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Basically ITS ALL ABOUT NUMBERS
nexpected =L-0: eff

[L] = events/cm?*
(6] = cm?
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A counting experiment

» The Higgs hypothesis is that of signal s(m )
s(m,)=Lo,, ‘€
For simplicity. unless otherwise noted s(m, )= Lo

o In a counting experiment n=us(m, )+b

— Lo-obs(mH) — Gobs(m]-])
Lo, (m,) oy (m,)

7

o uis the strength of the signal
(with respect to the expected Standard Model one)

o« The hypotheses are therefore denoted by H,

o« H,is the SM with a Higgs, H, is the background only model
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" A Tale of Two Hy.potheses

NULL

ALTERNATE

H,- SM with Higgs

Rejecting Hy in fav-our of Hi(mM)
—>Discov-ery. of a Higgs with a mass m

We quantify rejection by p-vralue (later)
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Swapping Hypotheses>exclusion

NULL

ALTERNATE

H,- SM with Higgs

« Reject H, in fav-or of H,

Excluding H, (m,)>Excluding the Higgs
with @ mass m

We quantify rejection by p-vralue (later)

.'n % Eilam Gross Statistics in PP /




/.Likelihood

o Likelihood is the
compatibility. of the
Hypothesis with a giv-en
data set.

But it depends on the
data

L(H)= P(x| H)
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Test statistic and p-v-alue
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" CLs A

If p<a reject null

1200 T T T T T T T T T T L B S B L N
POWER=Prob(rejH, , 1 H )
600:— =1- Py
- o Prui
400_— —_
Power
200:— - pnull
N ull N 1_
o: 1 : palt
-15 15
q 1obs p'= CLS

Null like  p——————) 2!t like
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Test Spin O parity
NP L(H,)
H _ O+ q =-2 lIl 0
0 L(H1)
H 1 = 0 %0_25_ ATLAS Preliminary — —Dala -
w H—)ZZ — 4l Signal hypothesis ]
pH (exp | HO) — 0.37%, ool ‘- 7 TeV: [Lat= 4.6 12" (m =125 GeV)
1 Az =8TeV: [Ldt=207 b’ _‘ert -0
Py, (06s) =1.5% 0.15[ T |
Py, (00s) = 31% 0.1; 13
py = (0bs) = 2.2% -
Py, 1.5% S S ]
PSILS=1_ =1_031=2-2% %50 3 o0 5 10 15
PH, ' log(L(H /L{H))
Which means
Jr=0- is excluded at the —
97.8% CLin f f Jo=0+ . ]
in favour of Jp .I"Illlke Hollke
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From p-Vralues to Gaussian

significance

It is a custom to

express the
p-Vralue as the
significance
associated to it,
had the pdf were
Gaussians

pexcs ] 20 , y
/ ¢ Tidy=1 WiZ) e
£ v

T -

® (1-p)

A significance of Z =15

corresponds to p = .

2.87 %

Beware of 1 vs 2-sided definitions!
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p-Vralue - testing the null hypothesis

When testing the b hypotheis (null=b), it is custom to set

X=29107
> if py<d.9 10-*the b hypothesis is rejected
—>Discovery

When testing the s+b hypothesis (null=s+b), set o« =5%
if p..,<5% the signal hypothesis is rejected at the 95%
Confidence Lev-el (CL)

- Exclusion
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Nuisance Parameters

or Systematics

rf'f_}'.;“‘..:,' rm { o o g
Biall ery Eilam Gross Statistics in PP
L O TP




Nuisance Parameters (Systematics)
o There are two kinds of parameters:
e Parameters of interest (signal strength... cross
section... y)
o Nuisance parameters (background (b), signal
efficiency, resolution, energy scale,...)

o The nuisance parameters carry systematic
uncertainties
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/Pulls and Ranking of NPs

0 -0
The pull of 0, is given by ——.
00
0, -6 0.-0,
without constraint 0/ 0”\ = A S g
k Oy ) O,

It’s a good habit to ook at the pulls of the NPs and make sure that
Nothing irregular is seen

In particular one would like to guarantee that the fits do not ov-er constrain
a NP in a non sensible way
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Implementation of Nuisance Parameters

o Implement by marginalizing (Bay.esian) or
profiling
(Frequentist)

o Marginalization (Integrating))
o Integrate the Likelihood, L, ov-er possible \ralues of
nuisance parameters (weighted by their prior
belief functions -- Gaussian,gamma, others...)

