). One uses the standard lattice

formulation of the gauge theory action with exact lattice gauge invariance and Minkowski

signature of the metric. The variation of the action with respect to the gauge fields (living

at the links of the lattice) and scalar fields (living at the lattice sites) produce a system of

equations in which the dynamical variables at time slice tn are expressed via those at two

preceding times tn�1 and tn�2. So, giving an initial condition at t0 and t1 (the Cauchy

problem) allows to follow the evolution of the system and address all sorts of questions one

is interested in. The initial conditions are chosen depending on the physical system under

consideration: for sphaleron transitions they are taken from an equilibrium ensemble at

some temperature, for preheating from knowing the spectrum of initial fluctuations of the

fields after inflation, etc.

It is very important that the procedure discussed above is gauge invariant. The vari-

ation of the action with respect to the zero component of the gauge field gives the lattice

Gauss constraint, which is exactly conserved during the (lattice) time evolution. The gauge

invariance insures the stability of numerics and keeps an (approximate) energy conserva-

tion; features that are necessary for a continuum interpretations of the results. It is an

empirical fact that the formulations that are not gauge invariant in discrete space-time

(and only invariant when the lattice spacing and time step go to zero) are plagued with

di↵erent non-physical numerical instabilities.

For a number of applications the simplest gauge-scalar actions should be extended by

an addition of the pieces that contain the so called topological term or Pontryagin density,

Q = Fµ⌫F̃µ⌫ , where the dual of the field strength is defined as usual by F̃µ⌫
⌘

1

2
✏µ⌫↵�F↵� ,

with ✏µ⌫↵� being the completely anti-symmetric tensor in four dimensions, with ✏0123 ⌘ 1.

The most interesting examples contain an axion field coupled linearly to Q as a(x)Fµ⌫F̃µ⌫ ,

and the theories with non-zero chemical potential µ for chiral fermions, leading to an

e↵ective bosonic Hamiltonian containing the Chern-Simons term for the gauge fields µncs,

with ncs /
R
d4xQ.

To investigate the time evolution of these systems one is faced with the following

problem. The realisation of Q on the lattice should be done in such a way that the

continuum topological properties of Q hold: the integral of Q over the volume of space-

time can be expressed via an integral over the boundary. To put it in other words, in

continuum one can write

Q = @µK
µ , (1.1)

where Kµ is the Chern-Simons current. The lattice analogue of this relation is

Q = �+

µK
µ, (1.2)

where �+
µ is the lattice di↵erence in positive direction of µ axis (more details are provided

in Sections 3, 4 and 5). If the lattice (gauge-invariant) definition of Q does not satisfy this

property, we will get unwanted lattice artifacts and the continuum extrapolation would be

di�cult. There are several interesting quantities which are very sensitive to the topological

property (1.1). For example, it is Eq. (1.1) which makes the axion mass ma to be zero
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gauge coupling strength, and Dµ ⌘ @µ � iAµ the covariant derivative. The field strength

and its dual are defined as usual by Fµ⌫ ⌘ @µA⌫ � @⌫Aµ and F̃µ⌫
⌘

1

2
✏µ⌫↵�F↵� . Given our

choice of Aµ ⌘ (�, ~A), we define the electric and magnetic fields as Ei = Ei = Ȧi�@i� and

Bi = Bi = ✏ijk@jAk. This leads to the relations Ei
⌘ F0i = �F 0i, Bi

⌘
1

2
✏ijkFjk, so that

Fµ⌫ = (�µ0�⌫i � �µi�⌫0)Ei + (�µi�⌫j � �µj�⌫i)✏ijkBk. Given our metric signature, we obtain

Fµ⌫F̃µ⌫ = +4 ~E ~B, and arrive at the final vectorial expressions of Eq. (2.1).

Lagrangian Eq. (2.1) describes a system of scalar electro-dynamics in the presence of

an axion-like field a(x), with M some mass scale undetermined at this point. Note that

we maintain explicitly the speed of propagation of the axion c2s as a free parameter, as this

will be convenient for us later on. Action Eq. (2.1) is invariant under the transformations

'(x) ! e+i�(x)'(x), Aµ(x) ! Aµ(x) + @µ�(x), with �(x) 2 < and ei�(x) 2 U(1). Varying

the action, one obtains the equations of motion (EOM)

DµD
µ' = V,'⇤ , (2.2)

@⌫F
µ⌫

�
e2

4⇡2

a

M
@⌫F̃

µ⌫ = e2jµ +
e2

4⇡2

@⌫a

M
F̃µ⌫ , (2.3)

@0@0a� c2s@i@ia =
c2s

4⇡2M
Fµ⌫F̃

µ⌫ , (2.4)

where the (unit-charge) current is defined as jµ = 2Im{'⇤Dµ'}, so that

jµ = (⇢, ~J) ⌘ (2Im{�⇤�̇}, 2Im{�⇤ ~D�}) (2.5)

Eqs. (2.2)-(2.4) can be rewritten in a vectorial form as

DoDo'� ~D ~D' = �V,|'|2' , (2.6)

~̇E + ~r⇥ ~B +
e2

4⇡2

a

M
( ~̇B � ~r⇥ ~E) = e2 ~J �

e2

4⇡2M
ȧ ~B +

e2

4⇡2M
~ra⇥ ~E , (2.7)

~r ~E +
e2

4⇡2

a

M
~r ~B = e2⇢�

e2

4⇡2M
~ra · ~B , (2.8)

ä� c2s ~r
2a =

c2s
4⇡2M

~E · ~B , (2.9)

with Eq. (2.8) representing the Gauss constraint in the presence of an axion.

As mentioned in Section 1, it is well known that the Pontryagin density represents

a topological term, as it can be written as a total derivative Fµ⌫F̃µ⌫ = @µKµ. This is

reflected by the Bianchi identities, i.e. the term @⌫F̃µ⌫ = 0 in Eq. (2.3), or equivalently

its vectorial counterparts ( ~̇B � ~r⇥ E) = 0 in Eq. (2.7), and ~r ~B = 0 in Eq. (2.8). Those

terms simply represent vanishing contributions in the EOM, so it is customary to remove

them. It is nonetheless convenient for us to keep such terms in the EOM, despite their

null contribution. The reason for this will become clear, however, only in Sec. 4, after we

introduce the lattice discretization scheme(s) for the action Eq. (2.1).

For the time being, let us simply note now that due to the topological nature of the

Fµ⌫F̃µ⌫ operator, action Eq. (2.1) is also (’topologically’) invariant under a(x) ! a(x)+C,

with C an arbitrary constant. This is reflected in the fact that the linear coupling of
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where on the second line we have introduced conformal time, τ , related to cosmic time as
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We are first interested in the gauge quanta which are produced by the homogeneous

rolling inflaton φ(τ). To this end, we can ignore the inflaton and metric perturbations

in the equations of motion of the gauge field (see section 5 for the complete treatment).

Extremizing the action with respect to A0, and choosing the Coulomb gauge A0 = 0, then

gives
(

%∇ · %A
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= 0, from which we set %∇ · %A = 0. The equations of motion for %A then read

%A′′ −∇2 %A− α

f
φ′ %∇× %A = 0 (2.5)

As we discuss in subsection 2.1, this equation describes the production of the quanta of

the gauge fields that results from the motion of the inflaton.

The produced gauge quanta have two key effects: they backreact on the homogeneous

background dynamics (see subsection 2.2) and also source inflaton perturbations (see sub-

section 2.3). Both effects are governed by the equation of motion of the inflaton, and the

00 Einstein equation, which read, respectively

ϕ′′ + 2Hϕ′ −∇2ϕ+ a2
dV

dϕ
= a2

α

f
%E · %B

H2 =
1

3M2
p

[
1

2
ϕ′2 +

1

2

(

%∇ϕ
)2

+ a2 V +
a2

2

(

%E2 + %B2
)
]

(2.6)

In these equations we have retained the spatial dependence of ϕ (due to the inflaton

perturbations), and we have introduced the physical “electric” and “magnetic” fields2

%B =
1

a2
%∇× %A, %E = − 1

a2
%A′ (2.7)

2.1 Production of Gauge Field Fluctuations

During inflation, the motion of the inflaton leads to an instability for the fluctuations

of the gauge field. To see this effect, we start from the equation of motion for Aµ in

the background of the homogeneous inflaton φ(t), eq. (2.5) above. We decompose the

q-number field %A(τ,x) as

%A(τ,x) =
∑

λ=±

∫
d3k

(2π)3/2

[

%ελ(k)aλ(k)Aλ(τ,k)e
ik·x + h.c.

]

(2.8)

2We do not assume that Aµ necessarily corresponds to the Standard Model electro-magnetic gauge

potential.
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where “h.c.” denotes the Hermitian conjugate of the preceding term, the annihilation/creation

operators obey [

aλ(k), a
†
λ′(k′)

]

= δλλ′δ(3)(k− k′) (2.9)

Here "ελ are circular polarization vectors satisfying "k ·"ε±
(

"k
)

= 0, "k×"ε±
(

"k
)

= ∓ik"ε±
(

"k
)

,

"ε±
(

"−k
)

= "ε±
(

"k
)∗

, and normalized according to "ελ
(

"k
)∗

· "ελ′

(

"k
)

= δλλ′ .

Inserting the decomposition (2.8) into eq. (2.5) results in the equation of motion

[
∂2

∂τ2
+ k2 ± 2kξ

τ

]

A±(τ, k) = 0, ξ ≡ αφ̇

2fH
(2.10)

for the c-number mode functions A±. During inflation the parameter ξ may be treated as

constant, as its time variation is subleading in a slow roll expansion.

From equation (2.10) we see that one of the polarizations of "Aλ experiences a tachyonic

instability for k/(aH) <∼ 2ξ. Without loss of generality, we assume that φ̇ > 0 during

inflation, so that the mode exhibiting the instability is A+. In appendix A we review the

solutions of (2.10) and show that the growth of fluctuations is well described by [15]

A+(τ, k) ∼=
1√
2k

(
k

2ξaH

)1/4

eπξ−2
√

2ξk/(aH) (2.11)

in the interval (8ξ)−1 <∼ k/(aH) <∼ 2ξ [18] of phase space that accounts for most of the

power in the produced gauge fluctuations. The phase space of growing modes is non-

vanishing for ξ >∼ O(1), which we assume throughout. Notice the exponential enhancement

eπξ in the solution (2.11), which arises due to tachyonic instability, and reflects significant

nonperturbative gauge particle production in the regime ξ >∼ 1. On the other hand, the

production of gauge field fluctuations is uninterestingly small for ξ < 1. Note also that the

other polarization state, A−(τ, k), is not produced and can therefore be ignored.

We have thus seen that the motion of the homogeneous inflaton φ(t) leads to produc-

tion of gauge field quanta δAµ. There are two key physical effects associated with the

interactions of these produced quanta with the inflaton. The first effect is the backreaction

of the produced quanta on the homogeneous dynamics of φ(t), a(t). In the next subsec-

tion we study the conditions under which backreaction effects are negligible. The second

key physical effect is the production of inflaton fluctuations via inverse decay ; this is the

subject of subsection 2.3.

2.2 Backreaction Effects

Backreaction effects can be accounted for using the mean of the field equations (2.6):

φ̈+ 3Hφ̇+ V ′(φ) =
α

f
〈 "E · "B〉 (2.12)

3H2 =
1

M2
p

[
1

2
φ̇2 + V (φ) +

1

2
〈 "E2 + "B2〉

]

(2.13)

where we have switched to physical time. The expectation values appearing in (2.12,2.13)

encode the backreaction of the produced gauge quanta on the homogeneous dynamics of
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solutions of (2.10) and show that the growth of fluctuations is well described by [15]

A+(τ, k) ∼=
1√
2k

(
k

2ξaH

)1/4

eπξ−2
√

2ξk/(aH) (2.11)

in the interval (8ξ)−1 <∼ k/(aH) <∼ 2ξ [18] of phase space that accounts for most of the

power in the produced gauge fluctuations. The phase space of growing modes is non-

vanishing for ξ >∼ O(1), which we assume throughout. Notice the exponential enhancement

eπξ in the solution (2.11), which arises due to tachyonic instability, and reflects significant

nonperturbative gauge particle production in the regime ξ >∼ 1. On the other hand, the

production of gauge field fluctuations is uninterestingly small for ξ < 1. Note also that the

other polarization state, A−(τ, k), is not produced and can therefore be ignored.

We have thus seen that the motion of the homogeneous inflaton φ(t) leads to produc-

tion of gauge field quanta δAµ. There are two key physical effects associated with the

interactions of these produced quanta with the inflaton. The first effect is the backreaction

of the produced quanta on the homogeneous dynamics of φ(t), a(t). In the next subsec-

tion we study the conditions under which backreaction effects are negligible. The second

key physical effect is the production of inflaton fluctuations via inverse decay ; this is the

subject of subsection 2.3.

2.2 Backreaction Effects

Backreaction effects can be accounted for using the mean of the field equations (2.6):

φ̈+ 3Hφ̇+ V ′(φ) =
α

f
〈 "E · "B〉 (2.12)

3H2 =
1

M2
p

[
1

2
φ̇2 + V (φ) +

1

2
〈 "E2 + "B2〉

]

(2.13)

where we have switched to physical time. The expectation values appearing in (2.12,2.13)

encode the backreaction of the produced gauge quanta on the homogeneous dynamics of
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"k
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"k
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"ε±
(

"−k
)
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(

"k
)∗
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(
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"k
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= δλλ′ .
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Gauge field excitation is chiral !

[J. Cook, L. Sorbo (arXiv:1109.0022)] [N. Barnaby, E. Pajer, M. Peloso (arXiv:1110.3327)]

A+ / e⇡⇠ , |A�| ⌧ |A+|
A+ exponentially amplified, 


A− has no amplification


inflaton      = pseudo-scalar axion

The rolling inflaton excites the gauge field(s)

V (') +
'

⇤
Fµ⌫ F̃

µ⌫ '

simplest realisation it consists in the following steps (for inclusion in numerical simulations

of hard thermal loops and Langevin-like dynamics see [49]). One uses the standard lattice

formulation of the gauge theory action with exact lattice gauge invariance and Minkowski

signature of the metric. The variation of the action with respect to the gauge fields (living

at the links of the lattice) and scalar fields (living at the lattice sites) produce a system of

equations in which the dynamical variables at time slice tn are expressed via those at two

preceding times tn�1 and tn�2. So, giving an initial condition at t0 and t1 (the Cauchy

problem) allows to follow the evolution of the system and address all sorts of questions one

is interested in. The initial conditions are chosen depending on the physical system under

consideration: for sphaleron transitions they are taken from an equilibrium ensemble at

some temperature, for preheating from knowing the spectrum of initial fluctuations of the

fields after inflation, etc.

It is very important that the procedure discussed above is gauge invariant. The vari-

ation of the action with respect to the zero component of the gauge field gives the lattice

Gauss constraint, which is exactly conserved during the (lattice) time evolution. The gauge

invariance insures the stability of numerics and keeps an (approximate) energy conserva-

tion; features that are necessary for a continuum interpretations of the results. It is an

empirical fact that the formulations that are not gauge invariant in discrete space-time

(and only invariant when the lattice spacing and time step go to zero) are plagued with

di↵erent non-physical numerical instabilities.

For a number of applications the simplest gauge-scalar actions should be extended by

an addition of the pieces that contain the so called topological term or Pontryagin density,

Q = Fµ⌫F̃µ⌫ , where the dual of the field strength is defined as usual by F̃µ⌫
⌘

1

2
✏µ⌫↵�F↵� ,

with ✏µ⌫↵� being the completely anti-symmetric tensor in four dimensions, with ✏0123 ⌘ 1.

The most interesting examples contain an axion field coupled linearly to Q as a(x)Fµ⌫F̃µ⌫ ,

and the theories with non-zero chemical potential µ for chiral fermions, leading to an

e↵ective bosonic Hamiltonian containing the Chern-Simons term for the gauge fields µncs,

with ncs /
R
d4xQ.

To investigate the time evolution of these systems one is faced with the following

problem. The realisation of Q on the lattice should be done in such a way that the

continuum topological properties of Q hold: the integral of Q over the volume of space-

time can be expressed via an integral over the boundary. To put it in other words, in

continuum one can write

Q = @µK
µ , (1.1)

where Kµ is the Chern-Simons current. The lattice analogue of this relation is

Q = �+

µK
µ, (1.2)

where �+
µ is the lattice di↵erence in positive direction of µ axis (more details are provided

in Sections 3, 4 and 5). If the lattice (gauge-invariant) definition of Q does not satisfy this

property, we will get unwanted lattice artifacts and the continuum extrapolation would be

di�cult. There are several interesting quantities which are very sensitive to the topological

property (1.1). For example, it is Eq. (1.1) which makes the axion mass ma to be zero
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gauge coupling strength, and Dµ ⌘ @µ � iAµ the covariant derivative. The field strength

and its dual are defined as usual by Fµ⌫ ⌘ @µA⌫ � @⌫Aµ and F̃µ⌫
⌘

1

2
✏µ⌫↵�F↵� . Given our

choice of Aµ ⌘ (�, ~A), we define the electric and magnetic fields as Ei = Ei = Ȧi�@i� and

Bi = Bi = ✏ijk@jAk. This leads to the relations Ei
⌘ F0i = �F 0i, Bi

⌘
1

2
✏ijkFjk, so that

Fµ⌫ = (�µ0�⌫i � �µi�⌫0)Ei + (�µi�⌫j � �µj�⌫i)✏ijkBk. Given our metric signature, we obtain

Fµ⌫F̃µ⌫ = +4 ~E ~B, and arrive at the final vectorial expressions of Eq. (2.1).

Lagrangian Eq. (2.1) describes a system of scalar electro-dynamics in the presence of

an axion-like field a(x), with M some mass scale undetermined at this point. Note that

we maintain explicitly the speed of propagation of the axion c2s as a free parameter, as this

will be convenient for us later on. Action Eq. (2.1) is invariant under the transformations

'(x) ! e+i�(x)'(x), Aµ(x) ! Aµ(x) + @µ�(x), with �(x) 2 < and ei�(x) 2 U(1). Varying

the action, one obtains the equations of motion (EOM)

DµD
µ' = V,'⇤ , (2.2)

@⌫F
µ⌫

�
e2

4⇡2

a

M
@⌫F̃

µ⌫ = e2jµ +
e2

4⇡2

@⌫a

M
F̃µ⌫ , (2.3)

@0@0a� c2s@i@ia =
c2s

4⇡2M
Fµ⌫F̃

µ⌫ , (2.4)

where the (unit-charge) current is defined as jµ = 2Im{'⇤Dµ'}, so that

jµ = (⇢, ~J) ⌘ (2Im{�⇤�̇}, 2Im{�⇤ ~D�}) (2.5)

Eqs. (2.2)-(2.4) can be rewritten in a vectorial form as

DoDo'� ~D ~D' = �V,|'|2' , (2.6)

~̇E + ~r⇥ ~B +
e2

4⇡2

a

M
( ~̇B � ~r⇥ ~E) = e2 ~J �

e2

4⇡2M
ȧ ~B +

e2

4⇡2M
~ra⇥ ~E , (2.7)

~r ~E +
e2

4⇡2

a

M
~r ~B = e2⇢�

e2

4⇡2M
~ra · ~B , (2.8)

ä� c2s ~r
2a =

c2s
4⇡2M

~E · ~B , (2.9)

with Eq. (2.8) representing the Gauss constraint in the presence of an axion.

As mentioned in Section 1, it is well known that the Pontryagin density represents

a topological term, as it can be written as a total derivative Fµ⌫F̃µ⌫ = @µKµ. This is

reflected by the Bianchi identities, i.e. the term @⌫F̃µ⌫ = 0 in Eq. (2.3), or equivalently

its vectorial counterparts ( ~̇B � ~r⇥ E) = 0 in Eq. (2.7), and ~r ~B = 0 in Eq. (2.8). Those

terms simply represent vanishing contributions in the EOM, so it is customary to remove

them. It is nonetheless convenient for us to keep such terms in the EOM, despite their

null contribution. The reason for this will become clear, however, only in Sec. 4, after we

introduce the lattice discretization scheme(s) for the action Eq. (2.1).

For the time being, let us simply note now that due to the topological nature of the

Fµ⌫F̃µ⌫ operator, action Eq. (2.1) is also (’topologically’) invariant under a(x) ! a(x)+C,

with C an arbitrary constant. This is reflected in the fact that the linear coupling of
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Then … Primordial non-Gaussianities, primordial black holes, µ distortions, 
primordial magnetic fields, baryon asymmetry and Gravitational waves (GW)
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Gauge field excitation creates chiral GWs !

[J. Cook, L. Sorbo (arXiv:1109.0022)] [N. Barnaby, E. Pajer, M. Peloso (arXiv:1110.3327)]

inflaton      = pseudo-scalar axion

The rolling inflaton excites the gauge field(s)

V (') +
'

⇤
Fµ⌫ F̃

µ⌫ '

simplest realisation it consists in the following steps (for inclusion in numerical simulations

of hard thermal loops and Langevin-like dynamics see [49]). One uses the standard lattice

formulation of the gauge theory action with exact lattice gauge invariance and Minkowski

signature of the metric. The variation of the action with respect to the gauge fields (living

at the links of the lattice) and scalar fields (living at the lattice sites) produce a system of

equations in which the dynamical variables at time slice tn are expressed via those at two

preceding times tn�1 and tn�2. So, giving an initial condition at t0 and t1 (the Cauchy

problem) allows to follow the evolution of the system and address all sorts of questions one

is interested in. The initial conditions are chosen depending on the physical system under

consideration: for sphaleron transitions they are taken from an equilibrium ensemble at

some temperature, for preheating from knowing the spectrum of initial fluctuations of the

fields after inflation, etc.

It is very important that the procedure discussed above is gauge invariant. The vari-

ation of the action with respect to the zero component of the gauge field gives the lattice

Gauss constraint, which is exactly conserved during the (lattice) time evolution. The gauge

invariance insures the stability of numerics and keeps an (approximate) energy conserva-

tion; features that are necessary for a continuum interpretations of the results. It is an

empirical fact that the formulations that are not gauge invariant in discrete space-time

(and only invariant when the lattice spacing and time step go to zero) are plagued with

di↵erent non-physical numerical instabilities.

For a number of applications the simplest gauge-scalar actions should be extended by

an addition of the pieces that contain the so called topological term or Pontryagin density,

Q = Fµ⌫F̃µ⌫ , where the dual of the field strength is defined as usual by F̃µ⌫
⌘

1

2
✏µ⌫↵�F↵� ,

with ✏µ⌫↵� being the completely anti-symmetric tensor in four dimensions, with ✏0123 ⌘ 1.

The most interesting examples contain an axion field coupled linearly to Q as a(x)Fµ⌫F̃µ⌫ ,

and the theories with non-zero chemical potential µ for chiral fermions, leading to an

e↵ective bosonic Hamiltonian containing the Chern-Simons term for the gauge fields µncs,

with ncs /
R
d4xQ.

To investigate the time evolution of these systems one is faced with the following

problem. The realisation of Q on the lattice should be done in such a way that the

continuum topological properties of Q hold: the integral of Q over the volume of space-

time can be expressed via an integral over the boundary. To put it in other words, in

continuum one can write

Q = @µK
µ , (1.1)

where Kµ is the Chern-Simons current. The lattice analogue of this relation is

Q = �+

µK
µ, (1.2)

where �+
µ is the lattice di↵erence in positive direction of µ axis (more details are provided

in Sections 3, 4 and 5). If the lattice (gauge-invariant) definition of Q does not satisfy this

property, we will get unwanted lattice artifacts and the continuum extrapolation would be

di�cult. There are several interesting quantities which are very sensitive to the topological

property (1.1). For example, it is Eq. (1.1) which makes the axion mass ma to be zero
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gauge coupling strength, and Dµ ⌘ @µ � iAµ the covariant derivative. The field strength

and its dual are defined as usual by Fµ⌫ ⌘ @µA⌫ � @⌫Aµ and F̃µ⌫
⌘

1

2
✏µ⌫↵�F↵� . Given our

choice of Aµ ⌘ (�, ~A), we define the electric and magnetic fields as Ei = Ei = Ȧi�@i� and

Bi = Bi = ✏ijk@jAk. This leads to the relations Ei
⌘ F0i = �F 0i, Bi

⌘
1

2
✏ijkFjk, so that

Fµ⌫ = (�µ0�⌫i � �µi�⌫0)Ei + (�µi�⌫j � �µj�⌫i)✏ijkBk. Given our metric signature, we obtain

Fµ⌫F̃µ⌫ = +4 ~E ~B, and arrive at the final vectorial expressions of Eq. (2.1).

Lagrangian Eq. (2.1) describes a system of scalar electro-dynamics in the presence of

an axion-like field a(x), with M some mass scale undetermined at this point. Note that

we maintain explicitly the speed of propagation of the axion c2s as a free parameter, as this

will be convenient for us later on. Action Eq. (2.1) is invariant under the transformations

'(x) ! e+i�(x)'(x), Aµ(x) ! Aµ(x) + @µ�(x), with �(x) 2 < and ei�(x) 2 U(1). Varying

the action, one obtains the equations of motion (EOM)

DµD
µ' = V,'⇤ , (2.2)

@⌫F
µ⌫

�
e2

4⇡2

a

M
@⌫F̃

µ⌫ = e2jµ +
e2

4⇡2

@⌫a

M
F̃µ⌫ , (2.3)

@0@0a� c2s@i@ia =
c2s

4⇡2M
Fµ⌫F̃

µ⌫ , (2.4)

where the (unit-charge) current is defined as jµ = 2Im{'⇤Dµ'}, so that

jµ = (⇢, ~J) ⌘ (2Im{�⇤�̇}, 2Im{�⇤ ~D�}) (2.5)

Eqs. (2.2)-(2.4) can be rewritten in a vectorial form as

DoDo'� ~D ~D' = �V,|'|2' , (2.6)

~̇E + ~r⇥ ~B +
e2

4⇡2

a

M
( ~̇B � ~r⇥ ~E) = e2 ~J �

e2

4⇡2M
ȧ ~B +

e2

4⇡2M
~ra⇥ ~E , (2.7)

~r ~E +
e2

4⇡2

a

M
~r ~B = e2⇢�

e2

4⇡2M
~ra · ~B , (2.8)

ä� c2s ~r
2a =

c2s
4⇡2M

~E · ~B , (2.9)

with Eq. (2.8) representing the Gauss constraint in the presence of an axion.

As mentioned in Section 1, it is well known that the Pontryagin density represents

a topological term, as it can be written as a total derivative Fµ⌫F̃µ⌫ = @µKµ. This is

reflected by the Bianchi identities, i.e. the term @⌫F̃µ⌫ = 0 in Eq. (2.3), or equivalently

its vectorial counterparts ( ~̇B � ~r⇥ E) = 0 in Eq. (2.7), and ~r ~B = 0 in Eq. (2.8). Those

terms simply represent vanishing contributions in the EOM, so it is customary to remove

them. It is nonetheless convenient for us to keep such terms in the EOM, despite their

null contribution. The reason for this will become clear, however, only in Sec. 4, after we

introduce the lattice discretization scheme(s) for the action Eq. (2.1).

For the time being, let us simply note now that due to the topological nature of the

Fµ⌫F̃µ⌫ operator, action Eq. (2.1) is also (’topologically’) invariant under a(x) ! a(x)+C,

with C an arbitrary constant. This is reflected in the fact that the linear coupling of
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Gauge field excitation creates chiral GWs !

[J. Cook, L. Sorbo (arXiv:1109.0022)] [N. Barnaby, E. Pajer, M. Peloso (arXiv:1110.3327)]

inflaton      = pseudo-scalar axion

The rolling inflaton excites the gauge field(s)

V (') +
'

⇤
Fµ⌫ F̃

µ⌫ '

simplest realisation it consists in the following steps (for inclusion in numerical simulations

of hard thermal loops and Langevin-like dynamics see [49]). One uses the standard lattice

formulation of the gauge theory action with exact lattice gauge invariance and Minkowski

signature of the metric. The variation of the action with respect to the gauge fields (living

at the links of the lattice) and scalar fields (living at the lattice sites) produce a system of

equations in which the dynamical variables at time slice tn are expressed via those at two

preceding times tn�1 and tn�2. So, giving an initial condition at t0 and t1 (the Cauchy

problem) allows to follow the evolution of the system and address all sorts of questions one

is interested in. The initial conditions are chosen depending on the physical system under

consideration: for sphaleron transitions they are taken from an equilibrium ensemble at

some temperature, for preheating from knowing the spectrum of initial fluctuations of the

fields after inflation, etc.

It is very important that the procedure discussed above is gauge invariant. The vari-

ation of the action with respect to the zero component of the gauge field gives the lattice

Gauss constraint, which is exactly conserved during the (lattice) time evolution. The gauge

invariance insures the stability of numerics and keeps an (approximate) energy conserva-

tion; features that are necessary for a continuum interpretations of the results. It is an

empirical fact that the formulations that are not gauge invariant in discrete space-time

(and only invariant when the lattice spacing and time step go to zero) are plagued with

di↵erent non-physical numerical instabilities.

For a number of applications the simplest gauge-scalar actions should be extended by

an addition of the pieces that contain the so called topological term or Pontryagin density,

Q = Fµ⌫F̃µ⌫ , where the dual of the field strength is defined as usual by F̃µ⌫
⌘

1

2
✏µ⌫↵�F↵� ,

with ✏µ⌫↵� being the completely anti-symmetric tensor in four dimensions, with ✏0123 ⌘ 1.

The most interesting examples contain an axion field coupled linearly to Q as a(x)Fµ⌫F̃µ⌫ ,

and the theories with non-zero chemical potential µ for chiral fermions, leading to an

e↵ective bosonic Hamiltonian containing the Chern-Simons term for the gauge fields µncs,

with ncs /
R
d4xQ.

To investigate the time evolution of these systems one is faced with the following

problem. The realisation of Q on the lattice should be done in such a way that the

continuum topological properties of Q hold: the integral of Q over the volume of space-

time can be expressed via an integral over the boundary. To put it in other words, in

continuum one can write

Q = @µK
µ , (1.1)

where Kµ is the Chern-Simons current. The lattice analogue of this relation is

Q = �+

µK
µ, (1.2)

where �+
µ is the lattice di↵erence in positive direction of µ axis (more details are provided

in Sections 3, 4 and 5). If the lattice (gauge-invariant) definition of Q does not satisfy this

property, we will get unwanted lattice artifacts and the continuum extrapolation would be

di�cult. There are several interesting quantities which are very sensitive to the topological

property (1.1). For example, it is Eq. (1.1) which makes the axion mass ma to be zero
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gauge coupling strength, and Dµ ⌘ @µ � iAµ the covariant derivative. The field strength

and its dual are defined as usual by Fµ⌫ ⌘ @µA⌫ � @⌫Aµ and F̃µ⌫
⌘

1

2
✏µ⌫↵�F↵� . Given our

choice of Aµ ⌘ (�, ~A), we define the electric and magnetic fields as Ei = Ei = Ȧi�@i� and

Bi = Bi = ✏ijk@jAk. This leads to the relations Ei
⌘ F0i = �F 0i, Bi

⌘
1

2
✏ijkFjk, so that

Fµ⌫ = (�µ0�⌫i � �µi�⌫0)Ei + (�µi�⌫j � �µj�⌫i)✏ijkBk. Given our metric signature, we obtain

Fµ⌫F̃µ⌫ = +4 ~E ~B, and arrive at the final vectorial expressions of Eq. (2.1).

Lagrangian Eq. (2.1) describes a system of scalar electro-dynamics in the presence of

an axion-like field a(x), with M some mass scale undetermined at this point. Note that

we maintain explicitly the speed of propagation of the axion c2s as a free parameter, as this

will be convenient for us later on. Action Eq. (2.1) is invariant under the transformations

'(x) ! e+i�(x)'(x), Aµ(x) ! Aµ(x) + @µ�(x), with �(x) 2 < and ei�(x) 2 U(1). Varying

the action, one obtains the equations of motion (EOM)

DµD
µ' = V,'⇤ , (2.2)

@⌫F
µ⌫

�
e2

4⇡2

a

M
@⌫F̃

µ⌫ = e2jµ +
e2

4⇡2

@⌫a

M
F̃µ⌫ , (2.3)

@0@0a� c2s@i@ia =
c2s

4⇡2M
Fµ⌫F̃

µ⌫ , (2.4)

where the (unit-charge) current is defined as jµ = 2Im{'⇤Dµ'}, so that

jµ = (⇢, ~J) ⌘ (2Im{�⇤�̇}, 2Im{�⇤ ~D�}) (2.5)

Eqs. (2.2)-(2.4) can be rewritten in a vectorial form as

DoDo'� ~D ~D' = �V,|'|2' , (2.6)

~̇E + ~r⇥ ~B +
e2

4⇡2

a

M
( ~̇B � ~r⇥ ~E) = e2 ~J �

e2

4⇡2M
ȧ ~B +

e2

4⇡2M
~ra⇥ ~E , (2.7)

~r ~E +
e2

4⇡2

a

M
~r ~B = e2⇢�

e2

4⇡2M
~ra · ~B , (2.8)

ä� c2s ~r
2a =

c2s
4⇡2M

~E · ~B , (2.9)

with Eq. (2.8) representing the Gauss constraint in the presence of an axion.

As mentioned in Section 1, it is well known that the Pontryagin density represents

a topological term, as it can be written as a total derivative Fµ⌫F̃µ⌫ = @µKµ. This is

reflected by the Bianchi identities, i.e. the term @⌫F̃µ⌫ = 0 in Eq. (2.3), or equivalently

its vectorial counterparts ( ~̇B � ~r⇥ E) = 0 in Eq. (2.7), and ~r ~B = 0 in Eq. (2.8). Those

terms simply represent vanishing contributions in the EOM, so it is customary to remove
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Figure 4. Spectrum of GWs today h
2⌦GW obtained from a numerical integration of the dynamical

equations of motion (for a model of quadratic inflaton potential, with inflaton - gauge field coupling
f = MPl/35), versus the local parametrization h

2⌦GW / (f/f⇤)nT , evaluated at various pivot fre-
quencies f⇤ and with the spectral tilt nT obtained from successive approximations to the analytic
expression (3.13).

In figure 4, we compare the analytic expression (3.13) for the spectral tilt nT against the
result of a numerical evolution of ⌦GWh

2. For definiteness, we choose a quadratic inflaton
potential, and we fix the coupling between the gauge field and the inflaton to f = MPl/35.
This gives ⇠N=60 ' 2.46 at the CMB scales. We observe from the figure that the final
expression for the tilt in (3.13) provides a very good approximation (red segments in the
figure) to the slope of the numerical result (blue solid line in the figure). The term (1� ✏) in
the denominator of (3.13), due to the fractional change of the Hubble rate Ḣ/H

2, contributes
to nT only to second order in slow-roll parameters, and hence we disregard it. The expression
nT ' �4✏+ (4⇡⇠ � 6)(✏� ⌘) predicts correctly the slope of the numerical signal, within the
LISA frequency range, to better than ⇠ 4%. In the figure, the di↵erence between the red
segments and the true numerical signal cannot be distinguished by eye.

Let us note that for the range of ⇠ that LISA can probe [⇠ & 3.5, see figure (5)], the
term �4✏ in the final expression of (3.13) is actually negligible compared to the other terms.
We can thus further approximate the expression for the tilt as nT ' (4⇡⇠ � 6) (✏� ⌘), which
still predicts correctly the slope of the numerical signal within the LISA frequency range,
for instance in the fiducial chaotic quadratic model to better than ⇠ 10%. The advantage
of using this simplified expression for the tilt is that it allows us to reduce the number of
independent variables that the GW signal depends on, from {HN , ⇠, ✏, ⌘} to {HN , ⇠, (✏� ⌘)}.
This simplifies our next goal, which is to obtain a model-independent parameter estimation
based on the LISA sensitivity curves.

In figure 5 we plot the region in the parameter space (⇠, ✏ � ⌘) that LISA is capa-
ble of probing, with the left and right panels depicting, LISA’s best (A5M5) and worst
(A1M2) configurations, respectively. In both panels we take as a pivot scale f⇤ the frequency

of the minimum of each LISA sensitivity curve h
2⌦(AiMj)

GW (f), with f⇤|A5M5 ' 0.00346 Hz
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<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

n+ ⌫̂

<latexit sha1_base64="K9huILmzWnYAKXjMEP46lCbD9Sg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRJ9KBXXPqzhxolbgFqUGB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcJpXvFTRBJMJHtG+oQJHVPnZ/PYcnRpliMJYmhIazdXfExmOlJpGgemMsB6rZW8m/uf1Ux1e+RkTSaqpIItFYcqRjtEsCDRkkhLNp4ZgIpm5FZExlphoE1fFhOAuv7xKOhd1t1G/vm/UmjdFHGU4hhM4AxcuoQl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzB38Jk3Q=</latexit>

n+ µ̂+ ⌫̂

<latexit sha1_base64="QtGISJi8e6DMrm2d+VA+y0er9qg=">AAACBXicbZDLSgMxFIbPeK31NupSF8EiCEKZkYK6kYIblxXsBTqlZNJMG5pkhiQjlKEbN76KGxeKuPUd3Pk2pu0stPWHwMd/zuHk/GHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgzqTcfqNIslvdmlNCOwH3JIkawsVbXPcqCMEJyjM5QMMAmEGlOKJBp1y15ZW8qtAh+DiXIVeu6X0EvJqmg0hCOtW77XmI6GVaGEU7HxSDVNMFkiPu0bVFiQXUnm14xRifW6aEoVvZJg6bu74kMC61HIrSdApuBnq9NzP9q7dREl52MySQ1VJLZoijlyMRoEgnqMUWJ4SMLmChm/4rIACtMjA2uaEPw509ehMZ52a+Ur+4qpep1HkcBDuEYTsGHC6jCLdSgDgQe4Rle4c15cl6cd+dj1rrk5DMH8EfO5w8tTZca</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

U(1)

�(n)

<latexit sha1_base64="uQqoKG08PYxKZ7JcXpnTcz0E5ao=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9mVgnqRghePFewHdJeSTbNtaDYbk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXig508Z1v5219Y3Nre3CTnF3b//gsHR03NJJqghtkoQnqhNiTTkTtGmY4bQjFcVxyGk7HN3N/PaYKs0S8WgmkgYxHggWMYKNlQJfDlkl88MIielFr1R2q+4caJV4OSlDjkav9OX3E5LGVBjCsdZdz5UmyLAyjHA6LfqpphKTER7QrqUCx1QH2fzoKTq3Sh9FibIlDJqrvycyHGs9iUPbGWMz1MveTPzP66Ymug4yJmRqqCCLRVHKkUnQLAHUZ4oSwyeWYKKYvRWRIVaYGJtT0YbgLb+8SlqXVa9WvXmoleu3eRwFOIUzqIAHV1CHe2hAEwg8wTO8wpszdl6cd+dj0brm5DMn8AfO5w8CAZGc</latexit>

�(n+ µ̂)