" L(w)= | L(.6)m(6)do
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The Hybrid Cousins-Highland Marginalization

Cousins & Highland
_ Ls+b(©®) _ JL(s+0(©)7(0)d0
L(b(6)) [ L(b®))m(6)de
Profiling the NPs A
_ L(s+b(9) _ L(s+ b(6,)
LOO)  L®@é,)

és is the MLE of 0 fixing s
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"Profile Likelihood
A
L(sbs) MEAL(S,!»)

ﬂ - L(S:’B)

L4 D)

b

A
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Wilks theorem in the presence of NPs

e Given n parameters of interest and any number of NPs, then

o~ Lu.6)

L(11,0)
G(11.0)=—2InA(11) ~ 1’
qg(u.,0)=-2InA(u,) ~ y- Wilks Theorem
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g

L(us+ b )
g, = -2In
L(ns+ b)
q, = -2In max, L(uS+ b)
max,, , L(us+ b)
L(us+ tA)M)

Profile Likelihood with Nuisance Parameters

g, =q,(uw)=-2In

L(us+ 5)

i MLE of u
b MLE of b

b, MLE of b fixing u

6, MLE of 6 fixing u
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This Lecture’s Questions

f(qu'H,,) te. f(q,1H,)or f(q |H,)

Wilks
flq|H)=x"|f(qIH)~x%

f(qnull l Halt)

0.05 ie. f(q,1H,)or f(q,1H,)
[ \

0.20"

o
-
(&)

N Experiments
o
S
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Wilks Theorem

pdf of tested (null)
) g
f(q H ) = hypothesis
0 0 1
S.S. Wilks, The large-sample distribution of th

under null
Ann. Math. Statist. 91928 60-2. \ / /\\
N
/ \

o Wilks’ theorem says that the

pdf of the statistic >< Egggi\?{iﬁmate ReliESS
under the null hypothesis / \
approaches a chi-square PDF / \

for one degree of freedom N
q | .
_J,L \\

Tested (null) alternate

f(q|H)=yx" f(qIH)~x%
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Classification of Test Statistics

Test Purpose Expression LR
Stat.
21n A(0) =0 2
do discovery of positive ¢y = { - A(0) = ﬂ%l
signal 0 <0 L{ji8)
t, 2-sided  measure- ¢, = —2InA(j) Ap) = L{p.0)
L(f10)
ment _
Heded) >0
ty avoid negative signal ¢, — —2lnA(u) Ap) = <4 (“g /
(Feldman-Cousins) M i< 0
[ L{0,6(0))
. —2lnA(p) p<p
m cxclusion Gy = A
0 1>
( 2,
—2Ip Hedl) 5 g
L{0,0(0})
i exclusion of positive ¢, = ;
qp : p T S 21n L(pn0()) 0< <
signal L{j1.8)
L 0 ]I}n > H

f;'§";'=‘$:'lf; n:":-]
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Discovery Vs Exclusion

Test H, with q,, Reject H, = Discovery

 20n. 120 )
g = 2In A(0) { 2(0) = L(OA,GP)
0 u<0 L(1,0)

Test H (m, ) with q, Reject H (my)=

Exclusion of a Higgs withm,, = ,uup (m;, )

(’ 2InA(u) U<u L( )
qﬂ al u A A’( )_ ‘u
0 o> L (uﬁ)
Y




Asymptotic Approxi

tests of new physics

Glen Cowan (Roya Holoway, U. o London), Kylke
Cranmer (New Yark U.). Eilem Gross. Ofer Vitells
(Waizmann nst ! _ul 10, 2MC. 25pp