<latexit sha1_base64="EWKx604q5iehMsYZOgXoENlk5vM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBFKIgV1IwU3LivYBzShTKaTZujMJMxMhBKy8VfcuFDErZ/hzr9x2mahrQcuHM65l3vvCRJGlXacb6u0srq2vlHerGxt7+zu2fsHHRWnEpM2jlksewFShFFB2ppqRnqJJIgHjHSD8e3U7z4SqWgsHvQkIT5HI0FDipE20sA+8pKI1jIvCKHI4Tn0IqQ9np4N7KpTd2aAy8QtSBUUaA3sL28Y45QToTFDSvVdJ9F+hqSmmJG84qWKJAiP0Yj0DRWIE+VnswdyeGqUIQxjaUpoOFN/T2SIKzXhgenkSEdq0ZuK/3n9VIdXfkZFkmoi8HxRmDKoYzhNAw6pJFiziSEIS2puhThCEmFtMquYENzFl5dJ56LuNurX941q86aIowyOwQmoARdcgia4Ay3QBhjk4Bm8gjfryXqx3q2PeWvJKmYOwR9Ynz8YdpVz</latexit>

�(n+ µ̂+ ⌫̂)

<latexit sha1_base64="44pvhDyh3cQn2yPAZBb35YmERQE=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkKZkYK6kYIblxXsBTpDyaSZTmiSGZKMUIau3fgqblwo4tYncOfbmLYjaOsPgY//nMPJ+YOEUaUd58sqLC2vrK4V10sbm1vbO/buXkvFqcSkiWMWy06AFGFUkKammpFOIgniASPtYHg9qbfviVQ0Fnd6lBCfo4GgIcVIG6tnH3pJRCuZF4RQjOEp9CKkPZ7+kEhPenbZqTpTwUVwcyiDXI2e/en1Y5xyIjRmSKmu6yTaz5DUFDMyLnmpIgnCQzQgXYMCcaL8bHrKGB4bpw/DWJonNJy6vycyxJUa8cB0cqQjNV+bmP/VuqkOL/yMiiTVRODZojBlUMdwkgvsU0mwZiMDCEtq/gpxhCTC2qRXMiG48ycvQuus6taql7e1cv0qj6MIDsARqAAXnIM6uAEN0AQYPIAn8AJerUfr2Xqz3metBSuf2Qd/ZH18A9pHmRo=</latexit>

�(n+ ⌫̂)

<latexit sha1_base64="6oUaEiuyE5ZHvEJZzqQpS2YPVwM=">AAACAHicbVBNS8NAEN3Ur1q/qh48eFksQkUoiRTUixS8eKxgP6AJZbPdNEs3m7A7EUroxb/ixYMiXv0Z3vw3btsctPXBwOO9GWbm+YngGmz72yqsrK6tbxQ3S1vbO7t75f2Dto5TRVmLxiJWXZ9oJrhkLeAgWDdRjES+YB1/dDv1O49MaR7LBxgnzIvIUPKAUwJG6peP3CTk1cz1Aywn+By7IQFXpmf9csWu2TPgZeLkpIJyNPvlL3cQ0zRiEqggWvccOwEvIwo4FWxSclPNEkJHZMh6hkoSMe1lswcm+NQoAxzEypQEPFN/T2Qk0noc+aYzIhDqRW8q/uf1UgiuvIzLJAUm6XxRkAoMMZ6mgQdcMQpibAihiptbMQ2JIhRMZiUTgrP48jJpX9Sceu36vl5p3ORxFNExOkFV5KBL1EB3qIlaiKIJekav6M16sl6sd+tj3lqw8plD9AfW5w8Z/JV0</latexit>

µ̂

<latexit sha1_base64="MZy3xYX/2VhOF0mCpZMfTTJ12/k=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjBfsBTSib7aZdutnE3YlQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0e3Mbz9xbUSiHnCc8iCmAyUiwShaqeMPKRI/znrlilt15yCrxMtJBXI0euUvv5+wLOYKmaTGdD03xWBCNQom+bTkZ4anlI3ogHctVTTmJpjM752SM6v0SZRoWwrJXP09MaGxMeM4tJ0xxaFZ9mbif143w+gqmAiVZsgVWyyKMkkwIbPnSV9ozlCOLaFMC3srYUOqKUMbUcmG4C2/vEpaF1WvVr2+r1XqN3kcRTiBUzgHDy6hDnfQgCYwkPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDvkCPyQ==</latexit>

⌫̂

<latexit sha1_base64="B41YBK/A1V3iz9C3u9PXTjRgAB0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjBfsBTSib7aZdutnE3YlQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0e3Mbz9xbUSiHnCc8iCmAyUiwShaqeMPKRJfZb1yxa26c5BV4uWkAjkavfKX309YFnOFTFJjup6bYjChGgWTfFryM8NTykZ0wLuWKhpzE0zm907JmVX6JEq0LYVkrv6emNDYmHEc2s6Y4tAsezPxP6+bYXQVTIRKM+SKLRZFmSSYkNnzpC80ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti6pXq17f1yr1mzyOIpzAKZyDB5dQhztoQBMYSHiGV3hzHp0X5935WLQWnHzmGP7A+fwBv8WPyg==</latexit>

'Latticesizing'



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

U(1)

Aµ

✓
n+

µ̂

2

◆

<latexit sha1_base64="DldyEjqkzB8QbzzizCY+aeL/tb8=">AAACFnicbVDLSgMxFM3UV62vqks3wSJUxDJTCupGKm5cVrAP6Awlk2ba0ExmSO4IZehXuPFX3LhQxK24829M21lo9UDgcM493Nzjx4JrsO0vK7e0vLK6ll8vbGxube8Ud/daOkoUZU0aiUh1fKKZ4JI1gYNgnVgxEvqCtf3R9dRv3zOleSTvYBwzLyQDyQNOCRipVzy96rlh4goWQDl1/QDLCT7BqTskgKdGZMK4OnEVHwzhuFcs2RV7BvyXOBkpoQyNXvHT7Uc0CZkEKojWXceOwUuJAk4FmxTcRLOY0BEZsK6hkoRMe+nsrAk+MkofB5EyTwKeqT8TKQm1Hoe+mQwJDPWiNxX/87oJBOdeymWcAJN0vihIBIYITzvCfa4YBTE2hFDFzV8xHRJFKJgmC6YEZ/Hkv6RVrTi1ysVtrVS/zOrIowN0iMrIQWeojm5QAzURRQ/oCb2gV+vRerberPf5aM7KMvvoF6yPb94qnpM=</latexit>

x

'Latticesizing'

µ̂

<latexit sha1_base64="MZy3xYX/2VhOF0mCpZMfTTJ12/k=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjBfsBTSib7aZdutnE3YlQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0e3Mbz9xbUSiHnCc8iCmAyUiwShaqeMPKRI/znrlilt15yCrxMtJBXI0euUvv5+wLOYKmaTGdD03xWBCNQom+bTkZ4anlI3ogHctVTTmJpjM752SM6v0SZRoWwrJXP09MaGxMeM4tJ0xxaFZ9mbif143w+gqmAiVZsgVWyyKMkkwIbPnSV9ozlCOLaFMC3srYUOqKUMbUcmG4C2/vEpaF1WvVr2+r1XqN3kcRTiBUzgHDy6hDnfQgCYwkPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDvkCPyQ==</latexit>

⌫̂

<latexit sha1_base64="B41YBK/A1V3iz9C3u9PXTjRgAB0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjBfsBTSib7aZdutnE3YlQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0e3Mbz9xbUSiHnCc8iCmAyUiwShaqeMPKRJfZb1yxa26c5BV4uWkAjkavfKX309YFnOFTFJjup6bYjChGgWTfFryM8NTykZ0wLuWKhpzE0zm907JmVX6JEq0LYVkrv6emNDYmHEc2s6Y4tAsezPxP6+bYXQVTIRKM+SKLRZFmSSYkNnzpC80ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti6pXq17f1yr1mzyOIpzAKZyDB5dQhztoQBMYSHiGV3hzHp0X5935WLQWnHzmGP7A+fwBv8WPyg==</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

n+ ⌫̂

<latexit sha1_base64="K9huILmzWnYAKXjMEP46lCbD9Sg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRJ9KBXXPqzhxolbgFqUGB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcJpXvFTRBJMJHtG+oQJHVPnZ/PYcnRpliMJYmhIazdXfExmOlJpGgemMsB6rZW8m/uf1Ux1e+RkTSaqpIItFYcqRjtEsCDRkkhLNp4ZgIpm5FZExlphoE1fFhOAuv7xKOhd1t1G/vm/UmjdFHGU4hhM4AxcuoQl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzB38Jk3Q=</latexit>

n+ µ̂+ ⌫̂

<latexit sha1_base64="QtGISJi8e6DMrm2d+VA+y0er9qg=">AAACBXicbZDLSgMxFIbPeK31NupSF8EiCEKZkYK6kYIblxXsBTqlZNJMG5pkhiQjlKEbN76KGxeKuPUd3Pk2pu0stPWHwMd/zuHk/GHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgzqTcfqNIslvdmlNCOwH3JIkawsVbXPcqCMEJyjM5QMMAmEGlOKJBp1y15ZW8qtAh+DiXIVeu6X0EvJqmg0hCOtW77XmI6GVaGEU7HxSDVNMFkiPu0bVFiQXUnm14xRifW6aEoVvZJg6bu74kMC61HIrSdApuBnq9NzP9q7dREl52MySQ1VJLZoijlyMRoEgnqMUWJ4SMLmChm/4rIACtMjA2uaEPw509ehMZ52a+Ur+4qpep1HkcBDuEYTsGHC6jCLdSgDgQe4Rle4c15cl6cd+dj1rrk5DMH8EfO5w8tTZca</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

U(1)

Aµ

✓
n+

µ̂

2

◆

<latexit sha1_base64="DldyEjqkzB8QbzzizCY+aeL/tb8=">AAACFnicbVDLSgMxFM3UV62vqks3wSJUxDJTCupGKm5cVrAP6Awlk2ba0ExmSO4IZehXuPFX3LhQxK24829M21lo9UDgcM493Nzjx4JrsO0vK7e0vLK6ll8vbGxube8Ud/daOkoUZU0aiUh1fKKZ4JI1gYNgnVgxEvqCtf3R9dRv3zOleSTvYBwzLyQDyQNOCRipVzy96rlh4goWQDl1/QDLCT7BqTskgKdGZMK4OnEVHwzhuFcs2RV7BvyXOBkpoQyNXvHT7Uc0CZkEKojWXceOwUuJAk4FmxTcRLOY0BEZsK6hkoRMe+nsrAk+MkofB5EyTwKeqT8TKQm1Hoe+mQwJDPWiNxX/87oJBOdeymWcAJN0vihIBIYITzvCfa4YBTE2hFDFzV8xHRJFKJgmC6YEZ/Hkv6RVrTi1ysVtrVS/zOrIowN0iMrIQWeojm5QAzURRQ/oCb2gV+vRerberPf5aM7KMvvoF6yPb94qnpM=</latexit>

x

'Latticesizing'

µ̂

<latexit sha1_base64="MZy3xYX/2VhOF0mCpZMfTTJ12/k=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjBfsBTSib7aZdutnE3YlQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0e3Mbz9xbUSiHnCc8iCmAyUiwShaqeMPKRI/znrlilt15yCrxMtJBXI0euUvv5+wLOYKmaTGdD03xWBCNQom+bTkZ4anlI3ogHctVTTmJpjM752SM6v0SZRoWwrJXP09MaGxMeM4tJ0xxaFZ9mbif143w+gqmAiVZsgVWyyKMkkwIbPnSV9ozlCOLaFMC3srYUOqKUMbUcmG4C2/vEpaF1WvVr2+r1XqN3kcRTiBUzgHDy6hDnfQgCYwkPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDvkCPyQ==</latexit>

⌫̂

<latexit sha1_base64="B41YBK/A1V3iz9C3u9PXTjRgAB0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjBfsBTSib7aZdutnE3YlQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0e3Mbz9xbUSiHnCc8iCmAyUiwShaqeMPKRJfZb1yxa26c5BV4uWkAjkavfKX309YFnOFTFJjup6bYjChGgWTfFryM8NTykZ0wLuWKhpzE0zm907JmVX6JEq0LYVkrv6emNDYmHEc2s6Y4tAsezPxP6+bYXQVTIRKM+SKLRZFmSSYkNnzpC80ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti6pXq17f1yr1mzyOIpzAKZyDB5dQhztoQBMYSHiGV3hzHp0X5935WLQWnHzmGP7A+fwBv8WPyg==</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

n+ ⌫̂

<latexit sha1_base64="K9huILmzWnYAKXjMEP46lCbD9Sg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRJ9KBXXPqzhxolbgFqUGB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcJpXvFTRBJMJHtG+oQJHVPnZ/PYcnRpliMJYmhIazdXfExmOlJpGgemMsB6rZW8m/uf1Ux1e+RkTSaqpIItFYcqRjtEsCDRkkhLNp4ZgIpm5FZExlphoE1fFhOAuv7xKOhd1t1G/vm/UmjdFHGU4hhM4AxcuoQl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzB38Jk3Q=</latexit>

n+ µ̂+ ⌫̂

<latexit sha1_base64="QtGISJi8e6DMrm2d+VA+y0er9qg=">AAACBXicbZDLSgMxFIbPeK31NupSF8EiCEKZkYK6kYIblxXsBTqlZNJMG5pkhiQjlKEbN76KGxeKuPUd3Pk2pu0stPWHwMd/zuHk/GHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgzqTcfqNIslvdmlNCOwH3JIkawsVbXPcqCMEJyjM5QMMAmEGlOKJBp1y15ZW8qtAh+DiXIVeu6X0EvJqmg0hCOtW77XmI6GVaGEU7HxSDVNMFkiPu0bVFiQXUnm14xRifW6aEoVvZJg6bu74kMC61HIrSdApuBnq9NzP9q7dREl52MySQ1VJLZoijlyMRoEgnqMUWJ4SMLmChm/4rIACtMjA2uaEPw509ehMZ52a+Ur+4qpep1HkcBDuEYTsGHC6jCLdSgDgQe4Rle4c15cl6cd+dj1rrk5DMH8EfO5w8tTZca</latexit>

= e�idxA⌫(n+µ̂+⌫̂/2)

<latexit sha1_base64="hTZ7Th+NmDeXAKNAE20B7SYB6bE=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSBExbgbAmqhRGwsI5gHZGOYncwmQ2Znl3mIYdl/sPFXbCwUsbWx82+cPApNPHC5h3PuZeYeL2JUKtv+tlJz8wuLS+nlzMrq2vpGdnOrJkMtMKnikIWi4SFJGOWkqqhipBEJggKPkbrXvxr69XsiJA35rRpEpBWgLqc+xUgZqZ09OIfkLj6inYfLtst1PnY9H/Lk0O0h5QZ63Lk+Lu4n7WzOLtgjwFniTEgOTFBpZ7/cToh1QLjCDEnZdOxItWIkFMWMJBlXSxIh3Edd0jSUo4DIVjy6KYF7RulAPxSmuIIj9fdGjAIpB4FnJgOkenLaG4r/eU2t/NNWTHmkFeF4/JCvGVQhHAYEO1QQrNjAEIQFNX+FuIcEwsrEmDEhONMnz5JaseCUCmc3pVz5YhJHGuyAXZAHDjgBZXANKqAKMHgEz+AVvFlP1ov1bn2MR1PWZGcb/IH1+QM1a50h</latexit>

V⌫,+µ̂

<latexit sha1_base64="Fc4mSl8R5/z3K8CdTq6wNKSF2mw=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQlJJIQd1IwY3LCvYBTQiT6aQdOjMJ8yiU0D9x40IRt/6JO//GaZuFth64cDjnXu69J84YVdrzvp3S2vrG5lZ5u7Kzu7d/4B4etVVqJCYtnLJUdmOkCKOCtDTVjHQzSRCPGenEo/uZ3xkTqWgqnvQkIyFHA0ETipG2UuS67SgPhLm8CIZIB9xMI7fq1bw54CrxC1IFBZqR+xX0U2w4ERozpFTP9zId5khqihmZVgKjSIbwCA1Iz1KBOFFhPr98Cs+s0odJKm0JDefq74kccaUmPLadHOmhWvZm4n9ez+jkJsypyIwmAi8WJYZBncJZDLBPJcGaTSxBWFJ7K8RDJBHWNqyKDcFffnmVtK9qfr12+1ivNu6KOMrgBJyCc+CDa9AAD6AJWgCDMXgGr+DNyZ0X5935WLSWnGLmGPyB8/kDQSqTbQ==</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

x



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

U(1)

x

'Latticesizing'

µ̂

<latexit sha1_base64="MZy3xYX/2VhOF0mCpZMfTTJ12/k=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjBfsBTSib7aZdutnE3YlQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0e3Mbz9xbUSiHnCc8iCmAyUiwShaqeMPKRI/znrlilt15yCrxMtJBXI0euUvv5+wLOYKmaTGdD03xWBCNQom+bTkZ4anlI3ogHctVTTmJpjM752SM6v0SZRoWwrJXP09MaGxMeM4tJ0xxaFZ9mbif143w+gqmAiVZsgVWyyKMkkwIbPnSV9ozlCOLaFMC3srYUOqKUMbUcmG4C2/vEpaF1WvVr2+r1XqN3kcRTiBUzgHDy6hDnfQgCYwkPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDvkCPyQ==</latexit>

⌫̂

<latexit sha1_base64="B41YBK/A1V3iz9C3u9PXTjRgAB0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjBfsBTSib7aZdutnE3YlQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0e3Mbz9xbUSiHnCc8iCmAyUiwShaqeMPKRJfZb1yxa26c5BV4uWkAjkavfKX309YFnOFTFJjup6bYjChGgWTfFryM8NTykZ0wLuWKhpzE0zm907JmVX6JEq0LYVkrv6emNDYmHEc2s6Y4tAsezPxP6+bYXQVTIRKM+SKLRZFmSSYkNnzpC80ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti6pXq17f1yr1mzyOIpzAKZyDB5dQhztoQBMYSHiGV3hzHp0X5935WLQWnHzmGP7A+fwBv8WPyg==</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

n+ ⌫̂

<latexit sha1_base64="K9huILmzWnYAKXjMEP46lCbD9Sg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRJ9KBXXPqzhxolbgFqUGB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcJpXvFTRBJMJHtG+oQJHVPnZ/PYcnRpliMJYmhIazdXfExmOlJpGgemMsB6rZW8m/uf1Ux1e+RkTSaqpIItFYcqRjtEsCDRkkhLNp4ZgIpm5FZExlphoE1fFhOAuv7xKOhd1t1G/vm/UmjdFHGU4hhM4AxcuoQl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzB38Jk3Q=</latexit>

n+ µ̂+ ⌫̂

<latexit sha1_base64="QtGISJi8e6DMrm2d+VA+y0er9qg=">AAACBXicbZDLSgMxFIbPeK31NupSF8EiCEKZkYK6kYIblxXsBTqlZNJMG5pkhiQjlKEbN76KGxeKuPUd3Pk2pu0stPWHwMd/zuHk/GHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgzqTcfqNIslvdmlNCOwH3JIkawsVbXPcqCMEJyjM5QMMAmEGlOKJBp1y15ZW8qtAh+DiXIVeu6X0EvJqmg0hCOtW77XmI6GVaGEU7HxSDVNMFkiPu0bVFiQXUnm14xRifW6aEoVvZJg6bu74kMC61HIrSdApuBnq9NzP9q7dREl52MySQ1VJLZoijlyMRoEgnqMUWJ4SMLmChm/4rIACtMjA2uaEPw509ehMZ52a+Ur+4qpep1HkcBDuEYTsGHC6jCLdSgDgQe4Rle4c15cl6cd+dj1rrk5DMH8EfO5w8tTZca</latexit>

V⌫,+µ̂

<latexit sha1_base64="Fc4mSl8R5/z3K8CdTq6wNKSF2mw=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQlJJIQd1IwY3LCvYBTQiT6aQdOjMJ8yiU0D9x40IRt/6JO//GaZuFth64cDjnXu69J84YVdrzvp3S2vrG5lZ5u7Kzu7d/4B4etVVqJCYtnLJUdmOkCKOCtDTVjHQzSRCPGenEo/uZ3xkTqWgqnvQkIyFHA0ETipG2UuS67SgPhLm8CIZIB9xMI7fq1bw54CrxC1IFBZqR+xX0U2w4ERozpFTP9zId5khqihmZVgKjSIbwCA1Iz1KBOFFhPr98Cs+s0odJKm0JDefq74kccaUmPLadHOmhWvZm4n9ez+jkJsypyIwmAi8WJYZBncJZDLBPJcGaTSxBWFJ7K8RDJBHWNqyKDcFffnmVtK9qfr12+1ivNu6KOMrgBJyCc+CDa9AAD6AJWgCDMXgGr+DNyZ0X5935WLSWnGLmGPyB8/kDQSqTbQ==</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

x

Vµ

<latexit sha1_base64="8HF2ZQ9eJUSKQ4GYUAylhFQmZ0s=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoF4k4MVjBDcJJEuYncwmQ2Zml3kIYck3ePGgiFc/yJt/4yTZgyYWNBRV3XR3xRln2vj+t1daW9/Y3CpvV3Z29/YPqodHLZ1aRWhIUp6qTow15UzS0DDDaSdTFIuY03Y8vpv57SeqNEvlo5lkNBJ4KFnCCDZOClv9nrD9as2v+3OgVRIUpAYFmv3qV2+QEiuoNIRjrbuBn5kox8owwum00rOaZpiM8ZB2HZVYUB3l82On6MwpA5SkypU0aK7+nsix0HoiYtcpsBnpZW8m/ud1rUmuo5zJzBoqyWJRYjkyKZp9jgZMUWL4xBFMFHO3IjLCChPj8qm4EILll1dJ66IeXNZvHi5rjdsijjKcwCmcQwBX0IB7aEIIBBg8wyu8edJ78d69j0VryStmjuEPvM8fvrSOpw==</latexit>

V ⇤
µ,+⌫̂

<latexit sha1_base64="ZGFsKp/XHrhBjZwuMLCRzhjGv24=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgKiWRgrqRghuXFewDmhgm00k7dDIJ8xBLyK+4caGIW3/EnX/jtM1CqwcuHM65l3vvCVNGpXKcL6u0tLyyulZer2xsbm3v2LvVjky0wKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh+Hrqdx+IkDThd2qSEj9GQ04jipEyUmBXO0Hmxfr0xBsh5XGd3x8Hds2pOzPAv8QtSA0UaAX2pzdIsI4JV5ghKfuukyo/Q0JRzEhe8bQkKcJjNCR9QzmKifSz2e05PDTKAEaJMMUVnKk/JzIUSzmJQ9MZIzWSi95U/M/raxVd+BnlqVaE4/miSDOoEjgNAg6oIFixiSEIC2puhXiEBMLKxFUxIbiLL/8lnbO626hf3jZqzasijjLYBwfgCLjgHDTBDWiBNsDgETyBF/Bq5daz9Wa9z1tLVjGzB37B+vgGZiaUCQ==</latexit>

V ⇤
⌫

<latexit sha1_base64="o/7gwwoHgRe8Go4IPSGldHJ7Tl4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKagXKXjxWMF+SLuWbJptQ5PskmSFsvRXePGgiFd/jjf/jdl2D9r6YODx3gwz84KYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfgm89tPVGkWyXsziakv8FCykBFsrPTQ6qc9mUwfz/rlilt1Z0DLxMtJBXI0+uWv3iAiiaDSEI617npubPwUK8MIp9NSL9E0xmSMh7RrqcSCaj+dHTxFJ1YZoDBStqRBM/X3RIqF1hMR2E6BzUgvepn4n9dNTHjpp0zGiaGSzBeFCUcmQtn3aMAUJYZPLMFEMXsrIiOsMDE2o5INwVt8eZm0zqterXp1V6vUr/M4inAEx3AKHlxAHW6hAU0gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ApO2QUA==</latexit>

x

x



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

U(1)

x

'Latticesizing'

µ̂

<latexit sha1_base64="MZy3xYX/2VhOF0mCpZMfTTJ12/k=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjBfsBTSib7aZdutnE3YlQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0e3Mbz9xbUSiHnCc8iCmAyUiwShaqeMPKRI/znrlilt15yCrxMtJBXI0euUvv5+wLOYKmaTGdD03xWBCNQom+bTkZ4anlI3ogHctVTTmJpjM752SM6v0SZRoWwrJXP09MaGxMeM4tJ0xxaFZ9mbif143w+gqmAiVZsgVWyyKMkkwIbPnSV9ozlCOLaFMC3srYUOqKUMbUcmG4C2/vEpaF1WvVr2+r1XqN3kcRTiBUzgHDy6hDnfQgCYwkPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDvkCPyQ==</latexit>

⌫̂

<latexit sha1_base64="B41YBK/A1V3iz9C3u9PXTjRgAB0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k4MVjBfsBTSib7aZdutnE3YlQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0e3Mbz9xbUSiHnCc8iCmAyUiwShaqeMPKRJfZb1yxa26c5BV4uWkAjkavfKX309YFnOFTFJjup6bYjChGgWTfFryM8NTykZ0wLuWKhpzE0zm907JmVX6JEq0LYVkrv6emNDYmHEc2s6Y4tAsezPxP6+bYXQVTIRKM+SKLRZFmSSYkNnzpC80ZyjHllCmhb2VsCHVlKGNqGRD8JZfXiWti6pXq17f1yr1mzyOIpzAKZyDB5dQhztoQBMYSHiGV3hzHp0X5935WLQWnHzmGP7A+fwBv8WPyg==</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

n+ ⌫̂

<latexit sha1_base64="K9huILmzWnYAKXjMEP46lCbD9Sg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRJ9KBXXPqzhxolbgFqUGB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcJpXvFTRBJMJHtG+oQJHVPnZ/PYcnRpliMJYmhIazdXfExmOlJpGgemMsB6rZW8m/uf1Ux1e+RkTSaqpIItFYcqRjtEsCDRkkhLNp4ZgIpm5FZExlphoE1fFhOAuv7xKOhd1t1G/vm/UmjdFHGU4hhM4AxcuoQl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzB38Jk3Q=</latexit>

n+ µ̂+ ⌫̂

<latexit sha1_base64="QtGISJi8e6DMrm2d+VA+y0er9qg=">AAACBXicbZDLSgMxFIbPeK31NupSF8EiCEKZkYK6kYIblxXsBTqlZNJMG5pkhiQjlKEbN76KGxeKuPUd3Pk2pu0stPWHwMd/zuHk/GHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgzqTcfqNIslvdmlNCOwH3JIkawsVbXPcqCMEJyjM5QMMAmEGlOKJBp1y15ZW8qtAh+DiXIVeu6X0EvJqmg0hCOtW77XmI6GVaGEU7HxSDVNMFkiPu0bVFiQXUnm14xRifW6aEoVvZJg6bu74kMC61HIrSdApuBnq9NzP9q7dREl52MySQ1VJLZoijlyMRoEgnqMUWJ4SMLmChm/4rIACtMjA2uaEPw509ehMZ52a+Ur+4qpep1HkcBDuEYTsGHC6jCLdSgDgQe4Rle4c15cl6cd+dj1rrk5DMH8EfO5w8tTZca</latexit>

V⌫,+µ̂

<latexit sha1_base64="Fc4mSl8R5/z3K8CdTq6wNKSF2mw=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQlJJIQd1IwY3LCvYBTQiT6aQdOjMJ8yiU0D9x40IRt/6JO//GaZuFth64cDjnXu69J84YVdrzvp3S2vrG5lZ5u7Kzu7d/4B4etVVqJCYtnLJUdmOkCKOCtDTVjHQzSRCPGenEo/uZ3xkTqWgqnvQkIyFHA0ETipG2UuS67SgPhLm8CIZIB9xMI7fq1bw54CrxC1IFBZqR+xX0U2w4ERozpFTP9zId5khqihmZVgKjSIbwCA1Iz1KBOFFhPr98Cs+s0odJKm0JDefq74kccaUmPLadHOmhWvZm4n9ez+jkJsypyIwmAi8WJYZBncJZDLBPJcGaTSxBWFJ7K8RDJBHWNqyKDcFffnmVtK9qfr12+1ivNu6KOMrgBJyCc+CDa9AAD6AJWgCDMXgGr+DNyZ0X5935WLSWnGLmGPyB8/kDQSqTbQ==</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

x

Vµ

<latexit sha1_base64="8HF2ZQ9eJUSKQ4GYUAylhFQmZ0s=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoF4k4MVjBDcJJEuYncwmQ2Zml3kIYck3ePGgiFc/yJt/4yTZgyYWNBRV3XR3xRln2vj+t1daW9/Y3CpvV3Z29/YPqodHLZ1aRWhIUp6qTow15UzS0DDDaSdTFIuY03Y8vpv57SeqNEvlo5lkNBJ4KFnCCDZOClv9nrD9as2v+3OgVRIUpAYFmv3qV2+QEiuoNIRjrbuBn5kox8owwum00rOaZpiM8ZB2HZVYUB3l82On6MwpA5SkypU0aK7+nsix0HoiYtcpsBnpZW8m/ud1rUmuo5zJzBoqyWJRYjkyKZp9jgZMUWL4xBFMFHO3IjLCChPj8qm4EILll1dJ66IeXNZvHi5rjdsijjKcwCmcQwBX0IB7aEIIBBg8wyu8edJ78d69j0VryStmjuEPvM8fvrSOpw==</latexit>

V ⇤
µ,+⌫̂

<latexit sha1_base64="ZGFsKp/XHrhBjZwuMLCRzhjGv24=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgKiWRgrqRghuXFewDmhgm00k7dDIJ8xBLyK+4caGIW3/EnX/jtM1CqwcuHM65l3vvCVNGpXKcL6u0tLyyulZer2xsbm3v2LvVjky0wKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh+Hrqdx+IkDThd2qSEj9GQ04jipEyUmBXO0Hmxfr0xBsh5XGd3x8Hds2pOzPAv8QtSA0UaAX2pzdIsI4JV5ghKfuukyo/Q0JRzEhe8bQkKcJjNCR9QzmKifSz2e05PDTKAEaJMMUVnKk/JzIUSzmJQ9MZIzWSi95U/M/raxVd+BnlqVaE4/miSDOoEjgNAg6oIFixiSEIC2puhXiEBMLKxFUxIbiLL/8lnbO626hf3jZqzasijjLYBwfgCLjgHDTBDWiBNsDgETyBF/Bq5daz9Wa9z1tLVjGzB37B+vgGZiaUCQ==</latexit>

V ⇤
⌫

<latexit sha1_base64="o/7gwwoHgRe8Go4IPSGldHJ7Tl4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKagXKXjxWMF+SLuWbJptQ5PskmSFsvRXePGgiFd/jjf/jdl2D9r6YODx3gwz84KYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfgm89tPVGkWyXsziakv8FCykBFsrPTQ6qc9mUwfz/rlilt1Z0DLxMtJBXI0+uWv3iAiiaDSEI617npubPwUK8MIp9NSL9E0xmSMh7RrqcSCaj+dHTxFJ1YZoDBStqRBM/X3RIqF1hMR2E6BzUgvepn4n9dNTHjpp0zGiaGSzBeFCUcmQtn3aMAUJYZPLMFEMXsrIiOsMDE2o5INwVt8eZm0zqterXp1V6vUr/M4inAEx3AKHlxAHW6hAU0gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ApO2QUA==</latexit>

x

x

(Plaquette)Vµ⌫ ⌘ VµV
⇤
⌫,+µ̂V

⇤
µ,+⌫̂V

⇤
⌫

<latexit sha1_base64="LTlu7ZQhd89/nLw+KXQffSaGbOE=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAIolJmpKBupCCIywr2Ap1xyKRpG5rJjLkUytA3cuOrdCOiiFvfwkw7glYPhPz5/nNI8gcxo1LZ9ouVW1hcWl7JrxbW1jc2t4rbOw0ZaYFJHUcsEq0AScIoJ3VFFSOtWBAUBow0g8FV6jeHREga8Ts1iokXoh6nXYqRMsgvXjf8xA21y/UYuuRB0yGckXG6cX1y7PaRSs/3RzMjI/ybTIVfLNlle1rwr3AyUQJZ1fzixO1EWIeEK8yQlG3HjpWXIKEoZmRccLUkMcID1CNtIzkKifSS6X/H8MCQDuxGwiyu4JT+nEhQKOUoDExniFRfznsp/M9ra9U99xLKY60Ix7OLuppBFcE0PNihgmDFRkYgLKh5K8R9JBBWJuKCCcGZ//Jf0TgtO5XyxW2lVL3M4siDPbAPDoEDzkAV3IAaqAMMHsEEvII368l6tt6tj1lrzspmdsGvsj6/AJ5OqgI=</latexit>



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'

Vµ⌫ ⌘ VµV
⇤
⌫,+µ̂V

⇤
µ,+⌫̂V

⇤
⌫

<latexit sha1_base64="LTlu7ZQhd89/nLw+KXQffSaGbOE=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAIolJmpKBupCCIywr2Ap1xyKRpG5rJjLkUytA3cuOrdCOiiFvfwkw7glYPhPz5/nNI8gcxo1LZ9ouVW1hcWl7JrxbW1jc2t4rbOw0ZaYFJHUcsEq0AScIoJ3VFFSOtWBAUBow0g8FV6jeHREga8Ts1iokXoh6nXYqRMsgvXjf8xA21y/UYuuRB0yGckXG6cX1y7PaRSs/3RzMjI/ybTIVfLNlle1rwr3AyUQJZ1fzixO1EWIeEK8yQlG3HjpWXIKEoZmRccLUkMcID1CNtIzkKifSS6X/H8MCQDuxGwiyu4JT+nEhQKOUoDExniFRfznsp/M9ra9U99xLKY60Ix7OLuppBFcE0PNihgmDFRkYgLKh5K8R9JBBWJuKCCcGZ//Jf0TgtO5XyxW2lVL3M4siDPbAPDoEDzkAV3IAaqAMMHsEEvII368l6tt6tj1lrzspmdsGvsj6/AJ5OqgI=</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

n+ ⌫̂

<latexit sha1_base64="K9huILmzWnYAKXjMEP46lCbD9Sg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRJ9KBXXPqzhxolbgFqUGB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcJpXvFTRBJMJHtG+oQJHVPnZ/PYcnRpliMJYmhIazdXfExmOlJpGgemMsB6rZW8m/uf1Ux1e+RkTSaqpIItFYcqRjtEsCDRkkhLNp4ZgIpm5FZExlphoE1fFhOAuv7xKOhd1t1G/vm/UmjdFHGU4hhM4AxcuoQl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzB38Jk3Q=</latexit>

n+ µ̂+ ⌫̂

<latexit sha1_base64="QtGISJi8e6DMrm2d+VA+y0er9qg=">AAACBXicbZDLSgMxFIbPeK31NupSF8EiCEKZkYK6kYIblxXsBTqlZNJMG5pkhiQjlKEbN76KGxeKuPUd3Pk2pu0stPWHwMd/zuHk/GHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgzqTcfqNIslvdmlNCOwH3JIkawsVbXPcqCMEJyjM5QMMAmEGlOKJBp1y15ZW8qtAh+DiXIVeu6X0EvJqmg0hCOtW77XmI6GVaGEU7HxSDVNMFkiPu0bVFiQXUnm14xRifW6aEoVvZJg6bu74kMC61HIrSdApuBnq9NzP9q7dREl52MySQ1VJLZoijlyMRoEgnqMUWJ4SMLmChm/4rIACtMjA2uaEPw509ehMZ52a+Ur+4qpep1HkcBDuEYTsGHC6jCLdSgDgQe4Rle4c15cl6cd+dj1rrk5DMH8EfO5w8tTZca</latexit>

V⌫,+µ̂

<latexit sha1_base64="Fc4mSl8R5/z3K8CdTq6wNKSF2mw=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQlJJIQd1IwY3LCvYBTQiT6aQdOjMJ8yiU0D9x40IRt/6JO//GaZuFth64cDjnXu69J84YVdrzvp3S2vrG5lZ5u7Kzu7d/4B4etVVqJCYtnLJUdmOkCKOCtDTVjHQzSRCPGenEo/uZ3xkTqWgqnvQkIyFHA0ETipG2UuS67SgPhLm8CIZIB9xMI7fq1bw54CrxC1IFBZqR+xX0U2w4ERozpFTP9zId5khqihmZVgKjSIbwCA1Iz1KBOFFhPr98Cs+s0odJKm0JDefq74kccaUmPLadHOmhWvZm4n9ez+jkJsypyIwmAi8WJYZBncJZDLBPJcGaTSxBWFJ7K8RDJBHWNqyKDcFffnmVtK9qfr12+1ivNu6KOMrgBJyCc+CDa9AAD6AJWgCDMXgGr+DNyZ0X5935WLSWnGLmGPyB8/kDQSqTbQ==</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

Vµ

<latexit sha1_base64="8HF2ZQ9eJUSKQ4GYUAylhFQmZ0s=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoF4k4MVjBDcJJEuYncwmQ2Zml3kIYck3ePGgiFc/yJt/4yTZgyYWNBRV3XR3xRln2vj+t1daW9/Y3CpvV3Z29/YPqodHLZ1aRWhIUp6qTow15UzS0DDDaSdTFIuY03Y8vpv57SeqNEvlo5lkNBJ4KFnCCDZOClv9nrD9as2v+3OgVRIUpAYFmv3qV2+QEiuoNIRjrbuBn5kox8owwum00rOaZpiM8ZB2HZVYUB3l82On6MwpA5SkypU0aK7+nsix0HoiYtcpsBnpZW8m/ud1rUmuo5zJzBoqyWJRYjkyKZp9jgZMUWL4xBFMFHO3IjLCChPj8qm4EILll1dJ66IeXNZvHi5rjdsijjKcwCmcQwBX0IB7aEIIBBg8wyu8edJ78d69j0VryStmjuEPvM8fvrSOpw==</latexit>

V ⇤
µ,+⌫̂

<latexit sha1_base64="ZGFsKp/XHrhBjZwuMLCRzhjGv24=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgKiWRgrqRghuXFewDmhgm00k7dDIJ8xBLyK+4caGIW3/EnX/jtM1CqwcuHM65l3vvCVNGpXKcL6u0tLyyulZer2xsbm3v2LvVjky0wKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh+Hrqdx+IkDThd2qSEj9GQ04jipEyUmBXO0Hmxfr0xBsh5XGd3x8Hds2pOzPAv8QtSA0UaAX2pzdIsI4JV5ghKfuukyo/Q0JRzEhe8bQkKcJjNCR9QzmKifSz2e05PDTKAEaJMMUVnKk/JzIUSzmJQ9MZIzWSi95U/M/raxVd+BnlqVaE4/miSDOoEjgNAg6oIFixiSEIC2puhXiEBMLKxFUxIbiLL/8lnbO626hf3jZqzasijjLYBwfgCLjgHDTBDWiBNsDgETyBF/Bq5daz9Wa9z1tLVjGzB37B+vgGZiaUCQ==</latexit>

V ⇤
⌫

<latexit sha1_base64="o/7gwwoHgRe8Go4IPSGldHJ7Tl4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKagXKXjxWMF+SLuWbJptQ5PskmSFsvRXePGgiFd/jjf/jdl2D9r6YODx3gwz84KYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfgm89tPVGkWyXsziakv8FCykBFsrPTQ6qc9mUwfz/rlilt1Z0DLxMtJBXI0+uWv3iAiiaDSEI617npubPwUK8MIp9NSL9E0xmSMh7RrqcSCaj+dHTxFJ1YZoDBStqRBM/X3RIqF1hMR2E6BzUgvepn4n9dNTHjpp0zGiaGSzBeFCUcmQtn3aMAUJYZPLMFEMXsrIiOsMDE2o5INwVt8eZm0zqterXp1V6vUr/M4inAEx3AKHlxAHW6hAU0gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ApO2QUA==</latexit>

(Plaquette)

{



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'