Publishad in Eur Phys J. C71 (2011) 1554, Erratum:

Eur.Fhye J.C73 (2013 2501

Eilam Gross Statistics in PP
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" Test Statistic t, =—2lnA(u)

L(u.0,)
L(f1.6)

Higher values of t, correspond to increasing

==2nA(1) A=

L

incompatibility between the data and U




" Wald Theorem

. L(U’Gu) tu = —2171)«(/1)

Wilks = f(t, | 1) ~ x;

How does t, distributes under H , v (U # u)

Vol. 54, No. 3 (Nov., 1943), pp. 426-482.

A. Wald, Tests of Stattstzcal Hypotheses Concerning Several Pammeters When the
Number of Observations is Large, Transactions of the American Mathematical Society,

=B, o(1/4w)

A

, =—2lnA(U) =

where [l ~G(U’ ,0)

N 15 the sample size

i

(Use the Asimov Dataset to estimate O')

f(t, 1 u) follows a noncentral Chi squared distribution

-y M)
o’

with non-centrality parameter A = with 1 d.o.f

100f ,

80
>=1 60!
40
20

—4 -2

w=1=(j




"Wald Theorem

AN\2
tu:—2lnl(,u):('u ;“ ) +0(1/JN)| ~ H~GW.0)

2 . .
i N 15 the sample size

f(, | i) follows a noncentral Chi squared distribution

7\2
with non-centrality parameter A = (W= p) with 1 d.o.f

2

(o)

S B 1, — 2 1, — 2
Hl.p,‘\ 2\/7‘.},, \/_27_ exp (_Z (\, by + ﬁ) ) + exp (_Z (\/lﬂ. — ﬂ) )]
for i’ = 1 we retrieve Wilks’ theorem

1 _1 2
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Asy mptotics

WllkS — f (qnull | Hnull ) a Z i

0.20"
@ 0.15/
o
£ | f(a110)
n :
< 0.05-

° / Wald % f(qnull ‘ Halt)
0.00 M . | e
0 10 20 30 40
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The Magic of Asimov-

0.20

N Experiments

0.00-

O
—_—
\m\

0.10/

0.05

|Asimov DATASET q, ,(f1=1,5(125)+b)|

f(q0|0)

f(q0|1)
(il JIH ““““““
0 10 30 40




q, tor exclusion

CCGV ( —2log A1)
q, =+ )

.

u<u
> p

Upward fluctuations of the signal

do not serv-e as an evidence against the signal

E‘.E‘;;;g TN II E I { oJ 114 :
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PDF of q1\1 and (g1|1)
— 1 1 1 1
Flaulp') = @ (“ - ”) Naw) = 3 752 7= &P [—5 (\ T —
1 1 1 1 _
f(%u“i) — 55((1#) + 5\/%\/(]—6 Uu/2
L
020 | ~
f(q1]0)
flatl)
“““““ 20 30 40
q1

po—
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PDF of (g1[1) and (g1|1)

|Asimov DATASET q, ,(fi=0,b)|

med (q1 10)

\

0.20-
»n 0.15
C
()
£ f(q110)
g 010 f(a111)
L
Z




e
Exclusion at 95% CL

o We test hypothesis H

e We calculate the PL
(profile likelihood) ratio with

the one observed data

o qu, obs
U:"% Eilam Gross Statistics in PP
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e
Exclusion at the 95% CL

e I'ind the p-value of the signal

hypothesis H
N(alH,)
VoA
00 \ / \
_ N \
po=[, f@QlH)a, \
A \(a,lHo
// \\
// \\‘\ \\

o In principle 1t p <5%, ,/ el \
H  hypothesis 1s excluded at the N
95% CL ‘ A1 9

o Note that H 1s for a given Higgs y,obs
mass my, o)
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" i UF1T




(

(

(

Find u

).50

). 10}

).05

1)

f(q,10)

\

L(u10)

Dya="

L(4=0]0)
J7

EE 10
o)
={ulp,=5%]