Vµ⌫ ⌘ VµV
⇤
⌫,+µ̂V

⇤
µ,+⌫̂V

⇤
⌫

<latexit sha1_base64="LTlu7ZQhd89/nLw+KXQffSaGbOE=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAIolJmpKBupCCIywr2Ap1xyKRpG5rJjLkUytA3cuOrdCOiiFvfwkw7glYPhPz5/nNI8gcxo1LZ9ouVW1hcWl7JrxbW1jc2t4rbOw0ZaYFJHUcsEq0AScIoJ3VFFSOtWBAUBow0g8FV6jeHREga8Ts1iokXoh6nXYqRMsgvXjf8xA21y/UYuuRB0yGckXG6cX1y7PaRSs/3RzMjI/ybTIVfLNlle1rwr3AyUQJZ1fzixO1EWIeEK8yQlG3HjpWXIKEoZmRccLUkMcID1CNtIzkKifSS6X/H8MCQDuxGwiyu4JT+nEhQKOUoDExniFRfznsp/M9ra9U99xLKY60Ix7OLuppBFcE0PNihgmDFRkYgLKh5K8R9JBBWJuKCCcGZ//Jf0TgtO5XyxW2lVL3M4siDPbAPDoEDzkAV3IAaqAMMHsEEvII368l6tt6tj1lrzspmdsGvsj6/AJ5OqgI=</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

n+ ⌫̂

<latexit sha1_base64="K9huILmzWnYAKXjMEP46lCbD9Sg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRJ9KBXXPqzhxolbgFqUGB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcJpXvFTRBJMJHtG+oQJHVPnZ/PYcnRpliMJYmhIazdXfExmOlJpGgemMsB6rZW8m/uf1Ux1e+RkTSaqpIItFYcqRjtEsCDRkkhLNp4ZgIpm5FZExlphoE1fFhOAuv7xKOhd1t1G/vm/UmjdFHGU4hhM4AxcuoQl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzB38Jk3Q=</latexit>

n+ µ̂+ ⌫̂

<latexit sha1_base64="QtGISJi8e6DMrm2d+VA+y0er9qg=">AAACBXicbZDLSgMxFIbPeK31NupSF8EiCEKZkYK6kYIblxXsBTqlZNJMG5pkhiQjlKEbN76KGxeKuPUd3Pk2pu0stPWHwMd/zuHk/GHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgzqTcfqNIslvdmlNCOwH3JIkawsVbXPcqCMEJyjM5QMMAmEGlOKJBp1y15ZW8qtAh+DiXIVeu6X0EvJqmg0hCOtW77XmI6GVaGEU7HxSDVNMFkiPu0bVFiQXUnm14xRifW6aEoVvZJg6bu74kMC61HIrSdApuBnq9NzP9q7dREl52MySQ1VJLZoijlyMRoEgnqMUWJ4SMLmChm/4rIACtMjA2uaEPw509ehMZ52a+Ur+4qpep1HkcBDuEYTsGHC6jCLdSgDgQe4Rle4c15cl6cd+dj1rrk5DMH8EfO5w8tTZca</latexit>

V⌫,+µ̂

<latexit sha1_base64="Fc4mSl8R5/z3K8CdTq6wNKSF2mw=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQlJJIQd1IwY3LCvYBTQiT6aQdOjMJ8yiU0D9x40IRt/6JO//GaZuFth64cDjnXu69J84YVdrzvp3S2vrG5lZ5u7Kzu7d/4B4etVVqJCYtnLJUdmOkCKOCtDTVjHQzSRCPGenEo/uZ3xkTqWgqnvQkIyFHA0ETipG2UuS67SgPhLm8CIZIB9xMI7fq1bw54CrxC1IFBZqR+xX0U2w4ERozpFTP9zId5khqihmZVgKjSIbwCA1Iz1KBOFFhPr98Cs+s0odJKm0JDefq74kccaUmPLadHOmhWvZm4n9ez+jkJsypyIwmAi8WJYZBncJZDLBPJcGaTSxBWFJ7K8RDJBHWNqyKDcFffnmVtK9qfr12+1ivNu6KOMrgBJyCc+CDa9AAD6AJWgCDMXgGr+DNyZ0X5935WLSWnGLmGPyB8/kDQSqTbQ==</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

Vµ

<latexit sha1_base64="8HF2ZQ9eJUSKQ4GYUAylhFQmZ0s=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoF4k4MVjBDcJJEuYncwmQ2Zml3kIYck3ePGgiFc/yJt/4yTZgyYWNBRV3XR3xRln2vj+t1daW9/Y3CpvV3Z29/YPqodHLZ1aRWhIUp6qTow15UzS0DDDaSdTFIuY03Y8vpv57SeqNEvlo5lkNBJ4KFnCCDZOClv9nrD9as2v+3OgVRIUpAYFmv3qV2+QEiuoNIRjrbuBn5kox8owwum00rOaZpiM8ZB2HZVYUB3l82On6MwpA5SkypU0aK7+nsix0HoiYtcpsBnpZW8m/ud1rUmuo5zJzBoqyWJRYjkyKZp9jgZMUWL4xBFMFHO3IjLCChPj8qm4EILll1dJ66IeXNZvHi5rjdsijjKcwCmcQwBX0IB7aEIIBBg8wyu8edJ78d69j0VryStmjuEPvM8fvrSOpw==</latexit>

V ⇤
µ,+⌫̂

<latexit sha1_base64="ZGFsKp/XHrhBjZwuMLCRzhjGv24=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgKiWRgrqRghuXFewDmhgm00k7dDIJ8xBLyK+4caGIW3/EnX/jtM1CqwcuHM65l3vvCVNGpXKcL6u0tLyyulZer2xsbm3v2LvVjky0wKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh+Hrqdx+IkDThd2qSEj9GQ04jipEyUmBXO0Hmxfr0xBsh5XGd3x8Hds2pOzPAv8QtSA0UaAX2pzdIsI4JV5ghKfuukyo/Q0JRzEhe8bQkKcJjNCR9QzmKifSz2e05PDTKAEaJMMUVnKk/JzIUSzmJQ9MZIzWSi95U/M/raxVd+BnlqVaE4/miSDOoEjgNAg6oIFixiSEIC2puhXiEBMLKxFUxIbiLL/8lnbO626hf3jZqzasijjLYBwfgCLjgHDTBDWiBNsDgETyBF/Bq5daz9Wa9z1tLVjGzB37B+vgGZiaUCQ==</latexit>

V ⇤
⌫

<latexit sha1_base64="o/7gwwoHgRe8Go4IPSGldHJ7Tl4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKagXKXjxWMF+SLuWbJptQ5PskmSFsvRXePGgiFd/jjf/jdl2D9r6YODx3gwz84KYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfgm89tPVGkWyXsziakv8FCykBFsrPTQ6qc9mUwfz/rlilt1Z0DLxMtJBXI0+uWv3iAiiaDSEI617npubPwUK8MIp9NSL9E0xmSMh7RrqcSCaj+dHTxFJ1YZoDBStqRBM/X3RIqF1hMR2E6BzUgvepn4n9dNTHjpp0zGiaGSzBeFCUcmQtn3aMAUJYZPLMFEMXsrIiOsMDE2o5INwVt8eZm0zqterXp1V6vUr/M4inAEx3AKHlxAHW6hAU0gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ApO2QUA==</latexit>

(Plaquette)

{



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'

Vµ⌫ ⌘ VµV
⇤
⌫,+µ̂V

⇤
µ,+⌫̂V

⇤
⌫

<latexit sha1_base64="LTlu7ZQhd89/nLw+KXQffSaGbOE=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAIolJmpKBupCCIywr2Ap1xyKRpG5rJjLkUytA3cuOrdCOiiFvfwkw7glYPhPz5/nNI8gcxo1LZ9ouVW1hcWl7JrxbW1jc2t4rbOw0ZaYFJHUcsEq0AScIoJ3VFFSOtWBAUBow0g8FV6jeHREga8Ts1iokXoh6nXYqRMsgvXjf8xA21y/UYuuRB0yGckXG6cX1y7PaRSs/3RzMjI/ybTIVfLNlle1rwr3AyUQJZ1fzixO1EWIeEK8yQlG3HjpWXIKEoZmRccLUkMcID1CNtIzkKifSS6X/H8MCQDuxGwiyu4JT+nEhQKOUoDExniFRfznsp/M9ra9U99xLKY60Ix7OLuppBFcE0PNihgmDFRkYgLKh5K8R9JBBWJuKCCcGZ//Jf0TgtO5XyxW2lVL3M4siDPbAPDoEDzkAV3IAaqAMMHsEEvII368l6tt6tj1lrzspmdsGvsj6/AJ5OqgI=</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

n+ ⌫̂

<latexit sha1_base64="K9huILmzWnYAKXjMEP46lCbD9Sg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRJ9KBXXPqzhxolbgFqUGB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcJpXvFTRBJMJHtG+oQJHVPnZ/PYcnRpliMJYmhIazdXfExmOlJpGgemMsB6rZW8m/uf1Ux1e+RkTSaqpIItFYcqRjtEsCDRkkhLNp4ZgIpm5FZExlphoE1fFhOAuv7xKOhd1t1G/vm/UmjdFHGU4hhM4AxcuoQl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzB38Jk3Q=</latexit>

n+ µ̂+ ⌫̂

<latexit sha1_base64="QtGISJi8e6DMrm2d+VA+y0er9qg=">AAACBXicbZDLSgMxFIbPeK31NupSF8EiCEKZkYK6kYIblxXsBTqlZNJMG5pkhiQjlKEbN76KGxeKuPUd3Pk2pu0stPWHwMd/zuHk/GHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgzqTcfqNIslvdmlNCOwH3JIkawsVbXPcqCMEJyjM5QMMAmEGlOKJBp1y15ZW8qtAh+DiXIVeu6X0EvJqmg0hCOtW77XmI6GVaGEU7HxSDVNMFkiPu0bVFiQXUnm14xRifW6aEoVvZJg6bu74kMC61HIrSdApuBnq9NzP9q7dREl52MySQ1VJLZoijlyMRoEgnqMUWJ4SMLmChm/4rIACtMjA2uaEPw509ehMZ52a+Ur+4qpep1HkcBDuEYTsGHC6jCLdSgDgQe4Rle4c15cl6cd+dj1rrk5DMH8EfO5w8tTZca</latexit>

V⌫,+µ̂

<latexit sha1_base64="Fc4mSl8R5/z3K8CdTq6wNKSF2mw=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQlJJIQd1IwY3LCvYBTQiT6aQdOjMJ8yiU0D9x40IRt/6JO//GaZuFth64cDjnXu69J84YVdrzvp3S2vrG5lZ5u7Kzu7d/4B4etVVqJCYtnLJUdmOkCKOCtDTVjHQzSRCPGenEo/uZ3xkTqWgqnvQkIyFHA0ETipG2UuS67SgPhLm8CIZIB9xMI7fq1bw54CrxC1IFBZqR+xX0U2w4ERozpFTP9zId5khqihmZVgKjSIbwCA1Iz1KBOFFhPr98Cs+s0odJKm0JDefq74kccaUmPLadHOmhWvZm4n9ez+jkJsypyIwmAi8WJYZBncJZDLBPJcGaTSxBWFJ7K8RDJBHWNqyKDcFffnmVtK9qfr12+1ivNu6KOMrgBJyCc+CDa9AAD6AJWgCDMXgGr+DNyZ0X5935WLSWnGLmGPyB8/kDQSqTbQ==</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

Vµ

<latexit sha1_base64="8HF2ZQ9eJUSKQ4GYUAylhFQmZ0s=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoF4k4MVjBDcJJEuYncwmQ2Zml3kIYck3ePGgiFc/yJt/4yTZgyYWNBRV3XR3xRln2vj+t1daW9/Y3CpvV3Z29/YPqodHLZ1aRWhIUp6qTow15UzS0DDDaSdTFIuY03Y8vpv57SeqNEvlo5lkNBJ4KFnCCDZOClv9nrD9as2v+3OgVRIUpAYFmv3qV2+QEiuoNIRjrbuBn5kox8owwum00rOaZpiM8ZB2HZVYUB3l82On6MwpA5SkypU0aK7+nsix0HoiYtcpsBnpZW8m/ud1rUmuo5zJzBoqyWJRYjkyKZp9jgZMUWL4xBFMFHO3IjLCChPj8qm4EILll1dJ66IeXNZvHi5rjdsijjKcwCmcQwBX0IB7aEIIBBg8wyu8edJ78d69j0VryStmjuEPvM8fvrSOpw==</latexit>

V ⇤
µ,+⌫̂

<latexit sha1_base64="ZGFsKp/XHrhBjZwuMLCRzhjGv24=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgKiWRgrqRghuXFewDmhgm00k7dDIJ8xBLyK+4caGIW3/EnX/jtM1CqwcuHM65l3vvCVNGpXKcL6u0tLyyulZer2xsbm3v2LvVjky0wKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh+Hrqdx+IkDThd2qSEj9GQ04jipEyUmBXO0Hmxfr0xBsh5XGd3x8Hds2pOzPAv8QtSA0UaAX2pzdIsI4JV5ghKfuukyo/Q0JRzEhe8bQkKcJjNCR9QzmKifSz2e05PDTKAEaJMMUVnKk/JzIUSzmJQ9MZIzWSi95U/M/raxVd+BnlqVaE4/miSDOoEjgNAg6oIFixiSEIC2puhXiEBMLKxFUxIbiLL/8lnbO626hf3jZqzasijjLYBwfgCLjgHDTBDWiBNsDgETyBF/Bq5daz9Wa9z1tLVjGzB37B+vgGZiaUCQ==</latexit>

V ⇤
⌫

<latexit sha1_base64="o/7gwwoHgRe8Go4IPSGldHJ7Tl4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKagXKXjxWMF+SLuWbJptQ5PskmSFsvRXePGgiFd/jjf/jdl2D9r6YODx3gwz84KYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfgm89tPVGkWyXsziakv8FCykBFsrPTQ6qc9mUwfz/rlilt1Z0DLxMtJBXI0+uWv3iAiiaDSEI617npubPwUK8MIp9NSL9E0xmSMh7RrqcSCaj+dHTxFJ1YZoDBStqRBM/X3RIqF1hMR2E6BzUgvepn4n9dNTHjpp0zGiaGSzBeFCUcmQtn3aMAUJYZPLMFEMXsrIiOsMDE2o5INwVt8eZm0zqterXp1V6vUr/M4inAEx3AKHlxAHW6hAU0gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ApO2QUA==</latexit>

(Plaquette)

{ (Compact)



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'

Vµ⌫ ⌘ VµV
⇤
⌫,+µ̂V

⇤
µ,+⌫̂V

⇤
⌫

<latexit sha1_base64="LTlu7ZQhd89/nLw+KXQffSaGbOE=">AAACL3icbZDLSgMxFIYz9VbrrerSTbAIolJmpKBupCCIywr2Ap1xyKRpG5rJjLkUytA3cuOrdCOiiFvfwkw7glYPhPz5/nNI8gcxo1LZ9ouVW1hcWl7JrxbW1jc2t4rbOw0ZaYFJHUcsEq0AScIoJ3VFFSOtWBAUBow0g8FV6jeHREga8Ts1iokXoh6nXYqRMsgvXjf8xA21y/UYuuRB0yGckXG6cX1y7PaRSs/3RzMjI/ybTIVfLNlle1rwr3AyUQJZ1fzixO1EWIeEK8yQlG3HjpWXIKEoZmRccLUkMcID1CNtIzkKifSS6X/H8MCQDuxGwiyu4JT+nEhQKOUoDExniFRfznsp/M9ra9U99xLKY60Ix7OLuppBFcE0PNihgmDFRkYgLKh5K8R9JBBWJuKCCcGZ//Jf0TgtO5XyxW2lVL3M4siDPbAPDoEDzkAV3IAaqAMMHsEEvII368l6tt6tj1lrzspmdsGvsj6/AJ5OqgI=</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

n+ ⌫̂

<latexit sha1_base64="K9huILmzWnYAKXjMEP46lCbD9Sg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRJ9KBXXPqzhxolbgFqUGB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcJpXvFTRBJMJHtG+oQJHVPnZ/PYcnRpliMJYmhIazdXfExmOlJpGgemMsB6rZW8m/uf1Ux1e+RkTSaqpIItFYcqRjtEsCDRkkhLNp4ZgIpm5FZExlphoE1fFhOAuv7xKOhd1t1G/vm/UmjdFHGU4hhM4AxcuoQl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzB38Jk3Q=</latexit>

n+ µ̂+ ⌫̂

<latexit sha1_base64="QtGISJi8e6DMrm2d+VA+y0er9qg=">AAACBXicbZDLSgMxFIbPeK31NupSF8EiCEKZkYK6kYIblxXsBTqlZNJMG5pkhiQjlKEbN76KGxeKuPUd3Pk2pu0stPWHwMd/zuHk/GHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgzqTcfqNIslvdmlNCOwH3JIkawsVbXPcqCMEJyjM5QMMAmEGlOKJBp1y15ZW8qtAh+DiXIVeu6X0EvJqmg0hCOtW77XmI6GVaGEU7HxSDVNMFkiPu0bVFiQXUnm14xRifW6aEoVvZJg6bu74kMC61HIrSdApuBnq9NzP9q7dREl52MySQ1VJLZoijlyMRoEgnqMUWJ4SMLmChm/4rIACtMjA2uaEPw509ehMZ52a+Ur+4qpep1HkcBDuEYTsGHC6jCLdSgDgQe4Rle4c15cl6cd+dj1rrk5DMH8EfO5w8tTZca</latexit>

V⌫,+µ̂

<latexit sha1_base64="Fc4mSl8R5/z3K8CdTq6wNKSF2mw=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQlJJIQd1IwY3LCvYBTQiT6aQdOjMJ8yiU0D9x40IRt/6JO//GaZuFth64cDjnXu69J84YVdrzvp3S2vrG5lZ5u7Kzu7d/4B4etVVqJCYtnLJUdmOkCKOCtDTVjHQzSRCPGenEo/uZ3xkTqWgqnvQkIyFHA0ETipG2UuS67SgPhLm8CIZIB9xMI7fq1bw54CrxC1IFBZqR+xX0U2w4ERozpFTP9zId5khqihmZVgKjSIbwCA1Iz1KBOFFhPr98Cs+s0odJKm0JDefq74kccaUmPLadHOmhWvZm4n9ez+jkJsypyIwmAi8WJYZBncJZDLBPJcGaTSxBWFJ7K8RDJBHWNqyKDcFffnmVtK9qfr12+1ivNu6KOMrgBJyCc+CDa9AAD6AJWgCDMXgGr+DNyZ0X5935WLSWnGLmGPyB8/kDQSqTbQ==</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

Vµ

<latexit sha1_base64="8HF2ZQ9eJUSKQ4GYUAylhFQmZ0s=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoF4k4MVjBDcJJEuYncwmQ2Zml3kIYck3ePGgiFc/yJt/4yTZgyYWNBRV3XR3xRln2vj+t1daW9/Y3CpvV3Z29/YPqodHLZ1aRWhIUp6qTow15UzS0DDDaSdTFIuY03Y8vpv57SeqNEvlo5lkNBJ4KFnCCDZOClv9nrD9as2v+3OgVRIUpAYFmv3qV2+QEiuoNIRjrbuBn5kox8owwum00rOaZpiM8ZB2HZVYUB3l82On6MwpA5SkypU0aK7+nsix0HoiYtcpsBnpZW8m/ud1rUmuo5zJzBoqyWJRYjkyKZp9jgZMUWL4xBFMFHO3IjLCChPj8qm4EILll1dJ66IeXNZvHi5rjdsijjKcwCmcQwBX0IB7aEIIBBg8wyu8edJ78d69j0VryStmjuEPvM8fvrSOpw==</latexit>

V ⇤
µ,+⌫̂

<latexit sha1_base64="ZGFsKp/XHrhBjZwuMLCRzhjGv24=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgKiWRgrqRghuXFewDmhgm00k7dDIJ8xBLyK+4caGIW3/EnX/jtM1CqwcuHM65l3vvCVNGpXKcL6u0tLyyulZer2xsbm3v2LvVjky0wKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh+Hrqdx+IkDThd2qSEj9GQ04jipEyUmBXO0Hmxfr0xBsh5XGd3x8Hds2pOzPAv8QtSA0UaAX2pzdIsI4JV5ghKfuukyo/Q0JRzEhe8bQkKcJjNCR9QzmKifSz2e05PDTKAEaJMMUVnKk/JzIUSzmJQ9MZIzWSi95U/M/raxVd+BnlqVaE4/miSDOoEjgNAg6oIFixiSEIC2puhXiEBMLKxFUxIbiLL/8lnbO626hf3jZqzasijjLYBwfgCLjgHDTBDWiBNsDgETyBF/Bq5daz9Wa9z1tLVjGzB37B+vgGZiaUCQ==</latexit>

V ⇤
⌫

<latexit sha1_base64="o/7gwwoHgRe8Go4IPSGldHJ7Tl4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKagXKXjxWMF+SLuWbJptQ5PskmSFsvRXePGgiFd/jjf/jdl2D9r6YODx3gwz84KYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfgm89tPVGkWyXsziakv8FCykBFsrPTQ6qc9mUwfz/rlilt1Z0DLxMtJBXI0+uWv3iAiiaDSEI617npubPwUK8MIp9NSL9E0xmSMh7RrqcSCaj+dHTxFJ1YZoDBStqRBM/X3RIqF1hMR2E6BzUgvepn4n9dNTHjpp0zGiaGSzBeFCUcmQtn3aMAUJYZPLMFEMXsrIiOsMDE2o5INwVt8eZm0zqterXp1V6vUr/M4inAEx3AKHlxAHW6hAU0gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ApO2QUA==</latexit>

(Plaquette)

{ (Compact)

(Non-Compact)

Finite difference Operator (Abelian only!)



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'
n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

n+ ⌫̂

<latexit sha1_base64="K9huILmzWnYAKXjMEP46lCbD9Sg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRJ9KBXXPqzhxolbgFqUGB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcJpXvFTRBJMJHtG+oQJHVPnZ/PYcnRpliMJYmhIazdXfExmOlJpGgemMsB6rZW8m/uf1Ux1e+RkTSaqpIItFYcqRjtEsCDRkkhLNp4ZgIpm5FZExlphoE1fFhOAuv7xKOhd1t1G/vm/UmjdFHGU4hhM4AxcuoQl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzB38Jk3Q=</latexit>

n+ µ̂+ ⌫̂

<latexit sha1_base64="QtGISJi8e6DMrm2d+VA+y0er9qg=">AAACBXicbZDLSgMxFIbPeK31NupSF8EiCEKZkYK6kYIblxXsBTqlZNJMG5pkhiQjlKEbN76KGxeKuPUd3Pk2pu0stPWHwMd/zuHk/GHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgzqTcfqNIslvdmlNCOwH3JIkawsVbXPcqCMEJyjM5QMMAmEGlOKJBp1y15ZW8qtAh+DiXIVeu6X0EvJqmg0hCOtW77XmI6GVaGEU7HxSDVNMFkiPu0bVFiQXUnm14xRifW6aEoVvZJg6bu74kMC61HIrSdApuBnq9NzP9q7dREl52MySQ1VJLZoijlyMRoEgnqMUWJ4SMLmChm/4rIACtMjA2uaEPw509ehMZ52a+Ur+4qpep1HkcBDuEYTsGHC6jCLdSgDgQe4Rle4c15cl6cd+dj1rrk5DMH8EfO5w8tTZca</latexit>

V⌫,+µ̂

<latexit sha1_base64="Fc4mSl8R5/z3K8CdTq6wNKSF2mw=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQlJJIQd1IwY3LCvYBTQiT6aQdOjMJ8yiU0D9x40IRt/6JO//GaZuFth64cDjnXu69J84YVdrzvp3S2vrG5lZ5u7Kzu7d/4B4etVVqJCYtnLJUdmOkCKOCtDTVjHQzSRCPGenEo/uZ3xkTqWgqnvQkIyFHA0ETipG2UuS67SgPhLm8CIZIB9xMI7fq1bw54CrxC1IFBZqR+xX0U2w4ERozpFTP9zId5khqihmZVgKjSIbwCA1Iz1KBOFFhPr98Cs+s0odJKm0JDefq74kccaUmPLadHOmhWvZm4n9ez+jkJsypyIwmAi8WJYZBncJZDLBPJcGaTSxBWFJ7K8RDJBHWNqyKDcFffnmVtK9qfr12+1ivNu6KOMrgBJyCc+CDa9AAD6AJWgCDMXgGr+DNyZ0X5935WLSWnGLmGPyB8/kDQSqTbQ==</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

Vµ

<latexit sha1_base64="8HF2ZQ9eJUSKQ4GYUAylhFQmZ0s=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoF4k4MVjBDcJJEuYncwmQ2Zml3kIYck3ePGgiFc/yJt/4yTZgyYWNBRV3XR3xRln2vj+t1daW9/Y3CpvV3Z29/YPqodHLZ1aRWhIUp6qTow15UzS0DDDaSdTFIuY03Y8vpv57SeqNEvlo5lkNBJ4KFnCCDZOClv9nrD9as2v+3OgVRIUpAYFmv3qV2+QEiuoNIRjrbuBn5kox8owwum00rOaZpiM8ZB2HZVYUB3l82On6MwpA5SkypU0aK7+nsix0HoiYtcpsBnpZW8m/ud1rUmuo5zJzBoqyWJRYjkyKZp9jgZMUWL4xBFMFHO3IjLCChPj8qm4EILll1dJ66IeXNZvHi5rjdsijjKcwCmcQwBX0IB7aEIIBBg8wyu8edJ78d69j0VryStmjuEPvM8fvrSOpw==</latexit>

V ⇤
µ,+⌫̂

<latexit sha1_base64="ZGFsKp/XHrhBjZwuMLCRzhjGv24=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgKiWRgrqRghuXFewDmhgm00k7dDIJ8xBLyK+4caGIW3/EnX/jtM1CqwcuHM65l3vvCVNGpXKcL6u0tLyyulZer2xsbm3v2LvVjky0wKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh+Hrqdx+IkDThd2qSEj9GQ04jipEyUmBXO0Hmxfr0xBsh5XGd3x8Hds2pOzPAv8QtSA0UaAX2pzdIsI4JV5ghKfuukyo/Q0JRzEhe8bQkKcJjNCR9QzmKifSz2e05PDTKAEaJMMUVnKk/JzIUSzmJQ9MZIzWSi95U/M/raxVd+BnlqVaE4/miSDOoEjgNAg6oIFixiSEIC2puhXiEBMLKxFUxIbiLL/8lnbO626hf3jZqzasijjLYBwfgCLjgHDTBDWiBNsDgETyBF/Bq5daz9Wa9z1tLVjGzB37B+vgGZiaUCQ==</latexit>

V ⇤
⌫

<latexit sha1_base64="o/7gwwoHgRe8Go4IPSGldHJ7Tl4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKagXKXjxWMF+SLuWbJptQ5PskmSFsvRXePGgiFd/jjf/jdl2D9r6YODx3gwz84KYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfgm89tPVGkWyXsziakv8FCykBFsrPTQ6qc9mUwfz/rlilt1Z0DLxMtJBXI0+uWv3iAiiaDSEI617npubPwUK8MIp9NSL9E0xmSMh7RrqcSCaj+dHTxFJ1YZoDBStqRBM/X3RIqF1hMR2E6BzUgvepn4n9dNTHjpp0zGiaGSzBeFCUcmQtn3aMAUJYZPLMFEMXsrIiOsMDE2o5INwVt8eZm0zqterXp1V6vUr/M4inAEx3AKHlxAHW6hAU0gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ApO2QUA==</latexit>

(Plaquette 
Non-Compact)

Finite difference Operator

x



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'
n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

n+ ⌫̂

<latexit sha1_base64="K9huILmzWnYAKXjMEP46lCbD9Sg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRJ9KBXXPqzhxolbgFqUGB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcJpXvFTRBJMJHtG+oQJHVPnZ/PYcnRpliMJYmhIazdXfExmOlJpGgemMsB6rZW8m/uf1Ux1e+RkTSaqpIItFYcqRjtEsCDRkkhLNp4ZgIpm5FZExlphoE1fFhOAuv7xKOhd1t1G/vm/UmjdFHGU4hhM4AxcuoQl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzB38Jk3Q=</latexit>

n+ µ̂+ ⌫̂

<latexit sha1_base64="QtGISJi8e6DMrm2d+VA+y0er9qg=">AAACBXicbZDLSgMxFIbPeK31NupSF8EiCEKZkYK6kYIblxXsBTqlZNJMG5pkhiQjlKEbN76KGxeKuPUd3Pk2pu0stPWHwMd/zuHk/GHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgzqTcfqNIslvdmlNCOwH3JIkawsVbXPcqCMEJyjM5QMMAmEGlOKJBp1y15ZW8qtAh+DiXIVeu6X0EvJqmg0hCOtW77XmI6GVaGEU7HxSDVNMFkiPu0bVFiQXUnm14xRifW6aEoVvZJg6bu74kMC61HIrSdApuBnq9NzP9q7dREl52MySQ1VJLZoijlyMRoEgnqMUWJ4SMLmChm/4rIACtMjA2uaEPw509ehMZ52a+Ur+4qpep1HkcBDuEYTsGHC6jCLdSgDgQe4Rle4c15cl6cd+dj1rrk5DMH8EfO5w8tTZca</latexit>

V⌫,+µ̂

<latexit sha1_base64="Fc4mSl8R5/z3K8CdTq6wNKSF2mw=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQlJJIQd1IwY3LCvYBTQiT6aQdOjMJ8yiU0D9x40IRt/6JO//GaZuFth64cDjnXu69J84YVdrzvp3S2vrG5lZ5u7Kzu7d/4B4etVVqJCYtnLJUdmOkCKOCtDTVjHQzSRCPGenEo/uZ3xkTqWgqnvQkIyFHA0ETipG2UuS67SgPhLm8CIZIB9xMI7fq1bw54CrxC1IFBZqR+xX0U2w4ERozpFTP9zId5khqihmZVgKjSIbwCA1Iz1KBOFFhPr98Cs+s0odJKm0JDefq74kccaUmPLadHOmhWvZm4n9ez+jkJsypyIwmAi8WJYZBncJZDLBPJcGaTSxBWFJ7K8RDJBHWNqyKDcFffnmVtK9qfr12+1ivNu6KOMrgBJyCc+CDa9AAD6AJWgCDMXgGr+DNyZ0X5935WLSWnGLmGPyB8/kDQSqTbQ==</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

Vµ

<latexit sha1_base64="8HF2ZQ9eJUSKQ4GYUAylhFQmZ0s=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoF4k4MVjBDcJJEuYncwmQ2Zml3kIYck3ePGgiFc/yJt/4yTZgyYWNBRV3XR3xRln2vj+t1daW9/Y3CpvV3Z29/YPqodHLZ1aRWhIUp6qTow15UzS0DDDaSdTFIuY03Y8vpv57SeqNEvlo5lkNBJ4KFnCCDZOClv9nrD9as2v+3OgVRIUpAYFmv3qV2+QEiuoNIRjrbuBn5kox8owwum00rOaZpiM8ZB2HZVYUB3l82On6MwpA5SkypU0aK7+nsix0HoiYtcpsBnpZW8m/ud1rUmuo5zJzBoqyWJRYjkyKZp9jgZMUWL4xBFMFHO3IjLCChPj8qm4EILll1dJ66IeXNZvHi5rjdsijjKcwCmcQwBX0IB7aEIIBBg8wyu8edJ78d69j0VryStmjuEPvM8fvrSOpw==</latexit>

V ⇤
µ,+⌫̂

<latexit sha1_base64="ZGFsKp/XHrhBjZwuMLCRzhjGv24=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgKiWRgrqRghuXFewDmhgm00k7dDIJ8xBLyK+4caGIW3/EnX/jtM1CqwcuHM65l3vvCVNGpXKcL6u0tLyyulZer2xsbm3v2LvVjky0wKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh+Hrqdx+IkDThd2qSEj9GQ04jipEyUmBXO0Hmxfr0xBsh5XGd3x8Hds2pOzPAv8QtSA0UaAX2pzdIsI4JV5ghKfuukyo/Q0JRzEhe8bQkKcJjNCR9QzmKifSz2e05PDTKAEaJMMUVnKk/JzIUSzmJQ9MZIzWSi95U/M/raxVd+BnlqVaE4/miSDOoEjgNAg6oIFixiSEIC2puhXiEBMLKxFUxIbiLL/8lnbO626hf3jZqzasijjLYBwfgCLjgHDTBDWiBNsDgETyBF/Bq5daz9Wa9z1tLVjGzB37B+vgGZiaUCQ==</latexit>

V ⇤
⌫

<latexit sha1_base64="o/7gwwoHgRe8Go4IPSGldHJ7Tl4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKagXKXjxWMF+SLuWbJptQ5PskmSFsvRXePGgiFd/jjf/jdl2D9r6YODx3gwz84KYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfgm89tPVGkWyXsziakv8FCykBFsrPTQ6qc9mUwfz/rlilt1Z0DLxMtJBXI0+uWv3iAiiaDSEI617npubPwUK8MIp9NSL9E0xmSMh7RrqcSCaj+dHTxFJ1YZoDBStqRBM/X3RIqF1hMR2E6BzUgvepn4n9dNTHjpp0zGiaGSzBeFCUcmQtn3aMAUJYZPLMFEMXsrIiOsMDE2o5INwVt8eZm0zqterXp1V6vUr/M4inAEx3AKHlxAHW6hAU0gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ApO2QUA==</latexit>

↵ ⌘ �

⇤

<latexit sha1_base64="o16aX/eFIboXyz3/VjRGO13h0WE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHHhooJ9QBPKzWTSDJ08nJkUSujWjb/ixoUibv0Dd/6N0zYLbT0wcDjnnpm5x0s5k8qyvo3Syura+kZ5s7K1vbO7Z+4ftGWSCUJbJOGJ6HogKWcxbSmmOO2mgkLkcdrxhtdTvzOiQrIkvlfjlLoRDGIWMAJKS30TO8DTELBDHzI2wrmThsxJdMK51Zf4MOmbVatmzYCXiV2QKirQ7Jtfjp+QLKKxIhyk7NlWqtwchGKE00nFySRNgQxhQHuaxhBR6eazTSb4RCs+DhKhT6zwTP2dyCGSchx5ejICFcpFbyr+5/UyFVy4OYvTTNGYzB8KMo5Vgqe1YJ8JShQfawJEMP1XTEIQQJQur6JLsBdXXibts5pdr13e1auNq6KOMjpCx+gU2egcNdANaqIWIugRPaNX9GY8GS/Gu/ExHy0ZReYQ/YHx+QPD4Zpl</latexit>

x

;



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'
n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

n+ ⌫̂

<latexit sha1_base64="K9huILmzWnYAKXjMEP46lCbD9Sg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRJ9KBXXPqzhxolbgFqUGB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcJpXvFTRBJMJHtG+oQJHVPnZ/PYcnRpliMJYmhIazdXfExmOlJpGgemMsB6rZW8m/uf1Ux1e+RkTSaqpIItFYcqRjtEsCDRkkhLNp4ZgIpm5FZExlphoE1fFhOAuv7xKOhd1t1G/vm/UmjdFHGU4hhM4AxcuoQl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzB38Jk3Q=</latexit>

n+ µ̂+ ⌫̂

<latexit sha1_base64="QtGISJi8e6DMrm2d+VA+y0er9qg=">AAACBXicbZDLSgMxFIbPeK31NupSF8EiCEKZkYK6kYIblxXsBTqlZNJMG5pkhiQjlKEbN76KGxeKuPUd3Pk2pu0stPWHwMd/zuHk/GHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgzqTcfqNIslvdmlNCOwH3JIkawsVbXPcqCMEJyjM5QMMAmEGlOKJBp1y15ZW8qtAh+DiXIVeu6X0EvJqmg0hCOtW77XmI6GVaGEU7HxSDVNMFkiPu0bVFiQXUnm14xRifW6aEoVvZJg6bu74kMC61HIrSdApuBnq9NzP9q7dREl52MySQ1VJLZoijlyMRoEgnqMUWJ4SMLmChm/4rIACtMjA2uaEPw509ehMZ52a+Ur+4qpep1HkcBDuEYTsGHC6jCLdSgDgQe4Rle4c15cl6cd+dj1rrk5DMH8EfO5w8tTZca</latexit>

V⌫,+µ̂

<latexit sha1_base64="Fc4mSl8R5/z3K8CdTq6wNKSF2mw=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQlJJIQd1IwY3LCvYBTQiT6aQdOjMJ8yiU0D9x40IRt/6JO//GaZuFth64cDjnXu69J84YVdrzvp3S2vrG5lZ5u7Kzu7d/4B4etVVqJCYtnLJUdmOkCKOCtDTVjHQzSRCPGenEo/uZ3xkTqWgqnvQkIyFHA0ETipG2UuS67SgPhLm8CIZIB9xMI7fq1bw54CrxC1IFBZqR+xX0U2w4ERozpFTP9zId5khqihmZVgKjSIbwCA1Iz1KBOFFhPr98Cs+s0odJKm0JDefq74kccaUmPLadHOmhWvZm4n9ez+jkJsypyIwmAi8WJYZBncJZDLBPJcGaTSxBWFJ7K8RDJBHWNqyKDcFffnmVtK9qfr12+1ivNu6KOMrgBJyCc+CDa9AAD6AJWgCDMXgGr+DNyZ0X5935WLSWnGLmGPyB8/kDQSqTbQ==</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

Vµ

<latexit sha1_base64="8HF2ZQ9eJUSKQ4GYUAylhFQmZ0s=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoF4k4MVjBDcJJEuYncwmQ2Zml3kIYck3ePGgiFc/yJt/4yTZgyYWNBRV3XR3xRln2vj+t1daW9/Y3CpvV3Z29/YPqodHLZ1aRWhIUp6qTow15UzS0DDDaSdTFIuY03Y8vpv57SeqNEvlo5lkNBJ4KFnCCDZOClv9nrD9as2v+3OgVRIUpAYFmv3qV2+QEiuoNIRjrbuBn5kox8owwum00rOaZpiM8ZB2HZVYUB3l82On6MwpA5SkypU0aK7+nsix0HoiYtcpsBnpZW8m/ud1rUmuo5zJzBoqyWJRYjkyKZp9jgZMUWL4xBFMFHO3IjLCChPj8qm4EILll1dJ66IeXNZvHi5rjdsijjKcwCmcQwBX0IB7aEIIBBg8wyu8edJ78d69j0VryStmjuEPvM8fvrSOpw==</latexit>

V ⇤
µ,+⌫̂

<latexit sha1_base64="ZGFsKp/XHrhBjZwuMLCRzhjGv24=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgKiWRgrqRghuXFewDmhgm00k7dDIJ8xBLyK+4caGIW3/EnX/jtM1CqwcuHM65l3vvCVNGpXKcL6u0tLyyulZer2xsbm3v2LvVjky0wKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh+Hrqdx+IkDThd2qSEj9GQ04jipEyUmBXO0Hmxfr0xBsh5XGd3x8Hds2pOzPAv8QtSA0UaAX2pzdIsI4JV5ghKfuukyo/Q0JRzEhe8bQkKcJjNCR9QzmKifSz2e05PDTKAEaJMMUVnKk/JzIUSzmJQ9MZIzWSi95U/M/raxVd+BnlqVaE4/miSDOoEjgNAg6oIFixiSEIC2puhXiEBMLKxFUxIbiLL/8lnbO626hf3jZqzasijjLYBwfgCLjgHDTBDWiBNsDgETyBF/Bq5daz9Wa9z1tLVjGzB37B+vgGZiaUCQ==</latexit>