Let (f1)=0, Wald%Z:\/Z:%ﬂ

p=1-9(\fa, )= fg, =¢"(1-)

U,
U, = fi+o,(u, )@ (1-0.05) = i+0,(u, )1.64

FR

;

5

10
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Find expected piup

f(q, )

).50

O scan U
0 find g" = med( (g, |0)]

O, == F(f(g) 1) =5%]

O1=F(fg 10)= ] oy, 1|0

). 10}

.05

n,=f+o,(u )0 (1-0.05)=i+0,(u,).64
fH=0—-
n,=0,(1 )0 (1-0.05)=0,(1,)1.64

o 5

K B L

10 15 20
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Find expected Lup

n, =f+o,(u )0 (1-0.05) = i+0,(u,)1.64
fi,=0—
=0, (1, )0 (1-0.05) =0, (u7")1.64

0.8

0.6 -

/ 1640, =1.64— 2
g 4, .

up




1.5¢

1.07

™
Expected i, Bands at m=125

/'

~ Asimov

Distribution

\ upm o, (1 )97 (1) + N)

!‘\' b |

L

o

2 MLp+N

Mup+N
q!-‘vup+ N> A

Hup




Brazd Plot

Hup

1.5¢

Every Discovery starts with the mability to exclude

120 130 140 150 160

\*rJ




r ] : "\
Il 2InA0) =0 L(u= L, _ L(b,_
MR e st bt

0 u<o L(u) L(us+b) L(s+b)
|/ =
CCGV A fo il 4 211124(0) ‘l:\l_ 0
0 u<0
Downward fluctuations of the background
do not serv-e as an evidence against the background
Eilam Gross Statistics in PP




(PDF of (q0|0) and (q0|1) W
= (12 (5)) w0+ e [ (52

1 1 1
0.20 fw 2\/%\/%

.

e—q0/2

»n 0.15
:
= I fq0|0 0
g 0.10] quOH; F(g,10)=[" f(a,10)dg, = ®(\Jg, )
E | i po=1-F(q,10)

. M‘J 2= (1= py)= " (F(4,10)) =g,

0.0k IR e = Zy =4,

0 10 30 40
qO
7 P
i )




p- ralue =»
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4 B £ = 70000
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0'1005 \ / \\. 1'/_/ :3
oo N7\ 7 -
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107} ‘e
10°% . ‘ . A . . Sal)
100 110 120 130 140 150 160 s lGeV]




p- Vralue

p=prob(q,=q,,,) 0o

000, £ = 70000

2500
2000
1500
1000

1 esﬂass [GeV]

0.010;

J

107}
-5t
107y
100

§d ¥ 33

] ésllass |GeV]

g.

110 120 130 140

110 120 130 sy 160 3ss [GeV]
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= ATLAS Preliminary

H>YY § *
o ’
-

Data2011,\s= 7 TeV,ILdt:A.Stb'
Data2012,\s=3TaV. | Ldt=591b"

— Observad Fy: 1) categorias
essnes Expected Py 10 calegerica
— Dserv2d £, 9 CaleQONES
eeewa. Expacted Py, Qeategiras
1 0-6 —  ODSEIV2] ‘0' irclusive
essees Expected P, irclusiva

"lselllllllllllllllllllllllllIllllllllllll
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More Magic
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The New s/\b

The new s/\b

ZA = qO,A

med[Z()\l} — \/m = \/2 ((S + b) II‘I(] + S/b) B L’)

ZA _ qO,A s/b«1 S \/SB n qs/ b)

EESER [T1)
I J,"? T i . . .
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The New s/\b

s/\b ?

The new s/\b o : 10 107

med|Zy|l] = /qo.A = \/‘2 ((s +0)In(1 4 s/b) — s)




Next: Look Elsewhere Effect

et A T mrm .
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__EG,O. Vitells “Trial factors for the look elsewhere effect in -'high energy
physics”,
Eur. Phys. J. C 70 (2010) 525

O. Vitells and E. G., Estimating the significance of a signal in a multi-
dimensional search,
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