V ⇤
⌫

<latexit sha1_base64="o/7gwwoHgRe8Go4IPSGldHJ7Tl4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKagXKXjxWMF+SLuWbJptQ5PskmSFsvRXePGgiFd/jjf/jdl2D9r6YODx3gwz84KYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfgm89tPVGkWyXsziakv8FCykBFsrPTQ6qc9mUwfz/rlilt1Z0DLxMtJBXI0+uWv3iAiiaDSEI617npubPwUK8MIp9NSL9E0xmSMh7RrqcSCaj+dHTxFJ1YZoDBStqRBM/X3RIqF1hMR2E6BzUgvepn4n9dNTHjpp0zGiaGSzBeFCUcmQtn3aMAUJYZPLMFEMXsrIiOsMDE2o5INwVt8eZm0zqterXp1V6vUr/M4inAEx3AKHlxAHW6hAU0gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ApO2QUA==</latexit>

(I)

x

↵ ⌘ �

⇤

<latexit sha1_base64="o16aX/eFIboXyz3/VjRGO13h0WE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHHhooJ9QBPKzWTSDJ08nJkUSujWjb/ixoUibv0Dd/6N0zYLbT0wcDjnnpm5x0s5k8qyvo3Syura+kZ5s7K1vbO7Z+4ftGWSCUJbJOGJ6HogKWcxbSmmOO2mgkLkcdrxhtdTvzOiQrIkvlfjlLoRDGIWMAJKS30TO8DTELBDHzI2wrmThsxJdMK51Zf4MOmbVatmzYCXiV2QKirQ7Jtfjp+QLKKxIhyk7NlWqtwchGKE00nFySRNgQxhQHuaxhBR6eazTSb4RCs+DhKhT6zwTP2dyCGSchx5ejICFcpFbyr+5/UyFVy4OYvTTNGYzB8KMo5Vgqe1YJ8JShQfawJEMP1XTEIQQJQur6JLsBdXXibts5pdr13e1auNq6KOMjpCx+gU2egcNdANaqIWIugRPaNX9GY8GS/Gu/ExHy0ZReYQ/YHx+QPD4Zpl</latexit>

;

[ ]



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'
n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

n+ ⌫̂

<latexit sha1_base64="K9huILmzWnYAKXjMEP46lCbD9Sg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRJ9KBXXPqzhxolbgFqUGB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcJpXvFTRBJMJHtG+oQJHVPnZ/PYcnRpliMJYmhIazdXfExmOlJpGgemMsB6rZW8m/uf1Ux1e+RkTSaqpIItFYcqRjtEsCDRkkhLNp4ZgIpm5FZExlphoE1fFhOAuv7xKOhd1t1G/vm/UmjdFHGU4hhM4AxcuoQl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzB38Jk3Q=</latexit>

n+ µ̂+ ⌫̂

<latexit sha1_base64="QtGISJi8e6DMrm2d+VA+y0er9qg=">AAACBXicbZDLSgMxFIbPeK31NupSF8EiCEKZkYK6kYIblxXsBTqlZNJMG5pkhiQjlKEbN76KGxeKuPUd3Pk2pu0stPWHwMd/zuHk/GHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgzqTcfqNIslvdmlNCOwH3JIkawsVbXPcqCMEJyjM5QMMAmEGlOKJBp1y15ZW8qtAh+DiXIVeu6X0EvJqmg0hCOtW77XmI6GVaGEU7HxSDVNMFkiPu0bVFiQXUnm14xRifW6aEoVvZJg6bu74kMC61HIrSdApuBnq9NzP9q7dREl52MySQ1VJLZoijlyMRoEgnqMUWJ4SMLmChm/4rIACtMjA2uaEPw509ehMZ52a+Ur+4qpep1HkcBDuEYTsGHC6jCLdSgDgQe4Rle4c15cl6cd+dj1rrk5DMH8EfO5w8tTZca</latexit>

V⌫,+µ̂

<latexit sha1_base64="Fc4mSl8R5/z3K8CdTq6wNKSF2mw=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQlJJIQd1IwY3LCvYBTQiT6aQdOjMJ8yiU0D9x40IRt/6JO//GaZuFth64cDjnXu69J84YVdrzvp3S2vrG5lZ5u7Kzu7d/4B4etVVqJCYtnLJUdmOkCKOCtDTVjHQzSRCPGenEo/uZ3xkTqWgqnvQkIyFHA0ETipG2UuS67SgPhLm8CIZIB9xMI7fq1bw54CrxC1IFBZqR+xX0U2w4ERozpFTP9zId5khqihmZVgKjSIbwCA1Iz1KBOFFhPr98Cs+s0odJKm0JDefq74kccaUmPLadHOmhWvZm4n9ez+jkJsypyIwmAi8WJYZBncJZDLBPJcGaTSxBWFJ7K8RDJBHWNqyKDcFffnmVtK9qfr12+1ivNu6KOMrgBJyCc+CDa9AAD6AJWgCDMXgGr+DNyZ0X5935WLSWnGLmGPyB8/kDQSqTbQ==</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

Vµ

<latexit sha1_base64="8HF2ZQ9eJUSKQ4GYUAylhFQmZ0s=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoF4k4MVjBDcJJEuYncwmQ2Zml3kIYck3ePGgiFc/yJt/4yTZgyYWNBRV3XR3xRln2vj+t1daW9/Y3CpvV3Z29/YPqodHLZ1aRWhIUp6qTow15UzS0DDDaSdTFIuY03Y8vpv57SeqNEvlo5lkNBJ4KFnCCDZOClv9nrD9as2v+3OgVRIUpAYFmv3qV2+QEiuoNIRjrbuBn5kox8owwum00rOaZpiM8ZB2HZVYUB3l82On6MwpA5SkypU0aK7+nsix0HoiYtcpsBnpZW8m/ud1rUmuo5zJzBoqyWJRYjkyKZp9jgZMUWL4xBFMFHO3IjLCChPj8qm4EILll1dJ66IeXNZvHi5rjdsijjKcwCmcQwBX0IB7aEIIBBg8wyu8edJ78d69j0VryStmjuEPvM8fvrSOpw==</latexit>

V ⇤
µ,+⌫̂

<latexit sha1_base64="ZGFsKp/XHrhBjZwuMLCRzhjGv24=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgKiWRgrqRghuXFewDmhgm00k7dDIJ8xBLyK+4caGIW3/EnX/jtM1CqwcuHM65l3vvCVNGpXKcL6u0tLyyulZer2xsbm3v2LvVjky0wKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh+Hrqdx+IkDThd2qSEj9GQ04jipEyUmBXO0Hmxfr0xBsh5XGd3x8Hds2pOzPAv8QtSA0UaAX2pzdIsI4JV5ghKfuukyo/Q0JRzEhe8bQkKcJjNCR9QzmKifSz2e05PDTKAEaJMMUVnKk/JzIUSzmJQ9MZIzWSi95U/M/raxVd+BnlqVaE4/miSDOoEjgNAg6oIFixiSEIC2puhXiEBMLKxFUxIbiLL/8lnbO626hf3jZqzasijjLYBwfgCLjgHDTBDWiBNsDgETyBF/Bq5daz9Wa9z1tLVjGzB37B+vgGZiaUCQ==</latexit>

V ⇤
⌫

<latexit sha1_base64="o/7gwwoHgRe8Go4IPSGldHJ7Tl4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKagXKXjxWMF+SLuWbJptQ5PskmSFsvRXePGgiFd/jjf/jdl2D9r6YODx3gwz84KYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfgm89tPVGkWyXsziakv8FCykBFsrPTQ6qc9mUwfz/rlilt1Z0DLxMtJBXI0+uWv3iAiiaDSEI617npubPwUK8MIp9NSL9E0xmSMh7RrqcSCaj+dHTxFJ1YZoDBStqRBM/X3RIqF1hMR2E6BzUgvepn4n9dNTHjpp0zGiaGSzBeFCUcmQtn3aMAUJYZPLMFEMXsrIiOsMDE2o5INwVt8eZm0zqterXp1V6vUr/M4inAEx3AKHlxAHW6hAU0gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ApO2QUA==</latexit>

(I)

x

↵ ⌘ �

⇤

<latexit sha1_base64="o16aX/eFIboXyz3/VjRGO13h0WE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHHhooJ9QBPKzWTSDJ08nJkUSujWjb/ixoUibv0Dd/6N0zYLbT0wcDjnnpm5x0s5k8qyvo3Syura+kZ5s7K1vbO7Z+4ftGWSCUJbJOGJ6HogKWcxbSmmOO2mgkLkcdrxhtdTvzOiQrIkvlfjlLoRDGIWMAJKS30TO8DTELBDHzI2wrmThsxJdMK51Zf4MOmbVatmzYCXiV2QKirQ7Jtfjp+QLKKxIhyk7NlWqtwchGKE00nFySRNgQxhQHuaxhBR6eazTSb4RCs+DhKhT6zwTP2dyCGSchx5ejICFcpFbyr+5/UyFVy4OYvTTNGYzB8KMo5Vgqe1YJ8JShQfawJEMP1XTEIQQJQur6JLsBdXXibts5pdr13e1auNq6KOMjpCx+gU2egcNdANaqIWIugRPaNX9GY8GS/Gu/ExHy0ZReYQ/YHx+QPD4Zpl</latexit>

;

[ ]

EOM: { (Violation of 
Bianchi Identities)



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'
n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

n+ ⌫̂

<latexit sha1_base64="K9huILmzWnYAKXjMEP46lCbD9Sg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRJ9KBXXPqzhxolbgFqUGB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcJpXvFTRBJMJHtG+oQJHVPnZ/PYcnRpliMJYmhIazdXfExmOlJpGgemMsB6rZW8m/uf1Ux1e+RkTSaqpIItFYcqRjtEsCDRkkhLNp4ZgIpm5FZExlphoE1fFhOAuv7xKOhd1t1G/vm/UmjdFHGU4hhM4AxcuoQl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzB38Jk3Q=</latexit>

n+ µ̂+ ⌫̂

<latexit sha1_base64="QtGISJi8e6DMrm2d+VA+y0er9qg=">AAACBXicbZDLSgMxFIbPeK31NupSF8EiCEKZkYK6kYIblxXsBTqlZNJMG5pkhiQjlKEbN76KGxeKuPUd3Pk2pu0stPWHwMd/zuHk/GHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgzqTcfqNIslvdmlNCOwH3JIkawsVbXPcqCMEJyjM5QMMAmEGlOKJBp1y15ZW8qtAh+DiXIVeu6X0EvJqmg0hCOtW77XmI6GVaGEU7HxSDVNMFkiPu0bVFiQXUnm14xRifW6aEoVvZJg6bu74kMC61HIrSdApuBnq9NzP9q7dREl52MySQ1VJLZoijlyMRoEgnqMUWJ4SMLmChm/4rIACtMjA2uaEPw509ehMZ52a+Ur+4qpep1HkcBDuEYTsGHC6jCLdSgDgQe4Rle4c15cl6cd+dj1rrk5DMH8EfO5w8tTZca</latexit>

V⌫,+µ̂

<latexit sha1_base64="Fc4mSl8R5/z3K8CdTq6wNKSF2mw=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQlJJIQd1IwY3LCvYBTQiT6aQdOjMJ8yiU0D9x40IRt/6JO//GaZuFth64cDjnXu69J84YVdrzvp3S2vrG5lZ5u7Kzu7d/4B4etVVqJCYtnLJUdmOkCKOCtDTVjHQzSRCPGenEo/uZ3xkTqWgqnvQkIyFHA0ETipG2UuS67SgPhLm8CIZIB9xMI7fq1bw54CrxC1IFBZqR+xX0U2w4ERozpFTP9zId5khqihmZVgKjSIbwCA1Iz1KBOFFhPr98Cs+s0odJKm0JDefq74kccaUmPLadHOmhWvZm4n9ez+jkJsypyIwmAi8WJYZBncJZDLBPJcGaTSxBWFJ7K8RDJBHWNqyKDcFffnmVtK9qfr12+1ivNu6KOMrgBJyCc+CDa9AAD6AJWgCDMXgGr+DNyZ0X5935WLSWnGLmGPyB8/kDQSqTbQ==</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

Vµ

<latexit sha1_base64="8HF2ZQ9eJUSKQ4GYUAylhFQmZ0s=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoF4k4MVjBDcJJEuYncwmQ2Zml3kIYck3ePGgiFc/yJt/4yTZgyYWNBRV3XR3xRln2vj+t1daW9/Y3CpvV3Z29/YPqodHLZ1aRWhIUp6qTow15UzS0DDDaSdTFIuY03Y8vpv57SeqNEvlo5lkNBJ4KFnCCDZOClv9nrD9as2v+3OgVRIUpAYFmv3qV2+QEiuoNIRjrbuBn5kox8owwum00rOaZpiM8ZB2HZVYUB3l82On6MwpA5SkypU0aK7+nsix0HoiYtcpsBnpZW8m/ud1rUmuo5zJzBoqyWJRYjkyKZp9jgZMUWL4xBFMFHO3IjLCChPj8qm4EILll1dJ66IeXNZvHi5rjdsijjKcwCmcQwBX0IB7aEIIBBg8wyu8edJ78d69j0VryStmjuEPvM8fvrSOpw==</latexit>

V ⇤
µ,+⌫̂

<latexit sha1_base64="ZGFsKp/XHrhBjZwuMLCRzhjGv24=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgKiWRgrqRghuXFewDmhgm00k7dDIJ8xBLyK+4caGIW3/EnX/jtM1CqwcuHM65l3vvCVNGpXKcL6u0tLyyulZer2xsbm3v2LvVjky0wKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh+Hrqdx+IkDThd2qSEj9GQ04jipEyUmBXO0Hmxfr0xBsh5XGd3x8Hds2pOzPAv8QtSA0UaAX2pzdIsI4JV5ghKfuukyo/Q0JRzEhe8bQkKcJjNCR9QzmKifSz2e05PDTKAEaJMMUVnKk/JzIUSzmJQ9MZIzWSi95U/M/raxVd+BnlqVaE4/miSDOoEjgNAg6oIFixiSEIC2puhXiEBMLKxFUxIbiLL/8lnbO626hf3jZqzasijjLYBwfgCLjgHDTBDWiBNsDgETyBF/Bq5daz9Wa9z1tLVjGzB37B+vgGZiaUCQ==</latexit>

V ⇤
⌫

<latexit sha1_base64="o/7gwwoHgRe8Go4IPSGldHJ7Tl4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKagXKXjxWMF+SLuWbJptQ5PskmSFsvRXePGgiFd/jjf/jdl2D9r6YODx3gwz84KYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfgm89tPVGkWyXsziakv8FCykBFsrPTQ6qc9mUwfz/rlilt1Z0DLxMtJBXI0+uWv3iAiiaDSEI617npubPwUK8MIp9NSL9E0xmSMh7RrqcSCaj+dHTxFJ1YZoDBStqRBM/X3RIqF1hMR2E6BzUgvepn4n9dNTHjpp0zGiaGSzBeFCUcmQtn3aMAUJYZPLMFEMXsrIiOsMDE2o5INwVt8eZm0zqterXp1V6vUr/M4inAEx3AKHlxAHW6hAU0gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ApO2QUA==</latexit>

(I)

x

↵ ⌘ �

⇤

<latexit sha1_base64="o16aX/eFIboXyz3/VjRGO13h0WE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHHhooJ9QBPKzWTSDJ08nJkUSujWjb/ixoUibv0Dd/6N0zYLbT0wcDjnnpm5x0s5k8qyvo3Syura+kZ5s7K1vbO7Z+4ftGWSCUJbJOGJ6HogKWcxbSmmOO2mgkLkcdrxhtdTvzOiQrIkvlfjlLoRDGIWMAJKS30TO8DTELBDHzI2wrmThsxJdMK51Zf4MOmbVatmzYCXiV2QKirQ7Jtfjp+QLKKxIhyk7NlWqtwchGKE00nFySRNgQxhQHuaxhBR6eazTSb4RCs+DhKhT6zwTP2dyCGSchx5ejICFcpFbyr+5/UyFVy4OYvTTNGYzB8KMo5Vgqe1YJ8JShQfawJEMP1XTEIQQJQur6JLsBdXXibts5pdr13e1auNq6KOMjpCx+gU2egcNdANaqIWIugRPaNX9GY8GS/Gu/ExHy0ZReYQ/YHx+QPD4Zpl</latexit>

;

EOM: { (Violation of 
Bianchi Identities)

@  semi- 
integer times

@  
integer times

{ {



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'

(II)

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

n+ ⌫̂

<latexit sha1_base64="K9huILmzWnYAKXjMEP46lCbD9Sg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRJ9KBXXPqzhxolbgFqUGB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcJpXvFTRBJMJHtG+oQJHVPnZ/PYcnRpliMJYmhIazdXfExmOlJpGgemMsB6rZW8m/uf1Ux1e+RkTSaqpIItFYcqRjtEsCDRkkhLNp4ZgIpm5FZExlphoE1fFhOAuv7xKOhd1t1G/vm/UmjdFHGU4hhM4AxcuoQl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzB38Jk3Q=</latexit>

n+ µ̂+ ⌫̂

<latexit sha1_base64="QtGISJi8e6DMrm2d+VA+y0er9qg=">AAACBXicbZDLSgMxFIbPeK31NupSF8EiCEKZkYK6kYIblxXsBTqlZNJMG5pkhiQjlKEbN76KGxeKuPUd3Pk2pu0stPWHwMd/zuHk/GHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgzqTcfqNIslvdmlNCOwH3JIkawsVbXPcqCMEJyjM5QMMAmEGlOKJBp1y15ZW8qtAh+DiXIVeu6X0EvJqmg0hCOtW77XmI6GVaGEU7HxSDVNMFkiPu0bVFiQXUnm14xRifW6aEoVvZJg6bu74kMC61HIrSdApuBnq9NzP9q7dREl52MySQ1VJLZoijlyMRoEgnqMUWJ4SMLmChm/4rIACtMjA2uaEPw509ehMZ52a+Ur+4qpep1HkcBDuEYTsGHC6jCLdSgDgQe4Rle4c15cl6cd+dj1rrk5DMH8EfO5w8tTZca</latexit>

n+ µ̂

<latexit sha1_base64="RK/ziJMjzuk6P3JvGScnGQ1+cWg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRECupFCl48VrAf0ISy2W7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39A/uw2lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSP8EiwkBGsjTSwq5kXhEjk6Bx5Y6yRF6UDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjLDHRJq6KCcFdfnmVdC7qbqN+fd+oNW+KOMpwDCdwBi5cQhPuoAVtIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD32Ek3M=</latexit>

n+ 2µ̂+ ⌫̂

<latexit sha1_base64="Z5g/gT/C9F9ZM0LSiI0YTcB+jeg=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFEIQyUwrqRgpuXFawF+gMJZNm2tAkM+QilKEbN76KGxeKuPUd3Pk2ptMutPWHwMd/zuHk/FHKqNKe9+0UVlbX1jeKm6Wt7Z3dPXf/oKUSIzFp4oQlshMhRRgVpKmpZqSTSoJ4xEg7Gt1M6+0HIhVNxL0epyTkaCBoTDHS1uq5x1kQxVBM4DmsBkOkA24s5iRMzy17FS8XXAZ/DmUwV6PnfgX9BBtOhMYMKdX1vVSHGZKaYkYmpcAokiI8QgPStSgQJyrM8ism8NQ6fRgn0j6hYe7+nsgQV2rMI9vJkR6qxdrU/K/WNTq+DDMqUqOJwLNFsWFQJ3AaCexTSbBmYwsIS2r/CvEQSYS1Da5kQ/AXT16GVrXi1ypXd7Vy/XoeRxEcgRNwBnxwAergFjRAE2DwCJ7BK3hznpwX5935mLUWnPnMIfgj5/MHRqyXLA==</latexit>

n+ 2µ̂+ ⌫̂

<latexit sha1_base64="Z5g/gT/C9F9ZM0LSiI0YTcB+jeg=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFEIQyUwrqRgpuXFawF+gMJZNm2tAkM+QilKEbN76KGxeKuPUd3Pk2ptMutPWHwMd/zuHk/FHKqNKe9+0UVlbX1jeKm6Wt7Z3dPXf/oKUSIzFp4oQlshMhRRgVpKmpZqSTSoJ4xEg7Gt1M6+0HIhVNxL0epyTkaCBoTDHS1uq5x1kQxVBM4DmsBkOkA24s5iRMzy17FS8XXAZ/DmUwV6PnfgX9BBtOhMYMKdX1vVSHGZKaYkYmpcAokiI8QgPStSgQJyrM8ism8NQ6fRgn0j6hYe7+nsgQV2rMI9vJkR6qxdrU/K/WNTq+DDMqUqOJwLNFsWFQJ3AaCexTSbBmYwsIS2r/CvEQSYS1Da5kQ/AXT16GVrXi1ypXd7Vy/XoeRxEcgRNwBnxwAergFjRAE2DwCJ7BK3hznpwX5935mLUWnPnMIfgj5/MHRqyXLA==</latexit>

↵ ⌘ �

⇤

<latexit sha1_base64="o16aX/eFIboXyz3/VjRGO13h0WE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHHhooJ9QBPKzWTSDJ08nJkUSujWjb/ixoUibv0Dd/6N0zYLbT0wcDjnnpm5x0s5k8qyvo3Syura+kZ5s7K1vbO7Z+4ftGWSCUJbJOGJ6HogKWcxbSmmOO2mgkLkcdrxhtdTvzOiQrIkvlfjlLoRDGIWMAJKS30TO8DTELBDHzI2wrmThsxJdMK51Zf4MOmbVatmzYCXiV2QKirQ7Jtfjp+QLKKxIhyk7NlWqtwchGKE00nFySRNgQxhQHuaxhBR6eazTSb4RCs+DhKhT6zwTP2dyCGSchx5ejICFcpFbyr+5/UyFVy4OYvTTNGYzB8KMo5Vgqe1YJ8JShQfawJEMP1XTEIQQJQur6JLsBdXXibts5pdr13e1auNq6KOMjpCx+gU2egcNdANaqIWIugRPaNX9GY8GS/Gu/ExHy0ZReYQ/YHx+QPD4Zpl</latexit>

;



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'

(II)

↵ ⌘ �

⇤

<latexit sha1_base64="o16aX/eFIboXyz3/VjRGO13h0WE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHHhooJ9QBPKzWTSDJ08nJkUSujWjb/ixoUibv0Dd/6N0zYLbT0wcDjnnpm5x0s5k8qyvo3Syura+kZ5s7K1vbO7Z+4ftGWSCUJbJOGJ6HogKWcxbSmmOO2mgkLkcdrxhtdTvzOiQrIkvlfjlLoRDGIWMAJKS30TO8DTELBDHzI2wrmThsxJdMK51Zf4MOmbVatmzYCXiV2QKirQ7Jtfjp+QLKKxIhyk7NlWqtwchGKE00nFySRNgQxhQHuaxhBR6eazTSb4RCs+DhKhT6zwTP2dyCGSchx5ejICFcpFbyr+5/UyFVy4OYvTTNGYzB8KMo5Vgqe1YJ8JShQfawJEMP1XTEIQQJQur6JLsBdXXibts5pdr13e1auNq6KOMjpCx+gU2egcNdANaqIWIugRPaNX9GY8GS/Gu/ExHy0ZReYQ/YHx+QPD4Zpl</latexit>

;



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'

(II)

↵ ⌘ �

⇤

<latexit sha1_base64="o16aX/eFIboXyz3/VjRGO13h0WE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHHhooJ9QBPKzWTSDJ08nJkUSujWjb/ixoUibv0Dd/6N0zYLbT0wcDjnnpm5x0s5k8qyvo3Syura+kZ5s7K1vbO7Z+4ftGWSCUJbJOGJ6HogKWcxbSmmOO2mgkLkcdrxhtdTvzOiQrIkvlfjlLoRDGIWMAJKS30TO8DTELBDHzI2wrmThsxJdMK51Zf4MOmbVatmzYCXiV2QKirQ7Jtfjp+QLKKxIhyk7NlWqtwchGKE00nFySRNgQxhQHuaxhBR6eazTSb4RCs+DhKhT6zwTP2dyCGSchx5ejICFcpFbyr+5/UyFVy4OYvTTNGYzB8KMo5Vgqe1YJ8JShQfawJEMP1XTEIQQJQur6JLsBdXXibts5pdr13e1auNq6KOMjpCx+gU2egcNdANaqIWIugRPaNX9GY8GS/Gu/ExHy0ZReYQ/YHx+QPD4Zpl</latexit>

;



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'

(II)

EOM:{

↵ ⌘ �

⇤

<latexit sha1_base64="o16aX/eFIboXyz3/VjRGO13h0WE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHHhooJ9QBPKzWTSDJ08nJkUSujWjb/ixoUibv0Dd/6N0zYLbT0wcDjnnpm5x0s5k8qyvo3Syura+kZ5s7K1vbO7Z+4ftGWSCUJbJOGJ6HogKWcxbSmmOO2mgkLkcdrxhtdTvzOiQrIkvlfjlLoRDGIWMAJKS30TO8DTELBDHzI2wrmThsxJdMK51Zf4MOmbVatmzYCXiV2QKirQ7Jtfjp+QLKKxIhyk7NlWqtwchGKE00nFySRNgQxhQHuaxhBR6eazTSb4RCs+DhKhT6zwTP2dyCGSchx5ejICFcpFbyr+5/UyFVy4OYvTTNGYzB8KMo5Vgqe1YJ8JShQfawJEMP1XTEIQQJQur6JLsBdXXibts5pdr13e1auNq6KOMjpCx+gU2egcNdANaqIWIugRPaNX9GY8GS/Gu/ExHy0ZReYQ/YHx+QPD4Zpl</latexit>

;



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'

(II)

EOM:{

↵ ⌘ �

⇤

<latexit sha1_base64="o16aX/eFIboXyz3/VjRGO13h0WE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHHhooJ9QBPKzWTSDJ08nJkUSujWjb/ixoUibv0Dd/6N0zYLbT0wcDjnnpm5x0s5k8qyvo3Syura+kZ5s7K1vbO7Z+4ftGWSCUJbJOGJ6HogKWcxbSmmOO2mgkLkcdrxhtdTvzOiQrIkvlfjlLoRDGIWMAJKS30TO8DTELBDHzI2wrmThsxJdMK51Zf4MOmbVatmzYCXiV2QKirQ7Jtfjp+QLKKxIhyk7NlWqtwchGKE00nFySRNgQxhQHuaxhBR6eazTSb4RCs+DhKhT6zwTP2dyCGSchx5ejICFcpFbyr+5/UyFVy4OYvTTNGYzB8KMo5Vgqe1YJ8JShQfawJEMP1XTEIQQJQur6JLsBdXXibts5pdr13e1auNq6KOMjpCx+gU2egcNdANaqIWIugRPaNX9GY8GS/Gu/ExHy0ZReYQ/YHx+QPD4Zpl</latexit>

;



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'

(II)

EOM: { Iterative scheme 
is Inconsistent !

↵ ⌘ �

⇤

<latexit sha1_base64="o16aX/eFIboXyz3/VjRGO13h0WE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHHhooJ9QBPKzWTSDJ08nJkUSujWjb/ixoUibv0Dd/6N0zYLbT0wcDjnnpm5x0s5k8qyvo3Syura+kZ5s7K1vbO7Z+4ftGWSCUJbJOGJ6HogKWcxbSmmOO2mgkLkcdrxhtdTvzOiQrIkvlfjlLoRDGIWMAJKS30TO8DTELBDHzI2wrmThsxJdMK51Zf4MOmbVatmzYCXiV2QKirQ7Jtfjp+QLKKxIhyk7NlWqtwchGKE00nFySRNgQxhQHuaxhBR6eazTSb4RCs+DhKhT6zwTP2dyCGSchx5ejICFcpFbyr+5/UyFVy4OYvTTNGYzB8KMo5Vgqe1YJ8JShQfawJEMP1XTEIQQJQur6JLsBdXXibts5pdr13e1auNq6KOMjpCx+gU2egcNdANaqIWIugRPaNX9GY8GS/Gu/ExHy0ZReYQ/YHx+QPD4Zpl</latexit>

;

One cannot advance one variable 
as a function of previous ones( (



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'

(II)

EOM: { Iterative scheme 
is Inconsistent !

One cannot advance one variable 
as a function of previous ones( (

↵ ⌘ �

⇤

<latexit sha1_base64="o16aX/eFIboXyz3/VjRGO13h0WE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHHhooJ9QBPKzWTSDJ08nJkUSujWjb/ixoUibv0Dd/6N0zYLbT0wcDjnnpm5x0s5k8qyvo3Syura+kZ5s7K1vbO7Z+4ftGWSCUJbJOGJ6HogKWcxbSmmOO2mgkLkcdrxhtdTvzOiQrIkvlfjlLoRDGIWMAJKS30TO8DTELBDHzI2wrmThsxJdMK51Zf4MOmbVatmzYCXiV2QKirQ7Jtfjp+QLKKxIhyk7NlWqtwchGKE00nFySRNgQxhQHuaxhBR6eazTSb4RCs+DhKhT6zwTP2dyCGSchx5ejICFcpFbyr+5/UyFVy4OYvTTNGYzB8KMo5Vgqe1YJ8JShQfawJEMP1XTEIQQJQur6JLsBdXXibts5pdr13e1auNq6KOMjpCx+gU2egcNdANaqIWIugRPaNX9GY8GS/Gu/ExHy0ZReYQ/YHx+QPD4Zpl</latexit>

;



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'

(III)

↵ ⌘ �

⇤

<latexit sha1_base64="o16aX/eFIboXyz3/VjRGO13h0WE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHHhooJ9QBPKzWTSDJ08nJkUSujWjb/ixoUibv0Dd/6N0zYLbT0wcDjnnpm5x0s5k8qyvo3Syura+kZ5s7K1vbO7Z+4ftGWSCUJbJOGJ6HogKWcxbSmmOO2mgkLkcdrxhtdTvzOiQrIkvlfjlLoRDGIWMAJKS30TO8DTELBDHzI2wrmThsxJdMK51Zf4MOmbVatmzYCXiV2QKirQ7Jtfjp+QLKKxIhyk7NlWqtwchGKE00nFySRNgQxhQHuaxhBR6eazTSb4RCs+DhKhT6zwTP2dyCGSchx5ejICFcpFbyr+5/UyFVy4OYvTTNGYzB8KMo5Vgqe1YJ8JShQfawJEMP1XTEIQQJQur6JLsBdXXibts5pdr13e1auNq6KOMjpCx+gU2egcNdANaqIWIugRPaNX9GY8GS/Gu/ExHy0ZReYQ/YHx+QPD4Zpl</latexit>

;



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'

(III)

@  semi- 
integer times

@  
integer times

It won’t work !

↵ ⌘ �

⇤

<latexit sha1_base64="o16aX/eFIboXyz3/VjRGO13h0WE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHHhooJ9QBPKzWTSDJ08nJkUSujWjb/ixoUibv0Dd/6N0zYLbT0wcDjnnpm5x0s5k8qyvo3Syura+kZ5s7K1vbO7Z+4ftGWSCUJbJOGJ6HogKWcxbSmmOO2mgkLkcdrxhtdTvzOiQrIkvlfjlLoRDGIWMAJKS30TO8DTELBDHzI2wrmThsxJdMK51Zf4MOmbVatmzYCXiV2QKirQ7Jtfjp+QLKKxIhyk7NlWqtwchGKE00nFySRNgQxhQHuaxhBR6eazTSb4RCs+DhKhT6zwTP2dyCGSchx5ejICFcpFbyr+5/UyFVy4OYvTTNGYzB8KMo5Vgqe1YJ8JShQfawJEMP1XTEIQQJQur6JLsBdXXibts5pdr13e1auNq6KOMjpCx+gU2egcNdANaqIWIugRPaNX9GY8GS/Gu/ExHy0ZReYQ/YHx+QPD4Zpl</latexit>

;



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'

(IV)

↵ ⌘ �

⇤

<latexit sha1_base64="o16aX/eFIboXyz3/VjRGO13h0WE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHHhooJ9QBPKzWTSDJ08nJkUSujWjb/ixoUibv0Dd/6N0zYLbT0wcDjnnpm5x0s5k8qyvo3Syura+kZ5s7K1vbO7Z+4ftGWSCUJbJOGJ6HogKWcxbSmmOO2mgkLkcdrxhtdTvzOiQrIkvlfjlLoRDGIWMAJKS30TO8DTELBDHzI2wrmThsxJdMK51Zf4MOmbVatmzYCXiV2QKirQ7Jtfjp+QLKKxIhyk7NlWqtwchGKE00nFySRNgQxhQHuaxhBR6eazTSb4RCs+DhKhT6zwTP2dyCGSchx5ejICFcpFbyr+5/UyFVy4OYvTTNGYzB8KMo5Vgqe1YJ8JShQfawJEMP1XTEIQQJQur6JLsBdXXibts5pdr13e1auNq6KOMjpCx+gU2egcNdANaqIWIugRPaNX9GY8GS/Gu/ExHy0ZReYQ/YHx+QPD4Zpl</latexit>

;



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'

@  semi- 
integer times

(IV) {
Axion need to live at 
semi-integer times !

↵ ⌘ �

⇤

<latexit sha1_base64="o16aX/eFIboXyz3/VjRGO13h0WE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHHhooJ9QBPKzWTSDJ08nJkUSujWjb/ixoUibv0Dd/6N0zYLbT0wcDjnnpm5x0s5k8qyvo3Syura+kZ5s7K1vbO7Z+4ftGWSCUJbJOGJ6HogKWcxbSmmOO2mgkLkcdrxhtdTvzOiQrIkvlfjlLoRDGIWMAJKS30TO8DTELBDHzI2wrmThsxJdMK51Zf4MOmbVatmzYCXiV2QKirQ7Jtfjp+QLKKxIhyk7NlWqtwchGKE00nFySRNgQxhQHuaxhBR6eazTSb4RCs+DhKhT6zwTP2dyCGSchx5ejICFcpFbyr+5/UyFVy4OYvTTNGYzB8KMo5Vgqe1YJ8JShQfawJEMP1XTEIQQJQur6JLsBdXXibts5pdr13e1auNq6KOMjpCx+gU2egcNdANaqIWIugRPaNX9GY8GS/Gu/ExHy0ZReYQ/YHx+QPD4Zpl</latexit>

;



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

'Latticesizing'

@  semi- 
integer times

(IV) {
Bianchi

Identities fine !

↵ ⌘ �

⇤

<latexit sha1_base64="o16aX/eFIboXyz3/VjRGO13h0WE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIpqBspuHHhooJ9QBPKzWTSDJ08nJkUSujWjb/ixoUibv0Dd/6N0zYLbT0wcDjnnpm5x0s5k8qyvo3Syura+kZ5s7K1vbO7Z+4ftGWSCUJbJOGJ6HogKWcxbSmmOO2mgkLkcdrxhtdTvzOiQrIkvlfjlLoRDGIWMAJKS30TO8DTELBDHzI2wrmThsxJdMK51Zf4MOmbVatmzYCXiV2QKirQ7Jtfjp+QLKKxIhyk7NlWqtwchGKE00nFySRNgQxhQHuaxhBR6eazTSb4RCs+DhKhT6zwTP2dyCGSchx5ejICFcpFbyr+5/UyFVy4OYvTTNGYzB8KMo5Vgqe1YJ8JShQfawJEMP1XTEIQQJQur6JLsBdXXibts5pdr13e1auNq6KOMjpCx+gU2egcNdANaqIWIugRPaNX9GY8GS/Gu/ExHy0ZReYQ/YHx+QPD4Zpl</latexit>

;



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

Lattice action



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

Lattice action
1. Lattice Gauge Inv:
2. Cont. Limit to 



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

Lattice action
1. Lattice Gauge Inv:
2. Cont. Limit to 
3. Lattice Bianchi Identities: 

=
={



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

Lattice action
1. Lattice Gauge Inv:
2. Cont. Limit to 
3. Lattice Bianchi Identities: 

=
={

4. Topological Term: 

Exact Shift Sym. on the lattice !
(CS current)[   ]   



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

(Gauss Law)

EoM
Continuum

(Gauss Constraint)

EoM

(Gauss Law)



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

(Gauss Law)

EoM
Continuum

(Gauss Constraint)

EoM

(Gauss Law)

EoM
Continuum

(Gauss Constraint)



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

(Gauss Law)

EoM
Continuum

(Gauss Constraint)

EoM

(Gauss Law)

EoM
Continuum

(Gauss Constraint)



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>

of 

(Gauss Law)

EoM
Continuum

(Gauss Constraint)

EoM

(Gauss Law)

EoM
Continuum

(Gauss Constraint)



     LATTICE  FORMULATION  �FF̃

<latexit sha1_base64="3wobLkZ90apmrf32zNECrA7+6dQ=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyWRgrqRglBcVrAPaEKZTCbt0MkkzEyEGvolblwo4tZPceffOH0I9XXgwuGce7mHE6ScKe04H1ZhZXVtfaO4Wdra3tkt23v7bZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mjUrFE3OpxSv0YDwSLGMHaSH277KVDhhrI04yHFDX6dsWtOjMg5xf5siqwQLNvv3thQrKYCk04VqrnOqn2cyw1I5xOSl6maIrJCA9oz1CBY6r8fBZ8go6NEqIokWaERjN1+SLHsVLjODCbMdZD9dObin95vUxH537ORJppKsj8UZRxpBM0bQGFTFKi+dgQTCQzWREZYomJNl2Vlkv4n7RPq26tenFTq9QvF3UU4RCO4ARcOIM6XEMTWkAggwd4gmfr3nq0XqzX+WrBWtwcwDdYb59cOpJB</latexit>
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Axion-Inflation Preheating

Sub-dominance: Gauge fields must be completely negligible

Preparation:  Much before, Bunch-Davies Vacuum @ sub-Hubble
Random Numbers: Create 3d random realization of 

Initial Condition: 1-2 efolds before end Inflation

Aµ(k)
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Axion-Inflation Preheating

Lattice cut-off: Trajectories don’t overlap
End inflation cut-off: Trajectories overlap, excess energy in the UV 

 Adaptative cut-off: Trajectories overlap, excess UV energy removed ! 
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Overlapping trajectories

Gauge energy negligible 

IR-UV finite range (N = 256)

Choice of Couplings: 

Axion-Inflation Preheating

~ _
{ Initial moment:

N =  -1.5  —  -1.0

Let’s see the dynamics !
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Axion-Inflation Preheating
Energy Spectra

Electric gauge fld energy
(strong) (mild) 
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Axion-Inflation Preheating
Energy Transfer (reheating efficiency)

Ratio
EM-energy

To total

: Supercritical couplings
More than ~50% energy in Gauge fields

1



Axion-Inflation Preheating
Energy Transfer (reheating efficiency)

Ratio
EM-energy

To total

We reproduce very similar behaviour 
to Adshead et al 2015 (1502.06506)

1

https://arxiv.org/abs/1502.06506
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 - Topological (CS num, Shift Symm.)
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+

 - axion-inflation and GWs (Dimastrogiovanni / Fujita talks)
 - GW from preheating (Pieroni’s talk)

     * RELATED TOPICS

     - Gauge inv, 
 - O(dx^2), 
 - Bianchi ID, 
 - Topological (CS num, Shift Symm.)

     - Extremely interesting: GW, BAU, MagGen, ... 
 - Preheating in lattice (full Non-Lin): Super efficient
 - Inflation on the lattice … hard, but doable ...
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